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WHAT HAPPENED TO THE KUO-BROWN INTERACTION? 

Eivind OSNES 

Department of Physic», University of Oslo, P.O. Box 1048 Blindern, 
N-0316 Oslo 3, Norway 

Twenty yeari of efforts to calculate the shell-model effective interaction, 
starting from Che free nucleon-nucleon (NN) interaction and using many-body 
perturbation theory, are briefly reviewed. We begin by a description of the 
pioneering work of Kuo and Brown, in which the effective interaction was 
approximated by the Bethe-Brueckner-Goldstone G-matrix and the lowest order 
core-polarization correction, liten, we review subsequent developments which 
cast doubt upon the simple Kuo-Brown approximation. Some of these problems 
have been shown to arise from inadequate treatment of various higher order 
contributions, whereas other problems are related to the strong tensor com
ponent of the NN interaction used. In fact, modern meson-exchange potentials 
have much weaker tensor forces and give rise to effective interactions which 
are similar to the original Kuo-Brown interaction. Applications of these new 
effective forces to shell-model calculations in the sd-shell are discussed. 

1. INTRODUCTION 
Shell-model calculations of nuclear structure require an effective interaction 

between the valence particles. This interaction is different from the free NN 
interaction since it is modified by the presence of the other nucleons and since 
it must allow for configurations which are excluded from the shell-model space. 

In his talk at the Gatlinburg conference in 1966 Gerry Brown claimed that the 
calculation of the effective interaction from the free NN interaction is one of 
the more fundamental problems in nuclear physics. He went on to declare : 

"Nuclear theorists have tended to hide the origins of the effective force 
behind a veil, to endow these origins with a 'Ding-an—sich' status, and to 
place them beyond the pale of inquiry. A privileged few are allowed to reach 
behind and pull out whatever components of the force they need to explain 
particular phenomena. This is at least intellectually unsatisfying, and a 
number of us have tried hard in the past few years to make the connection 
between effective forces and the nucleon-nucleon force." 

In this talk we wish to review the major developments in this field following 
the pioneering work of Kuo and Brown 20 years ago. In such a brief review it is 
not possible to discuss all the important contributions to this subject. Only 
some of the highlights will be mentioned. More detailed accounts are given in 

2-5 several extensive review articles 
We start in Section 2 with a brief reminder on the concept of an effective 

interaction and on how the effective interaction is calculated. In Section 3 we 
recapitulate the Kuo-Brown approximation of th*- effective interaction. Then, in 
Section 4 we discuss various challenges presented to the Kuo- Brown interaction 
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by tubstquint calculations. Somt of that* challenges vara, hovavar, only appar
ent and disappeared by adequate treatment of the higher order contribution*. 
Others were attributed to the strong tensor component of the free NN interaction 
used and could be overcome by using modern ueson-exchange HH potentials such as 
the Paris and Bonn-Jillich potentials. In Section 5 we show that it is possible 
to obtain from these potentials an effective interaction which includes essen
tially all important short-range and long-range correlations to arbitrary order 
and which is rather similar to the original Kuo-Brown interaction. This inter
action is then applied to shell-model calculations of sd-shell nuclei in Section 
6. Summarizing and concluding remarks are given in the final Section 7. 

2. THE EFFECTIVE INTERACTION 
In order to calculate the properties of a nucleus with mass number A we have 

in principle to solve the Schrodinger equation for a system of A nucleons. 
18 

Consider as an example 0, which has become the prototype nucleus for calcu
lations of the effective interaction. The Schrodinger equation to be solved is 

H4-n(A) - E n* n(A) , (1) 

with A = 18. This is, of course, much to complicated to be solved exactly. Thus, 
we replace the original 18-nucleon problem of eq. (1) by a model problem consist
ing of two nucleons in the IsOd shell outside an inert 0 core. Then, inside 
this model space we have to use an effective Hamiltonian H f f to account for the 

18 neglected degrees of freedom. The 0 model-space problem can thus be written as 

P H e f f W » " < E m " E c ) C T m • » - 1,2,...,d . (2) 

Here, P is a projection operator 
d 

P ' £ |*.x*.| , (2.1) 
i-1 l X 

projecting onto the model space spanned by the unperturbed shell-model states <f. 
16 ^ 

consisting of an inert 0 core and two valence nucleons in the IsOd shell. 
Further, in eq. (2) E is the 0 ground-state energy. We may consider eq. (2) 
as the defining equation for H ., . 

18 For 0, and any other nucleus with two valence nucleons, the effective 
Hamiltonian can be divided into a one-body and a two-body part 

H „ - H (i' +-H(IJi . (3) 
eff eff eff 

In studies of 0, it is customary not to evaluate H „ , but rather to extract 
17 it from the experimental level energies of 0. Hence, our main problem is to 
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(2) 
calculate the effective two-body interaction IT ' . This can b« done using many-
body perturbation theory. As a result, the effective interaction is expressed as 
a perturbation expansion in the free NN interaction. This can be represented by 
valence-linked and irreducible Feynman-Goldstone diagrams ' . 

(2) Here, we shall assume familiarity with the diagrammatic expansion for K'„ 
and go on to discuss its evaluation. This proceeds in two steps: 

(i) First, it is necessary to' eliminate the rather singular NN vertices from the 
diagrams. Because of the strong short-range repulsion, each NN vertex is very 
large. This problem can be overcome by summing the infinite subset of ladder 

g 
diagrams, thus obtaining the Bethe-Brueckner-Goldstone G-matrix , which contains 
all the short-range correlations and is of moderate size. 
(ii) Having obtained the G-matrix, we can reorder the diagrams in the original 
series so that all NN vertices (except those connected by particle-particle 
intermediate states) get replaced by corresponding G vertices (see e.g. ref. 4 
for a simple description). Some terms of the new series are shown in Figure 1. 

3. THE KUO-BROWN INTERACTION 
To lowest order the effective interaction is given by the G-matrix itseXf. 

We shall refer to this as the bare interaction. This Lerm is not sufficient to 
18 reproduce the energy spectrum of 0, as pointed out by Dawson, Talmi and 

9 10 
Walecka and by Kuo and Brown . As shown in Figure 2, the spectrum calculated 
with the bare G of Kuo and Brown ' is too compressed and shows too little 
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FIGURE 1 FIGURE 2 
The diagrammatic expansion for H ,_ in Spectra of 0 for low-order approxi-
terms of G-matrix vertices (-~~). mations of the effective interaction. 



ground-state binding energy. Thus, Kuo and Brown went on to calculate the 
second order diagrams shown in Figure I, including intermediate states of 2nui 
harmonic oscillator excitation energy. Of the second order contributions, the 

12 core-polarization diagram G- ,_ , which was firat considered by Bertsch , 
turned.out to be the most important. As shown in Figure 2, G, ,. serves to open 
up the spectrum, thus improving the agreement with experiment. Similar results 

42 were obtained for, other nuclei, e.g. Ca (ref. 13). 
He shall refer to the bare G plus the second order corrections shown in 

Figure 1 (and sometimes just G + G, _,. ) as the Kuo-Brom effective interaction. 

Now, the natural question to ask is: Why does such a simple approximation give 
so good results? 

14 Brown and Kuo analyzed the contributions to G, ,, from the various 
particle-hole intermediate states and found that the dominant contribution comes 
from the isoscalar quadrupole states. This gives rise to a long-range component 
in the effective interaction. Then, adding the fairly short-range bare inter
action G (see e.g. ref. 15), one has roughly a delta plus quadrupole interaction, 
in qualitative agreement with what is empirically required. 

Several other questions must also be answered. For example, how important are 
the higher order terms? This and related questions posed serious challenges to 
the Kuo-Brown interaction and were studied in the years following their pioneer
ing work. We will address some of these in the next section. 

4. CHALLENGES TO THE KUO-BROWN INTERACTION 
The work of Kuo and Brown prompted detailed studies of both the low- and high-

order contributions to the effective interaction. Some of these raised more 
questions than they answered. However, thanks to a lot of detailed numerical 
work a reasonably coherent picture of the two-body effective interaction was 
slowly put together. In this section we are going to review some of the important 
developments leading to our present understanding of the effective interaction. 

4.1. Intermediate-state summation 
As pointed out above, Kuo and Brown truncated the intermediate-state sum

mation in the second order terms at 2noj harmonic oscillator excitation energy. 
This approximation was examined by Vary, Sauer and Wong who studied the con
vergence of the intermediate-state summation in G, _.. . They evaluated the con
tributions from intermediate states up to 22fioj excitation energy and found that 
one has to include intermediate states up to about 12fiu) excitation to obtain 

2 reasonable convergence. For example, for the diagonal J = 0, T = 1 (Od,,,) 
matrix element of G, ,. they obtained contributions of -0.710, -0.379, -0.114 Jp— In 
and -0.085 MeV by including intermediate states up to 2, 6, 12 and 22fio exci
tation, respectively. Thus, the strong attractive contribution to G, _., from 
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2lfu> particle-hole excitation! was essentially wiped out by higher particle-hole 
excitations. This result was obtained using the Reid potential and was ascribed 
to the strong tensor-force component of the potential. The findings of Vary et 

at. were confirmed by Sandel et al. using the Hamada-Johnston potential and 
18 by Kung et al. using the Reid potential. From these calculations one would 

expect significant contributions from high intermediate states to other diagrams. 
This"would make the calculation of third and higher order diagrams unmanageable. 

Now, we would like to believe that this problem is an artifact of the old 
phenomenological NN potentials which have all strong tensor-force components. 
In fact, modern meson-exchange potentials which are evaluated with the empirical 

19 pN coupling constant of Hohler and Pietarinen have much weaker tensor component 
due to the partial cancellation of the tensor terms coming from the ft- and p-

20 meson exchange contributions. Sommermann et at. have studied the contributions 
to G, from high-lying intermediate states using the meson-exchange potential op—in ^ «i 
derived by the Bonn-Jiilich group . They found, indeed, that these contributions 
are much smaller than those obtained from the old phenomenological potentials 
and that G, _.. could be well approximated by including 2Euu excitations only. 

4.2. Hartree-Fock basis 
The Kuo-Brown interaction was evaluated in a harmonic oscillator basis. This 

amounts to writing the Hamiltonian as 

H = T + V - (T + U) + (V - U) = H Q + h^ , (4) 

where the auxiliary potential U has been taken to be of harmonic oscillator form. 
Clearly, U is at our disposal, in the sense that an exact calculation will not 
depend on U. Since we are not able to carry out an exact calculation, care must 
be exercised in choosing U. Intuitively, one would expect that the best results 
would be obtained, with a minimum of calculation, if U were chosen to be the 
average potential felt by an individual nucleon. This is not known exactly, of 
course. At a phenomenological level one might choose U to be a Woods-Saxon rather 
than a harmonic oscillator potential. A more fundamental, microscopic choice for 

22 U is the Hartree-Fock (HF) potential. This was used by Ellis and Mavromatis in 
evaluating the effective interaction between two valence nucleons in the IsOd 
shell to second order in G. The resulting interaction is considerably less 
attractive than that obtained using an oscillator basis. This reflects the fact 
that in HF the wave functions for the empty single-particle states are more 
spread out and the wave functions for the filled shells more compressed than in 
the oscillator case. Thus, the vertices in G, _,. »->re considerably reduced. 
Further, the increased spread in the valence-nucleon wave functions serves to 
reduce the bare valence-nucleon interaction G. As a consequence, too little 
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18 binding energy is obtained for 0. As shown below, additional binding energy 
is obtained by including the effect of core-deformed states, which are left out 
of the model space and are not accounted for by the intermediate states. 

4.3. Third order contributions 
The investigation of higher order terms have followed two directions. One 

approach has been to evaluate all the individual diagrams to the next few orders. 
This procedure cannot easily be carried beyond third order. Thus, alternatively 
one has summed certain subsets of diagrams to all orders. We will discuss the 
former approach in this subsection and the latter in the next subsection. 

23 The third order diagrams were evaluated by Barrett and Kirson for J » 0, 
24 T « 1 and by Goode for the other J and T. In fact, Barrett and Kirson found 

that the total third order contributions to the J - 0, T • 1 matrix elements of 
the effective interaction were in many cases as large as the second order ones, 
but of opposite sign, thus suggesting that the order-by-order perturbation 
expansion does not give reliable results for the effective interaction. 

4.4. Infinite partial summations 
We have seen that the effective interaction between two valence nucleons is 

strongly renormalized by core polarization. Kuo and Brown obtained a large 
contribution in lowest order (diagram [a] in Figure 3) and Barrett and Kirson 
also found a substantial contribution in the next higher order (diagram [b] in 
Figure 3). Since one knows that particle-hole states in closed-shell nuclei show 
strong collective properties, one would probably obtain a better approximation 
for the core excitations by iterating the particle-hole bubble to arbitrary 
order, as shown in Figure 3. This is equivalent to summing the contributions 
from the individual particle-hole eigenstarss of the core in the Tamm-Dancoff 
approximation (TDA), as indicated by the cross-hatched bubble on the r.h.s. of 
the equation in Figure 3. 

L/ 
, 

FIGURE 3 
Diagrams summed in the TDA treatment of core polarization. 
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25 26 The core-polarization term was evaluated in TDA by several authors ' and 
large enhancement was found with respect to the lowest order estimate. This is 
due to the fact that the particle-hole interaction across two oscillator shells 
has strong isoscalar monopole and quadrupole components which produce low-lying 
collective states of these multipolarities in TDA. 

If we further allow for ground-state correlations, core polarization can take 
place via backward-going bubbles also, as shown in Figure 4a. The inclusion of 
such diagrams along with TDA ones corresponds to calculating the core excitations 
in the random-phase approximation (RFA). This serves to increase the collectivity 
of the low-lying particle-hole states so dramatically that it is necessary to 

27 include "screening" corrections to the particle-hole interaction . Similar 
corrections can be applied to the vertices coupling a valence particle to the 

28 core excitations . These two types of corrections, which were termed propagator 
and vertex renormalizations, respectively, were then nested self-consistently to 

29 all orders by Kirson . This gives rise to diagrams of the form shown in Figure 
4b. These corrections essentially wiped out the core-polarization term which had 
been instrumental in reproducing the experimental spectra in mass 18 nuclei. 

Although Kirson's calculation was the most complete to date, two important 
effects were left out. Firstly, only particle-hole intermediate states were in
cluded in the propagator and vertex corrections, as indicated in Figure 4b. There 
are however terms with particle-particle and hole-hole intermediate states which 
would partly cancel the ones with particle-hole intermediate states. Terms with 
particle-particle intermediate states were left out since such correlations are 
in principle included in the G-matrix. The G-matrix evaluated by Kuo and Brown 
employed plane-wave intermediate states which have only small overlaps with the 
low-lying harmonic oscillator intermediate states to be included in the various 
corrections. This problem could be avoided if the G-matrix were calculated by a 
double-partition approach ' in which the Zou-lying particle-particle states 

(2) are removed from G and included in the perturbation expansion of H ' . Several 
30 31 such G-matrix calculations have in fact been done in the last 10-15 years * 

Further, Kirson did not correct for the spurious center of mass motion enter
ing in via the T » 0, J = 1 states in 0 and affecting the vertex corrections. 

- - 32 
Both these effects were extensively studied by Ando, Bando and Nagata . They 

designed a multiple scattering approach which allowed the inclusion of particle-
hole and particle-particle intermediate states to arbitrary order. Further, they 
projected out the spurious T = 0, J = 1 core state. When both effects were 
included, the old result of Kuo and Brown was essentially recovered. The 33 approach of Ando et al. was slightly generalized by Goodin and Ellis who 
included some additional diagrams and obtained very similar results. 
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ta] [b] 

FIGURE A 
[a] RPA contribution to core polarization, [b] Typical diagram included in 
Kirson's self-consistent treatment of core polarization. 

5. EFFECTIVE INTERACTION FROM MODERN MESON-EXCHANGE POTENTIALS 
In the previous section we have reviewed some of the challenges presented to 

the Kuo-Brown hypothesis for the effective interaction by subsequent develop
ments. We have seen that the slow convergence of the intermediate-state sum
mation was due to using NN potentials with strong tensor components. Other pro
blems were due to inadequate treatment of the higher order contributions. Thus, 
in order to obtain a reliable effective interaction, we would have to use an 
appropriate NN interaction and to treat the higher order terms properly. 

We believe that such an NN interaction is provided by the modern meson-
21 34 exchange potentials, such as the Bonn-Julich and Paris potentials. These 

19 employ the strong pN coupling constant of Hobler and Pietarinen and thus have 
35 a fairly weak tensor force, contrary to the old phenomenological NN potentials 

The first step in obtaining the effective interaction from such a potential 
is to evaluate the G-matrix in the double-partition scheme. Such calculations 
have been done by Shurpin et at. and by Sommermann et dl. for the Paris and 
Bonn-Julich potentials, respectively. 

The second step in the calculation is to evaluate the higher order terms to 
33 all orders. For this we have the scheme of Goodm and Ellis representing a 

- 32 slight generalization of the multiple scattering approach of Ando et ai. 

Care should be taken to eliminate the spurious center of mass motion in the 
vertex corrections. Also, the effective interaction should be evaluated in a HF 
rather than a harmonic oscillator basis. As NN potentials with weak tensor com
ponents are supposed to be used, it is justified to truncate the intermediate-
state summations in all higher order diagrams at 2fiw excitation energy. 
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A calculation of the effective interaction along these lines was performed by 
37 

Chakravarti et al. , and in the next section we are going to discuss its appli
cation to shell-model calculations for mass 18 and mass 21 nuclei. 

6. APPLICATION TO SHELL-MODEL CALCULATIONS OF MASS 18 AND 21 NUCLEI 
18 The resulting spectrum for 0 using the effective interaction of Chakravarti 

37 et al. is shown in Figure 5. In discussing the results, we consider the Bonn-
Julich results shown in the right part of the figure. (The Paris potential has 
less attraction in the T « 0 channel and thus gives smaller higher order terms.) 

As usual the bare interaction [G] gives too little binding energy and too 
compressed spectrum. Then, inclusion of the lowest order core-polarization term 
[3p-lh] opens up the spectrum, but the ground state is now overbound. This 
result is hardly changed by iterating the core-polarization term to arbitrary 
order, including particle-hole and particle-particle intermediate states and 
correcting for spurious center of mass motion [SCCE+PP-CM]. For all these 
approximations a harmonic oscillator single-particle basis was used. He see in 
the next column that a substantial reduction in the binding energy and in the 
level spacirigs is obtained by using a HF basis. However, it is known that low-
lying deformed four-particle, two-hole (4p-2h) states play a significant role in 

18 the 0 spectrum. Of course, such intruder states would be very difficult to 
handle using perturbation theory. Thus, a shell-model calculation was done using 

2 
both 2p-0h and 4p-2h basis states. The (sd) matrix elements were the ones evalu
ated in ref. 37 and all the others were taken from the calculation of Ellis and 38 Engeland . The resulting spectrum is shown in column [SCCE+PP-CM] + 4p-2h and 

HF 
agrees well with the experimental spectrum shown in the far right column. 
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It is of interest to apply the new interaction of Chakravarti et at. to 
shell-model calculations of nuclei with several valence nucleons. Thus, Brut, 

39 Osnes and Strottman used the effective interaction [SCCE+PP-CM]™ of Figure 5 
to calculate the energy spectra of mass 21 nuclei, assuming that the effective 

21 many-nucleon forces be negligible. The observed positive-parity spectrum of Ne 
exhibits rotational features and the sophisticated effective interaction of ref. 
37 is indeed capable of reproducing well the K - 3/2 [211] ground-state rota
tional band, as shown in Figure 6. An r.m.s. deviation of about 200 keV is 
obtained and the fit is of roughly the same quality as that obtained with the 
original Kuo-Brown interaction. For the excited K - 1/2 [211] band the fit is 
less impressive and seems to indicate that the microscopic effective interaction 
is not capable of giving sufficient: Coriolis mixing. This is also indicated by 
the too high calculated position of the 5/2 state. Both the Ml and E2 transi
tions inside the ground band are reasonably well reproduced (using respectively 
bare g-factors and standard effective charges). The cross-band transitions are 
too strong, however, indicating inadequate mixing between the two bands. On the 
other hand, the experimental information on the excited band and cross-band 
transitions is rather scarce and more data are needed to determine the precise 
discrepancies between theory and experiment. It would also be interesting to 
investigate which components of the effective interaction would have to be 
changed in order to reproduce the excited band and its interaction with the 
ground band. 
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7. SUMMAR? AND CONCLODIHG REMARKS 
We have reviewed 20 yean of effort! to derive the •hell-aodel effective 

interaction, starting from the free NN interaction and using many-body perturba
tion methods. First, we pointed out the remarkable success of the simple Kuo-
Brown approximation. Then, we reviewed the challenges presented to the Kuo-Brown 
interaction from subsequent, more elaborate calculations. In fact, nearly 20 
years of sophisticated numerical work has brought back to us an interaction 
which is very close to the original Kuo-Brown interaction. Three major develop
ments have made this possible. First, using modern meson-exchange NN potentials 
has allowed truncation of the intermediate-state summations in higher order 
terms at 2hui excitation. Then, careful inclusion of all important long-range 
effects to arbitrary order has shown that core polarization is well represented 
by the second urder term. Finally, use of a HF rather than harmonic oscillator 
single-particle basis serves to reduce the strength of the interaction, and it 
is necessary to take intruder states explicitly into account to get sufficient 
binding energy. 

It is amusing to go back to the Gatlinburg conference and listen to Gerry 
Brown's concluding remarks in his talk on effective forces : 

"We consider that the main job of connecting effective forces with the 
nucleon-nucleon force has been done. Remaining inacauraciss can be diminished 
by well-prescribed techniques but will require extensive computer time. We 
now feel that one should try to extend these techniques to incorporate 
realistic forces in the Hartree-Fock calculations and in nuclear reaction 
studies." 

It must have taken a great deal of courage to make such a statement, but one 
must admit that his conclusion contains a lot of truth. However, it has taken 
considerable efforts to substantiate his claim, and it has in fact earned quite 
a few of us a living. During this period, Gerry's encouragement and insight have 
been a driving force behind our efforts. 

Still, there remain questions to be answered. Foldad diagrams have not been 
included in the calculations discussed above. We know that they are non-
negligilLe and before or later we have to take them seriously. Further, the 
importance of many-body effective forces must be studied carefully. Three-body 

40 effective forces have been found to be small , but they may still have an 
important effect for many valence nucleons. 

To conclude, we have indicated why the Kuo-Brown interaction has been so 
successful. To our opinion this also provides the justification for continued 
use of it in nuclear structure calculations. There are interesting challenges 
for the nuclear shell model in heavier nuclei. For these, however, one does not 
have a reliable realistic effective interaction. Thus, we feel that the task of 
calculating such effectl-'t forces should be embarked upon with fresh optimism. 
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