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Abstract: The principles of resonance averaging as applied to neutron capture-

reactions are described. Several illustrations of resonance averaging to problems

of nuclear structure and the distribution of radiative strength in nuclei are

provided.

I. Introduction

The ideas of resonance averaging, especially as applied to neutron induced

reactions, are quite old. Averaging can result implicitly, as in the recording of

microscopic cross section with low resolution compared to the level spacing, i.e. R

> 0, or explicitly, as in the case of high resolution measurements of discrete

resonances, where the averaging is done numerically after the fact of measurement.

In principle, it is always better to measure fine structure data, in that more

information is available. For example, initial states can be segregated according

to spin-parity. For the measurement of neutron strength functions, which are

related to average cross sections in the cloudy-crystal-ball model, separation into

£>0, 1, 2 components is easiest when the fine structure data are available.

Weidenmuller has recently stressed the fact that it is only these average

qualities (strength functions) which are of physical significance. The fluctua-

tions from the averages can be successfully treated as statistical fluctuations

within the framework of Porter-Thomas analysis. While this view is unpalatable to

many of us who have spent much effort in measuring the widths of fine structure

resonances, the weight of experimental evidence supports Weidenauller's conten-

tion. In any case, in this review, it is the average quantities which will be

tressed, and, in particular, the photon strength function.

II. Technique

An experimental technique for direct averaging requires a well-defined, and

not too broad, distribution of incident neutron energies. Another requirement Is a

sufficient beam intensity coupled with a good suppression of background neutrons.

Such a beam can be produced by combining the properties of a source with a trans-

mission filter of some kind; so that the capture reactions are confined to a Buit-

ably narrow and well-defined energy region. It has turned out that, because of the

intensity requirement, a reactor neutron source Is the best choice for direct
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ivord,.u-i.i;. There aru throo such sounds wlilch havu bi'on uui'il tor this purpose: 1)

l tie •'B filtered internal target source at the Argonne Cl'-5 Reactor; the 2 keV

s«.-.tr'..iiii:n filtered beam, and 3) the 2'*. $ koV iron (or ^bKe) filtered beam.

These facilities have been described in detail2"3. Here I merely summarize

trie spectral properties of these sources. They are shown in Fig. 1.

The E~1'2 characteristic of a boron filter combined with the E reactor

a pectrum serves to produce the. broadly-peaked distribution of la. The roughly L/v

capture cross section characteristic of most target further narrows the range of

capture events as shown in la. Notice that although a broad range of neutron

energies is captured, the range is sufficiently narrow compared to the typical

germani'im response function. Thus the detector response is only slightly

degraded. For both the scandium and Fe filters, the averaging interval is more

precisely defined at the major interference windows near 2 and 24.3 keV.

Data from capture in discrete resonances is important in the interpretation of

averaged spectra for the following reason: The measurement of discrete resonance

partial widths can yiexd absolute values of the widths. These can serve to

normalize the intensities observed in resonance averaged capture and thus permit

the extraction of absolute averaged widths or strength functions. The absolute

strength functions for discrete resonance capture measured at the Bcookhaven

National Laboratory High Flux Beam Reactor (HFBR) are summarized in Ref. 4.

Over the past decade, slow but steady progress has been made on the develop-

ment of high resolution and high efficiency intrinsic germanium detectors. The

spectrometer in current use at the ttFBR is an improved version of the design of

Stelts , and is currently in use for resonance averaged measurements at 2 and

24.3 keV at the HFBR. Figure 3a,b summarizes the presently available resolution

and ' efficiency on «the 3-crystal pair spectrometer shown in Fig. 2. To give an

impression of the quality of the spectra obtainable, the 2 and 24 keV capture data

from 188Os(n,^)189Os are shown in Figs. 4a, b, each taking 10 days at -the HFBR,

with a sample size of 15.5 gms (2.4 gms/cm2).6 For the HFBR facility the beam

strength is typically 107 neutrons/sec falling on a 2.54 cm x 2.54 cm area. While

this is low compared to thermal neutron beams, it is high enough to produce useful

results even for small samples.

III. Analysis of Resonance Averaging

It is well known that the distribution of resonance partial radiative widths

follows, to a good approximation, a Porter-Thomas function, that is

P(x) = 12TU/2)] x ' e x /~ (1)

for x " T/<r>. This is expected from the concept of a statistical compound

n.jclcus. While deviations from the above have frequently been claimed, there is
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little evidence tor a global violation. The usefulness of resonance averaging

follows directly from the properties of an ensemble of Porter-Thomas variables.

Averaging over a collection of such variables reduces their dispersion dramatical-

ly, and, in the limit, the relative variance approaches 2/n. As pointed out by

Bollinger in 1966, if the dispersion after averaging is small enough, primary

Y-ray transitions will divide into intensity groups according simply to the number

of ways, or paths, for the population of the final states. The paths are deter-

mined by the photon selection rules and final state spins and parities. The illus-

tration of Kig. 5 makes the point intuitively obvious. (These remarks are qualita-

tive and apply only to the limit of low energy, more precisely when Ey » fn.)

These ideas can be made more precise by considering the expression for the

capture cross section ,

a , 2,2*2 ^ g j P j < ( r n r u f / r ) > (2)

where Pj - po(2J+l)exp [-JlJ-t-I)/2a
2l

and pj is the level density, and a of the spin cut-off parameter. Performing a

suitable average over the Porter-Thomas variables introduced to represent the

partial widths Fn, Hyif, is necessary. This is conveniently done, for example,
Q in

by the Monte Carlo computer code "RACA" (Resonance Averaged Capture Analysis) .

As a practical matter, a number of assumptions have to be introduced to implement

the averaging. The major assumptions are these:

1) D-wave (and higher-Jl) neutron capture is neglected.

, 2) Quadrupole (and higher L) radiative transitions are negligible.

3) Neutron and photon strength functions are presumed to be spin (and channel

spin) independent.

4) Reduced neutron and radiative widths are Porter-Thomas variables.

5) Total radiative widths are constant and spin-parity independent from

resonance to resonance.

An important further assumption must be introduced if the data are descriptive of a

broad region of nuclear excitation energy. That assumption concerns the energy

dependence of the photon strength fu .ctions. At this point it is useful to draw

attention to one of the classical u isolved problems of nuclear physics. The prob-

lem was pointed out by Brink «.n 1955: the calculation of the size of slow

neutron radiative widths. Brink, aware of the fact that the E-l radiative strength

in nuclei tended to cluster in a giant resonance centered eight-to-ten MeV above

the neutron separation energy, proposed that the radiative deexcitation of resonan-

ces near neutron binding to the various excited states could be related to the

absorption of radiation by the ground state to reach an excited state. By



the principle of detailed h;il:wce with Che idea that a "giant resonance"

:aa be built on each excited state, it is possible to writo a strength function of

th<? form:

where f is in MeV , ao in fin .

It is best to quote Brink exactly on this point. He says "Now we assume that

the energy dependence of the photo effect is independent of the detailed structure

of the initial state so that, if it were possible to perform the photo effect on an

excited state, the cross section for absorption of a photon of energy E would still

have an energy dependence given by [eq. 3 above]12."

Brink proceeded to calculate the neutron resonance radiation widths, with the

above assumption and concluded that the model predictions were, on the average,

larger than experiment by a factor of 3! I will discuss the implications of this

failure in a subsequent section.

Axel pointed out that a simple way, sufficient for some applications, to

introduce the energy dependence of the photon strengths, is to use a Y~*ay reduc-

tion factor of (Ey) for E-l radiation. For the purposes of'spin-parity deter-

minations for nuclear structure tests in heavy nuclei, this works sufficiently well

to be useful over a limited excitation energy range.

IV. Nuclear Structure Determination

The most spectacular applications of resonance averaging have occurred in

nuclear model tests. BoLlinger first pointed out the unique ability of the method

to ensure the determination of a complete set of states in a certain sptn-parity
l *•

range . Casten and his co-workers later applied the method to establish the

applicability of various symmetries in the IHA model in heavy nuclei15. The method

is able, not only to establish reliable spin-parity assignments for a set of

levels, but also to guarantee that all levels in a certain range have been

detected.

The best example16 of the method's success is 169Er. A plot of the 2 keV data

is' shown in Fig. 6 and shews a clear grouping into spin-parity bands of 3~,4~;

2~,5~; 3+,4+; and 2+,5+. The probability distributions are shown in Fig. 7a-d.

Excellent averaging is obtained because of the high level density of capturing

states (<D> - 4 eV). About 250 occur in the 2 keV window, while the 24 keV window

contains 475 s-wave resonances and 1400 p-wave resonances. The dispersion for

3~,4~ levels is about 14%, sufficient for accurate spin discrimination, in view of

the factor of 2 intensity separation between (3,4)~ and (2,5)~.
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Ac 24 keV, the separation ratio and Che discrimination between even and odd

parities is much less, as Is evident from the graphs. This is due primarily to the

influence of p-wave capture, which enhances the population of positive parity

states. However, a useful feature of the 24 keV spectrum appears in the ratio of

I(2)/I(24), which is strongly sensitive to parity, as illustrated in Fig. 8. Thus

the combination of the scandium-filtered beam, at 2 keV dominated by s-wave

capture, and the iron-filtered .beam, at 24.3 keV containing substantial p-wave

components, results in a powerful tool for nuclear structure determinations.

V. An Example for Photon Strength Analysis; 1Q5Pd(nty)
 I06Pd Intensities

The distribution of radiative strength and the question of collective nuclear

motions has been a topic of abiding interest throughout the history of nuclear

physics. Resonance averaging adds an important experimental dimension to this

question and provides important information at, and below, neutron binding. Reso-

nance averaging allows 1) a clear separation of radiation according to multipolari-

ty. El, Ml, and to a small extent E2 components are present in neutron capture.

Resonance averaging allows the energy variation of the radiative strength functions

to be observed over a significant energy range. With present detectors, averaged

intensities can be measured over a range of about 3 MeV in typical heavy nuclides.

In this section the status of strength function measurements is described with

the aid of a specific nucleus, 106Pd, where a wide body of (n,y) and (y.n) measure-

ments are available. 106Pt has been the focus of recent measurements at the

HFBR17.

The reduced y~ray intensities observed in this 2 keV run are plotted in Fig.

9. Three groups of points are noticeable. Transitions to states of known spins

and parities determine the tnultipolarities as indicated.

The analysis code RACA was used with the El/Ml ratio as a free parameter to

predicc the ratio of the population of states of known parity at 2 and 24 keV, and

a best fit ratio of El/Ml - 3.85 + 0.20 was determined. This value was then

applied to classify states of unknown parity and to assign multlpolarities for all

transitions.

The major part of the Intensity dependence on final state spin is removed by

the RACA code. Even in cases where the final state spins are not known, the

differences between I±l/2 (where I is the target spin) and I±3/2 groups can be

compensated by using the mean value of the correction. Finally, the code is used

to correct for p-wave capture. At 2 keV the p-wave capture correction is only

about 42 for El radiation. At 24.3 keV, however, the correction for Ml radiation

is about 40%, because the Ml population of even parity states by s-wave capture

must compete against the El population of the same states after p-wave capture.

The results of RACA corrections are shown in Fig. 10, along with a sensitivity

curve for the minimum observable y~ray intensity.
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The conversion of the relative intensity scale to strength fjnction was made

by referring to the absolute partial radiative widths for 10 primary transitions

averaged over 9 resonances between 10 and 90 eV, as measured at the BNL fasi.

chopper**. Values of <f(E!» - (3.79 ± .87) x 1CT8 MeV"3 at 7.03 MeV, and f<(Ml)> -

(1.20 ± .26) x 10"8 MeV"3 at 7.96 MeV were obtained. The ratio <f(Ei)>/f(Ml)

derived from resonance data is in excellent agreement with the ratio derived from

the averaged spectra.

VI. Analysis

After decomposition of the radiative intensities into the various multipoles,

one Is now in a position to examine their behavior with Y~rav energy.

El Strengths
18

Dover, Leramer, and Hahne have shown that the photoabsorptior. cross section

can be approximated by a Lorentzian line shape, if ground state correlations are

included in the shell model (the random phase approximation or RFA). It is

important to stress the fact that the giant resonance damping width is energy

dependent. This fact has an important effect as u> (= Ey) approaches zero and it

introduces a further energy dependence which is usually ignored (and is not conse-

quential) near the resonance energy. This energy dependence was ignored by Brink

in his analysis of radiation widths, and is clearly responsible for his overpredic-

tion of the widths. I do not, however, regard this as a violation of Brink's

hypothesis, which as the earlier quotation shows, does not rule out such a

variation.

To explicitly display this dependence, the photoabsorptlon cross section is

written,

- dv . (4)0 G (E2-E2)2+E2r(E)2

G

where OQ is the peak cross section, Tg • r(E«E<j), and Eg is the giant

resonance energy. The dipole sum rule determines this peak cross section:

oQTG - r0tf-.)4u(NZ/A) (1+0.8x) , (5)

A fy

where TQ • classical nucleon radius (e /Me ), he » 197.3 MeV-fra, and x • exchange

fraction. However, it usually is preferable to use experimental values for OQ and
19

Fg, if available. The strength function is defined as

(2L+1)

fL(Ei) - <rvlf>/D1E (6)



i'iT F.I r.iiti.ition, t t can be shown ih.it

a(F )
f El ( V *—5 V- ( 7 )

as a r e s u l t of Brink's hypothes i s , one can write

o0r E r(E

° Y r(E )
Y Y ( 8 )

(E2-E2)2+E2r(E)2

Y *» « Y

The dependence of F(Ey) can be parameterized as a power of Ey. Indeed the

spreading of the giant dipole particle-hole excitation into 2-particle, 2-hole

states suggests that P(Ey) is proportional to (Ey) . However, a difficulty,
l fl

first pointed out by Dover et al. , is that the extrapolation of the Lorentzlan

function to E=Q is unjustified. In a very instructive paper Kadnenskii,

Markushev, and Furraan examine the low energy limit and derive the correct limiting

value of fg. as Ey-K). They also point out that, in addition to the E 2 width

dependence, one must include a contribution dependent on the temperature on which

the giant resonance is built, due to quasi particle collisions. They suggest

r
IXE.T) = -4 (E^itV) (9)

EG

where T(U=Bn-Ey-A) " »'G7a, a • Fermi-gas level density parameter, A • pairing

correction, BJJ * neutron binding energy. They show that for the limit Ey-K)

aorr Tr (E2+4!ff2)
f El ( E V' T ) - 2 2 4 \ , , ••«0Cl+2/3fJ), (10)

h i Y 3n2(«ffc)2 E2 (E2-E2)2 l

here <i>o is the shell-model energy-state difference, fi' is a quasiparticle effec-

tive interaction strength, and the strength function fgi is written fgiCEy.T)

to emphasize the dependence on the final state temperature T. This dependence can

be viewed as a true departure from the Brink hypothesis. Kadmenskii et al. assert

that.

0.7, (11)



hence

0.7r
f E l ( V T ) " 2 " 2 " \ 2 2 ' U 2 )

Y 3 " 2 ^ O 2 EG (E2-E2)2

where I have rewritten the expression of Kadmenskil et al. in terms of the experi-

mentally determined parameters EQ, TQ. This expression, for a set of excited

final states at temperature T, shows a non-zero fgj at E-K). There is experimen-

tal evidence for this behavior from (n,ya) and (n,yf) reactions. The references to

that evidence are cited in ref. 20.

One word of caution is necessary about the fgiCEy.T) above. It is valid

only as Ey-K), and fails (diverges) as Ey+Eg. Of course, neutron capture y

rays fall between these two limiting poiats and then the problem remains: what to

use for fgi?

A simple alternative is simply to add f(0,T) as given by Kadmenskii et al. to

the Lorentziai: expression.

G
fEl (V r ) " 2E1 Y 3n2(-fic)

(13)

This form is attractive because it is precisely correct in the low energy limit,

and differs from the Lorentzian negligibly (1%) at the neutron binding energy. It

might reasonably be expected to be valid over the whole region for neutron capture

y rays.

The results of various fits to the Pd El data are shown on Fig. 11. The

four curves are 1) the Lorentzian with a fixed width, FQ; 2) the Lorentzian with

a width which varies as Ey**^ 3) the Kadmenskii et al. expression for U •

Bn-Ey; and 4) the Lorentzian with the Kadmenskii width inserted. It is diffi-

cult to distinguish experimentally between 2, 3, and 4. It is interesting to note,

however, the good agreoment between curve 4 and the point marked "X" near 1 MeV.

These points are drawn from a compilation of low energy El y rays by Endt21. They

come from low lying states with an average energy of -1 MeV. For that case the

Kadmenskii expression would be virtually identical to curve 4, and not to curve 3,

which corresponds to U+Bn as Ey-fO.

An integral condition on the various strength functions can be placed by the

very accurate knowledge we have of the slow neutron radiative widths. Assuming

only El contributions, the total radiative width,
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Fig. 10 The RACA-corrected (for spin-parity grouping) data of 106Pd.
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Fig. 11 The comparison of various models to the Pd El data: 1) Lorentzian with

fixed width; 2) Lorentzian with f-E1*6; 3) Kadraenskii et al.; and 4)

Lorentzian with KadmensWil r.
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Fy may be regarded as a weighted average of the strength function fgi over the

weight function [o(Hn-Ey-&)/p(Sn))Ey . • The results are as follows for
I0I06Pd:

1) Lorentzian, fixed width 0.431 eV

2) Lorentzian with F-E1'6 0.046 eV

3) Kadmenskii et al. 0.170 eV

4) Lorentzian with Kadmenskii width 0.052 eV

vs

Experiment22 0.145 i 0.008 eV

Curve 3 gives the most acceptable value for the radiative width; the Ml

contribution however has not been included.

Ml Strengths

The search for a collective Ml giant resonance has occupied researchers for
2 3

some time . The fragmentation of the resonance, which presumably has its origin

in the shell model spin-flip transitions between JLtl/2 spin-orbit partners, makes

it difficult to sum the contributions of the individual fragments21*.

The resonance-averaged spectral technique avoids this problem. As Fig. 10

shows, the Ml can be reasonably unambiguously separated from other multipolari-

ties. The expectation of an Ml giant resonance is supported by (p.p1) experiments
90 92 9*4

on Zr, Zr, and Zr, where a resonance energy of 8.6 to 8.8 MeV, and a reso-

nance width of 1.5 to 1.7 MeV have been assigned25. One might expect a more severe

fragmentation of the resonance in Pd from the additional nud eons'added to the

^89/2^~1'^87/2) structure of Zr. 2 6

Characteristically, Ml transitions in the mass range A>90 have been observed

to vary with energy more strongly than E ; the only mechanism existing to support a

general variation stronger than E is a collective resonance model.

Accordingly, the fni^Y'* distribution has been approximated by a Lorent-

zian centered at 8.8 MeV, and with various values of the width T, here taken as a

fixed, energy independent, parameter. The value of 0Q, the peak cross section, is

fixed by the average of the two highest energy data points. These fits are shown

in Fig. 12. A best fit is visually obtained for a width, I", of 4 MeV.
21

Data for Ml transitions, taken from the Endt compilation , is also shown on

the figure. This point has to be interpreted strictly in the spirit of the Brink

hypothesis: the data are derived from transitions near the ground state, and not

near the neutron separation energy.
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Fig. 12 The resonance averaged Ml strengths for Pd and Lorentzian curves

constructed for a fixed peak cross section <?o, and various widths F, from

2 to 6 MeV.



The summed strength ohl(ER)rR can be expressed27 in terms of the energy

weighted sum of the reduced transition probability:

aM1(ER)rR - 2.8xlO-
3 5EB(M1)+ in units of n2 MeV (15)

and related to the Ml strength function,

E r
f (E ) - 2.46X10"9 ffiB(Hl)t Ll (16)
M1 y y ( E J E ^ ^ E V

The value obtained from the 106Pd data is

180 ± 43 \IQ2 MeV,

where the error is due to averaging and the normalization against discrete reso-

nance widths. Microscopic calculations for 90Zr g9/2"*g7/2 spin-flip transi-

tions give values of 111 and 156 |i Q MeV depending on whether IPM or RPA models

were used26.

E2 Strengths

There have been few observations2 of pure £2 transitions in neutron capture—

coo few to allow a firm basis for systematic parameterization of E2 strengths.

The present E2 data are reasonably well fit by an E2 giant resonance centered

at 13.314 (taken from 63A" 1/ 3). "ith a width of 4.8 MeV and a peak cross section

of 2.46 mb. ~ The* data are not, however, inconsistent with an energy

independent single particle model.
»

VII. Conclusion

The technique of resonance averaging has been shown to be a useful tool for

(n,Y) research, particularly when care is applied in the analysis to quantify the

effect of the Porter Thonfts fluctuations of the contributing resonances. The

method is able to locate and place a complete set of states in a certain spin-

parity range. It can reliably assign average transition strengths, separated

according to multipolarity, and is an excellent way to determine radiative strength

functions.
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