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ABSTRACT:

A data set of tensile strengths comprising over 1200
experimental points has been analyzed statistically in
conformance with the observed phenomenon of background and
disparate flaws. The data are consistent with a bimodal
normal distribution. If corrections are made for strength
dependence on dansity, the background mode is Weibull. It
is proposed the disparate mode can be represented by a
combination of binomial and order statistics. The resultant
bimodal model would show a strong dependence on stress volume.
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Introduction

Flaws in brittle materials, including graphite, determine the tensile!
or flexural strength, and in many cases are bimodal in distribution. Two
large bodies of data are available, one on an aerospace graphite (N3M),
the other on a structural nuclear graphite (H451), both manufactured by
Great Lakes Carbon Corp. The first data set represents 430 tensile
strengths in sets of seven per billet, the second contains some 1200
points in sets of eight and four. Our primary interest here is in the
nuclear grade H451, but reference is made to the N3M data set to
demonstrate that bimodality is not unique and to include additional
information on the flaw identification not available directly for H451.

The two data sets show a common characteristic, a bimodal strength
distribution attributable to omnipresent background flaws of size com-
parable to the grain size, and so-called disparate flaws introduced during
manufacture and of much larger size (see Figures 1 and 2). The background
flaws are indirectly accessible from measurements of sonic attenuation,
the disparate flaws are directly accessible by sonic reflection.1 The
background flaw field shows a Weibull behavior when variability in
strength due to bulk density is removed, with an n-value of 18 for the
high-quality aerospace material and of 7 for the more modest quality
nuclear material (Figures 3 and 4).

We review the current status of the larger data base on H451 graphite
as an indication of the behavior of at least one type of nuclear graphite.
The data2 available to us comprises a study of three production runs,
representing 14, 56, and 28 cylindrical billets. From the central axis of
each billet, 12 specimens were extracted, 8 axial and 4 transverse, with
stress volumes defined by diameters 6.35 mm and lengths 23 mm. We include
here the axial specimen analysis only, with results which are nearly iden-
tical for the transverse specimens.

Variance Analysis

We assume in this section the reader's familiarity with the general
statistical principles involved. For those not concerned, the results are
summarized in the following section.

The results of a provisional variance analysis for the three lots
of graphite are given in the first part of Table 1. The two statistical
parameters3 characterizing the sample distributions are s£ and 8:

E(s£) = <r£ , E(8) = 8 = a*/o* ,

*Research sponsored by the Division of HTGRs, Office of Advanced
Reactor Programs and the Advanced Heat Engines Program of the Office of
Transportation Systems, U.S. Department of Energy, under contract
DE-AC05-840R21400 with Martin Marietta Energy Systems, Incorporated.



where s£ is the within-billet variance and s| is the between-billet
variance for the sample, cr£ and a% the same for the population. The
degrees of freedom for the mean sum of squares for c£ is v2 and for the
remainder of the partitioned sum (Scheffe's MSA) is vt. Also given are
the mean strengths at for the lots.

Two tests for homogeneity were considered, the Bartlett test in its
X2 form and the Foster Q-test.* The latter test was rejected because of
its lack of sensitivity to large values of s\ unless these are far off
the expected ^-distribution. This flaw appears Inherent to the Q-test.
The criterion for homogeneity in the Bartlett test is that the observed
statistic K be less than the upper ath critical point for the x2 distri-
bution, and in the Foster test that the observed statistic Q be less than
the ath critical point of the g-distribution. The reader is referred to
ref. 4 for the forms of K and Q. We elected to use a = 0.85 for the
critical point. Clearly, the complete data sets do not satisfy either
criterion for graphite lots 472 and 478, and that for lot 482 does so only
marginally.

Two tests were also utilized to determine normality of the distribu-
tion of within-billet strengths, these being more critical than the
between-billet values. The first was the Komolgorov-Smirnov single sta-
tistic test (applied at the 80% level); the second, the correlated third-
fourth moment test. The results of the former are also given in Table 1
under the heading "K-S test." The moment tests were unsatisfactory and
will be discussed later.

Anticipating bimodaMty into well-separated peaks as indicated from
the sonic results, the disparate flaw strengths were isolated by rejection
of low-lying outliers. Data "rejection" was accomplished on the basis of
Nair and Studentized Range tests,5 the one to test for low-lying outliers
and. the other for kurtosis. We also used the common restriction for small
data sets: if the w1thin-billet data subset required removal of more than
one datum, the entire subset was rejected. The choice of risk (a) for
these criteria is somewhat arbitrary, since the underlying distribution of
flaws must be continuous and the dichotomization into disparate and
background flaws is itself arbitrary. The choices a =0.05 for the Nair
and 0.10 for the Range test were sufficient to obtain variance homoge-
neity. The number of "rejected" data points and subsets are given in
Table 2.

The results of the variance analysis and the homogeneity tests are
given in the second part of Table 1 for the truncated distributions.
Partially filled cells (i.e., billets for which less than eight specimens
were available) were treated as "filled" by leaving the mean and variance
unchanged but increasing the degrees of freedom arbitrarily. By t-test on
the means and F-test on 6, the three lots are different. The resulting
improvement in the cumulative data plot is clearly shown in Figure 5 for
the same data set as shown in Figure 2. Figure 6 plots the two Gaussian
distributions as deduced from the variance analysis.

The rejected data, to the extent they contained low outliers whether
Isolated or from rejected subsets, were now taken to represent specimens
with disparate flaws. For brevity, we consider only the collective
results from all three lots. For the specimen volume employed, the proba-
bility of occurrence of a disparate flaw is 3.4% (26 flawed specimens from



a total population of 774). Binomial analysis indicated a slight correla-
tion effect, that is, a tendency to find multiple disparates within a
billet.

The strengths of the 26 disparate specimens were normally distributed,
a not entirely surprising result in that they were Identified by their
distance from the normally distributed billet means. The parameters are
given in Table 3. The moment correlation coefficient R is that for
strength deficiency versus argument of the cumulative normal distribution
function using the formula $ - (8i - 3)/(8n + 5) for the sample cumula-
tive. Here, R has no statistical significance but 1s presented only to
indicate the excellent linearity of the cumulative plot. In fact, as men-
tioned above, this and all other distributions 1n the analysis were tested
for goodness-of-fit by the Kolmogorov-Smirnov test at 1 = 0.80. All trun-
cated distributions for both the individual strengths and the billet means
satisfied this condition.

The distributions were slightly platykurtic to begin with, and,
although truncation removed the skewness, 1t also increased the kurtosis.
For purposes of establishing tolerance limits, however, this will lead to
a conservative prediction. The platykurtic nature of the distributions
cannot obviously be removed by outlier truncation and thus the correlated
moment tests are not usable.

Conclusions

We may now summarize our results by stating that the distribution of
strengths for a production lot may be characterized by three normal
distributions. The numerical values for the parameters involved will, of
course, be affected by the specimen stress volume. The three distribu-
tions are those for (1) the billet mean strength with inherent variability
given by the standard deviation (see the second part of Table 1)

sb ~ /§ sw >

(2) the variability within a billet given by the standard deviation sw
(Table 1); and (3) an additional distribution due to disparate flaws
with mean lying 5.3 MPa (768 psi) below the billet mean, standard
deviation 0.92 MPa (133 psi), and occurring for 3.4% of the specimens
(Table 3). One obviously does not reject high-strength billets because
of disparates. Rather, the low-strength billets must be rejected at a
higher tolerance level.

Unfortunately, the specimens used here were destroyed before this
analysis was performed. It is now impossible to verify that the specimens
identified here as outliers did indeed contain large disparate flaws, but
any other explanation would be forced. If our experience with aerospace
graphites can be used as a guide, we would expect that about 70% or more
of the outlier fracture surfaces would contain a visually identifiable
disparate flaw.6



Modeling the Statistics

It is relatively rare in statistics that a situation exists where the
statistical distribution is known ab initio and nqnconformance of the data
to the statistic can be attributed to a faulty experiment. Obvious and
somewhat trivial examples of known distributions arise in throwing dice or
drawing cards. The overwhelming practical situation is that a data base
comes into existence, an underlying distribution is hypothesized, and
goodness-of-fit tests are employed to reach a decision as to whether the
choice of underlying distribution is appropriate.* Quite clearly, addi-
tional data or new types of experiments may prove the initial choice of
underlying distribution to be inappropriate or incomplete. Only when
massive numbers of data points exist and only when they are taken under a
variety of conditions can we begin to say with confidence that the under-
lying distribution functions are known. We wish now to consider what
inferences can be drawn from the above data set.

The Background Flaw Field

We first appeal to another data set7 beyond that treated by the
variance analysis. In a carefully constructed experiment, one of the
authors (C. R. Kennedy) sought to establish the Weibull character of the
H451 tensile strengths. For this purpose a density correction is
required.

Over a number of commercial graphites spanning the range of fine-
grained specialty materials to extremely coarse-grained electrode stock,
there has been shown to exist a strong correlation between strength and
density for specimens within a given billet. This is normally expressed
in the form of a Knudsen equation, viz,

ff = ff0 exp a(p - p 0 ) ,

where cr0 is the ultimate strength at density p0 and a is the strength at
density p. If one is concerned with establishing the Weibull character of
the strength, then the variability due to density must first be vemoved.

The establishment of Wei bull statistics in their usual formulation
requires the validation of two relations. The first 1s the relationship
between variance az and mean y at any volume, given by the coefficient of
variation (COV)

cov a [rd * I) - r«(i * j)]
1/2

where m is the Weibull exponent. The second relationship is

Our only other alternative would be to use a Bayesian methodology.



and defines the shift of mean value with volume V, the "weakest-link"
effect. (We assume that the background flaws affect the specimen through
stress volume rather than area.) It is the COV relationship which is
clearly sensitive to the density correlation through the total variance
ff2 rather than the desired variance due to Weibull effects alone. Upon
correction, it was demonstrated that both these relations are satisfied
with m = 7 (see Figures 3 and 4).

This result raises two questions: In the variance analysis and its
bimodality, we assumed normal distributions; how can this be valid if even
one of the modes is Weibull? If disparates truly exist, why do not they
mask the Weibull? We answer the first question positively in that the
density correlation, if not removed by correction to a reference density,
will mask the Weibull. Unfortunately, this cannot be demonstrated conclu-
sively for our large data set since specimen densities were not measured.
We answer the second question positively in that over some five volume
decades in which the volume effects were sought, the specimens were
smaller or comparable to those used in the large data set. Hence, the
chances of finding a disparate flaw were small or negligible.

We thus accept the conclusion that the underlying distribution for
the background flaws is Weibull with exponent about 7 unless further data
implies otherwise.

The Disparate Flaws

To establish the distribution for the disparate flaws, we have no
recourse except hypotheses ~ no specific relevant data exist. We shall
construct a model based on two assumptions:

1. Defining a base cell volume x as sufficient to contain either one
disparate flaw or none. Then the number of disparate flaws contained in
an arbitrary larger volume V is binomially distributed over x.

2. If the arbitrary volume V contains N volumes t, then the largest
flaw on the average will be the lowest (first) order statistic for an
tf-fold sampling of a normal distribution. (At this point we continue to
assume that the normal distributions found1from the variance analysis of
the large data base are valid.)

We will not concern ourselves with the mathematics but will proceed
directly to the conclusions, and these are almost totally dominated by
assumption 1. As the stress volume of the specimen increases, the number
of specimens containing no flaws rapidly decreases, and we increasingly
sample only the disparate mode. The large data base represents specimens
of stress volume 728 mm3. If we increase the volume by a factor of 20
(say 17.2-mm diam by 68.4-mm length), then the fraction of specimens con-
taining one or more disparate flaws increases from 3.4% to about 51%.
Taking our large data base to have a mean tensile strength of 12.4 MPa
(1800 psi), if no disparate flaw existed, the result of Increasing the
specimen size twentyfold with disparates reduces the mean strength to
9.6 MPa (1390 psi). Of this reduction, 96% 1s due to the increased number
of specimens with disparate flaws, and only about 4% due to the fact that
some of the specimens contained more than one flaw.



These results are, of course, easily generalized since they are a
product distribution of the binomial and order statistics. We are led to
the conclusion that the existence of a bimodal distribution with this type
of model leads to extremely rapid strength reductions as the uniaxial
stress volume increases. We do not as yet have the data base to test this
model.

While the above results are still tentative and arise from only two
large data bases on graphite, we suggest similar models will apply to
graphites 1n general until specifically proven otherwise.
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Table 1. One-way variance analyses and homogeneity
tests before and after truncation

e

vl
K
X*

Q
q(

MPa
psi

, MPa
psi

K-S Test

Lot: 472

12.
1779

1.
207

3.

13
98

37.
22.

0.
0.

0.

Full

2

42

29

5
4

127
103

894

distributions

478

• 13.
1979

1.
247

1.

55
392

108
73

0
0

1

6

70

,62

-t

.027

.024

.176

482

11.1
1615

1.57
228

1.98

27
196

37.6
40.1

0.049
0.049

1.139

Truncated distributions

472

12.
1771

1.
156

5.

12
91

15.
21.

0.
0.

0.

2

07

52

0
0

099
112

670

478

13.8
2013

1.46
213

2.30

51
364

68.0
68.7

0.025
0.027

0.759

482

10.
1570

1.
208

2.

26
189

28.
38.

0.
0.

0.

8

43

51

9
9

050
050

907

Table 2. Rejection of data
to achieve homogeneity

Lot Single datum
(outlier)

Entire billet
(outliers)

8 Data
(range)

472
478
482

3
7
3

0
3
0

Table 3. Parameterization of disparates

Distance, mean below billet mean
Standard deviation
Correlation coefficient

5.3 MPa (768 psi)
0.92 MPa (133 ps1)
0.9931
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Fig. 1. Cumulative statistical distribution of the 2000°C tensile
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the plot.
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