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A Numerical Study of Mode Selection in 
Response Spectrum Andysis—Condensed Version 

Dorothy S. Ng 

ABSTRACT 
For quality assurance of the dynamic response spectrum analysis, 

the Nuclear Regulatory Commission (NRC) recommends retaining all 
modes below the cutoff frequency at which the spectral acceleration 
(S a) returns to the peak zero period acceleration (ZPA). It also 
suggests that modes accounting for at least 90 percent of the 
structural masses be included in the analysis. 

For some cases, the large mathematical model representing a 
complex structure has too many modes below the recommended cutoff 
frequency, and it may be inefficient to retain all of them. The 
structural responses can be economically captured by selecting and 
retaining the most dominant modes. This dissertation presents a 
numerical study of structural responses with, three mode selection 
methods used in response spectrum analysis, namely, the modal 
effective mass, elastic force, and strain energy methods. 

A simple frame—type structure is generated as a baseline frame. 
Then groups of oscillators representing substructvires are added onto 
the frame to study substructure behavior. A base case is established 
for each frame by including the specific number of modes used. The 
tests are conducted by incrementing the number of modes in the 
response spectrum analyses starting with one mode. The structural 
responses of each modal increment is compared with the base case to 
identify the efficiency of mode selection method. All three methods 
are then applied to the MFTF-B Axicell Vacuum Vessel. The responses 
in critical components of the vessel, such as hangers and 
foundations, will be analyzed to confirm the accuracy of the selected 
method. 
* Performed jointly under the auspices of the U. S. DOE by LLNL under 
W-7405-ENG-48 and for the DOD under DARPA, ARPA Order No. 4395 
monitored by NSWC, *P ^ 
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1 Introduction 

Complex structures are often analyzed using a computer modeling 
technique known as the finite element method (FEM) simulating the 
structure behavior by the use of high-speed computers to carry out 

the numerical calculations. In dynamic response spectrum analysis, 
the structure is excited by a time varying load and a succession of 
solutions that include inertial and damping phenomenon corresponding 
to all limes of interest in the loading duration are computed. Thus, 
a dynamic analysis is more complex and time-consuming than a static 
analysis. Further research is currently needed to obtain the optimum 
mix of efficiency and accuracy in dynamic response calculation. 

The accuracy of the solution depends on the number and choice of 
normal modes to be included. For economic reason only modes that 
contribute substantially to the structural response should be 
retained. This procedure is known as modal truncation. The research 
presented in this paper is primarily concerned with obtaining an 
efficient, accurate mode selection technique for dynamic analysis of 
large linear structures using the response spectrum method. 

To ensure the adequacy of the response calculated, the standard 
Review Plan (SRP) section 3.7.2*1* of the U. S. Nuclear Regulatory 
Commission (NRC) recommends, as a design criterion for modal 
truncation, retaining all modes below the cutoff frequency (33 Hz. as 
indicated in Regulatory Guide 1.60 response spectra)* 2* at which the 
spectral acceleration (S a) returns to the peak zero period 
acceleration (ZPA). When the total effective modal mass for modes 
below the cutoff frequency is less than 90 percent of the structural 
mass, a pseudoseismic analysis is recommended to account for the 
response produced by the remaining mass. 

In some cases, the mathematical model of a large complex 
structure consists of thousands of degrees-of—freedom. A finite 
element model of the Mirror Fusion Test Facility*3* is such a case. 
It can be very expensive to analyze a structure of that size to 
'ulfill the NRC requirements, A more practical approach is to select 
the most important modes among the mode shapes below the cutoff 
frequency. The consequence of omitting some modes is underestimating 
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the the structural response of those critical components. One musL 
choose a efficient method of selecting the most dominant modes. 

In the analysis of linear systems, there has been considerable 
research in developing methods of modal truncation. A numerical 
study of the structural responses with these truncation methods may 
lead to identification of the most efficient method for mode 
select ion. 

2 Derivation of Equations 

2.1 Modal Analysis 
To analyze a structure by the finite element method, the mass of 

the structure is generally assumed to be concentrated at a series of 
discrete points (node points). The independent displacement 
components of the node points are known as the degrees-of—freedom 
(DOF) of the system. In general, for a structure that is deformed in 
three—dimensional space, each node point in the structure can have 
six DOFs: three translations and three rotations. The simplest 
structure can be represented as a single-degree-of-freedom (SDOF) 
system in which all mass is lumped at one node and deforms primarily 
in one direction, either translation or rotation. 

For a multiple-degrees-of-freesdom (MDOF) system, the motions 
are described by a series of coupled, second—order differential 
equations. The magnitude and distribution of the structural system 
mass and stiffness form matrices that are used to formulate an 
eigenvalue problem defining the structural dynamic characteristic of 
elastic natural frequencies (w) and the vibration patterns (mode 
shapes) of the structure. The equation of motion is as follow: 

[M] I X r 1 + [C] J X r J + [K] |X r| = - [M] ( X s I, (2.1) 

where I X s i is a vector sum incorporating all support motions 
applied to the system, and [M], [C], and [K] are mass, damping, and 
stiffness matrices of the structure. Normally, the linear 
second-order equations of motion describing a MDOF system are 
uncoupled using the elastic mode shapes to form a series of 
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equivalent SuOF systems representing each modal response, from which 
the maximum modal responses are computed. 

The displacements of the undamped ( [C] = [0] ) system in free 
vibration ( X s = 0 ) can be solved from the equations of motion by 
assuming them to be in simple harmonic form- The number of mode 
shapes and natural frequencies equals' the number of DOF in the 
mathematical model when a lumped or consistent mass formulation is 
used. All mode shapes are orthogonal to each other with respect to 
the mass and stiffness matrices. This orthogonality property permits 
the differential equations of motion to be uncoupled and solved in 
normal mode coordinates, \tp\ : 

[M] [A] I V 1 + [C] [A] i ̂  J + [K] [A] \<p\ 
= - [M] | X s 1 (2.2) 

where [A] is the mode shape matric and \Xr] = [A] \<p\ . 

Using the lumped mass representation, the generalized mass 
coefficients Ui * and modal earthquake scale coeffieients ̂ £i cen be 
wr i tten 

*,' - E A n l
2 M„ (2.3) 

n= 1 

k=l 

The subscripts n and i are the DOF number and the mode number 
respectively, and k is the number of DOF in the direction of input 
motion. 

It can take a large amount of computer time to solve the 
second-order differential equations for all normal mode contributions 
in a large mathematical model. The dynainic response spectrum method 
is a technique that computes the approximate maximum solution of the 
structure responses without directly solving the differential 
equations. 



2.2 Dynamic Response Spectrum Mathod 

The dynamic response spectrum method estimates the approximate 
maximum response of a structure by using a response spectrum curve. 
The response spectrum curve is a plot of absolute maximum response to 
a specified earthquake motion of an infinite set of SDOF oscillators 
with a specified damping ratio. It can be defined in terms of 
spectral relative displacements (S d = | X r l m o K ) , relative velocities 
(S v = | X r l r a a x ) . or absolute accelerations (S& = | X l n e x ) . The 
approximate relationships between spectral accelerations, velocities, 
and displacements are as follows: 

*. = H (8-6) 
S d = ^ . (2.6) 

Generally, the absolute acceleration response spectrum is used 
as input for dynamic response spectrum analysis. The maximum 
relative displacement, velocity, and absolute acceleration can be 
computed from these equations with known structural dynamic 
characteristics and a £iven design response spectrum. 

i x r l i ,.»* = I*! rr-. ( ^ >• < 2 - 7 > 

i K ii „.* = I*' r . < -

= (Al, J. (S.), • (2-9) 
The response spectrum analysis calculates the maximum response 

values for each mode considered in the system. An upper bound for 
the total response can be obtained by adding the absolute maximum 
modal response components of all the possible modes in the structure. 
The method of modal combination depends on the spacing of the modal 
frequenc ies'4 > • 

The Standard Review Plan, The sec. 3.7.2, allows the modal 
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response to be combined by the method of the square root of the sum 
of the square (SRSS). This recommendation is based on the assumption 
that peak modal responses are randomly phased in time. This 
assumption has been shown to be adequate throughout tne majority of 
the frequency range for earthquake-type responses below the cutoff 
frequency. In response spectrum analysis, using the modal 
superposition approach, one should include responses from all the 
significant modes contributing to the total response. Those modes 
making an insignificant response contribution can be truncated in the 
analysis. 

A system is normally analyzed for three components of earthquake 
moti -n separately, two horizontal components and one vertical. The 
peak col linear responses obtained from the three analyses are assumed 
to be randomly phased in time. They can be combined by SRSS method. 

3 Research on Modal Truncation Methods 

Methods need to be developed for selecting the most dominant 
modes in large systems to provide the most economical solution 
without underestimating structural response. The concept is to 
capture the most response in the least number of normal modes. 

Among the numerous research, in the "Standard for the Seismic 
Analysis Safety-Related Nuclear Structures,"*5' the Seismic Analysis 
of Safety-Related Nuclear Structures Standard Working Group considers 
to truncate modes based on the missing strain energy and based on the 
missing modal participating mass. The cutoff frequency is determined 
so that the total retained modal participating mass in the response 
calculations is at least 9055 of the total system mass. 

Dickens,*8) in his dissertation, discusses time response 
analysis for arbitrary time history loading. He suggests four 
methods of measuring the modal truncation error, namely: Sum of 
Error Force, Maximum Component Error, Square Root of the Sum of the 
Squares; and Static Strain Energy. 
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4 Modal Selection Methods 

This research implements three mode selection methods to study 
accurately computed structural dynamic response. The purpose is to 
identify the most dominant modal characteristic among effective moda! 
mass, modal elastic force, and modal strain energy. 

4.1 Effective Modal Mass Method 
A structure subjected to dynamic load produces forces that are 

associated with the elastic deformation. For MDOF lumped mass 
systems, one of the major components of the elastic forces at mode i 
is the effective modal mass (EMMj) which can be expressed as 

A2 

EMM; = (4.1) 
Mi 

The modes containing the largest effective modal mass can 
dominate the structural response when the input contains significant 
frequency content at those modal frequencies. One can then select 
those modes with high effective modal masses to account for a 
significant percentage of total system mass. This mode selection 
approach is called the Effective Modal Mass (EMM) method*7'-

The response to an earthquake is also determined by the spectral 
acceleration. The EMM method ignores the effect of the spectral 
acceleration, which could lead to truncation of modes with 
significant response contributions due to high input response 
ampli tudes. 

4.2 Effective Modal Elastic Force Method 
In most conventional structures—for example, high-rise 

buildings—the column loads t»re proportional to the total maximum 
elastic force at the base of the structure. One can select the modes 
having the highest maximum modal elastic force in the direction of 
the earthquake to capture a significant percentage of the total 
response. This technique is called the Effective Modal Elastic Force 
(EMEF) method. 

The maximum modal elastic force of the system at mode i can be 
considered as follows: 



A* 
EMEFi = , (S f t), . (4.2) 

Mi 
The maximum modal elastic force is determined by the effective modal 
mass and associated spectral acceleration. This approach takes into 
account the modal parameters and the input spectrum. It is a direct 
measure of structural response. 

4.3 Effective Modal Strain Energy Method 
Under dynamic e x c i t a t i o n , the response of each element 

con t r ibu tes to the maximum s t r a i n energy by mode i i s 

&,' S 2 

EMSL = 0 . 5 ( ) : . {4.3} 

This method also includes the effect of spectral acceleration and the 
corresponding frequency, This mode selection technique is called the 
Effective Modal Strain Energy (EMSE) method. 

4.4 Comparison of Equations for The Three Mode Selection Methods 
The equations derived for the three mode selection methods 

discussed above are functions of modal earthquake scale coefficient 
£., generalized mass matrix M*, spectral acceleration S a, and its 
corresponding frequency w. However, each equation is different from 
the others. These differences determine the influence of each 
methods. Their relationship can be rewritten as follow 

EMEFj ~ EMMj (S a). (4.4) 
and 
EMSEj = 0.5 EMM, (Sv)^ • (4.5) 

As shown in the equations, the maximum modal elastic force is 
the effective modal mass scaled by the spectra) acceleration at the 
corresponding frequency (S a)j. The maximum modal strain energy is 
the effective modal mass weighed by the square of corresponding 
spectral velocity ( S v ) t

2 . How the differences among these three 
methods affect the order and number of modes chosen for inclusion in 
a dynamic response spectrum analysis will be revealed by the 
numerical test resul trs. 
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5 Numerical Study of Modal Selection Methods 

The numerical tests are conducted oy performing a ueries of 
dynamic response spectrum analyses on a sample model using all three 
methods. The process begins by determining the "reference response" 
of a chosen structure. Analysis is then carried out starting from 
one mode chosen by the selection procedure and steadily increasing 
the number of modes. Structural response from additional modal 
contributions should converge to the "reference response." The 
method that yields the most accurate result for a specified number of 
modes should be the most efficient method. The type of structure 
considered may well affect the results of this study. 

The input spectrum used in this study was specifically generated 
lor the Lawrence Livermore National Laboratory (LLNL) site for 5% 
critical damping values from the timp histories of an ensemble of 
earthquakes recorded on the west coast. This spectrum at 5% critical 
damping has a Z,PA of 0.19g at 33 Hz (see Pig 5.1), The peak 
amplified acceleration is 0.56g at e period of 0.3 sec. The input 
-otion is applied to the sample frame in the horizontal direction 
only. 

For matrix formation and modal analysis, a linear static 
structural program named GEMINI* 9' was chosen. A program named 
MODPAR* 1 0) implements the mode selection methods. For force 
calculations, a program named RESPAN was used. 

For thid numerical study, a fixed-base, two-dimensional model 
with structural :rass lumped at the node points is generated to 
represent a s imple two-bay, three-story, frame-lype structure (see 
Fig. 5.3). This model is called the baseline frame. The smaller 
numbers on the figure are the- nodal points; the larger numbers are 
the elenent numbers. This model consists of 3-dimensional beam 
elements. It has 93 DOFs and 17 modes below the cutoff frequency of 
33 Hz. 

To represent critical components or equipment, six oscillators 
were added to the baseline frame, and this frame is referred to as 
the equipment frame (Fig. 5.3). The lumped mass on each oscillator 
is smaller than the mass of the baseline frame to maintain the same. 
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global dominant frequencies. This equipment frame has 114 DOFs and 
27 modes below the cutoff frequency. 

The frequency of each oscillator is tuned to a certain frequency 
to create a span of frequencies over the spectrum curve. There are 
nine oscillator local mode shapes within the first 30 modes. 



Oscillators #36, #43, and #47 have independent flexural and axial 
mode shapes at frequencies, respectively, of 0.51 and 9.45, 1.06 and 
19.24. and 3.80 and 21.50 Hz. Oscillators #46. #38, and #41 have 
only flexural mode shapes at frequencies of 1.75, 4.90, and 8.11 Hz. 

6 Test Results 

In the numerical study, a total of five tests were conducted on 
each frame. The number of the normal modes included are I, 2, 3, 6, 
and 10. The response spectrum analysis results using 20 modes of the 
baseline frme and 30 modes of the equipment frame are taked to be 
the "reference response." The axial force and longitudinal shear 
from the tests are compared with the corresponding "reference 
response" to measure accuracy. 

6.1 Results for the Baseline Frame 
The first 20 modes of baseline frame capture a total of 61.14% 

effective modal mass. The ri.nairiirig effective mass is excited by the 
higher frequency modes. All thr-?e methods select the same three most 
dominant modes in the same order. In the next three modes, the EMSE 
method selects much lower frequency modes at 4.85, 5.24, and 7.86 Hz 
while the other two methods select higher modes at 14.49. 19.94, and 
26.09 Hz. 

Since the interior columns, Nos. 7 through 13 in Fig. 5.2, have 
more complicated connectivity than the exterior columns, they are 
chosen for study. Beams tied to the interior columns, Nos. 21, 22, 
29, and 35 in Fig. 5.2, are included to represent each floor level. 
The axia! force and shear in the columns across each specific 
elevation shown in Fig. 5.2 are combined as 1+7+13, 2+8+14, 3+9+14. 
4+10+15, and 6+12+17. These combined forces describe the global 
behavior of the frame at each elevation. 

The results show that the combined force and shear at the higher 
elevations take more modes to converge to the "reference responses" 
than at the lower elevations. The individual column and beam force 
values show that the elements closer to the supports consistently 
converge faster than those far away from the supports. Th'.- axial 
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forces of the columns are orthogonal to the direction of earthquake 
excitation and also require more modes to converge. 

For a simple structure of about 100 DOF, as in this baseline 
frame, using the 10 most dominant modes can capture as much response 
as including the first 20 modes. Using a mode selection method in 
response spectrum analysis is definitely more efficient and 
economical -

6.2 Results for the Equipment Frame 
The results for the equipment frame are processed in the same 

mannrr as for the baseline frame. Since the mass of oscillators is 
only a small percentage, 1.44%, of the total mass of the baseline 
frame, the global behavior of the equipment frame still remains 
similar to the baseline frame. Overall, the global modes remain in 
about the same order of importance in each mode selection method, 
ignoring the oscillators' local modes. The response in most of the 
structural elements, computed using the 10 most dominant modes is 
over 90% of the response with 30 modes. The exception is the columns 
on the top floor. It is consistent with the baseline frame that the 
elements far away from the supports require more modes to converge 
because they are excited by the high-frequency modes. 

All three methods select the identical three modes as the most 
dominant modes. In the first ten modes, the EMSE method selects four 
local modes and the other methods only select two. The response of 
the oscillators computed by all three methods using 10 modes is close 
to the response using 30 modes. Lack of the oscillator local modes 
does not have much effect on the oscillator responses, especially for 
those oscillators having high—frequency local modes. The reasons are 
that the oscillators are excited t)y. the global modes and the 
low-frequency beam and column modes'. The high-frequency oscillator 
jocal modes do not have significant modal participating mass and 
corresponding spectral acceleration amplitude. 

6.3 Results for Equipment Frames with Massive Equipment 
Additional analyses are performed on two equipment frames with 

larger equipment to evaluate the consistency of this phenomenon-the 
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oscillators being excited mostly by global modes. The equipment 
frames are generated by increasing the concentrated masses on the 
oscillators to five times and fifty times as high as the original 
equipment frame. They are labeled as Equipment Frames B and C. The 
modulus of elasticity of each oscillator is increased to maintain the 
oscillator frequencies. The original equipment frame is aenoted as 
Frame A. The total mass of the oscillators in Frame B is 7.18% of 
the mass of the baseline frame, and its affect on the baseline frame 
global behavior is still insigni ficant. 

The total mass of the oscillators in Frame C is 71.8% of the 
mass of the baseline frame -which is sufficient to strong)y affect the 
global behavior. From the percentages of the effective modal mass, 
elastic force, and strain energy, the global modes can be easily 
identified; however, they are no longer the most dominant modes. In 
fact, the frame is affected by three massive cscillators which create 
two new dominant modes at 1.24 Hz and 2.06 Hz These two modes 
excite 69.9% of the modal mass obtained with 20 modes. The range of 
frequencies that have any significant EMM or EMEF extends from 1.75 
Hz to approximately 30 Hz whereas the frequency range for EMSE 
extends only to 11 Hz, a much narrower scope. It is the indication 
of the EMSE method amplifing the importance of low-frequency modes. 

The low-frequency oscillators are excited primarily in their 
local modes and structural global modes, whereas the high-frequency 
oscillators are excited by the structural global modes and 
low-frequency beam or colunm modes. These two massive equipment 
frames indicate that the local modes of high—frequency oscillators do 
not significantly affect the responses of the oscillators. 

6.4 Test Results with the MFTF-B Vessel Model 
The Mirror Fusion Test Facility has a total weight of 8400 kips. 

It houses a total of 42 magnets, which make up 30% of the total 
weight. This facility was designed to withstand seismic loads 
obtained by response'spectrum analyses. The model is composed of 
2000 three-dimensional beam and thin plate elements, and consisted of 
7600 DOFs, as shown in Fig. 6.1. tn the design analysis only 70 
modes were extracted and 38 modes were retained. These analyses 
results are used as "reference responses". The three mode selection 



FIGURE 6.1 . MFTF-B AXICEU VESSEL FINITE ELEMENT MODEL. 

methods were tested on the antisymmetrcial model with longitudinal 
excitation retaining 20 modes. An additional test was done by the 
EMSE method on 38 :nodes for study. 

The most critical components in the vesse] model are the 
hangers, vessel legs, and vessel support systems. Their loads are 
selected for comparison. The magnets are suspended in the vessel by 
hangers. They can be considered equivalent to the oscillators in the 
equipment frames. The hangers have pinned ends and experience only 
axial forces. The hangers are located from 45 feet to 32 feet above 
the vessel supports. Some of them are tied to the top of the vessel, 
which is quite far away from the supports. 

The hanger loads obtained with the EMM method retaining 20 modes 
are over 80% of the "reference responses." The results with the EMEP 
method are mostly better than those with EMM method. The results 
with the EMSE method, retaining 20 modes, are also better except for 
the Hangers 5803, 5B02, and 5804. It is believed that these hangers 
are excited by high-frequency modes at 19.85, 20.64. and 22.89 Hz 
which the EMSE method does not include. On the contrary, some hanger 
loads indicated even better values than in the 38-mode-EMM solution 
(such as Hangers 5912, 5812. 5813, and 5814). 
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H seemed certain that in testing of the EMSE method with 38 
modes, the high-frequency modes would be retained and better response 
in these hangers would be obtained. As expected, the results of the 
38-mode EMSE testing produces better results than the "reference 
responses" up to 17.3% at Hanger 5603. Some hanger loads obtained by 
all three methods, including the 38-mode EMSE test, remain at 100%. 
These hanger loads have converged to the maximum responses in the 
f irst 20 modes. 

The legs and supports are represented by 3-dimensional beam 
elements. These elements have three force and moment components. 
The botLom of the legs are 13 to 17 feet above the foundations. 
Since they are so close to the supports, most of their loads reach 
the "reference responses" when 20 modes are retained The transverse 
shear and longitudinal moment in the support elements, cwiputed by 
the EMM method retaining 20 modes, are lower than 70% at some 
locations. The results of the EMEF and EMSE methods converge much 
better. 

For design purpose, it is necessary to retain 38 modes because 
the 20-mode results of the hangers are slightly below the 3B-mode 
results. With 38 modes, the EiM method captures adequate responses 
of the vessel as a whole; however, the EMSE method performs better by 

about 17% the most at a few hangers. 

6.5 Conclusion 
The objective of the Response Spectrum Analysis of a structure 

is to compute its dynamic responses using a selected number of 
retained mode shapes. In general, the responses in the primary 
structural elements converge to accurate values faster than the 
forces in elements that are far away from the supports and secondary 
elements such as substructures and equipment. 

The structural responses are strongly related to the frequency 
content of the input spectrum. The Effective Modal Mass (EMM) method 
neglects the effect of the frequency content of the input spectrum 
and selects mode shapes only on the basis of dynamic characteristics 
of the structure. Consequently, this method is biased toward 
high-frequency modes and requires more mode shapes to capture the 
proper responses. 
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The Effective Modal Elastic Force (EMEF) method considers the 
frequency content of the input spectrum. However, this method only 
magnifies the frequency content slightly. When analyzing simple 
structures that are dominated by low-frequency modes, such as the 
baseline frame, the efficiency of the EMM and EMEF methods are 
similar. In the case of complicated structures, such as the 
equipment frames, the EMEF method manages to select a few more 
low-frequency modes than those selected by EMM method and does 
produce better results than the EMM method. 

The Effective Modal Strain Energy (EMSE) method drastically 
amplifies the effect of the frequency content in the input spectrum, 
and thus it selects more low-frequency modes than the other two 
methods. The EMSE method is more efficient in capturing structural 
response of low-frequency structures for a given number of modes, as 
demonstrated in the sample frames and in the MFTF-B vessel model. 

According to the equation comparison curves, the factors amplify 
the EMM and EMSE in the low-frequency region up to 33 Hz. In this 
thesis, tho test results for low-frequency structures, dominated by 
frequency modes at about 2 to 5 Hz, demonstrate thai the EMSE method 
selects low-frequency modes and produces better response. However, 
different types of structures have different dynamic characteristics. 
In Response Spectrum Analysis, one should implement the mode 
selection method that best suits the particular type of structure. 
Further research to evaluate the mode selection methods on 
high-frequency structures is recommended in order to verify the 
efficiency of the EMSE method. 

The responses in the MFTF-B axicell vessel produced by the 
design analyses are adequate. Although the selected EMM method is 
not the most efficient one, the analyses included a sufficient number 
of mode shapes, and thus captured the reasonably accurate responses. 
This is corroborated by the convergency of the results from the 
inclusion of 20 modes to those from the inclusion of 38 modes. 
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