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ABSTRACT 
We discuss the development of a relativistic hydrodynamic code for 

describing the evolution of astrophysical systems in three spatial dimensions. 
The application of this code to several test problems is presented. 
Preliminary results from the simulation of the dynamics of accreting binary 
white dwarf and neutron star systems are discussed. 
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I. INTRODUCTION 
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This paper 1s a report on the first results from a code which we are 
developing to describe fully relativistic hydrodynamics in three spatial 
dimensions. Such a code will have numerous applications in astrophysics and 
cosmology. A particular application of interest for this conference is the 
final stages 1n the evolution of compact binary systems. There are two 
scenarios which may be of considerable interest in nuclear astrophysics. One, 
which has been mentioned many times at this conference, is the coalescence of 
two carbon-oxygen white dwarfs ' ' '. As the lighter white dwarf loses mass 
to the heavier companion, 1t grows in size. This in turn may increase the 

4) accretion rate and could produce a dynamical Instability. As material 
accretes on to the heavier companion, raising its mass toward the Ciiandrasekhar 
mass, a thermonuclear deflagration wave may initiate in the center, disrupting 
the entire star. This scenario may be the source for type I supernovae. 

5) Preliminary accretion calculations (which assume spherical accretion) 
indicate that if the accretion rat*> is too high (dH/dt > 0.5 dM/dt^j t ) , 
then carbon burning proceeds in a series of nondisruptive shell flashes, which 
progress inward, consuming all carbon. The resulting Oxygen-Neon dwarf is 
expected to collapse to a neutron star instead of producing a type-I 
explosion. Clearly an understanding of the details of the merging process, 
incorporating the full three-dimensional nature of the problem, is required. 
It 1s this we hope to accomplish with a three-dimensional code. 

The other scenario involves a neutron star binary system, which will 
coalesce on a short time scale once the Roche limit is reached due to the 
strong effect of gravitational radiation reaction, and which may also suffer a 
dynamical instability due to the swelling of the degenerate, lighter companion 
as it begins to transfer mass to the heavier star. In either case, the result 
may be the ejection of a significant amount of highly neutronized material at 
low density and therefore may be a site for the r-process nucleosythesis of 

81 
heavy nuclei. Here again detailed 3-dimensional calculations are required. 

II. THE HYDRODYNAMICS AND GRAVITY 
The code we have written uses a time-explicit, Eulerian scheme with an 9) adaptive grid. This numerical approach has been successfully applied to 

solving fully general relativistic problems in two spatial dimensions. These 
calculations utilize the ADM , or (3+1), formalism of general relativity. 
He have selected a cartesian grid since this avoids problems associated with 



finite differencing near coordinate singularities. In addition, in this 
coordinate system the relativistic field equations assume a simplier and more 
symmetric form. 

The equations of relativistic hydrodynamics take a form similar to their 
Newtonian counterparts. The conservation of baryon number is given by 

1/2 1/2 1 3 t (Y D) + 3. (Y DV 1) = 0 ( 

where V is the usual coordinate three-velocity derived from the relativistic 
four velocity [)v and where 0 is related to the proper baryon number 
density, p, by D = pW with W expressii,; a generalized Lorentz factor. See 
Evans for details. The equation for internal energy density is, 

3 t(Y 1 / 2E) + a ^ Y ^ E V 1 ) = - p[3 t(Y 1 / 2W) + B ^ Y ^ W V 1 ) ] ( 

where E = peW and c is the proper specific internal energy density. 
Finally, the momentum equation is found to be 

Vi * Vt ln Jn * H/2 at ^n si y j ) 

Y 
+ a 3^p + \ ph UjU^B. Y

j k ( 
i 2 - S. 3.. B + ph a W 3. In a = 0 

where S., = (p-t-/>£+P)Wu\ is the relativistic momentum density, p is the 
pressure, p. is the ADM shift vector, and a 1s the ADM lapse function and 
Y is the spatial three-metric. In the Newtonian limit (i.e. white-dwarf 
binary applications) these equations considerably simplify with the lapse 
function being directly related to the gravitational potential. For 
relativistic applications, a solution must be made for the metric quantities 
a,B.j, Y using the field equations. This may be accomplished 
through a full solution of the equations as has been done in two 

9) dimensions. In the near future we will also attempt a full solution in 
three dimensions. For the present time, however, we are developing a solution 
of the field equations based on a strong-field slow-motion approximation. 
Eventually we will need to carry at least 24 variables for each zone, including 

9) all six components of the intrinsic 3-metric and the extrinsic curvature. 
If one wishes a resolution of ~ IX then one requires on the order of 24 x 100 7 x 100 x 100 = 2.4 x 10 words of memory. For our purposes this is 
accommodated by using the solid state disk (SSD) for storage on the Cray 
XHP/48. The evolution is accomplished by transferring 2-dimensional planes 
sequentially between the SSD and core memory. 
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Fig. 1 Numerical calculation of a Nonrelativistic Reimann shock tube 
(dots) compared with exact (solid line) results. 

III. TEST PROBLEMS 
Before applying such a code to real astrophysical problems, it is of 

course important to test that the code gives reasonable answers. Figure l 
illustrates one such example. It shows exact and calculated parameters for a 

12) 1-dimensional Riemann Shock tube. ' in this problem, a high temperature, 
high density region is separated from a region at lower density and temperature 
by a thin membrane which is removed at t = 0. This problem then tests how well 
the finite differencing scheme advects a nonlinear wave and also whether 
conserved quantities are actually conserved. As Figure 1 shows, with 100 zones 
we reproduce the discontinuities in the shock front and fluid interface with 
sufficient accuracy. 
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T=2 8000 Zones err=10" 

Fig. 2 a) Calculated radial oscillations of a r = 2 polytrope 
(solid line) compared with approximate analytic formula (dashed lines; 
b) Density contours for a r = 2 polytrope with a resolution of 8000 
zones. 

Figure 2 shows results from a second test problem, related to our 
applications. In this case we calculated radial oscillations of a r = 2 
polytrope (which has properties similar to the equation of state of a neutron 



star). An approximate analytic formula 1 3* (good to ± 4*) is represented by 
the two dashed lines on Figure 2. The numerically calculated radial 
oscillations (represented by the solid line) fall between the two extremes as 
expected. 

Fig. 3 Projections in the orbital plans: a) Roche lobe for orbiting 
r = 2 polytropes with a mass ratio of 2/1; b) density contours for 
stars in a). 

IV. BINARY SYSTEMS 
Figures 3 and 4 show calculated configurations for two binary systems 

represented by r = 2 polytropes where the heavy star (on the left) has twice 
the mass of the lighter companion, in Figure 3 the stars do not fill their 
Roche lobes, so there is little change in the system as the stars orbit. In 



Figure 4, however, the stellar radii exceed their Roche lobes and a rapid 
accretion flow between the two stars has been established. Note that the stars 
have experienced considerable distortion and the accretion flow is highly 
nonspherical. 

a,: 

Fig. 4 Same as Fig. 3, but the radii of the stars now exceed their 
Rochelobes. An accretion flow from the lighter to the heavier star 
has developed. 

We have also investigated the head-on collision of two polytropes. This 
is a case which could be compared with detailed results from an 9) axisymmetric two-dimensional code. The results of the two calculations are 
encouragingly similar for as far as they were evolved. Our most recent 
calculations have begun to explore the results of using more realistic, 



tabulated equations of state. Unlike polytropic relations, these equations of 
state give all the expected variation between mass and radius for equilibrium 
models. The precise slope in the mass-radius relation, dlnH/dlnR, is 

4) expected to be important for the question of rapid dynamical instability at 
the tidal limit. The results of preliminary runs on a coarse mesh show 
interesting amounts of mass loss from the light companion as its radius 
increases. These results, however, are too preliminary to draw definite 
conclusions. 

V. CONCLUSION 
We have developed a working relativistic hydrodynamic code in three 

spatial dimensions and tested this code on a number of nontrivial problems. We 
are now applying the code to study the nonrelativistic evolution of accreting 
white dwarf binaries. In the future, we will continue to improve the treatment 
of the solution of the field equations for strong-field problems and apply this 
to a study of the evolution of neutron star binaries. 
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