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Abstract: Static electric monopole and quadrupole matrix

elements, which are related to the mean square radius and

quadrupole moment respectively, are derived for giant resonances

of arbitrary multipolarity. The results furnish information on

the size and shape of the nucleus in the excited giant states.
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1. Introduction

The study of giant resonances has brought about an under-

standing of one important aspect of collective excitation of the

nucleus in terms of both the collective degrees of freedom (e.g.

vibration) and the single particle degrees of freedom. The

energies, form factors and charge densities, transition strengths,

and decays of these giant resonances have been quite extensively

studied and have led to an appreciation of the underlying

dynamics of the nucleus. However, their static properties, such

as the static quadrupole moments and the mean square radii, which

provide information on their shapes and sizes respectively, are

less well-known, so are all the transition multipole matrix

elements connecting the giant resonances to other excited states.

These matrix elements may be of some use ? for exampi?, they may

be of interest in electroexcitation,, in particular. Coulomb

excitations of low-lying states because, other than the

neighbouring states, the giant resonances may also contribute to

the excitations via virtual or real two, three or more step

processes. In principle, evaluation of these contributions are

required. A case in point concerns the determination of static

quadrupole moments of excited states of nuclei by Coulomb excita-

tion reorientation effect experiments, where among all the

possible giant resonances, only the contribution of the giant

dipole resonance has so far been taken into account. Since one

does not know much about the electromagnetic properties of the

nucleus after it has been excited to the giant resonance region,

evaluation of the corrections needed for various multipoles is



very difficult; a knowledge of the static electromagnetic

properties of these giant resonances should also be of value in

improving our understanding of this aspect of nuclear structure.

The aim of this paper is to describe a method based on energy

weighted sum rules (EWSR) whereby the static multipole moments of

giant resonances of arbitrary multipolarity can be extracted.

Although some of the results have been previously obtained by the

use of quadratic EWSR, in this paper, we note that by choosing

appropriate states, these results as well as other new and more

general results can be obtained in a simpler way through the use

of linear EWSR. Principally, static monopole and quadrupole

moments are discussed here because their physical meanings are

more transparent, nonetheless, extension of the method to higher

static moments is straightforward. In addition, other matrix

elements connecting the giant states to any arbitrary state can

be similarly extracted but these will not be discussed here.

2. Linear Energy Weighted Sum Rules

The yeneralized isoscalar electric multipole moment operator

LL1 i Im

where I labels the multipolarity and a labels the order of

excitations. For example, the usual monopole operator is

equivalent to talcing I = 0 and a = 1 while the usual multipole

operator is obtained by taking a = 0. A hierarchy of isoscalar

EKSR weighted by various powers of energy can be obtained by



evaluating matrix elements of the commutators

Slad)

S(aBY) = [Qm . [H, S(aS>]]
m3

M
= [Q , [H, S(a8Y)ll

m4

(2a)

(2b)

(2c)

Assuming that the Hamiltonian is at most linearly velocity

dependent the first of eq. (2) yields linear EWSR, the second

yields quadratic EWSR and so on. For the purpose of this

paper we note that the linear EWSR for the generalized multipole

moment operator involving transitions between arbitrary initial

and final states is

+ <-) nf

(4H)J

L l2

(3)

where L = (2L+1) '

the state |J.> to |J >,1 l ' n

matrix element, P f

Qr = < Jtn

ttie excitation energy from

is the reducedI Q ^ ||J >

f i r ) is the multipole transition density, and

the other symbols have their usual meanings. Sum rule (3) is



valid for all multipolarities and for all orders of excitations

between any initial and final states. When 3. ? J, , an addition

sum rule is obtained by interchanging Jl, and 4,.

Multipole giant resonances, in particular the monopole,

dipole and quadrupole types, have been extensively studied and

have now been firmly established as intrinsic features of finite

nucleus. These giant resonances usually exhaust a considerable

fraction, and sometimes all of the strengths of the corresponding

EWSR. Since many different EWSR have been derived, the assump-

tion of the existence of perfect giant resonance states which

completely exhaust the respective EWSR should be able to shed

some light on the properties of the giant resonances. In

particular, the angular momentum projected EWSR involving

transitions between arbitrary states, such as eq. (3), should be

able to furnish us with information concerning their transition

form factors, charge densities and matrix elements. Indeed, such

an assumption has led to many interesting results, one of which

is the realization of the transition forni factors and charge

densities in terms of the hydrodynamica1 model which has been

applied extensively in electron scattering. By choosing

appropriate initial and final states we shall see that static

electromagnetic properties of the giant resonances may also be

obtained, and these provide information on the shape and size of

the giant states.

3. static Quadrupole Moments of Giant Resonances

Consider EWSR (3) for operators with I = 2 , a = 0 and i, =



1 ^ 0 , 6 = 0 . Restricting our consideration to only even-even

nuclei and choosing 1J.> to be the spin zero ground state I Q> and

| J > to be a state | q> with spin £, EWSR (3) reduces to

ia Q Q +ii ((2JI + 11/5J C Q I

no gn no ng gn no

By these choices of angular momenta, only states with spin 2 and

spin H contribute to EWSR (4). With £, and ^ interchanged in

eq. (3), and with the same choice of initial and final states and

angular momenta, we find

Jfu) [(H+1)/5]1/2Q!> Q 2 + w Q2 Q 1 )i l no ' ' ugnuno ngugnuno'

n 2 f SH[l+l) (2t+l) (2it+3)11/2^t ...
2m L IT (2J-1) J ugo " (SI

Since only states with spin 2 and spin £ are of relevance

here, we consider the consequences of the existence of perfect

giant states |gi> and |q2+> such that

<nl||Q | | Q> = 0 for n ^ g

(6)

<n2+| |Q2| |0> = 0 for n * q .

By definition, these perfect giant states exhaust completely EWSR

(4) and (5). Choosing the final state |Jf> = | g> previously

selected to be the giant state | gs.>, EWSR (4) reduces to



in Q2 Q*1 +u) [ (21 + U / 5 1 1 / 2 Q 4 Q2
g o u g g u g o qg l * 1":" u g q u q o

B2 [ 5t (4 + 1) (2JH-1) (24+3) 1 1 / 2 ^
2m L TT (2JL-1) J u g o

and EWSR (5) becomes

,„
From eqs. (7) and (8) the static quadrupole matrix element of the

giant stat» Igl> can be extracted:

n2 - n2 r 5& (ll+l) [21+1) (21+3) 1 1 / 2 1 ...
ugg 2m L TT(2£-1) J W ( y j

where u is the excitation energy of the giant quadrupole

resonance.

oince the static quadrupole moment of a state \ l^> with spin

5

is given by

IT _ f 167T] 1 / 2 r a u - i ) 1 1 / 2 2

Q ( S1 '{ 5j 1(24+3)(21+2)(2i+l)J Uss (10'

the static quadrupole moment of the giant state with spin I is

^ = 5
' qo

The static quadrupole moments of all giant resonances, QU 7 7), are

negative, indicating that giant resonances are oblate in shape,

irrespective of the shape the nucleus has in its ground state.



Conversely, we may argue model dependently that such monotonic

negative behaviour of the giant static quadrupole moments implies

intrinsic positive (prolate) deformations for all even-even

nuclei; this conclusion is in accord with the experimental

observation that intrinsic prolate shapes dominate.

In the case when | ql> is the giant quadrupole state eq. (11)

reduces to

a result which has been obtained before by the use of quadratic

EWSR2' and other means.81

Equations (11) and (12) also indicate that the static

quadrupole moments of giant resonances are in general small and

increase with multipolarity. And, other than the energy of the

giant-quadrupole resonance, they do not depend on the energy of

the giant resonance under study. As an example we note that the

energy of the isoscalar quadrupole giant resonance is described

very well by w =

moment is given by

very well by w = 63A~ MeV so that its static quadrupole

Q(2*) = -2.7A1/3 e fm2 (13)

For comparison, the static quadrupole moment of the giant

isoscalar octopole resonance is

Q(3") = -4.1A1/3 e fm2 (14)



We also note that another possibility of giant octopole resonance

exists at UJ = 30A~1/3 MeV 4 ) and this should also have a
go

quadrupole moment given by eq. (14) because the static quadrupole

moment does not depend on the excitation energy of the giant

resonance.

If they are of use at all, static moments of higher multi-

polarities can be obtained in a similar way by assigning

appropriate values of angular momenta to EWSR (3).

4. Mean Square Radii of Giant Resonances

Taking Ĵ  = 0, a = 1 and *2 = 1 - 0 , 8 * 0 , EWSR (3) as

applied to an even-even nucleus for transitions between the

ground state |Ji> = \0> and the state |jf> = |g> with spin

becomes

V(u) Q 0 1 Q « + (.,^ 1/2 W O K
L l no gn no ng gn no;

U + 2B) QtB (15,

where Q = /p (r)r d r is the generalised multipole matrix

element from which the usual multipole matrix element can be

obtained by letting 6 = 0 . By our choice of angular momenta only

states with spin 0 and spin i contribute to eq. (15). Assuming

that there exist perfect giant states |glB> and |m0+> with

multipolarities I and 0 respectively which exhaust EWSR (13)

completely, then there is only a single term in each of the

summations in sum rule (15) so that from eq. (13) , and the



corresponding equation with £, and £ interchanged we can extract

the static monopole matrix element of the spin I giant state to

be

n 0 1 _ fi2 (H-2S) I 2 t + l ) 1 / 2 1

Q -5- ^72 —
<»>

where " i s the excitation energy of the giant monopole state.

In sum rule application, specific reference to the monopole

transition in the spin zero ground can be effectively avoided by

writing the monopole operator as

(17)

Then, the static monopole matrix element 116) can be expressed as

gg

where <r > = <g£8|£ r^|giB>/A and <x*>o are the mean squar

radii of the giant state |g£B> and the ground state respectively.

Two general cases are of interest. Firstly, for the usual

multipole giant state as excited by the operator r^Y (Q) we take

8 = 0 in eq. (18) so that the mean square radius of the giant

state jgj> is given by

In particular, for isoscalar giant quadrupole resonance its mean

square radius is given by

10



<r2> - <r 2> O Q = 2.1A~
2/3 fm2 (quadrupole) (20)

where ^ ~ 80A MeV has been used. For the isoscalar giant

octopole resonance the mean square radius is given by

<r2> - <r 2> o o = 3.1A~
2/3 fm2 {octopole) (21)

Secondly, for mean square radius of the giant monopole state, we

let I = 0, 8 = 1 so that eq. (18) becomes

<r%g-<r2>oo = s 4 ^ <22>

This result can also be obtained by the use of the more compli-

cated quadratic EWSR. We note that the giant monopole

resonance and the giant quadrupole resonance have the same mean

square radius, even though their density distributions may be

different.

The mean square radii of the giant resonances provide

information on the density distribution when nucleus undergoes

giant excitations. They also give a fair indication of the

physical size of the excited nucleus through the extension of the

density distribution. Equation (18) gives the change in size

from that of the ground state as a function of excitation

energiesr and hence may even provide some information on the bulk

moduli of the nucleus.

Equations (19) and (22) provide a model independent

11



prediction for the mean square radii of the giant resonance which

in principle can be tested against experiment. However it would

be extremely difficult if at all possible to measure <r > .

Nevertheless, <r > may be calculated using some models and

comparison can be made with the predictions of eqs. (19) and

(22). For example, the mean square radius of the giant monopole

resonance has been obtained using the experimental observation

that m = 80A MeV and the results have been compared with ago
Q \

harmonic oscillator shell-irodel calculations. ' Very good

agreement has been obtained, as is shown in fig. 1. However,

agreement with a Hartree-Fock calculation ' is not so good as

it gives a result which is about two times larger. This

difference is as yet not understood as the HF results, if used in

eq. (22), will give a giant monopole energy that is about two

times smaller than the experimentally observed value.

5. Quadrupole Moment and Mean Square Radius

From eqs. (11) and (19) the quadrupole moments and the mean

square radii of the giant resonances is related by

Q < O • "IT 2 A(<r2>gg " <r2>oo> ' l > ° (23)

qO

This formula gives us a direct physical feeling of the relation-

ship between the shape and size of giant resonances, analogous to

the classical relation of the intrinsic quadrupole moment and the

deformation parameter. Since the quadrupole moments of the giant

resonances are small in general it is expected that the size of

12



the nucleus changes by only very small amount when undergoing the

giant mode of excitations.

Since the quadrupole moment of giant resonance is always

negative, the mean square radius of the giant resonance is always

greater than that of the ground state. This should be contrasted

to that of some low-lying state for which the mean sguare radii

could be smaller than that of the ground state.

6. Summary and Remarks

Linear EWSR have been used to obtain the static quadrupole

moments and the mean square radii of the giant resonances. Even

though some of the results reported can also be obtained by using

quadratic EWSR, the method described here offers the advantage of

ease and simplicity. Self-consistency is achieved within the

larger framework of EWSR. However, since the observed strengths

for the giant resonances are in general not concentrated in a

single resonance and do not exhaust the EWSR completely, the

results given here can only hold approximately.

A surprising results here concerns the monotonic negative

sign of the static quadrupole moments of all giant resonances.

The result implies largely that the giant resonances are always

oblate in shape, irrespective of the intrinsic shape of the

unexcited nucleus. This further implies that in the ground

state, at least for even-even nuclei, the quadrupole moments are

positive so that prolate shapes should predominate.

In light of the observed breathing mode energy, the mean

square radius of the breathing mode has been obtained as a



difference in the mean square radius of the giant monopole state

and that of the ground state decreases as the mass number

increases, giving an impression that when undergoing breathing

liiode vibration a heavier nucleus will expand less compared to a

lighter nucleus. Such an impression may be illusory as a better

measure of such tendency is the compression modulus. Since the

giant monopole energy is related to the compression modulus, it

can be shown that by the use of eq. (22) the compression

modulus of nucleus actually decreases with mass number indicating

that heavier nuclei are easier to compress; i.e. compression

effects will become increasingly more important as mass number

increases.

Since <r > - <r >QQ is the change in size of the nucleus

as it undergoes excitation it can be related to the bulk moduli

of the nucleus, and this has been done for the monopole case

where the compression modulus can be expressed in terms of the

mean square radius of the breathing mode. It is conceivable that

eq. (11) and eq, (19) may be used to obtain the "non-compression-

al" bulk modulus of the nucleus, as for instance, the "quadrupole

modulus" of the nucleus and so forth. We Iiope to make this

calculation of the bulk modulus soon.
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Figure caption:

Fig. 1. The difference in the mean square radii of the giant

monopole state and the ground state. Solid line

indicates EWSR prediction using experimentally observed

energies o> = 80A~ ' MeV and dashed line indicates a

harmonic oscillator shell-model analysis. ' The agree-

ment between the two calculations becomes progressingly

better as the mass number increases. A Hartree-Fock

calculation ' gives results which are about 2 times

greater for medium to heavy nuclei.
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