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ABSTRACT

240 non-zero roots of E are constructed a la
8

Dlckaon and Coxeter by defining simple roots in terms of octonionic

units. They close under subtraction and multiplication. It is

noted that the integral octonions of norms l, 2 13 which

constitute the dominant weights of unit multiplicity of certain

representations of E define Gosset's polytope in 8 dimensions,
s

Similar features of Integral quaternions forming the SO(e) root

lattice are briefly mentioned.

Emergence of the most popular GUTs like E ~5U(5), E ~ S Q U 0 ) ,

and E in the E-series of Lie algebras naturally led to the consideration
6

of I as the largest GUT both in a dimensions [1] and 10 dimensions [2] .
B

Since these theories exclude gravity the only iink with it has occured in

the framework of the superstring theories in 10 dimensions. After the proof,

showing that the anomaly cancellations in the superstring theories take

place only for the gauge groups S0(32) and E X E_ [ 3] , and in particular,
8 o

since the construction of heterotic string [A], further investigations on
the mathematical structures of E have been carried out both by physicists [ 5 ]

6

and mathematicians [6] . . Since the heterotic string predicts an

indefinicely increasing particle mass spectrum, each level combining several

representations of E x E [7], it has become desirable to find out other
properties of E , concerning especially its higher dimensional represent -

3
ations.

In this letter we first obtain the roots of E as integral octonions
8

and then we show how some of its representations are related to the numbers

of simplexes of Gosset's polytope [8] in a dimensions. Secondly, we

comment on a similar observation on SO(S), which admits integral quaternions

as non-zero roots, corresponding to the 24-cell in 4 dimensions. The lattet

observation facilitates constructing E from S0{8) x S0(8)' and making
3

contact with physics.

With the pioneering work of Gursey and his collaborators a great

deal of successes have been made dragging octonions into physics [9]. Here

we start introducing the notion of integral octonionc, less familiar among

physicists but well known by mathematicians (101 . The complex numbers,

quaternions and octonions all satisfy a rank equation with real coefficients,
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= 3 q = q q"

where N{q) is the norm of q, and q denotes the complex, quaternionic

or octonionic conjugation, A selected set of elements of an algebra

constitutes a set of integral elements if satisfies the following conditions:
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a) For each element the coefficients of the rank equation are integers:

tO The set is closed under subtraction and multiplication;

c) The set contains 1 and

d) The set is not a subset of a larger set satisfying a), b), c).

Accorain6 ô this definition 4 units of ±i, t i complex numbers;

Za units of quaternions ± 1, ± i, ±j , ± k, JJ(±1 ±i *j ±k) form integral

elements of the related algebraic sets. 24 integral quaternions form the

binary tetrahedral group and define the root lattice of S O O ) . 16 integral

octonions of unit norm, t 1, ; e (i = l ,2,.. .7) certainly satisfy the

rank equation (1) with integer coefficients but they do not form a complete

set under subtraction. To meet all the required conditions (a)-(d) we

should have the following complete set of integral octonions of unit norm:

1"! j.
- e 5 »• - e ie7

± e6 t e 7

- - 4- 5 - 6

(where all combinations of + and - signs give an integral octonion).

We use the following associative triads (each tree satisfies the quaternionic
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multiplication) for the multiplication of the 7 octonionic imaginary units;

(123K (246), (435), 1367), (651), (572), (714) (3)

Integral octonions given in (2) are exactly the 240 non-iero roots of E ,

To prove this one can start associating a of them with the simple roots in

the Coxeter-Dynkin diagram of E in Fig.l. To show that the angles between
3

any part of adjacent roots are 120* and the others 90° we use the scalar

product of two octonions p and q given by
1 1

( P, q ) = N (p)1 N (q)x -£ (p q + H p ) (4)

There are several ways of associating simple roots with integral

octonions. There could be better choices than the one adopted in Fig.l to

set up simple rules to obtain weight vectors of an irreducible representa-

tion. Nevertheless,we keep track by using our assignement of integral

octonions to the Dynkin roots. The only difference in the case of Integral

octonions is that the lenght square of a root is unity whereas Dynkin roots

are normalized to 2. One may classify the positive roots starting from the

highest weight - (e *• e - e + e ) of 248 dimensional representation and

subtract the simp±j roots. We finally end up with the roots given in (2).

To identify the S0<16) max: nal subgroup of E , let us introduce
s

the octonions

L-- - e.5' j

t-tt -1,2 8)

128
] z 3 4 5 6 7 8 /

(with and odd number of minus Bigns).

(5)

1. 1
of norm -. These a 1 's satisfy the scalar product (1 , ^ . ) " 5 *it*

In terms of the l 'a (2) can be written aa

(6)

(7)



Integral octonions In (6) define Che root lattice of S0(16) and

those in (7) are the weight vectors of its lowest dimensional spinor

representation 128. With this definition of Integral octonions of unit norm

one can obtain the other points in the lattice space of E by adding
o

those in (6) and (7). This way one can generate the integral octonions of

higher norms:

(3)

where the x 's are either eight integers with an even sum or eight halves

of odd integers with an odd sum. One might think that the 112 integral

octonions may also satisfy the conditions (a)-(d), but that ia not true.

One can immediately check that the products of some elements from £t ±1,

with each other yield those in 128, suggesting that the 240 Integral

octonions are essential to satisfy the conditions (a)-(d). It is interesting

to note that the Weyl group of E roots is generated by the transformations
6

(9)

where x and q are the elements of 240 integral octonions. Branching of

the roota with respect to the other maximal subgroups of E can be achieved
o

by using the extended Coxeter-Dynhin diagrams which will be treated in a

separate paper which will also include additional material regarding

Cosset's polytopes in 6 and 7 dimensions [llj .

Following the rule described in {8) we can construct the integral

octonions of norms 2, 3 13 (Table 1) whose significance regarding the

Qosset polytope in 8 dimensions and the representations of E will be
8

shown below. The Cosset polytope in 8 dimensions is defined by the

following numbers. It has N =240 vertices, N - 6720 edges, N = 60480 faces,
N . 241920 a 's O-eells), N . 463840 a 's ("-cells), N =. 483840 a 's
J 3 4 4 5 5
(5-cells), N = (69120+138240) a 's (6-cells), N_» 17280 a, (7-cells) +

6 p i f

2160 & (B-type 7-cells).
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These numbers satisfy the Euler formula

= 0 (10)

a and B are the two types of 7-cells in 7 dimensions and correspond

to the SQ(14) and SU(8) Coxeter-Dynkin diagrams having 14 and B vertices,

respectively . The diagrams of lower dimensional cells are obtained

deleting further roots from the E diagram. Integral octonions constructed
3

using (8) up to norm 13 characterize the dominant weights of multiplicity

1 of certain irreducible representations of E [l2j. To illustrate this
8

wa present the following examples. Norm 1 integral octonions are 240

vertices of the Cosset's polytope as well as the dominant weights of multi-

plicity 1 in the representation 248= 240(1) T 1(8). The numbers in the

brackets on the right are the multiplicities of the corresponding dominant

weights. 2160 norm 2 integral octonions denote the numbers of 3 cells

as well as the dominant weights of multiplicity 1 in the representation

3875 = 2160(1) + 240(7) + 1(35). Here 240 octonions are of unit norm and

have already been considered. Actually 2160 integral octonions are the

centres of the £160 R cells. Another nontrivial example is that 60480

norm 6 octonions represent the centres of 604S0 faces of the polytope as

well as the dominant weights of multiplicity 1 in the 2 450240 dimensional

representations of E ;
8

2 4 5 0 2 4 0 = 6 0 4 8 0 ( 1 ) + 3 0 2 1 0 ( 6 } + 1 7 2 8 0 ( 2 8 ) + 2 4 0 ( 2 7 ) + 6 7 2 0 ( 1 0 5 ) 4

+ 2160 (350) + 240 (1056) + 1 (2960) (11)

This includes 6 norm 5 30240, 28 norm 4 17280, 27 norm 4 240,

105 norm 3 6720, 350 norm 2 2160, 1056 norm 1 240 and finally 2960 norm

zero integral octonions.

If we examine Table 1 we observe that all integral octonions of

norms varying from 1 to 13, other than those of norms 5, 9 and 11.

correspond to the numbers defining the cells of Gosset's polytope, If we

exclude the representations characterized by norm 5, 9, and 11 octonionB

the rest must be closely related to the Gosset polytope. Since norm 5,



9 and 11 octonions take place in the representations characterized, say. by

norm 12 and norm 13 with several multiplicities it is suggestive that the

Gosset's polytope In 6 dimensions and/or its truncated polytope are clusters

of E representations characterized by the integral octonions of norm
8

0,1 13 besides norm 5,9 and 11. We should mention in passing that norm

13 octonions correspond to the weight vector of norm 26 in the Dynnin

normalization. We also note that some of the integral octonions of higher

norms can be obtained by multiplication since we have N(q q )= N(q )N(q ),

We now wish to examine how the S0(3) root lattice is generated

by integral quaternions. Since the massless particles in a 10 dimensional

superstring theory are classified as irreducible representations of S0(8)

and that E admits S0(8) x S0(8)' as a subgroup, quaternionic structure
8

of its lattice space may be relevant to physics. To be intact with E
S

we choose e , e , e octonionic imaginary units which satisfy the

quaternionic multiplications. Thus the simple roots of one of the S0(8)
in E may be represented as in Fig.2. Notice that these four simple roots

o

of S0(8) also belong to 240 integral octonions. Triality is manifest for

the invarlance of the Coxeter-Dynkin diagram in Fig.2 under the cyclic

permutations of e , e , and e which conserve the quaternionic multipli-

cation. For S0(8) four congruency classes are exemplified by three 3

dimensional representations and one adjoint which can be realized in terms

of the four quaternionic units. To elaborate this,we give the highest

weights of these representations as the quaternionic units:

28 ' (12)

Tensor products of any two of 8's >e,g. 8 x 8 will include the highest

weight -(2+e +e ): 56 and the next heighest weight of the irreducible

representation 8^: l(i* e ). Thus we have 8 x 8 = 8 + 56 . Similarly

8 x 8 ,say, will yield to l + n_ : 35 , 1 : 28 and 0: 1 so that
c c 7 c

8 x 8 = 1 + 2 8 + 3 5 .
c e c

The second S0(8)' can be represented by the simple roots,

orthogonal to the roots shown in Fig.2, by e , e , e and e . This has
2 3 5 €

been shown in Fig,3 which is invariant under the permutations of e , e

and e . We should be aware of the fact that e , e , and e do not obey

the quaternionic multiplication for the octonions cannot be split into

two disjoint quaternionic units. Although 2& integral octonions ±e , * e ,

i e , + e and -(+ e + e + e + e ) define the lattice space of the
b 6 2 2 3 5 ~ 6

second SO(8) they do not form a group whereas the 24 integral octonions

obtained from Fig.2 do form the binary tertrahedral group. The corresponding

8 dimensional representations of SO(B)' can be represented by their highest

weights, namely, ,); e,.),

By examining the integral octonions we immediately write the branching

rule for 248 as

248 = (23 , !> + (!, 28) + ( e ¥ j 8 ¥ ) + ( 8 s ; 8 s ) - ( 8 ^ 8 c >
(13)

This decomposition of E under S0(8) x S0(8)' is essential for
8

the construction of the basic representation of the E Kac-Moody algebra
8

[l3J in which the integral octonions may play a crucial role. Because the

Coxeter-Dynkin diagram in Fig,2 can be constructed by 7 associative triads

of imaginary octonlonie units, S0(8)x S0(8)' can be embedded in E 7
3

different ways.

Before we conclude a few remarks can be made. A H of the rank 4

simple algebras can be constructed by integral quaternions. Similarly, all

simple rank 8 algebras can be represented by integral octonions. But we

must be aware of the fact that only 24 integral quaternions in the case of

S0{8) and the only 240 integral octonions of E form a closed set under
8

multiplication. In contrast to quaternions, 240 integral octonions do not

form a group for they are not associative.

Finally ,we conjecture that the automorphism group of this nonasao-

ciative algebra of 240 elements may be very Interesting. Does it have any

relation with the Conuay group which is the automorphism group of the non-

associative algebra based on the 24 dimensional Leech lattice?- S -
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TABLE 1

Norm of the integral octonions, corresponding dominant weights and

the E representations (numberof related simplexes of Gosset's polytope
8

in S dimensions are pointed out).

2

3

4

4

5

6

7

7

8

8

9

9

10

10

11

11

12

12

13

13

13

Dominant weights

of multepllelty 1

240 (vertices)

2160 (n ]

6720 (edges)

240

17280 (a )

30240

60480 (faces)

13440

69120 ( a )

2160

138240 (a,)
6

240

181440

30240

241920 (o )

181440

138240

6720

483840 (a )

13440

30240

483840 (a,)

Dimension of E

representation

248

3875

30380

2700O

147250

779247

2 450240

4 096000

6 696000

4 B81384

26 411008

1 763125

76 271625

70 680000

146 325270

344 452E00

301 694976

203 205000

1 094 951000

281 545875

aao 26ooao

2 275 896000

8

FIGURE CAPTIONS

Fig.l Coxeter-Dynkin diagram of I with octonionic simple roots.

o

Fig.2 Coxeter-Dynkin diagram of S0(8) with quaternionic units.
Fig.3 Coxeter-Dynkin diagram of S0(S)' with octonionic units.
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