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ABSTRACT 

He present a discussion about the range of validity of the usual appro
ximate transfer rate expressions used in the description of the kinetics of diffu
sion-modulated excitation transfer, for a reactive interaction of exponential func
tional form. We simulate the features of energy transfer by a numerical inversion 
of the exact Laplace transform of the transfer rate. It is shown that for high 

-5 2 -1 
diffusion coefficients of the order of 10 cm s , the kinetics may be well repro
duced, even at short times, by the asymptotic form of the transfer rate. For slow 
molecular displacements, the short time static regime is brought to direct obser
vation, but the transfer rate approaches is asymptotic value at a much later time. 

•Permanent address : Technical University of Gdansk, Institute of Physics, 
80-952 Gdansk-Wrzes2cz, Poland. 
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I. INTRODUCTION 

It is now well established that the central equation in the description 
of the excitation transfer in liquids is a time dependent diffusion equation with 
an additional distance dependent transfer term [1-3]. In general, however, this 
equation cannot be solved analytically for the whole range of time and one has to 
restrict the analysis to the steady state limit where the calculation can be per
formed exactly [4-6] or to approximate solutions based on series expansion. In the 
last case, the method may lead to real difficulties as unbounded time growing se
cular terms where reported [7,8], 

A particular situation is observed when the translational motion of the 
molecules is frozen. In this case of slow diffusion, transfer dynamics cal
culations become more tractable ; they were carried out by Fbrster [9] for a dipo-
le-dipole interaction and by Inokuti and Hirayama for an exchange mechanism [10], 
It is interesting to remark that this kinetics without diffusion may also describe 
the short time behavior of reacting particles undergoing molecular motion, since iso
tropic solutions and homogeneous excitation conditions are usually considered, for 
which little diffusion will have occured on a very fast time scale. 

In this paper, we will be concerned about how much the usual approxi
mate expressions of the transfer rate at short and long times can be of practical 
use for the description of the transfer kinetics. We will only concentrate on 
exponential interactions (exchange, charge transfer) which have the advantage of preventing 
any ambiguity in the interpretation of the short time behavior of the kinetics. 
This remarks dependson the fact that for a dipole-dipole reactive potential (of 

1 r d fi 
form X(r) = — (—) ), the transfer rate expressions are [3] : 

^d r 

k = 3.71 rl 1 (static transfer) (1) 
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k = 4nDb [1 + b / t n D t ) 1 ^ ] , b = 0 . 6 8 u £ ] (2) 
U T d 

(at moderately long times for weak diffusion-modulated transfer). 

3 1/2 
Accordingly, the transient term of (2) becomes 3.28 ^/(tTj) , which 

differs from result (1) only by a small numerical factor ; as a consequence, we ex

pect static reaction and diffusion-modulated transfer to be indistinguishable : 

therefore, the respective limits of validity of Eqs (1) and (2) are not amenable to 

investigation. On the other hand, the corresponding transfer rate expressions for an 

1 r 
exponential interaction (x(r) = -!- exp - — ) are : 

e e 

r 3 

k = 12.5 J- [LogZ(-î-V- 1-15 LogftU i .97] (static transfer) (3) 

e 

and 

k = 47rDb [1 + b/(nDt) 1 / Z] , b = re[1.14 - Log(DTe/r^)] (4) 

It is easily seen that the transient term of relation (4) can in no case coincide 

with the early time behavior(relation 3). This difference motivated our particu

lar choice of the interaction potential. 

Concerning the procedure we will follow, we start with calculations 

involving an exact expression of the Laplace transform of the usual excitation 

transfer rate. Unfortunately, this expression appears in a form too complica

ted to be inverted in the usual time space, hence requiring numerical inversion : 

we will then be in position to examine the validity of the approximate transfer 

rate expressions used in practice to describe the features of the kinetics at 

short and moderately long times. 
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II. EXACT CALCULATIONS IN THE LAPLACE SPACE 

For homogeneous impulsive excitation of donors in isotropic solution 
with acceptors, the following evolution equation has to be solved [3] .: 

2 
^ w(r,t) = D gij w(r,t) - X(r)w(r,t) + ra(t) (5) -

where w(r,t) is a reduced radial pair distribution function which is related to 
the transfer rate through the relation 

CO 

lu j dr k(t) = 4 ir I dr r X(r)w(r,t) (6) 
'a 

Here a is the distance of closest approach and x(r) the distance dependent transfer 
probability per unit time. As previously mentioned, we will restrict our analysis 

1 r to exponential interactions, so X(r) = — exp - — . The boundary condition used 
T e e 

to solve (5) has been discussed in [3] and corresponds to the specular condition 

w'(a)/w(a) = 1/a , w'(r) = dw/dr (7) 

We now take the Lapl ace transform of Eqs (5) and (6) to obtain 

3 2W D —-~ (r,p) - w(r,p)[X(r) + p] + r = 0 (8a) 
CO 

k(p> = 4 TT y d r r M r ) w ( r i P j ( 8 b ) 

•'a 
After some straightforward calculations, we get for the Laplace transform k(p) 

4TtDr (xl , / o . "J 
k(p) = _ ^ - I j-£ [(^-+ l ) z + l] +2M-2 / dx xLog(-^G(x)| (9) 

where x Q = | exp - -^f- , x = (DT e) 1 / Z/r e. 
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2 1/2 In (9) H and G involve Bessel functions of order v U = - (ptj ) and are given 
by 

l^T*1 W - Wxo> 
Zr W " kv ( xo ) 

J-[v+^i]lv(x0) + I v + 1 ( x 0 ) o 

G(x) = K v(x)i v(x) - I v(x)k v(x) 

W 

where kJ*] = / <"y y Log(y ^) K v(y) t j j x ) = l dy y Log(y £ ) y y ) 
o V o 

In an attempt to gain some understanding of the features of the trans
fer rate, we plotted as a solid line in Fig. 1 the variation of pk(p) for 
D = 2.5 x 10" 5cm Zs" 1, r g - 2 x 10"8cm, T g = lo" 1 2s and a = 5 x 10"8cm. Note that 
the complexity of expression (9) is the price to pay to carry out exact calcu
lations, hence forbidding practically any exact Laplace inversion in the usual time 
space. Numerical inversion methods have then to be used. The solid line profile 
of Fig. (2) was so obtained from Eq (9) by the Stehfest procedure h i ] . As it 
can be seen, at short and long times corresponding respectively to p*» and p*0, 
the transfer rate becomes independent of time which is equivalent to a variation 
cf k(p) like 1/p (Fig. 1). In the next section, the analytical expressions of the 
two extreme short and long time behaviors will be discussed. 

III. NUMERICAL ANALYSIS AND DISCUSSION 

Although calculations leading to Eq. (9 ) were carried out 
exactly, approximate expressions for the transfer rate on different time scales 
may be preferred as they are more tractable, but their limits of validity have 
then to be examined. In the following, we will consider successively the long 
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and short time domains, where the approximate expressions of the transfer rate are 
(" 2 

respectively given by relations (4) and 4*1 dr r A (r)exp[-x(r)t]. For the later 
expression, it has been assumed that at short times, diffusion played no role as 
the reactants are initially homogeneously distributed. These two expressions have 
been drawn as a dotted and as a dashed curve in Fig. 2. In addition, a plot of the 
Laplace transform of relation (4) has been represented in Fig. 1. From the compari
son of the exact and approximate curves, we may conclude 
i) expression (4) gives a very good description for the long time tail of the exact 
curve not only at very long times, but also at moderately long times where the tran
sient response can be of the same importance as the steady state value. Note that 
the use of Eq. (4) instead of the only steady state expression for the the transfer 
rate allows us to stretch the useful time domain by more than two orders of magnitude. 

2 In Ref. [3], we showed that relation (4) held as long as t > r /D ~ 16 ps ; Fig. 2 2 shows that the approximate formula (4) even works down to t-r /D. Similar behaviors, 
but on a different time scale, were obtained by Butler et al [12] with other ranges 
of diffusion and reaction parameters ; 
ii) at short times.the exact and diffusionless curves coincide within 5 % as long as 
t < 10 ps. Diffusion may be neglected as long as the relative motion of the donor-
acceptor pair is negligible compared with the range of the reactive interaction, 
i.e. t « r^/D. This is what is observed in Fig. (2). Notcthat at very early times 
where \(r)t«l, the transfer rate expression reduces to the time independent value 

M t ) = ̂ . r^exp-a/r e][(a/r e) 2
+2a/r e + 2] 

e 
In contrast, relation (3) (Inokuti and Hirayama expression) which corresponds to 
the explicit integral expression of the diffusionless transfer rate for 
t > T expla/r ) - 12 ps is not useful for short times since the static transfer re-

2 gime is only observed when t « rVD -16 ps. But considering a reacting system to 
evolve in a more viscous solvent, expression (3) could be of some practical interest. 
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FIGURE CAPTIONS 

Fig. 1 Laplace transforms of the transfer rate for D = 2.5 x 10" cm s* 
-12 -8 -8 

and T = 10 s, r e = 2 x 10 cm, a = 5 x 10 cm. 

Fig. 2 Time dependence of the exact and approximate expressions of the trans
fer rate. 



I 

a c 
a B 
o.T-l 

0.05H 

1Ô"4 10" 3 

exact curve 
pk(p)=4nDb[ 1 +b(p/D) V* ] 

10 - 2 10- 1 PT 

U# + 



— exact curve 
- k(t)=4nDbÇl+b/(nDt) 1/2] 

\ \ — static transfer 

1 0 4 t / T 

. rA F& Z 


