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Abstract. The problem of external-

circuit effects on Pierce diode insta-

bility as studied by Raadu and Sile-

vitch /J. Appl. Phys. 5£, 7192 (1983)/

is reconsidered. The characteristic

equation and the ensuing eigenfrequen-

cies are found to disagree with those

given by said authors, which discrep-

ancy is attributed to the fact that

one of their boundary conditions is

inconsistent with the model chosen.

Model and introduction. The one-di-

mensional Pierce-type diode model con-

sidered in Xef. 1 is shown in Fig. 1,

with the switch S in position 1. A
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Fig. 1

beam of cold electrons (unperturbed

density n and velocity v) moves

through a uniform neutralizing back-

ground of immobile ions (density n) .

At x»0 and x=d are located two per-

fectly transparent grids G1 and G2 of

area A, carrying the electric charges
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Q(t) and -Q(t), respectively. These

grids do not emit or absorb electrons

and thus interact with the beam only

via the electric field present between

them.

With the solutions к
±
=(ш±ш )/v of

the unbounded-plasma dispersion rela-

tion

0,. 1 - a.
p
2/U-kv)

2

the potential between the grids may

be written in the form

(1)

Hx,t) = {áeJ'"+"+beJ''v-"-Eox)e '"": (2)

At the injection boundary (x=O), the

density and velocity perturbations are

set to zero. The external-circuit cur-

rent I(t) is governed by the Kirch-

hoff equation

§ + I R + -df (3)

(4)

Using the additional equation

{a[eik+d-i]+b[e
ik-d-il}e~lut

= §o
+ § + » • b£'

where Co=eoA/d is the cavuum capacity

of the double-grid system, the char-

acteristic equation obtained in Ref.

1 is

P(e)E2ee|(1-e"ecosee)+ee(e|-e
2)e"9sin8e

(1+C~l+Re+Le2)e2(8|+ez) = 0, (5)

where 8=-iwd/v, в
е
=ш d/v, C=C/C

Qf

I=RC
o
v/d, and L=LC

o
v

2
/d

2
.

On inserting (3) into (4) and using

(2), it readily follows that (4) is

equivalent to the relation

which obviously represents some sort

of boundary condition at 6.. Consider

now the electric fields just to the
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left and to the right of G
1
. From Pois- For t>0, the electrons present between

son's equation it follows that

(7)E( + E,t)-E(-c,t)

-о"
where e-»+0. In the treatment of Ref.

1, this condition can be easily shown

to imply

, . г -iüitE(-e,t) = -Е (8)

i.e., a non-vanishing electric field

to the left of G,. However, in what

G
1
 and G_ will respond to the electric

field produced by the grid charges,

assuming a nonuniform density and velo-

city distribution. Since the unper-

turbed beam velocity v is finite and

positive, and since we are only deal-

ing with very-small-amplitude pertur-

bations, the velocity of any perturbed

electron remains always positive. This

means that the perturbed electrons
follows it will be shown that, for the

. , , . - . . .. , . . can never enter the region x<0 but al-'
model under consideration, the electric

 ч

field must vanish identically in the

entire half-space x<0.

Correct treatment of the problem.

The perturbation problem under consid-

eration is an unforced one, i.e., we

are dealing with a system having been

perturbed at some previous time but

then left to itself. In order to make

our point, we find it useful to consi-

ways end up in the region x>d. They so

carry the perturbation beyond G_, and

a "perturbation front" with instantan-

eous position

5(t) = d + vt (9)

moves to the right, separating the

unperturbed plasma (x>d) from the per-

turbed one (0<x<O . Accordingly, we may

usefully divide the plasma into the

der the full time evolution. Including four distinct regions R., (x<0) , R
2
 (O

the switch-on phase during which the

perturbation is initiated.

To be specific, we assume the per-

turbation to be triggered off by a

short-time d.c. voltage pulse of height

U
o
 created in the external circuit by

setting the switch S to position 2 du-

ring the short time interval -6=t=0.

Let 6 be so small that the plasma elec-

trons located between the two grids

are not noticeably perturbed during

that interval. Then, at time t=0, the

plasma is still unperturbed while the

external circuit is in a slightly per-

turbed state, with grid charges Q
Q
 (on

<x<d), R (d<x<£), and

Fig.

(x>£), cf.

2. Since no particles are produced

I R3
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Fig. 2

or annihilated, it is easy to sec that

the electric charges of Gy R2, G2,

and - Q o (on G.) . Between G., and G_,
2 field* 2

there is a uniform electricAof magni-

tude Q O / (
C
O A ) . In the outside regions

x<0 and x>d, however, the electric

field vanishes because the system con-

and R, total to zero. Hence, by virtue

of Poisson's law, and in view of the

absence of other field sources, the

electric fields in R- and R. must van-

ish identically. We thus have, for

all times, the boundary condition

E(-E,t) - 0. (10)

sisting of G r G2, and the intervening N o W ( although we have developped our

plasma is not neutral. argument for a specific initial-value
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situation. It is clear that its essen-

tials also apply to any other perturb-

ation problem for which (i) the per-

turbed electrons cannot enter the re-

gion R
1
, and (ii) the total charge in

the entire system (-w<x<+«») remains

zero at any time. In particular, it

is valid for the eigenmodes (2) con-

sidered in Ref. 1.

We thus conclude that the boundary

condition (8), which was implicitly

used in Ref. 1, is inappropriate and

should be replaced with (10). From

(7) and (10) it then follows that (4)

should be changed to

{a[e
i k
+

d
-1-ik

+
d]

+
b[e

i k
-

d
-1-ik_d]}e-

i w t

"Numerical results. Following Ref.

1, Fig. 3 demonstrates the effect of

external-circuit inductance (with C ~
1 =

R=0) on the growth rate of the domi-

nant eigenmode in the parameter region

wie
e
g2n. Throughout this region, the

L-0

IR +
.dl
L
dt'

(11)

and (6) should correctly read

The correct boundary condition is also

consistent with the fact that the el-

ectrons en'-or the diode region at x=0

with unperturbed density and velocity;

it would be rather difficult to see

how this could happen if a non-vanish-

ing perturbation field were present

in R.j.

With (11), rather than (4), the

correct characteristic equation is

found to be

P(0)^2oo|(i-e"
e
cose

e
)+e

e
(e|-e

2
)e"

e
sin%

+ [i + d+u|/e
2
) (C-

1
+5e+L6

2
)]e

2
(e

2
+e|)

= О , (13)

which differs from (5) in that the

term e|/9
a
is absent in (5).Both P(e)

and P(e) reduce to the classical

Pierce characteristic equation in the

short-circuit case. For C"
l
»0, (13)

becomes identical with Eq. (48) of

Ref. 3, where/ however, a different

notation was used.

Fig. 3

growth rates for L=40 (solid curve)

are seen to be much lower than those

for L=0, which corresponds to the clas-
2

sical short-circuit case. The dashed

curve L=40 (RSS) is the one given in

Ref. 1, i.e., the one obtained from

the incorrect characteristic equation

(5), and its growth rates are much

higher than those resulting from the

correct characteristic equation (13).

In other words, the influence of ex-

ternal-circuit inductance is signifi-

cantly stronger than was suggested by

'the results of Ref. 1.
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