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ON THE DYNAMIC BUCKLING OF THIN SHELLS 

A. Combescure, A. Hoffmann and R. Homan 

The paper désertes the experimental results obtained at CEA-DEMT on 
the seismic buckling of structures filled with fluid. 

A general tendancy is given on all experimental results. 

The experimental results are analysed by two staple models and the main 
results are explained. 

A strategy to design a structure against dynamic buckling is then pre
sented. 
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ON THE DYNAMIC BUCKLING OF THIN SHELLS 

I. INTRODUCTION 

The shells of a pool type reactor like Super Phénix 1 or the Super 
Phénix 2 project ««relatively thin compared to the diameter. Noraal loads 
and mainly seismic loads due to strong fluid-structure interaction 

are giving pressure of the sams order then static onl1<sjwe pressure* 
This i s a main difficulty for a good and safe design of LMFBR1'2. Since many 
years and important research program i s performed in France and more recently 
by Italy an européen countries in the frame of the common european research 
by the way of the AGT9B (UK - Germany - Italy - France). 

The object of this paper i s to summarize the main experimental results 
obtained through these programs and to compare than to theoretical 
investigations. 

II. MAIN RESULTS OBTAINED BY EXPERIMENTAL TESTS 

The tests retarded in the literature (Japon and USA3'*), six years ago 
were relatively limited, for that reason, France with Italy 
(Enea) conducted an important program of thin cylinders and spheres tested 
on shaking tablesO and 2 J. Particular attention Js given to : 

- low level (vibrations aspects) 
- high level of excitation. 

11.1. Vibrations Aspects (or Linear Response) 
The main results can be summarized as felloe ; 

- a mode one excitation produces a strong displacement response on mode n (6 
to 12), 

- the frequencies depend of the static pressure P 0, 
- the pressures in the fluid are mainly correlated with mode one excitation. 

11.2. High Level of Excitation 
* The pressure of the fluid is not proportional to the acceleration of the 

shaking table at high levels, (The paper will emphasize this point) 

- The observed buckling pressure is coherent with the static methodology for 
the case of spheres, but is over conservative by a factor 3 to 5 for the 
cylinders1 : 
The dynamic pressure P. > P t a t * e cylinders 

Pd ' Pst.tic •• , h* r"' 
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III. THEORETICAL MODELS 

111.1. Simplified Model with one Oscillator or the Mathieu Model 
One simple model was proposed (5) based of a main linear oscillator 

of frequency 0 excited by seismic loads. By the mean of geometrical imper
fections 6 0, an other mode n is excited. The equation governing the second 
oscillator is : 

*ï + 2 6 i«Vi + * M * - w o ( x o + * )Hrr 
with x. * amplitude 

XQ * imperfection 

0. * reduced damping 

u. » pulsation (u. • 2*7.) 

A(t) * dynamic load 

X„ « Euler static load. 

In this linear form, the equation is a Mathieu's equation with stability 
domains» in fonction of : 

"iV^o and 0j (see ref. 6) ( y*! - V 0 is the case of the 
strongest instability). 

The main conclusion of this model is in fact : the dynamic loads, in 
case of sinus excitation, can't be over the static load 

rd rstatic* 

Under this form, it is in fact, a paradox, and in contradiction with 
the experimental tests. 

Such a model can be extended to take into account plasticity or ducti
lity. Some studies has been performed and has demonstrated than damping and 
plasticity effect can charge the previous and paradoxal result. 

In fact the insufficiency of the model is due to the absence of coupled 
terms in the equations of the two oscillateurs. 

111.2. The Ring Model 
The details of this model will be published later. Nevertheless the 

main characteristics can be described briefly, 

Letts consider an annular ring with an imperfection 60 on a Fourier 
mode n. This imperfect ring, on imperfect element, is completely described 
in ref. 1, in the static case : the COM!) element in the INCA computer pro
gram (Casteo). 

radius r 
stiffness e 
imperfection 60 on a mode n 
displacement field mode 0 n 2 n 

The ring element 
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The extension to dynamic field is made by the two assumptions : 

- the masses M are diagonal on «odes n = 0, n = n jnd n = 2 n 
- the damping matrix is also diagonal and proportional to the masses. 

This is the model of the imperfect ring without liquid effects ; 
added masses of the liquid. But it is true that also the effects of the 
fluid (or liquid) are modified by geometrical imperfections. 

The effects of fluid imperfections was also investigated and can be 
integrated in the simple model7 ; in fact those effects are small and negli
gible and the geometrical non linearities of the shells (on the ring) are 
the essential point. 

Compared to the simple model or Mathieu model, the ring model can be 
summarized as follows : 

- dynamic equations on modes 0, n, 2n, a coupled in the symmetric way 
- non linearities are essentially geometrical and mainly on mode n (the 
buckling mode) 

- liquid effects are included by mean of added masses 
- the pressure in the fluid (or dynamic -pressure P<j) is obtained also from 
the acceleration. 

III.3. Application of the Ring Model in a General Case 
A dynamic external pressure P(t) * P 0 sin w 0t (u0 - 2HY0) was applied 

to the imperfected ring. 

The load level P 0 is increased by steps of Pg/IO, P E being the elastic 
bifurcation load. Figure S defines very simply the problem. The computations 
are done with the COMU element of the computer code INCA. 

The structure is loaded with a periodic excitation which is either slow 
or fast or of the same order of the frequency (?j) of the buckling mode 
(which is also the vibration mode). 

We have chosen 3 cases : 
(a) Jp/^i - 0.1 - slow, 
(b) "JQ/?I • 1 - medium, 
(c) fo^l • 10 - fast. 

- For cases (a) and (c) r.he damping has very little effect and it is found 
that : 
(1) if the structure is loaded slowly it buckles at a pressure P(t) which 

is the Euler bifurcation load Pj. 
(2) if the structure is loaded rapidly (case (c)) it can stand a dynamic 

pressure (P(t)) which is 5 times greater than the Euler bifurcation 
load without buckling. 

- On case (b) the load level which can be supported depends on the damping 
factor. When taking a damping factor of 1 Z we obtain a maximum standable 
dynamic load of 1.5 Pj, 

If we plot on a diagram the different computed points we obtain the type 
of curve given on figure 6. The abscissa is the ratio between the excitation 
frequency and the frequency of the buckling mode. On the y-axis is the ratio 
between the dynamic buckling load and the static one. 
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On this curve it is obvious that a periodic pressure is less efficient if 
it is applied at a high frequency than if it is applied at a low frequency. 

The same concept is applied to the experimental result. 

- For the spheres the two frequencies are : 
l Q = 30 Ha, ?t = 1000 Hz (coaputed). 
The dynamic load applied in very slowly. 

- For the cylinders the two frequencies are : 
? 0 - 27 Hi, ? t - 27 Hz. 
From figure 6 we observe that the experimental buckling pressures are 

in good agreement with the predicted ones by the model given above. 

III.4. Application of the Ring Model to the Experimental Tests (Cylindrical 
tests) 
The parameters (i.e. frequencies, generalised masses, damping, gene

ralised stiffness, relation between pressure and accelerations, ...) of the 
ring model can be indentified to a particular experiment (e.g.the case of 
thin cylinder). 

3.4.1. Vibrations aspects 
A good agreement is obtained concerning the linear response of 

the cylinders versus the acceleration of the table, both on displacement and 
pressure field. We observe a displacement mainly on mode n and a pressure 
mainly in mode 0. 

The imperfection has the effect of separating equal eigen frequencies. 

3.4.2. High Level of Excitation 
tie model is used to simulate the cylinders testing. Vfe increase 

the accélération of the table step by step. 

Different values of damping has been chosen up to 10 percent. 

The results are plotted in the figure 7. 

The main result is the following : a correct prediction of the experi-
mental pressure is obtained by the model using an increasing damping without 
fluid non linearities for the smallest range of excitation y < 10 m/s 2. If 
the level is higher the damping does not affect very such the pressure 
response and we obtain a reasonable agreement with a damping varying from 
1 to 10 percent. The damping only affects the acceleration at which model 
becomes unstable. 

IV. CONCLUSIONS 

A good understanding of experimental results on drnamic buckling of the 
cylinders has been obtained by the ring model. 

The vibration observations are well represented by the model. 

The nigh ievel pressure-accélérât ion curve is also well simulated. 
The saturation of the pressure whan acceleration increases is mainly a geo
metrical non linear effect and probably not due to fluid non linear properties. 
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