
COMMISSARIAT A L'ENERGIE ATOMIQUE 
GLty*s& 

CENTRE D'ETUDES NUCLEAIRES DE SACLAY 
Service de Documentation 

F9119I GIF SUR YVETTE CEDEX 

CEA-CONF - . 8314 

L1 

C' SPh T—86-001 
) • 

THE CHIRAL LIMIT IN LATTICE QCD 

MOREL, A. CEA CEN Sacloy, IRF, SPh-T 

Communication présentée à : Workshop on lo t t ics gougs theory 
Wupptrtal ^Germany, FR) 
5-7 Nov 1985 



THE CHIRAL LIMIT IN LATTICE QCD 

Andre Morel 

Service de Physique Théorique 
CSA-SACLAY 
91191 Gif-sur-Yvette Cedex, France 

ABSTRACT 
Using the results of a quenched SU(2) simulation with staggered fer

mions, we discuss the small quark mass behaviour of m2, and f^. The impor
tance of finite size effects and of non linearities in the zero mass extra
polation is emphasized. Evidence for scaling of mj[ and of a suitably deter
mined value of f 2 is presented. 
1. INTRODUCTORY REMARKS 

This talk is based on recent results obtained in collaborations with 
A.Billoire, T.Jolicoeur, R.Lacaze and E.Marinari'>2>-. It is mainly concer
ned with questions related to the chiral limit of lattice QCD, namely to 
the behaviour of physical quantities (masses and couplings) as the quark 
mass m approaches zero. We are dealing with staggered fermions, for which 
no tuning is needed in taking this limit, other than driving m to zero. 
Such questions are certainly not academic ones. The physical world of the 
lowest lying strongly interacting particles actually corresponds, within 
QCD, to current quark masses of the order of a few MeV. In numerical simu
lations, on the other hand, the energy scale is set by the value a'1 of 
the lattice spacing, obtained by fixing some quantity, e.g. the string ten
sion, or the p or proton mass, at its physical value. In practice, the va
lue found for a*"' at present lies somewhere in between 1 and 2 GeV. Hence 
the physical world is hopefully reached for characteristic values of the 
bare quark mass (ma) as small as a few 10"3. This is to be confronted with 
what is actually doable on present computers, namely (ma) > 10"2(Refs.2,5-8). 
Within the algorithms which have been used till now, this limitation is due 
on the one hand to the fact that the time required for computing a quark 
propagator with a given accuracy increases like 1/m at small m. On the 
other hand, even if new algorithms are developed (e.g. Fourier accelera
tion^), which overcome this difficulty, one is anyway faced with the pro
blem of finite size effects, to be expected since the correlation length 
of the system increases with l/m. 

The nature of the finite size effects associated with the existence 
of a vanishing pion mass in the chiral limit is one of the questions we 
want to discuss here. 

Even in the absence of finite size effects, or in cases where one is 
able to control their importance, the unavoidable extrapolation of actual 
data from (ma) > 10"2 down to (ma) - 10"3 may lead to appreciable systematic 
bias, as it will be illustrated below. 



Finally of course, the physics of interest in a lattice simulation 
crucially depends on how close one is to the continuum limit. So, an im
portant issue concerns scaling behaviour in the low m region. Once again 
the question of finite size effects comes in, now because at fixed ma the 
correlation length (hopefully) increases with the inverse coupling squared, 
|3»2N/g2 for an SU(N) gauge theory. The existence of a scaling "two-dimen
sional" window (in ma and 8 simultaneously) has to be demonstrated before 
conclusions are drawn on continuum QCD. We will present data on this point. 

This talk is organized as follows. We first review some general as
pects of those finite size effects which are associated with the existence 
of spontaneous symmetry breaking in the thermodynamical limit where the 
volume n « L^ x T of the lattice tends to infinity (section 2). In section 3, 
we present the technical charrcteristics of quenched SU(2) QCD simulations 
with staggered fermions. A selection of results is commented in section 4, 
where we propose a method for detecting and analyzing finite size effects. 
Scaling behaviour for mjf and f^ shows up at 3(SU(2)) >2.4, (ma)< 0.1, and 
the ratio f2/f2 £ s f o u nd to be constant for 8>2.3, and equal to (1.24 ± 
0.05)2, to be compared with the experimental value (1.21 tO.OI) 2 9 (section 
5). A few conclusions are drawn in a last section. 

In these notes, we only give a brief account of those numerical re
sults which are especially relevant to the three questions discussed above, 
namely finite size effects, low m extrapolations and scaling. More details 
and a description of methods for analyzing the data can be found in Ref.2. 

2. G0LDST0NE PION AND FINITE SIZE EFFECTS (FSE) 

Let m,» be some mass in physical units. The associated dimensionless 
correlation length is 

Ç - (n^a)"' , (1) 

which goes to infinity either as a-»0 ($-»°°) at fixed m^, or as at fixed 8, 
m|p-»0 because it corresponds to the Goldstone boson of a spontaneously 
broken symmetry. That this seems to happen in lattice QCD with staggered 
fermions is well known. The regularization then preserves one axial, fla
vour non-singlet, subgroup U£(l) of the SU(4) 8 SU(4) chiral group of the 
expected continuum limit. Strong coupling arguments as well as many earlier 
numerical simulations indicate that this U£(l) is actually spontaneously 
broken in the thermodynamical limit ; the staggered fermion formalism jus
tifies calling pion the associated Goldstone boson. Refs. to this subject 
can be found in 1. We want to here discuss the fat. of the Goldstone pion 
on a finite lattice. The question is : while in the first of the two situa
tions described above, FSE are controlled by the size of z»£/L (L • linear 
lattice extension ; finite size scaling'^), what should £1T«l/(mïïa) be compa 
red with in the chiral limit ? Related discussions concerning the behaviour 
of order parameters for first order transitions can be found in Refs.11. 
We here report the results obtained in Ref.3, limiting our arguments to 
plausibility arguments. 

Consider a lattice of size n-L *T, with L and T of the same order 
(cubic geometry). The quark condensate <qq> can be used as an order para
meter for the remnant Ue(l) chiral symmetry. Spontaneous breaking in the 
thermodynamic limit means 

lim m-»0 (lim n-»«) <qq> + 0 , (2) 
m,n 

while one knows from general arguments that 
l i m m - * 0 < q q > n i > n f i x e d . O , (3) 

because the degenerate vacua at ra-0 are no more separated by infinite 
barriers. At mf 40, field configurations which differ one from the other 
only by U £ ( l ) transformations yield values of the action which differ by 
the contribution of the expl ic i t breaking term m £ qq(y). In the limit 

y 



m-+0 at n fixed, one has to integrate over the whole U e O ) orbit of each 
configuration. When this is done, it is not a surprise to find that the 
effective parameter z which governs the finite size effects is 

z - n(ma) <qq> [ m„ 0 ,„„„,] a* . <*> 
up to smaller terms in 1/n and m. From the Ward identity associated with 
the U e(l) symmetry, this parameter can be rewritten 

L 3 x T x ml fI a 4 , (5) 
IT TT showing ring that the characteristic length here is not l/Cn^a), but rather the 

quantity [m^f^a ] ~ ' ^ . It is argued in Ref .3 that although one expects, 
2 m„ « sm + smaller terms, at m-»0, n-»» (6) 

one should find 
2 2 m - a + b m • smaller terms, at m-»0, n fixed. (7) IT 

Such behaviours of the GoIdstone pioa mass will be commented upon in the 
forthcoming discussion of numerical results. 
3. A QUENCHED SU(2) SIMULATION WITH STAGGERED FERMIONS 

The data of Refs. 1,2 are obtained from SU(2) simulations at 6*2.3, 
2.4, 2.5. The volume of the lattices is n«L 3x24, with L-6,8 and 12. The 
number of configurations used for data taking is respectively 70, 70 and 
30 for the 3 lattice sizes. They are equilibrated according to the Wilson 
action 

S - - f I Tr [U • uj] (8) 
x,y,v 

by a Metropolis Monte-Carlo method. We begin with a cold start at a first 
8, use 2000 sweeps for thermalization, and keep one configuration after 
every 100 sweeps. At the next 3 value, we start from the last configura
tion obtained and use 1000 sweeps for thermalization. The fermionic action 
is 3 • + 

S_ - %r- I a (x) [x(x)U i(x)x(x+y)-x(x+y)U1

|(x)x(if)] 2 
• ma* I X(x)x(x) , (9) 

x 
where ot (x) is chosen to be 

X.+...+X , 
a y(x) - (-) l U ' . (10) 

The bare quark mass values taken for computing fermion propagators 
G(ro,x) - < X(x)x(r o)> { u } (11) 

for each gauge configuration are 
ma - 0.0125, 0.025, 0.05, 0.1, 0.15 and 0.3 . (12) 

(The value 0.2 was used instead of 0.15 at 8- 2.3). For each configuration, 
the propagators are computed for 2 origins r 0 (L • 6 and 8) or 5 origins 
(I- 12), by the conjugate gradient method'2, 

This variety of mass, lattice size and $ values, together with a 
rather large statistical sample of gauge configurations provides us with 
a set of data suitable for an accurate investigation of finite size effects 
and scaling properties in the chiral limit. 
4. DATA ANALYSIS. THE BEHAVIOUR OF m£(m) 

We are primarily interested in the behaviour of the lowest mass of 
the spectrum, which can be obtained from the large t behaviour of the 
following zero momentum correlation function : 

g(t) - I <Tr G(r ,x) G+(r ,x)> . (13) 



The average id taken over the gauge configurations and the origins r Q used. 
The values of m̂  follow from two-state f i t s of g(t ) to the form 

g(t) - I R. [exp(-M.t) + exp(-M.(T-t))] , (14/ * x x x 
i 

no indication of oscillating terms being found. The errors are obtair.ti 
from the dispersion around m^, as given by the full sample, of the values 
found in five subsamples. We also investigated the location of the pol s 
in the Fourier transforms of g(t) for individual configurations (see rcf.2) 

À first glance at possible finite size effects comes from a direct 
comparison of g L(t) for different spatial lattice sizes L. If gL(t)/g'*':ii:) 
is compatible with 1 we conclude that there is no sizeable FSE. If not, 
we keep the L-12 data, and perform the following analysis, inspired by r;>e 
parametrizations (6) and (7). We define two variables x,y : 

y(n>! 

x(m) • m (m)/m 
m l + m 2 ""^(mi )-i% (ni2 ) 

(15) 

-) m, •1 -2 
If Eq.(16) is applicable, one has 

x -* s , y -» s as 
while if F.S.E. are present, Eq.(7) yields 

x •* °° » y -* 0 as 

m -» 0 

m •* 0 

;16) 

(17) 
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Fig. 1. The quantities x(m) [x] and y(in)[l] of Eq.(15). A negative curva
ture of m 2(m) is seen at 8» 2.3 (top) ; FSE are present at 8 • 2.5 
(bottom). See text. 



Results are displayed in Fig.l for 8 - 2 . 3 and 2.5, L*12. At 6 * 2 . 3 , where 
we chewed directly on the correlation functions g(t ) that L*8 and L«12 
lead to the same results (no FSE), the data are compatible with (16). 
However the two quantities x and y are c learly not constants in m, £4pe-
CÀodULij at low m. They are compatible with m̂  -» 0(m) in the chiral l imit , 
but with important non-linear terms, not due to FSE. Conversely, at 6*2.5 
g|2/m again goes up at low m, but y(m) now tends to bend down ; we conclude 
that this situation reveals FSE at low m, compatible with Eqs.(7) and (17). 
The 8 "2 .4 data, not reproduced here, correspond to an intermediate s i tua
t ion. 

As a consequence, we stress that, even in the absence of FSE, rel iable 
chiral extrapolations are hard to perform : only at very low ma i s a linear 
behaviour of m~ taking place. We believe that t s result i s not a peculia
r i ty of SU(2) : application of the above cr i ter . to the SU(3) data of 
Ref.8 at 8 »5 .7 reveals a situation close to ours at 6 * 2 . 3 . The data of 
Ref.7 at 6 * 6 . 0 may indicate small FSE a t the lowest ma value, 0 .01. It 
may be that the observed curvature of m̂  at small ma signals the existence 
of large fluctuations associated with spontaneous symmetry breaking ( loga
rithmic s ingular i t ies '3) . However, i t i s not clear to us that any such 
effect may survive the quenched approximation, where no quark-antiquark 
loop (GoIdstone mode propagation) i s involved in g ( t ) . This question i s 
presently under investigation. 

5. THE 6 DEPENDENCE OF m2 AND f 2 . THE RATIO f / f 
IT IT K tt 

In order to determine fjj, the TT coupling constant squared, we decided 
not to use the standard PCAC relat ion (two flavours) 

»A • j I <*>!> • <l8> 
i 

because it is valid only in the limit m-»0. Otherwise, <XX> receives 
numerically important contributions from all states coupled to the same 
operator as the Goldstone IT. We find it safer to relate f^ to the residue 
of the correlation function at the TT pole. One obtains1: 

•> 2 m 2 K 

with R^ defined as the value of R; for the pion in a fit of g(t) to the 
form (14). The results of the analysis confirm the existence of finite 
size effects at 6*2.4 and 2.5 at the one or two lowest m values (bending 
down of f^). Apart from that, we obtain for f2(n>) a quite smooth curve, 
linear within errors, and much more reliable than the much steeper one 
given by (18) for the purpose of a chiral extrapolation. 

2 2 
Given the values of m (m) and f^frn), and despite the occurrence of an 

unexpected behaviour of m^ and/or of FSE, let us now study the 8 dependence. 
If scaling holds, and neglecting powers of 6 in front of exponentials in 8, 
a quantity M with the naive dimension of a mass must behave according to 

[£••'] Ma(B)/Ma(B+0.l) - exp 1-n-xO.ll « 1.3 . (20) 

2 2 
In Fig .2 , we plot mïï and fïï against m after these quantities have been 
scaled down to their expected values at 8 * 2 . 5 . We clearly see that, espe
c ia l ly below ma[B*2.5] « 0 . 1 , the data points for 8 * 2 . 4 and 2.5 nearly fa l l 
on the same curves. We even note that when they fa i l to do so at the lowest 
ma values, this is most l ikely to be attributed to FSE Î the points "«(t 2,) 



are s l i g h t l y too high (too low) at 8 - 2 . 5 . On the contrary, scal ing of ml. 
i s c lea r ly not reached a t l a rger m, especia l ly for B - 2 . 3 . This non-scaling 
behaviour of higher masses i s corroborated by the fact that if fr. i s (uncor-
r ec t ly ) determined using the r e l a t i on (18), then scal ing for i t i s worse. 
This_we in te rpre t as the effect of (non-scaling) high mass contr ibut ions 
t ° <XX> » a s mentioned above. 

2 
Encouraged by the nice behaviour of f_ a s a function of 8 and ma, we 

proceed to a determination of the r a t i o i^/l^. For e i t he r of the two pseudo-
scalar s P =• K or TT we approximate ms and f2 by l inear functions of m and fix 
the l a t t i c e spacing by the physical value of f § (taken a t zero quark mass). 
Then we have . . 

, _ I • 1.5 X nr/f* 

*A ' , . , _ 2 J • < 2 1 > 
1 + 1.5 it w 

where X is determined by the ratio of the slopes of mp, fp versus m ; the 
factor 1.5 accounts for the replacement of N-2 (for SU(2)) by N-3 when 
ff is compared to experiment. Upon insertion of the physical values of m~, 
m| and f^, Eq.(21) leads to 

ijt^ • 1.23(4), 1.24(5), 1.24(6) (22) 

respectively at 8»2.3, 2.4 and 2.5. The errors quoted include uncertainties 
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Fig. 2. The values of mj and l\ for L-12, 8 - 2 . 3 [ x ] , 2 .4 [ ï ] and 2 .5[ l ] as 

functions of m. All quant i t i es are scaled down according to their 
expected value at 8*2 .5 (Eq.(20)). 



2 due to the observed non linearities in m p. Not only is this ratio nicely 
constant in 8, but it happens to be very close to the experimental result 
1.21 (l) 9. 
6. CONCLUSIONS 

1 2 We have demonstrated ' that in order to be relevant for comparing 
lattice QCD results to the physical world, a numerical simulation requires 
not only good statistics but also an exploration of very low quark mass 
values. In this region, large lattices are needed because FSE show up very 
rapidly ; a method has been proposed which helps in disentangling these 
effects from other "true" ones, namely the occurrence of appreciable non 
linear terms in the nc. behaviour. Although these results were obtained for 
SU(2), we believe them to be quite general. By the way, we note that in 
the quenched approximation, SU(2) is not necessarily worse than SU(3) (for 
mesons), while a far better insight is reached for an equal expense. We 
even showed that, with SU(2), very good phy&icat results (f^/f^) could be 
obtained provided the analysis is carried out with much care. We emphasized 
in particular how important it is to determine t~. from "on mass shell" 
data. This remark might be particularly relevant for a precise determina
tion of the temperature where chiral symmetry is restored, and for a relia
ble study of its scaling properties. The intricated behaviour in m and 8 
of the complete zero distance propagator <XX> makes it, in practice, a 
dangerous order parameter to be used in quantitative investigations. 

It is a pleasure to thank the organizers for the excellent atmosphere 
and working conditions provided to us during this workshop. 
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