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ABSTRACT 

A new model for multigroup transport calculations based on a group-
dependent spatial representation has been developed. The multilevel method 
takes advantage of the orthogonality of the energy and space operators, inherent 
to the structure of the linear transport equation, to decompose the energy 
domain into subdomains or levels, i.e., fast, epithermal and thermal, where 
suitable spatial approximations are used. The aim of the method is to allow 
for the use of larger mesh spacings at high neutron energies and, therefore, 
*.-> cut down the computational cost while preserving the overall accuracy. 
The method can be easily implemented in today's standard transport codes by 
introducing small modifications in the computation of the mul' igroup external 
source. The multilevel model is of especial interest for the calculation 
of media containing high thermal absorbers. A variant of this method, based 
on a nested, multilevel approximation, has been implemented in the APOLLO-II 
assembly transport code. Comparisons between the multilevel model and the usual 
multigrou? approximation have been made for a PWR poisoned cell and for a thermal 
neutron barrier used to feed a molten FBR fuel sample. The results show that 
significant savings in computational times are obtained with the multilevel appro
ximation. 

I - INTRODUCTION 

Cell or assembly deterministic transport calculations are usually carrried 
out in a multigroup frame and solved in a iterative fashion whereupon each 
group calculation involves the determination of the fluxes for that group in 
terms of the fission source and the scattering source from other groups M 
The discretization of the transport equation, either from its integro-differential 
or from its integral form3» determines the number of unknowns, fluxes and 
currents, that must be calculated per group. Standard transport codes* - 7 relay 
upon the use of the same spatial approximation for all the groups and, therefore 
the cost of the calculation depends on the number of unknowns per group (number 
of cells and order N of the approximation for S N and related methods, number of 
regions for collision-probability methods) and on the number of groups. 

In order to obtain an accurate result the geometrical domain is divided 
into small cells or regions on which the flux gradient is apriori assumed to be 
small, the usual rule of thumb consisting on defining cells or regions with 
optical sizes of the order of the mean-free-path (m.f.p.). For today's 
standard transport codes this means that the number of unknowns per group is 



determined by the values of the cross sections in the thermal domain (where 
the m.f.p.'s are the smallest). Such an approach is a waste of computer 
resources for the high-energy groups where the flux gradients are much smaller 
and where the use of larger cells or regions would give the same overall accuracy. 

In this paper we propose a "multilevel** approximation based on the use 
of a different spatial representation for different energy domains (i.e., 
fast, epithermal and thermal. Our aim is to allow for the use of larger cells 
or regions at high neutron en-irgy and therefore to cut down the cost of a 
multigroup calculation while preserving the accuracy of the results. The 
proposed multilevel model can be straightforwardly implemented in the standard 
transport codes nowadays in use by incorporating small modifications in the 
computation of the multigroup external source. 

For the numerical methods arising from the discretization of the integro-
differential form of the transport equation (SM, nodal and finite-element 
methods) our approach will lead to a savings in the cost of the inner iterations 
for the high-energy groups. On the other hand, for the methods based on the 
numerical approximation of the integral form of the transport equation 
(collision probabilities and interface current methods),the reduction in the 
number of unknowns obtained through the implementation of the multilevel 
approximation results in two advantages : a smaller-sized system to be solved 
and also, and we believe this is the most significant cost-reduction factor, a 
smaller number of matrix elements (collision probabilities) to be calculated. 

With the small extra cost involved in the computation of the external 
source term, our approach allows for an important reduction on the overall cost 
of a multigroup calculation while preserving the precision of the results. 
Multilevel approximations are of especial interest for the calculation of cells 
or assemblies which contain burnable poisons that generate strong gradients in 
the thermal domain and, in general, for the treatment of geometries containing 
media with high thermal cross sections (control rods, thermal filters, etc). 

Section II is devoted to a presentation of the multilevel methodology. 
Numerical examples are presented in Section III. First we have treated a 
typical PWR poisoned pin cell containing a lumped mixture of gadolinium 
and uranium oxide. Next, we have calculated a one-dimensional modelization of 
the Scarabée experiment in which thermal filters are used to feed with 
high-energy neutrons an internal molten FBR fuel sample surrounded by a feeding 
core. Finally, conclusions and prospects for future work are given in Section IV. 

II - THE MULTILEVEL MODEL 

The basic idea of the multilevel approximation is the use of a group-
dependent spatial representation in order to take advantage of the variation of 
tha value of the total cross section with the energy, which is the determinant 
factor in the selection of the spatial calculationai mesh. Such an approximation 
is feasible because the energy-coupling operator of the transport equation do»is 
not operate on the spatial variable, and this implies that the spatial 
discretization is independent of the energy. It is this independence and the 
fact that the precision of the calculation depends on the optical size of 
the mesh cells that have prompted us to develop the multilevel model. In the 
following analysis we consider directly the general case of a group-dependent 
spatial representation. 



Numerical solutions of the transport equation are based on a functional 
representation of the unknown fluxes in terms of representation functions 
F * of nomogeneous support 

i 

together with a familly of linear operators P? (projections or interpolations) 
relating the approximation to the actual flux ' 

•?=*?* 9. (2) 
such that P 9 F 9 = 6.. • 

i i «J 

These approximations define the one-group structure of the approximate 
transport equation to be solved. Tne multigroup coupling is then obtained 
in a consisting way as 

where s 9 i s t n e external source 

S 9 = P 9 S 9 , ( 3) 

s 9(T) = £ r > ' * * ( o •*(?>. <*) 
r 9'*9 9.9 «• 

Here£ stands for the fission source * v j j and the scattering contribution 
Z 9 9. Use of representation (1) yields the following general form for 
the components of the external source : ^^^ 

« Ï - ' I f f " « o r to =Z; ^ * * ; £; "•; . (5> 
where 9 

» ' , ' = P ? F ' ' (6) 
• I • l 

are the multigroup coupling coefficients. 

Standard transport codes use an unique set of representation functions, , 
F? = Fj.in all the groups and therefore the coupling matrix is diagonal, A ?? =6... 
The supports of the representation functions are obtained by dividing the ' ' 
geometrical domain into a set of homogeneous cells or regions of sizes of the 
order of the m.f.p. in the thermal domain. In contrast, the multilevel 
approximation here proposed is based on the use of spatial representations 
adapted to the different energy domains. For instance, a two-level approximation 
will use two different sets of representation functions : those functions 
used in the thermal groups will have supports whose sizes would be, as before, 
of the order of the m.f.p. for thermal neutron energies, whereas the supports 
of the functions used in the fast groups will be determined by the much 
larger values of the m.f.p. in the fast energy domain. This will result in a 
reduction of the number of functions used for the spatial representation 
in the fast domain and, therefore, in smaller caicuiational costs. 
Furthermore, we observe from Eq.(5) that the essential difference due to the 
use of a group-defjendent representation is the presence of the coupling 
coefficients A " in the external source term. 

H 

The coupling coefficients can be computed and stored before the onset of 
the external iterations, and then used to calculate the multigroup fission 
and scattering contributions to the external source for each external iteration. 
Thus, with a minimum of numerical implementation (the calculation of the coupling 
coefficients and the book-keeping necessary for the computation of the 
external source), the multilevel approximation can be readily incorporated 
in standard multigroup transport codes. 



To fix our ideas let us consider the familiar flat-flux, collision 
probability method for which the F ?are simply the characteristic functions 
of the homogeneous regions i of volume V. . Here, the associated linear 
operators P* are the projections onto the représentât!:n functions 

p ! 'f = r i" r (ii d ; f F 

J (i) and consequently 

9«T - « / v (7) A 7? = ¥ / ? 
" l| ' 

where¥.. is the volume common to régions i and j (regions used respectively 
for the representations in groups g and g' . For the standard (one-level) 
approximation F? = F. does not depend on the group and we have A99* = fi 
which gives the usual form for the external source. On the other U hand, for 
a nested multilevel approximation, where regions used for the spatial 
approximation at a given energy domain G are decomposed into subregions to 
be used for the next energy domain G • 1, one obtains : 

s;=II(v /y^Z I*'*•••*. ,«c 
where the sum on j is for all regions in energy domain G* intersecting region i 
in energy domain G. For G'^G, V-t • / *i = 1 and only the region j(i) 
containing region i appears in the sum on j ; for G*> G t Vj. / ¥ 8 = ¥* / ¥j 
and the sum on j is done for all regions at level G* contained in region i 
at level G. 

Ill - NUMERICAL TESTS 

The multilevel approximation has been implemented, as a standard option, 
in the multigroup assembly transport code APOLLO II which is been written at 
the CEA. In this section we present some preliminary tests that have been 
performed to compare multilevel with standard multigroup (one level) calculations 
in order to assess the usefulness of the multilevel model. 

We have considered two one-dimensional, cylindrical geometries. First 
we have treated a typical PWR, poisoned cell of 1.26 cms of side containing 
a pin of radius .2 cms and a Zirealloy clad of -025 cms of thickness. 
The pin, of density 10 g/cc, contains a mixture of 3 % enriched U0 and Gd, 0 
(5 % in weight). Our second problem is a one-dimensional modelization of the 
SCARABEE BF2 experiment9 that was designed to analyse the behavior of LMFBR'S 
molten fuels. The model geometry consists of a central molten fuel sample of 
radius 3 cms separated from an external feeding zone by 12 layers containing 
structural materials, thermal barriers, sodium and two neutron filters. The 
composition of the geometrical model is given is Table I. 

Two K f f (albedo = 1) calculations have been performed, using the flat-flux, 
co.'.lision-pVobabilities formation, for each problem : a reference multigroup 
calculation and a two-levels (fast and thermal) multilevel calculation. The 
isotopic cross-section data have been obtained from the AP0LL0-II 99 groups 
library and the cross sections of the resonant isotopes hare not been self-
shielded 1 0 . Out of the 99 groups, 47 are thermal groups. 



ZONE RADIUS 
(cas) 

MATERIAL 

1 3- Molten fuel sample 
2 3.46 Stainless Steel 
3 3.75 Sodium 
U 3.85 Zr0 2 

5 4.15 Sodium 
6 5.25 Stainless Steel (diluted) 
7 6.50 Sodium 
8 6.57 Gadolinium filter 
9 8.05 Sodium -
10 10.70 Stainless'Steel (diluted) 
11 10.98 Organic liquid 
12 11.05 Hafnium filter 
13 13-714 Baffle (Aluminum, water, etc ) 
14 18. Feeding core 

Table I : Description of the Scarabée BF2 calculational model. 

In order to take into account the strong thermal flux gradient in the 
poisoned pin of the PWR-cell we have subdivided the pin into 16 equivolumetric 
regions. Therefore the multigroup calculation has been performed with 18 regions. 
The corresponding two-level calculation has been done with the same regions for 
the thermal level but with a single region in the pin for the fast level. The 
reference, multigroup calculation required 1-362 s in the CRAY XMP for the 
computation of the collision probabilities (P..) and yielded k e^ f = . 23266, 
while only .701 s were necessary for the P '' of the multilevel calculation 
which gave Ic = .23237 . Figures 1 and1'2 show the neutron spectra in the pin 
obtained from the reference and the multilevel calculations. We observe that 
the fast flux obtained from the 16-pin-regions reference calculation is 
practically flat, fact that validates the i-pin-region approximation used in 
the first level of the multilevel calculation. Besides some discrepancies 
arising in the resonance domain (and due to the absence of self-shielding), both 
calculations give the same result in the thermal domain even though there is a 
strong flux gradient. 

The reference, multigroup calculation for the SCARABEE problem has been done 
by subdividing the central, molten-fuel zone into 2 equivolumetric regions, and 
by subdividing each neutron filter into 8 equivolumetric regions, with a total 
of 29 regions. Thi3 calculation gave k f̂f = 1.25714 and required 4.619 s of 
CRAY XMP for the P,, calculation. The multilevel calculation was done using 
a single region for each neutron filter in the fast level and yielded k # M * 1.25668 



with 2.U98s of Pjj computation- The neutron spectra in the central, molten-
fuel zone are shown in Figures 3 and 4, respectively, for the reference and 
the multilevel calculations. Practically the two spectra are indentical. The 
neutron spectra obtained from the reference and the multilevel calculations for 
the neutron filters are shown in Figures 5 and 6 for the gadolinium filter, and 
in Figures 7 and 8 t'or the hafnium filter. We observe that the neutron thermal 
flux in the innermost, gadolinium filter is very small because nost of the 
thermal neutrons produced by the feeding core are absorbed in the outer, hafnium 
filter. As before the multilevel approximation is validated by the reference 
calculation results that show that the fast flux in the filters is flat. 
Comparisons between Figures 5 and 6, and between Figures 7 and 9 show that 
the thermal flux gradient is well calculated by the multilevel approximation. 

IV - CONCLUSIONS AND FUTURE WORK 

A novel model for multigroup transport calculations, tased on the use of 
group-dependent spatial representations, has been proposed. This multilevel 
approximation can readily he incorporated in standard muitigroup transport 
codes and allows for a significant reduction on the cost of the multigroup 
calculations while preserving the overall precision of the results. 

The multilevel approximation has been implemented, as a standard 
option, in the new assembly transport code APOLLO II that is been developed at 
the CEA.. In this code the user can define a nested, multilevel mesh in which 
regions used for the spatial approximation at a given energy domain are 
subdivided into regions to be used for the spatial approximation in a lower 
energy domain. Test comparisons between a reference, standard multigroup and 
a two-level (fast and thermal) multilevel calculations have been performed for 
two, one-dimensional, cylindrical geometries: a PWR, poisoned pin cell and a 
modelization of the SCARABEE BF2 experiment. The results show that the 
multilevel approximation is able to calculate accurately the large flux 
gradients produced by strong neutron absorbers, while reducing the collision-
probabilities calculational time by nearly a factor of 2. We expect that a 
greater, effective saving can be obtained for two-dimensional problems where 
the time used in the computation of the collision matrices represents a large 
proportion of the overall time needed for the flux calculation. 

A difficulty with the multilevel model arises in the case of a depletion 
calculation in which several, cor.secutive transport calculations are used to 
determine the variation of the isotopic concentrations versus the assembly 
burnup. In this case the isotopic concentrations may change from one thermal 
region to the next and, consequently, a region at a higher energy level, 
containing several thermal regions, may be composed of different physical 
media. The treatment of such heterogeneous regions, that will call for 
significant modifications in most of the multigroup, transport codes today in 
use, is, however, easy to implement in the APOLLO II computer code in which 
provisions already exist for the homogeneization of heterogeneous regions prior 
to the collision-probabilities calculations. Results on multilevel 
calculations using heterogeneous regions will be the subject of a future paper. 
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FIGURE 1: Neutron spectrum in the PIVR pin obtained from the reference 
calculation. Only the fluxes in the eight odd regions (1, 3, 
5, 7, 9, 11, 13 and 15) have been represented. 
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FIGURE 2: Neutron spectrum in the PWR pin obtained with the multilevel 
calculation. Only the fluxes in the eight odd regions are 
shown. 
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FIGURE 3: Neutro spectrum in the two regions of the molten fuel zone 
obtained from the reference calculation. 

FIGURE 4: Neutron spectrum in the two regions of the molten fuel zone 
calculated with the multilevel model. 



FIGURE 5: Neutron spectrum in the eight regions of the gadolinium 
filter obtained with the multigroup calculation. 
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FIGURE 6: Neutron spectrum in the eight regions of the gadolinium 
filter obtained with the multilevel calculation. 
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FIGURE 7: Neutron spectrum in the eight regions of the hafnium filter 
obtained from the multigroup calculation. 

FIGURE 8: Neutron spectrum in the eight regions of the hafnium filter 
obtained with the multilevel calculation. 
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