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STELLINGEN

1.Zij R een lineaire ruimte en P de projectie op een één-dimensionale

lineaire deelruimte N, en Q=l-P de complementaire projectie. Dan geldt

voor iedere lineaire inverteerbare afbeelding M:R -*• R, mits de gere-

stringeerde afbeeldi

zijn, de gelijkheid

stringeerde afbeeldingen PM P:N •* M en 2MQ:R/N •* R/N inverteerbaar

P(PM P) P = PMP-PMQ(QMQ) QMP .

2.In de niet-relativistische veel-deelties theorie pl9gen vacuumtermen

te worden onderdrukt door de introductie van convergentiefactoren.

Deze methode is een misleidende vorm van analytische renormalisatie

en kan tot onjuiste resultaten leiden.

3.Voor het berekenen van de 'normal modes' van een electromagnetisch

plasma kan een kinetische vergelijking gebruikt worden met een

symmetrische Vlasov term die geen divergentie bevat in de limiet

dat het golfgetal van de verstoringen nul wordt.

Ch.G. van Weert and M.C.J. Leermakers, Phys. Lett. 97A(1983),159.
Ch.G. van Weert, M.C.J. Leermakers, A.J.W. Hooiveld, F. Mensonides,
Physica 127A{1984),388.

4.In het kader van een veldentheorie bij eindige temperatuur en dichtheid

mag bij het berekenen van een Feynman diagram gebruik worden gemaakt

van behoud van energie bij elke vertex om het aantal interne frequenties

te minimaliseren, alvorens de sommaties over deze variabelen uit te

voeren met ae ^ontour-integratie methode. De stelling van Kapusta dat

deze procedure Lot niet goed gedefinieerde resultaten leidt, is derhalve

onjuist.

J.I. Kapusta, Nucl. Phys. B148(1979),461.

5.Dat de quasi-stationaire toestand die een plasma zou bereiken volgens

de quasi-lineaire theorie van zwakke turbulentie niet gelijk is aan

thermisch evenwicht, is een gevolg van het feit dat in deze klassieke

theorie het bose karakter van de plasmagolven niet goed in rekening

gebracht kan worden.



6.Het formalisme van Keldysh voor het berekenen van green functies voor

veel-deeltjes systemen, en hieraan verwante reële-tijd theorieën, zijn

niet nuttig voor het berekenen van eigenschappen van statistische

quasi-deeltjes.

7.De vorm van de Bogoliubov-Gurov botsingsterm in de kinetische theorie

voor een niet-relativistische quantumvloeistof suggereert reeds dat

voor een goede beschrijving van het systeem gezocht moet worden naar

een quasi-deeltjes beeld.

M.C.J. Leermakers and L.G. Suttorp, Physica 108A(1981),333.

8.De relativistische Landau theorie van quasi-deeltjes kan zodanig

geformuleerd worden, dat Lorentz covariantie manifest is.

Hoofdstuk III van dit proefschrift.

9.Er bestaat een transversale plasmon bijdrage tot de druk van quark-

gluon en electron-foton plasma's.

Hoofdstukken II en IV van dit proefschrift.

10.Statistische quasi-deeltjes van het fermion type kunnen zo gedefinieerd

worden dat zij een oneindig lange levensduur hebben.

Hoofdstuk V van dit proefschrift.

11.Het quark-gluon plasma verschilt kwalitatief van een electrodynamisch

plasma in zijn collectief gedrag, ook in de limiet van zwakke

koppeling.

Hoofdstuk VI van dit proefschrift.

12.Zowel het licht dat Paulus op weg naar Damascus zag als de verblinding

die hem daardoor ten deel viel, hebben naast hun fysieke ook een

geestelijke betekenis.

René Leermakers, 16 januari 1985.



But it is the spirit in a man

the breath of the Almighty

that makes him understand

Elihu ben Barachel

Aan mijn Ruth
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I. INTRODUCTION

It is in the nature of man to wonder about the nature of matter.

Already in ancient times it was postulated that the world around

us ultimately consists of smallest particles, the atoms. The

recognition of this as a fact, is one of the main foundations

of the natural sciences.

In recent times it was discovered that the atoms of ordinary

matter consist of ye;t smaller constituents. Indeed, if a system

is heated till sufficiently high temperatures, ordinary atoms

will desintegrate into the so-called elementary particles. This

may occur in heavy stellar objects, whereas the inverse process

has happened in the very early universe. Nowadays it has become

possible to artificially create elementary particle systems in

the laboratory.

Roughly speaking, the various kinds of elementary particles nay

be collected into a few groups. Firstly one has the spin-1-;

particles, also called fermions. They fall into two categories,

the leptons and the quarks. The most well-known lepton is the

electron, whereas the quarks are the constituents of the hadrons,

a large family of particles including the proton and the neutron.

Then there are the elementary spin-1 particles, also called

gauge bosons. They mediate the interactions between the fermions.

Examples are the photon, that has to do with electromagnetism,

and the gluon, which is responsible for the confinement of

quarks into hadrons.

There are three types of elementary-particle systems which can

and have been studied. One is the lepton-photon plasma, which

is dominated by the electromagnetic interaction. Another is

quark-gluon matter, in which the strong interaction is most

important. Lastly, systems of neutral leptons, called neutrinos,

are of importance. Here the weak interaction and sometimes even

the gravitational forces come into play. The first two types of

systems are the main objects of study in the consequent chapters,

and are often referred to as QED and QCD plasmas.

In several respects the quark-gluon plasma is the more interesting



system. It may be viewed as a new phase of nuclear matter, which

may be created by highly energetic heavy nuclei collisions. During

the phase transition the proton and neutron boundaries disappear

and the constituent quarks are liberated. A realistic theory for

quark-gluon natter must necessarily involve many fields of physics,

such as quantum chromodynamics(QCD) at finite temperature and

density, non-equilibrium plasma physics, relativistic kinetic theory,

and the theory of condensed matter. In principle, the relevant

macroscopic laws of physics should follow from the properties of

the elementary constituents. However, the relation between the two

can be very complex, especially when the interaction between

particles is not small in any respect. In a quark-gluon plasma,

such is the case at temperatures just above the critical value

at which quark liberation takes place. A very natural description

of such a strongly coupled system is one in terms of quasi-

particles. Landau was the first to formulate such a theory in

the context of non-relativistic Fermi liquids at zero temperature.

In general, quasi-particles may be defined as fictitious particle-

like bodies in terms of which the observables of a system can be

found in a fairly simple way. Vague and strange as this may seem,

such a notion is very natural from a field-theoretical point of

view. Indeed, radiative corrections, relating bare particles to

dressed ones, are in general medium-dependent, so that the presc-nc(!

of the plasma is seen to change the elementary-particle properties.

In this thesis it is tried to construct a Landau quasi-particle

theory for the above mentioned relativistic systems, using field-

theoretical methods.

Chapter II is a note on the perturbative calculation of the

pressure of a quark-gluon plasma. It reports the existence of a

hitherto unnoticed plasmon contribution of the order g due to

transverse quasi-gluons, where g is the strong coupling constant.

In chapter III a new and Lorentz covariant formulation of the

Landau theory is being developed, for a general relativistic

system. Chapter IV contains a detailed account of a Calculation

of the observables of a quantum electrodynamical(QED) plasma, in



lowest orders of perturbation theory. Just as for the quark-gluon

plasma, a transverse plasmon effect is discovered, both analytically

and numerically. In addition, the analysis shows quasi-electrons and

positrons to be stable excitations at any temperature, contrary to many

reports in the literature. In chapter V this remarkable fact is even

proven in all orders of perturbation theory. The proof is equally valid

for quarks, so that a Landau theory for quark-gluon matter becomes

viable. The construction of such a theory is the goal of chapter VI. It

contains the derivation of a linearized kinetic equation for the singlet

quark distribution function, with a collision term for soft encounters

between quasi-quarks.
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TRANSVERSE PLASMON EFFECT IN SU(A0

M.C'J. LHHRMAKERS and Ch.G. van WEERT
Institute for Theoretical Physics, University of Amsterdam. VaUkcnientraai <>>. 1018 Xh Amsterdam. The Xetlwrlands
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A neu calculation of I he transverse ptasmon contribution to the ibermodynjmic potential of a hot Sl'f.Vi quark duon
t:.is ts presenied. Contrary tu common belief, this contribution is found to be non-v;inishin£, the dv nainic muss of the trans-
verse trhion playing the role of an infrared cutoff.

In recent years much effort has been devoted to the
perturbative calculation of the thermodynamic proper-
ties of QCD plasmas at finite temperature and density.
Paris'work [1 -3) has revealed that lower-order com-
putations yield infrared finite results for the iherino-
dynamic potential of a quark-gluon system. It is
thought, however, that beyond a certain order, high-
temperature perturbation theory actually breaks down
[4|. This conclusion is based on an analysis of the per-
turbative infrared behaviour of the space-like (transverse)
components of the gauge field which, unlike the time-
like (longitudinal) ones, do not develop a static mass in
the one-loop approximation [5j.

There is, however, a contribution to the thermo-
dynamics from the transverse gluon which solar seems
to have escaped attention. The point is that the trans-
verse gltion propagator shows a dynamic mass, as al-
ready noted by Kislinger and Morley [6J. But it was
argued by Linde [4], that the leading infrared diver-
gencies in the quantum statistics of gauge fields are con-
nected with the static limit, and that the dynamic mass
has no bearing on the infrared problem of the theory.
In this note we like to suggest, however, that this matter
may not yet be settled definitely, because the dynamic
mass enters the thermodynamic potential on par with
the static mass. This is what we will show below.

We shall be concerned with the plasmon effect, that
is, the contribution to the thermodynamic potential of
order £ 3 [?.,7 J. This is the leading contribution coming
from a resurnmation of the infrared-divergent ring dia-

grams. The presence of this non-analytic term in the
thermodynamic potential is usually explained by saying
thai the interaction gives the giuons an effective mass
thereby modifying the long-range interpamde force.
Specifically, one finds that the inverse static screening
length Ï 4 is the mass governing the correlation function
of the time-like components of the gluon field at large
distances and high temperatures. This mass, sometimes
called the electric mass, is determined by the polariza-
tion tensor Ilwl,(^' I a ' '-ero energy transfer and low mo-
mentum according to

K-= lim I! ,„(().*).

To one-loop order one finds |2J

(I)

for an S(J(A') '.'.auge theory with A',- lermions: we use-
units such that Ti = c = kg = I. In contrast, the spatial
polarization vanishes in this limit which is eonimonK
understood to imply that to one-loop order the spatial
components of the gauge field remain massless [51.

The electric mass manifests itself prominently in the
plasmon contribution to the thermodynamic poieiitKil
which, up to terms of orderg* is given by \2\

1
20 'I: [log( I

\. (-'I

0.370-2693/84. S 03.00 © Hlsevier Science Publishers B.V.
(North-Holland Physics Publishing Division)
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In this expression the energy variable takes the purely
imaginary values kn = \2imQ~^, with n integer and 0
the inverse temperature. The scalar functions flL(£)
and Ur(k) are the lowest-order longitudinal and trans-
verse polarization functions defined in terms of the
polarization tensor by the connections

in the rest frame of the system |8 ] .
In (he thermodynamic potential (3), the two

lowest-order contributions may be isolated, namely,
the ideal gluon contribution and the contribution pro-
portional to g2, the so-called exchange part. The re-
mainder, which cannot be expanded in#2 because the
ensuing integrals would be infrared divergent, is usually
referred to as the correlation part. Its leading term is
the plasmon contribution of orders3 .

The standard calculation of the plasmon contribu-
tion at high temperatures goes back to the early work
of Akhiezer and Peletminskii |9 | ,and proceeds in two
steps. First it is argued that solely the zero-energy term
of the summation in (3) needs to be retained. One so
obtains the static approximation. Subsequently, one
replaces IIL(0.A) by its infrared limit (1) and performs
the integration. This yields the longitudinal plasmon
contribution:

Ï2['= \(N2 - 1)1 \ 27701 KS
3. (5)

The same reasoning applied to the transverse part gives
a null result because of the absence of a static magnetic
mass. Note, however, that the leading term in Uj(O,k),
which is of ore1.'. \k | 110|, may give a non-vanishing
result.

Before furthei discussing this in more detail, we
first wish to make a remark about plasmon effective
mass in general. As is well known, plasma waves cannot
freely propagate at frequencies below the plasma fre-
quency [8], Hence stable normal modes, allowing an
interpretation as real plasmons, do not exist at low
enough frequency. This does not, however, imply ab-
sence of collective behaviour, as signalled by the dy-
namical screening of the charges in a plasma. Indeed,
at very low frequencies it is the electric mass (1) thai
characterizes the exponential falloff of the screened
electric field. It is therefore the phenomenon of shield-
ing, rather th?n a true gluon mass-shift, that is respon-
sible for the longitudinal plasmon effect (S). However,
a plasma can also support collective oscillations, the

so-called normal modes. The transverse modes, in par-
ticular, may be identified wilh the poles of the gauge
boson propagator determined by the dispersion rela-
tion

k2 - ReIIT(A) = 0. (6)

For frequencies above the plasma frequency, the zeros
occur at real ks) and k. Since the associated imaginary'
part is negligible compared to the real part of II r . this
reveals the existence of a stable transverse plasmon
(6,8 ]. For high frequencies its mass is given by [ 11 j

co~ = llT(<r = 0) = | r r2(,V + |A'f). (7 >

which is the analogue of the transverse plasma frequency
of the quantum electrodynamical plasma [12).

One would expect such a stable excitation, which
may be regarded as a dressed transverse gluon. to con-
tribute to the pressure. Nevertheless, in the standard
treatment of the plasmon effect discussed above, it
seems to play no role whatsoever. Therefore the ques-
tion arises what physical mechanism causes the sub-
stantial suppression of this normal mode compared to
shielding. Or could it be that this suppression is merely
an artifact of the infrared limit? To answer this ques-
tion we have recently investigated this issue for a QliD
plasma consisting of electrons and positrons in a neu-
tralizing background [13J. Since the diagrammatic
structures of QED and QCD are quite similar, our anal-
ysis may also be applied to the present case without
major modifications.

We start from the observation that the full gluon
propagator must be a non-vanishing analytic function
in the whole complex energy plane, with the possible
exception of the real axis. More specifically, the propa-
gator cannot have a pole or zero on the imaginary axis.
This is ensured by the condition

! + HT (0 , / t ) / |* | 2>0, (8)

which must hold for all values of |A|. Note that this
condition is necessary in order that the zero-frequency
term in (3) makes sense. However, the one-loop approxi-
mation for n T violates this positivity requirement for
some values of k [10], thereby invalidating the usual
reasoning by which the transverse plasmon effect is ex-
plained away. This sort of problem may be avoided by
making use of the concept of a dispersion relation [14j.

We consider the transverse correlation part of the
thermodynamic potential (3), and especially the zero-
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energy term, which is the leading term in the sum.
However, instead of simply putting k0 =O,we write
this contribution as a contour integral around the
origin

J <2*)>-f2ni *o
A'- - 1

X [log(--*•*+HT)-

The second and third terms correspond to the subtrac-
tion of the ideal gluon and exchange contributions,
respectively. The contour integral around the entire
real axis vanishes since by assumption the integrand
has no poles in the upper and lower half planes. There-
fore, the contour integral (9) can be rewritten as an
integral of 'he discontinuity across the branch line of
the logarithms. Using some well-known symmetry
properties of the polarization function, we arrive at
the spectral representation

ocon _ 4(A - 1) /"jl_*_ u

T 3 J ,-,_,4 kn

X lm|log( -k2 +I1T) - log(-*2)+ Ur,'k
2]. (10)

The imaginary part is obtained by approaching the real
axis from above.

Now taking inlo account condition (7) and the fact
that -ku Im MT is non-negative, as follows from the
assumptions already made, we infer that arg( -k- + liT)
takes values between — n and zero. The requirement
that the logarithm be real at the origin then implies the
representation

Im log(-jr + n T ) = arctan

- 7r9(k- Re 1

,ek0 - Im I)T ,

(11)

where the branch of the inverse tangent to be used is
the one between -\-n and \n.

We have analyzed the two terms at the right-hand
side and found thai the dominant infrared behaviour is
rendered by the spectral density -7tO(k2 - u>2) which
corresponds to a gas of stable gJuons with a mass equal
to the plasma frequency (7). We thus have a transverse
plasmon contribution

. .V-- 1
/

J4I. 0(k,,)Ak- I'll
, , . > 3 A . .

I ] 1 I ~

to the correlation part of the thermodynamic potenlial.
After an integration by parts with respect to ft,,, we can
perform the kn integration and bring (12) into the
form

which is just the zero-frequency tern1., hut with u)~ in-
stead of the static limit of I I , . Integrating we finally
get a non-vanishing transverse plasmon contribution

£2f'= <A': I , C J , 3 . ' M J . (14)

which is only a factor \/2 smaller than the longitudinal
one (5). The result is easy to understand if one recou-
rses in eq. (13) ihe high lemperature limit of the usual
expression for the pressure of a system of bosons with
mass t j , .

This investigation is financially supported by the
Stichting voor Fundamenteel Onderzoek der Materie
(FOM).
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RELATJVISTIC LANDAU THEORY

Ch.G. VAN WEERT and M.C.J. LEERMAKERS
Institute for Theoretical Physics, University of Amsterdam.
Valckenierstraat 65, 1018 XE Amsterdam, The Setherknds

Received 13 January 1984

A new relativtstic formulation of the Landau liquid theory is proposed. The requirement of Lorentz covariance is shown
to lead to the identification of the pressure, rather than the energy density, as the primary concept of the theory.

Some lime ago Baym and Chin 11 ] have developed
a relativistic extension of the Landau Fermi liquid
theory, applicable to the study of high density matter.
It is our purpose in this note to present a more general
and manifest covariani formulation of this extension.
This not only eliminates the need for the somewhat
tedious discussion of the transformation properties ot'
the various quantities, but also leads to (he identifica-
tion of the pressure, rather than the energy density,
as the primary concept of the theory. Moreover, the
formalism is able to describe a more general class of
elementary excitations than allowed in the convention-
al Landau theory [2].

As a basis for the construction of a covariant
Landau theory we assume that a system of interacting
particles is describable as a collection of elementary
excitations with four-momentump*1 = (PQ,P) and
occupation number n(x, p) " . The latter, which de-
termines the distribution of the elementary excita-
tions in each space-time point JC*1 = (/, JC), is regard-
ed as a Lorentz scalar. Further, it is assumed that in
a slight inhomogeneous medium the transport equa-
tion for the distribution function takes the canonical
form

( I )

where the brackets denote the relativistic Poisson
bracket

hn_ M
„ dp"

dn

The collision term at the right-hand side of (1 )is left
unspecified save for the requirement that it conserve
particle number and energy -momenlum:

ƒ ó4p C(.x, p) = 0.

Jd4pp>'C(x.p) = 0

(3)

(4)

The physical significance of the quantity A(x. p).
which acts as a hamiltonian density, will become
clear when we consider the conservation laws implied
by the above equations.

We consider first (he particle conservation law
which is obtained by integration of (1) over all four-
momenta. On account of (3) we get the continuity
equation

for the particle four-current

oA(p).'=S Ln(p).

(5)

(6)

H ^ = d iag( l , - 1 . - 1 , - I ) ; » = C = * B = 1 .

0.375-9601/84/S 03.00 © Elsevier Science Publishers B.V.
(North-Holland Physics Publishing Division)

For notational convenience the space-time depen-
dence has been suppressed. From the last expression
we infer that A(p) may be interpreted as a spectral
density defining the range of energies for any given
momentum. In the Landau theory of Fermi liquids
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n-0. O)

it is postulated (hat the energy of each elementary ex-
citation is characterized by a definite dispersion rela-
tion p0 = e( p); such excitations are called quasi-parti-
cles. However, the present formulation does not re-
quire such an assumption at this stage, and we shall
proceed without imposing a restriction of this kind.
In this respect our approach also may be regarded as
a generali/ation of the covariant description of wave
propagation obtained by Melrose [3], and of the quasi-
linear theory of weak plasma turbulence [4).

Further insight in the nature of the spectral densi-
ty is gained when we now try to construct the energy -
momentum tensor by taking the first moment of the
kinetic equation (I) . With the help of (4) we arrive at

, r d4p , dA r d 4 / ~ '
t) I —— pM ̂ r—n + / — -

"J <2;T>3 a<"* J (2rr)

It is clear that without additional information about
the spectral density the second term cannot be writ-
ten as the divergence of a tensor quantity. What we
need is the assumption that there exists a primitive P,
in the functional sense, such that the first variation of
/'with respect to the distribution function yields the
spectral density:

f>P=] ——A(p)5n(p). (8)
(-M3

This relationship allows us to write (7) in the form of
the conservation law

3,,7"w" = 0 , (9)

from which we identify the energy momentum ten-
sor as

with/* a yet unknown functional of the distribution
function.

In order to identify P we go on and define the en-
tropy flow as

for elementary excitations obeying Fermi statistics.
From setting the entropy production rate

-«)! (12)

equal to zero, we find with the aid of (3) and (4) the
usual expression for the equilibrium distribution func-
tion

1 (13)

where y is the chemical potential. /3 the inverse tem-
perature, and U the hydrodynamic four-velocity of
the system. Similarly, bose excitations are described
by a Bose -Linstein distribution function.

Let us now consider ihe energy momentum ten-
sor (10) for the case of thermal equilibrium. We then
find that the quantity P is nothing but the hydrostatic
pressure, defined in the usual manner |5] as the
space-like trace of the energy momentum tensor

P= ïi (14)

This implies that in the general case the functional
P may be defined to be the same functional of the dis-
tribution function as in equilibrium, but withne1(p)
replaced by n(x, p). The prescription is a very con-
venient one. because it makes it possible, at least in
principle, to compute P, and thereby the spectral den-
sity A(p), from the grand-canonical partition function.

As a simple test of the formalism, one may consider
an ideal relativistic Fermi gas. By some elementary
manipulations, its equilibrium pressure may be cast
into the form

(15)

where m is the mass of the particles. Thus, in this case
the spectral density is equal to the step-function /)(p)
- 0(p^ m^) in the positive energy range. It is easy
to verify that for this spectral density the above re-
duces to the standard formalism of relativistic kinetic
theory [5].

In the Landau theory, the quasi-particle descrip-
tion of an interacting system requires that there is a
definite dispersion relation between energy and mo-
mentum. When the system is relativistic this disper-
sion relation may take the form of a generalized mass-
shell relationp2 - M2(p) = 0, whose positive-energy
solutionsPQ - e(p) determine the quasi-particlc ener-
gies. The corresponding spectral density has the form

A(p) = 0(po)0\p2 - M2(p)) . (16)

as an obvious generalization of the ideal case. It is this
particular spectral density that links the covariant
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formalism as developed here to the relativistic Landau
theory of Baym and Chin [1 ]. What remains to be
shown is how such a spectral density can be obtained
as an exact result of relativistic many-body theory.
Work in this direction is currently in progress [6].

This investigation is part of the research programme
of the "Stichting voor Fundamenteel Onderzoek der
Materie (FOM)", which is financially supported by
the "Nederlandse Organisatie voor Zuiver Wetenschap-
pelijk Onderzoek (Z.W.O.)".
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Abstract

The imaginary-time formalism of quantum field theory at finite

temperature and density is applied to the study of a quantum-electro-

dynamical (QED) plasma. By a Legendre transformation the grand-canonical

partition function is re-expressed in terms of the full photon propagator.

The resultant photon pressure includes the plasmon effect of order
3/2a which is calculated numerically and analytically in the high

temperature limit. It is found that the transverse plasmon mode con-

tributes to the thermodynamic pressure as would a gas of massive photons.

Subsequently, a quasi-particle description of the full system is sought in

the spirit of the Landau theory. It is shown that an effective electron

self-energy similar to, but different from, the ordinary one may be

defined such that the charge density and entropy density take the usual

quasi-particle form. Thus, it is demonstrated that a QED-plasrna may be

pictured as a collection of quasi-electrons and positrons plus collective

modes. Lastly, the energy-momentum tensor is constructed in conformity

with the quasi—particle picture and the virial theorem. Lorentz covariance

is made explicit by writing the results in a manifestly covariant form.
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1. Introduction

This paper is concerned with quantum electrodynamics (QED) at finite

temperature and density [1-5], whose study is motivated by a number of

considerations. First of all it is only natural to explore the therraodynamic

properties of z quantum plasma at high temperatures because of astrophysical

and cosmological applications. For example, the understanding of the

emission of gamma-ray bursts by ultra-hot astrophysical plasmas [6],

requires knowledge of the equation of state of an electron-positron plasma.

Furthermore, finite temperature effects have an influence on the basic

parameters of the theory, like the mass and anomalous magnetic moment of the

electron, which may be of significance in the early universe [7].

In addition, there is a purely theoretical reason for investigating a

QED plasma because it serves as a model theory for the more complicated non-

Abelian gauge-theory describing hadronic matter, i.e. quantum chromodynamics

(QCD). It is generally thought [8] that the confinement mechanism of zero-

temperature QCD does not persist at high temperature, and that at

sufficiently high temperature and/or density perturbation theory may be used

to calculate physical observables. This leads to an asymptotic expansion in

an effective coupling constant which decreases as the temperature and

density are raised. In this regime the diagrammatic structures of per-

turbative QED and QCD are not essentially different and the explicit low-

order calculations that have been performed in both theories have many

features in common [2,9,10J.

A case in point is the screening and dynamic mass generation by a di-

electric medium, that is, the plasmon effect. This effect suppresses the

infrared divergencies that occur when a straightforward Feynman-graph

expansion in terms of the free gauge boson propagator is attempted. Since

one is dealing with massless gauge fields whose propagators diverge at zero

momentum, the infrared-divergent ring diagrams must be resummed so as to

obtain a skeleton expansion in terms of the full propagator [9]. Detailed

calculations in QED and QCD show that the longitudinal (time-like) component

of the propagator acquires an infrared cutoff which is just the static Debye

screening length arising from the collective behaviour of a thermal plasma

[2,10]. On the other hand, the static magnetic screening length vanishes, at

least to one-loop order [2,10,11], which is commonly understood to imply

that the space-like propagator remains massless to this order [12].
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It Is one of the purposes of this paper to «investigate the plasir.on

effect in the context of a QED plasma in a neutralizing background because

of its relevance for the infrared behaviour of QCD, which is much more

singular due to the self-Intet^ctlon of the gluons [8]. Since we are dealing

with QED, we only need to express the pt.rturbative expansion in terms of

full photon propagators instead of bare ones to obtain a finite perturbative

expression for the pressure (thermodynamic potential) of the system.

By making use of the analytic properties of the full photon propagator we

are led, quite naturally, to a dispersion relation which to one-loop order

expresses the pressure as an integral involving the imaginary part of the

logarithm of this propagator. By numerical evaluation of this expression we

have discovered the existence of a non-vanishing transverse plasmon con-

tribution [13], in conflict with common belief.

The resolution of this puzzle is a non-trivial problem that will be

dealt with in section 6 of the present paper, but the physical nature of the

new effect is understood easily enough. Indeed, it is well-known that the

collective modes associated with the transverse plasmon pole in ;he photon

propagator are virtually undamped [3,5,14]. Hence these excitations may be

regarded as legitimate particles having a mass giver, by the appropriate

plasma frequency. In this picture the transverse plasmon effect arises as

the pressure of these massive plasmons, in good agreement with the numerical

results.

Historically, the first calculations of the theruiodynamlc properties of

interacting systems in terms of quasi-particles associated with the poles of

the single-particle propagator were carried out by Luttinger and Ward [15],

amongst others [16], for low-temperature normal Fermi liquids. Later their

approach, which Involves a functional expression for the thermodynamic

potential in terms of the full fermion propagator [17], was modified to

apply to condensed Bose systems [18]. More recently this technique has been

extended by Freedman and McLerran [9] to finite temperature QED and QCD.

The present study is related to, but different from, the work described

above which is aimed at a resummatlon of the perturbation theory of the

thermodynamic potential in terms of the full propagators. This can be

accomplished, but for the purpose of obtaining a quasi-partlcle description

at arbitrary temperature, the method has not much merit [19]. Indeed, the

quasi-particles defined by the full fermion propagator, termed dynamical

quasi-particles by Balian and De Domlnicis [20], have a finite life time at



-21-

finite temperature. This limits the utility of this approach to the low

temperature regime for which it has been devised originally.

In contrast, we do not regard the thermodynamic potential as a

functional of the full fermion propagator, but as a functional of the

fermion distribution function. In this approach the quasi-particles, given

the adjective "statistical" by Balian and De Dominicis [20], are defined by

functional differentiation with respect to the distribution function, like

in the pfcenomenological Landau theory of normal Fermi liquids [21]. We

confine ourselves here to the lowest-order results because these are of the

most immediate physical interest. The procedure is quite general, however,

and can be generalized to higher orders in perturbation theory [22],

What emerges from the calculations is the picture of a QED plasma as a

collection of quasi-electrons and positrons plus collective modes. For

example, the entropy of the system is given by the standard ideal gas

expression evaluated at the mass-shell of the new particles, and an electro-

magnetic contribution involving the spectral density of the collective

plasma modes. This result holds at arbitrary temperature, but if we take the

low temperature limit we discover, somewhat surprisingly, that the

statistical quasi-particle remains distinct from the dynamical one, even at

temperature zero, except exactly on top of the Fermi surface. The other

thermodynamic quantities, like the energy density, Involve the same quasi-

particles and the same collective modes. This allows us to construct the

energy-momentum tensor of the system in accordance with the virial theorem

and the requirement of Lorentz covariance. What this all amounts to is an

explicit demonstration that a QED plasma at finite temperature and density

is describable by a relativistic extension of the Landau theory [23,24], if

collective mode contributions are properly taken into ar.ount. This insight,

together with an identification of relevant parameter' with specific field-

theoretic entities, constitutes the main result of this paper.
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2. Grand-canonical partition function

We start quite generally and consider a system of elementary particles

described by fields ((^(xg.x) and Lagrangian density ((|i1,8 <t> ) .

The index i labels the various fields which may be either bosonic or

fermionic. For simplicity in notation we suppress all other labels, such as

spinor and Lorentz indices. At finite temperature and density the thermo-

dynamic properties of the system are specified by the partition function

Z(f3.u ,V), or rather the pressure
a

P(P,H ) = lim -L. log Z(p,ua,v) , (2.1)

as a function of the inverse temperature p and chemical potentials \x .
3.

The latter are associated with the conserved charges Qa carried by the

fields:

(2.2)

where a summation over repeated indices is implied. The hermitian matrices

q1-* are the representation of the generator of the corresponding symmetry
a i

group in the basis <(> .

In the rest frame of the system the partition function has the path-

integral representation [25,9]

Z(p\n ,V) = N(p) ƒ [d^jexp - S(p,u j*1) . (2.3)
a a

N((3) is a normalization factor and the action S a functional of the fields

defined as

IP , _p . .
S = i ƒ dx ƒ dJxZ(u ;*\3 (f.1) . (2.4)

0 a |i

1 • 0
x

u 0
Notation: four-vector x = x K = (x ,x), \i = 0,1,2,3. Minkowski space:

xO = t. Euclidean space: x^ = it. Metric: g^v = diag(1,-1,-1,-1).

Units: h = 1, c = 1, kg = l • Fine-structure constant: a = e /4it,
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The functional integration over the fields is subject to the (anti-)

periodic boundary condition $ (0,x) = TI $ (if3,x), r\ = ±1 , the positive sign

applying to bosons and the negative one to fermions. The effective

Lagrangian appearing in (2.4) is constructed in terms of the ordinary one by

shifting all time derivatives according to the rule

where again repeated indices are summed over. (We trust that the index i

will not be confused with the imaginary unit.) The prescription applies to

fermion as well as boson fields [26], and is completely analogous to the

minimal substitution in gauge theories, through which the coupling between

the conserved current and the gauge field is achieved.

For gauge theories at finite temperature, Bernard [25] has shown that

Fadeev-Popov ghost terms must be included in the Lagrangian, if a non-

unitary gauge is used. These terms are needed to remove spurious degrees of

freedom from the path integral over unconstrained fields. For abelian

theories, including quantum electrodynamics, the modification is almost

trivial because the ghost sector is completely decoupled from the physical

state space. In this case the ghost fields may be deleted because the

redundant terms can easily be identified, and simply removed by hand.

We make the usual assumption that the Lagrangian can be decomposed into

an interaction term and a free term bilinear in the fields. The

corresponding free action may be written as

S Q = H • A"
1 • <)> . (2.6)

In this condensed notation the inverse free propagator A~ is regarded as a

supermatrix in the appropriate function space spanned by the fields

<t> . We shall find it convenient to work in momentum space, which may bp

introduced via the Fourier expansion

i J3I -ik.x_+ik»x
<Hxo,x) = "p i J 3 e *[k0>k) . (2.7)

The energy variable is purely imaginary, and takes the discrete values

kn = 12nitp~ in the case of bosons, and kn = i(2n+l)it(3 in the case of

fermions, with n integer. In this representation the free action (2.6) reads
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more explicitly

so = h W -A- ̂ K.-^Ovis)]^ *jfe) • (2-8)
n (2it)

We note that the kj? dependence of the propagator appears in the combination

kn6 + (J <3„ in virtue of the "minimal substution" (2.5) discussed above.
U 3 3

The partition function of the ideal system, that is, equation (2.3)

with the action (2.8), is a Gaussian integral which can be calculated

explicitly. The answer is

,3
log Z = inV I J-2-^. tr log A„(k" k) + log N(|3)° () ° ° ~

where V is the volume of the system and where the trace symbol means a

contraction of all discrete indices. The effect of the last term at the

right-hand side is to provide the appropriate factors of p so that the

argument of the logarithm is dimensionless [25].

3. Legendre transformation

The crucial problem, of course, is to find an expression for the

partition function of an interacting particle system. To that end we first

note that the pressure pf the non-interacting system, obtained by

substitution of (2.9) into (2.1), satisfie» "he functional differential

equation

6 P0 6 P0

which upon integration gives back formula (2.9). The important point is that

for an interacting system a similar functional relationship exists [9],

namely

6 P " "iT)A , (3.2)

where A is now the full many-body propagator. Upon combination of the last

formula with the preceding one, we obtain
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6P,

•;'

(3.3)

for the pressure Pj = P - PQ arising from interactions.

The last formula can easily be visualized- Indeed, it is well-known

that Pj has a diagrammatic representation consisting of all connected many-

body closed diagrams [16]. For instance, in quantum electrodynamics (QED)

one has the series depicted in fig. la. (Diagrams with only one photon line

connecting two distinct subdiagrams have been left out, since they do not

contribute in a charge-neutral system [4].)

p = =• • -jr • i a o(a)

(b)

1z I
2

(c)

Fig. 1. Lowest-order QED diagram for interaction contribution

to the pressure.

The combinatorial factor in front of each diagram is equal to the

inverse of the symmetry factor [17]. Ordinary many-body Feynman rules apply

to fig. la: lines represent propagators with discrete imaginary energies;

energy and momentum are conserved at each vertex; all momenta are integrated

over and all energies summed. Taking now A„ and A to stand for the bare

photon propagator DJJV . and the full photon propagator D*iV, respectively,
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one can see that the functional differentiation in (3.3) corresponds to

successively cutting every photon line in fig. la. In this way one obtains

all two-point diagrams, except the bare photon line, with the correct com-

binatorial factors.

As it stands, eq. (3.2) cannot simply be integrated as in the free

case. This leads us to first perform a I.egendre transformation. This is the

standard procedure for expressing physical quanties in terms of full

propagators and vertices rather than bare ones [17]. In this section we

shall employ such a transformation in connection with the photon propagator.

The specific system we have in mind is the QED-plasma consisting of

electrons, positrons, anH photons, embedded in a neutralizing background.

However, the reasoning is quite general and may be applied to other charged

particles systems as well.

The Legendre transformation we shall employ in the present case has the

form

r = P + iTr D"1 • D , (3.4)

where the trace symbol now includes a summation (3 E over all energies, and

an integration Jd k/(2u) over all momenta, as well as a contraction of

Lorentz indices. The ancillary quantity V is regarded as a functional of the

full propagator D , For the derivative with respect to D we find with (3.2)

(3.5)

The last member defines the polarization tensor FI , graphically

represented by all irreducible photon self-energy diagrams, and being a

functional of D through a skeleton expansion.

We now formally integrate (3.5) to obtain

F = i Tr log D + I" + const. , (3.6)

i

where the integration constant is independent of D, and where r satisfies

the functional equation

f f = in . (3.7)
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By a reasoning similar to the one followed in connection with equation
t

(3.3), we conclude that the graphical representation for r has a simple

structure. For the case of the QED-plasma it is shown in fig. lb., where

photon lines represent full propagators. Diagrams that can be obtained from

a lower-order one by a photon self-energy insertion are not allowed and have

been deleted.

Equating the two expressions (3.4) and (3.6) for V and taking the last

member of (3.5) into account, we may write the pressure as the sum

P = P + p + p' (3.8)
m

of the ideal gas pressure of the electrons and positrons Pm , and two terms

given by

p = i tr log D , (3.9)

p' = I" - * tr IJ«D . (3.10)

In deriving these expressions we have absorbed the infinite constant

Tr D • D into the integration constant which subsequently has been

identified with Pffl , in order that (3.8) reproduce the correct ideal

pressure. For the moment we overlook the counter terms needed to neutralize

the infinities that arise in the calculation of p and p*. They will be

discussed in sect. 7.

The photon contribution to (3.9) is quite similar to (2.9), the

difference being that the photor<= are described by the full propagator

instead of the ba.j one. This suggests that we look upon Pm + p as the free

pressure of a system composed of dressed photons, and bare electrons and

positrons. In this picture the third contribution, which satisfies the

functional equation

|E' = * tr D • « , (3.11)

should be regarded as the interaction pressure. From (3.11) it is easily

established that the perturbation expansion of p' is identical to the one
i

for T depicted in fig. Ib, save for the lowest order diagram and the

combinatorial factors. The resulting series expansion has been rendered in
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fig.lc. The most striking feature is that the lowest-order contribution

vanishes and that the magnitude of the interaction pressure has been reduced

by one order in the coupling constant compared to the interaction pressure

in the bare theory. This reduction is our major motivation for Legendre

transforming the photon field while keeping the material particles

undressed. Indeed, a simultaneous Legendre transformation of the particle

propagators spoils the first-order cancellation, as can be seen explicitly

in the work of Preedman and McLerran [9].

4. Analytic continuation

To determine the photon pressure as given by (3.9) we have to

investigate the photon propagator D in some detail. From general

considerations we know that the analytic continuation D (z,k), as a

functiri of the complex energy z, is analytic off the real axis. On the real

axis itself there is a branch cut. Indeed, this analytic continuation yields

the Laplace transforms of the real-time retarded and advanced commutator of

the four-potential, depending on the sign of the imaginary part of the

energy variable. For a stable plasma these commutator functions are well

defined.

Let us now evaluate the right-hand side of (3.9). The trace over the

Lorentz indices may be performed by using the identity

3

tr log D = i I ƒ 5- log det D , (4.1)

which holds true because D is a symmetric non-singular matrix. From

appendix A, where we analyse the tensor form of the propagator D and the

polarization IT , we infer that the determinant (A. 11) is proportional
2 -2 ^ V

to X(k ) with \ a gauge parameter. As Bernard [25] has shown, this factor

represents unphysical degrees of freedom of the gauge field which may be

neutralized by including ghost fields in the Lagrangian. The remainder of

the determinant yields

nnn unorp i.where we have set k » (̂ n) ~ £ » an(1 "here II, T(k) are the longitudinal
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and transverse polarization functions. This expression for the photon

pressure, albeit with II evaluated to one-loop order, was first derived by
L, i

Akhiezer and Pelettninskii [2].
2 —1

On general grounds it can be argued that (-k + H_) , being the

transverse part of the propagator, is an analytic function which never

vanishes in the upper half-plane [27]. Specifically, on the imaginary axis

this function is real, positive, and monotonically decreasing. Therefore, if

we define the transverse dielectric function, and the analogous longitudinal

one, by the connections

one implication is that the inequality

eT(0,k) > 0 (4.4)

holds true for all values of k .

The longitudinal case can be discussed in a similar vein, but with one

important difference: a single zero of e. on the imaginary axis cannot be

ruled out a priori [27]. The reason is that the static dielectric function

may violate the positivity criterion

eJO.k) > 0 , (4.5)

although for most systems it usually does not [28]. We assume that the QF.D-

plasma belongs to this last catagory, which is tantamount to assuming that

both the photon propagator and its inverse are analytic non-vanishing

functions in the whole upper half-plane off the real axis.

It is important to observe that these general considerations pertain to

the analytic structure of the full many-body propagator. It might well be

that certain approximate expressions, such as the commonly employed one-loop

approximation for the polarization tensor, are in conflict with the con-

clusions of the rigorous analysis. As a matter of fact, the one-loop

transverse dielectric function e (0,k) violates the positivity property

(4.4) for some values of k , as we have tested numerically. This sort of

ambiguity may cause problems if one tries to perform the energy sum in (4.2)

directly. The better method is to disregard any non-analytic features of
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approximate formulae, and to do an analytic continuation to the real axis

using contour integration.

We follow the usual reasoning and represent the sum over the energies

as a contour integral around part of the imaginary axis. Assuming f(z) to be

an arbitrary real function: f (z) = f(z ), analytic except on the real

axis, we write

C

dz f(z)
(4.6)

- 1

As shown in fig. 2, the contour C encloses the poles of the denominator at

the discrete frequencies k", with n positive. The pole at the origin has

been excluded because it lies on the branch line [18].

k i \

Fig. 2. Contour used to perform bose frequency summations.

The contour C may be deformed into one running slightly above the branch

line along the real axis by making use of the fact that the Sommerfeld-

Watson functions (e^z-l ) - 1 and (e'^-l)" 1 = -1 - (e^-l)" 1 exponentially

decrease in the right and left half planes, respectively. The difference

gives rise to a vacuum integral. If it is noted, furthermore, that the first

term at the right-hand side of (4.6) is neutralized by the contribution from
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the small semi-circle around the origin, the last formula may be rewritten

as

e - 1

ƒ gj-f(Z) • (A.7)

By this analytic continuation the temperature dependent part is neatly

separated from the - usually divergent - vacuum contribution.

In the non-relativistic theory it is customary to add a convergence factor

[16,18J which makes it possible to close the vacuum contour in the left half

plane. In the relativistic theory, on the other hand, the proper analytic

continuation is prescribed by a Wick rotation to a Feynman contour i.e. a

contour running below the real axis in the left half plane and above in the

right half plane. It then appears that the infinities of the many-body

theory are of the same type as the ones arising in the pure vacuum theory.

Therefore, these infinities may be renorraalized away by invoking the

«normalization rules of the vacuum theory [1,29,30,31].

We proceed by applying the last formula to the photon pressure (4.2).

Making use of the symmetry property (A.9), we straightforwardly arrive at

the integral representation

with

A(k) = 9(kQ) { lm log e ^ ^ O
 + i e >~^

+ 2 lm Iog[-k2-iek0 + IT^kQ+ie.k)]"
1 } . (4.9)

The vacuum term PQ has not been written out explicitly because it only

differs from (4.2) by the simple replacement of the sum by an integral.
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5. Exchange pressure

The formula for the pressure derived in the preceding section indicates

that the imaginary parts of the logarithms play the role of spectral

densities describing the transverse and longitudinal plasma excitations.

Since the imaginary part of a logarithm is nothing but its argument, the

longitudinal spectral density may be written as

_j -Im i y k 2

Im log e = -arctan =— , (5.1)
L Re(l-nL/k^)

for k > 0 . The branch of the Inverse tangent to be used is the one between

0 and it , as immediate consequence of the positivity properties (4.5) and

[5]

-kQ Im nL(k)/k
2 ? 0 (5.2)

and the requirement that the logarithm bs real at the imaginary axis.

Following the same reasoning with regard to the transverse spectral

density, we have to take into account the positivity properties (4.4) and

[5J

-kQ Im nT(k) > Ü , (5.3)

which lead to

Im logf-k'1 + IL,) = -arctan — ^ - 5 - , (5.4)
Re(k2 - n T)

for k > 0. The branch of the inverse tangent now lies between -n and 0,

which implies that the spectral density is non-negative for k > 0 , as it

befits a proper spectral density.

A mathematically more convenient and physically more suggestive form is

obtained by considering separately the two pieces of the real axis to the

left and the right of the solution of the dispersion relation

k2 - Re nT(k) = 0 . (5.5)

For frequencies above the plasma frequency defined by
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= li! ƒ dp n(p)(P
2-m2)*(l + s L ) , (5.6)

3it m 2p

where n(p) = n^+^(p) + n^~)(p) is the sum of the electron and positron

distribution functions, cf. appendix B, the zeros occur at real ko and k and

determine the location of the transverse plasmon pole in the photon

propagator [3,5]. One may exhibit this plasmon pole explicitly by writing

the spectral density (5.4) in the alternative form

? i I m ÏÏT •>
lm log(-lc + IT ) = arctan — + n9(lc - Re IT ) ,(5.7)

k - Re n T

where now the inverse tangent is the conventional one lying between

-n/2 and it/2

The expressions (5.1) and (5.4), or (5.7) may be employed to do some

explicit low-order calculations. To keep the formulae as concise as possible,

it is convenient to decompose the pressure (4.8) into a number of separate

contributions. First of all we split off the zero-point pressurejP Q» tflat

is, the part that survives in the zero-temperature limit because it does not

contain a Bose function. This contribution will be discussed in sect. 7.

What remains will be called the plasmon pressure for which we shall use the

symbolJP . It consists of a longitudinal and transverse part

The former in turn may be split into i ts exchange and correlation part

where the exchange part is obtained by expanding the spectral density (5.1) to
lowest order in IT :L

„ ,4, 2e(kn) Itn nT^ r / J L J f i
0 g 0 _ l kZ

The correlation part is simply the remainder, see eq. (6 .2 ) .

The analogous expansion of the transverse photon pressure s t a r t s of with
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the ideal gas contribution

f) T = P
id

 +j)™ +p ̂  , (5.11)

where

.A O(k„)O(k ) 2
J) ld = f ° k 0 _ * (5.1?)

A. e(k.) 2 h L „
•T\ ex r d k 0 r T 2. -i , _N
/' T = J ö -ök L 9 2u6(k ;Re CTJ . (5.13)J l (2u) P 0 , k

e - 1

The second term in the integrand comes from the expansion of the step-

function, but could also be understood to arise from 2Im(n /k") with
2 2

2Im(l/k ) = -2ïte(k )6(k ). Note also that the exchange part contains the

transverse plasma frequency u , given by

OĴ  = Re H T (k
2 = 0)

2 » 9 ? 1
= ̂ j ƒ dp n(p)(pV)5 , (5.14)

il m

which is the plasma frequency appropriate to small-wavelength oscillations

[1,3]. In contrast, the "natural" plasma frequency (5.6) applies to the long-

wavelength regime (1,3,32].

It is a somewhat tedious but straightforward exercise to calculate the
2

exchange pressure to lowest order in o = e /4TI. One simply substitutes the

lowest order expressions (B.7) and (B.8) into (5.10) and (5.13). Making use of

identities like

e O Ó _ 1 n ( p ) „ < p 0 )

and integrating out the 6-functions, one is finally led to

r (+), - (+), ,, (.+), ,_,. ("), , (-). ., (-). ,
[n (P0)~n (pj)n (pQ)+n (pQ)-n (p^)n (pQ)
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(p+p')

__2Ê!_J A d % [n(+)( (-)(po>] 1 , ( 5 a 6 )

<2«) ~ P0 e ° - 1

This expression is the same as found by other authors [2,10], except that

we have left out the zero-point pressure to be discussed in sect.7.

6. Plasmon effect

In general, the correlation pressure is but a small correction to the

exchange pressure because the former is of higher order in the coupling

constant a. However, it has the interesting feature that it cannot be expanded

with respect to ot because the ensuing momentum integrals are increasingly

infrared divergent. This is precisely what one gets by a naive perturbation

expansion in terms of the bare photon propagator, and it is only after a

resummation of the divergent ring diagrams to all orders that one arrives at a

finite expression for the pressure in terms of the full propagator obtained

here by way of a Legendre transformation. This resummation results in a non-
3/2

perturbative pressure contribution of order a at high temperatures and

a log a at temperature zero. The presence of this non-analytic term is usually

referred to as the plasmon effect.

Physically the plasmon effect may be explained by saying that the

screening of the long-range interaction between the particles provides an

infrared cutoff. Indeed, at low frequencies the screening length

K , defined by

<l = lim nL(o,k)

= 4 ƒ ̂ n(p) 2\ '/, (6.1)
it m (p -m )

characterizes the exponential falloff of the screened electric field. For

temperatures lower than the plasma frequency this is the only collective

behaviour of importance. However, if pio « 1 , as is the case in a

relativistic plasma, the propagating modes may become significant, for
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instance, the transverse plasma mode determined by the dispersion relation

(5.5). This excitation may be looked upon as a dressed photon having acquired

an effective mass due to the interaction. Below we shall see that the

phenomena of screening and dynamic mass generation are of equal importance

with regard to the plasmon effect in a QED plasma.

Let us first consider the longitudinal correlation pressure

?
.4. 29(kn) n 17,

r -Si: ImLlog(l - _•) +—.J . (6.2)

At high temperatures this expression may be calculated by expanding the Bose

function and writing

(6.3)

which produces a simple pole at the origin. The resulting integral may be

further transformed by using once again the analyticity properties of the

integrand as expressed by the familiar Kramers-Kronig relation connecting the

real and imaginary parts. This yields

Scorr 1 , d3k , . r, .
 nL ( 0^) , EL(0,fc) ,

which may be recognized as the zero-energy contribution to the correlation

pressure as it follows from the original energy-sum representation (4.2).

Since it is most important to evaluate the integral accurately for small

k , we replace IL(0,k) by its infrared limit (6.1). This immediately gives the

well-known result [2,10]

K 3
c o r r _ K L fft si

3/2which explicitly shows the plasmon effect to be of order a . We may also

conclude that static screening is the dominant physical mechanism as far as

the longitudinal plasmon effect is concerned.

A static magnetic field, on the other hand, is unscreened meaning that

the inverse magnetic screening length K vanishes:

<i = lim IT (0,k) = 0 , (6.6)
1 «kf+O 1
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at least to one-loop order. One might be tempted to conclude from this that

the transverse correlation pressure vanishes. However, this conclusion, often

reported in the literature [2,8,10,33], is wrong. To understand how this comes

about,we take a look at the infrared behaviour of the two terms at the right-

hand side of (5.7), and their contribution to the transverse correlation

PreSTcorr , A "<V r -i- nT *• n

(2rc) e
P * 0 _ 1 k -Re n T

[e(k2-Re u )-t

26(k )
Bk [e(k2-a>2)-9(k2)+(1) 6(k

2)] . (6.7)
plc0 t t3 Bk

(2n)J plc0 t

e — 1

For reasons to become clear shortly, we have added and subtracted the spectral

density corresponding to a gas of stable massive photons whose mass is equal

to the transverse plasma frequency given in (5.14). Anticipating that the

third term dominates over the first two, we focus on the former which we

evaluate in the high temperature limit (6.3). With the help of an integration

by parts with respect to kg. this terra can easily be brought into a form

closely resembling (6.4)3 u2 w2

7) corr 1 i d k r. /, t •, t
J T P (2n)3 ikr <k<2

' (6'8)

but with the plasma frequency as infrared cutoff instead of the vanishing

screening length (6.6). Thus we find a non-vanishing transverse plasmon effect

[13] u3
P corr _t^
J T 6np (6'9)

of the same order of magnitude as the longitudinal one (6.5), provided that we

can show the first two terms in (6.7) to be inconsequential.

The proof consists in demonstrating that the contribution of the two
2

terms taken together is infrared finite to order a , that is

» dk 2(lm n )Re II
li ' f t I + ^ ( * e n ) 2 , ] )^ r f 7 T 3 T

0 n k0 {k1}1 T

» dk 2In n „ k2

lim j-£± _| ( R e 2 0 ) = 0(

o ^ ko (kz)2 l z ikr
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where we confined ourselves to the high temperature limit. The second member

has been obtained by an integration by parts and by making use of the spectral

representation [5]

Im(k' k)
Re
Ke 'I' (6.1O

We proceed by rewriting the integral (6.10) in terras of the variable

x = k /Ikl . The cancellation of the potentially dangerous term of

order IkJ then occurs because of the asymptotic result

7 7

Re nT = x^/ +
(6.12)

This formula, which interpolates between the two limits (5.14) and (6.6), may

be derived from (6.11) with (B.8) in the limit m « T,u. This completes the

proof of (6.10), which thus holds true for ultra-relativistic plasmas.

To further substantiate our claim that there is a transverse plastron

effect given by (6.9), we have numerically evaluated the exact correlation

pressures (6.2) and (6.7) on the basis of the complete one-loop expressions

(B.7) and (B.8) for the polarization functions with the help of the numerical

integration program VEGAS [34]. In fig. 3 we have plotted these numerically

obtained values for together with the asymptotic formulae (6.5) and

Fig.
1 2 3 *

3. The temperature dependence of the rations
1 ) Li

obtained by numerical calculations (fuill line, and from (6,5),(6,9),

where 1) *^ is the ideal photon pressure (5.12). Temperature and

chemical potential |i=2 in units of the electron mass.



-39-

We see in the figure that the agreement is rather good and that the

qualitative expectation for the correlation pressure to be of order

3/2
a is fulfilled within a very narrow margin.

7. Zero-point pressure

It is well known that zero-temperature renormalization prescriptions

suffice to eliminate all ultra-violet divergencies of the corresponding

relativistic quantum field theory at finite temperature and density, that is,

no new temperature and density dependent infinities appear. This theorem was

conjectured by Fradkin [1], and later explicitly shown to be true in one-loop

order by Weinberg [29], and in two-loop order by Kislinger and Morley

[4,30,31]. In the case of quantum electrodynamics the renormalization programme

may be implemented by adding counter terras for the bare charge, bare mass, and

bare wave function to the Lagrangian in the action (2.4). Upon expansion of the

partition function (2.3) these counter terms give rise to a multitude of

additional diagrams which are organized in such a way that they neutralize the

ultra-violet divergencies of the full many-body propagator at the right-hand

side of the functional differential equation (3.2).

By che functional differentiation with respect to the bare photon

propagator we will loose, however, all those counter diagrams without one or

more photon lines. To get a finite result for the pressure these diagrams have

to be included in the integration constant at the right-hand side of (3.6)

which contains all photon-propagator independent contributions, namely:

(i) the ideal gas pressure of the other particles in the system,

(ii) an infinite constant representing the divergent vacuum pressure to

ensure that the pressure vanishes at zero-temperature and density, and

(ill) the aforementioned mass counter terms depicted in figure 4.

Fig. 4. Lowest-order diagrams without photon lines.
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For the present discussion we may confine ourselves to the first lowest-

order diagram which represents the expression

where m is the mass of the fermions and \x the chemical potential. The trace

symbol indicates a contraction of the spinor indices carried by the Dirac-

matrices in the fermion propagator and E , which is the second-order vacuum

self-energy of the electron [35]:

S (p) • 2e
2 ƒ -i£y - 2m ~ r(Ff > . (7.2)

VaC J (2u)4i (k^Up+k)2-*2^]

2 2i4
The renormalization point Y*p=m, which implies p = ±(.*P< +m ) , is chosen in

euch a way as to keep the position of the pole in the time-ordered (this fixes

the ie prescription) electron propagator unchanged.

Since the expression for the self-energy is infinite, it gets a meaning

only after a proper regularization has been introduced. Without being more

explicit, we assume that this can be done so as to allow us to evaluate the

sum in (7.1),which runs over all discrete imaginary energy values

p? = i(2n+l)«P~ in the standard fashion by contour integration, like in

appendix B. Folding down the contour to the real axis and dropping the vacuum

term, we obtain

A
P = | - i i r 9(p )6(p2-n.2)n(p )Re[tr(ffl+rP)ï (p)] , (7.3)
c {2%)5 u u vac

where n = n + n' is the sum of the electron and positron distribution

functions. The integrand contains

We call special attention to the fact that the ie prescription, which is the

one used in the vacuum propagator definition, has played a crucial role in the

derivation of this result. As stressed by Kislinger and Morley [30,31], it is
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just this prescription that gives rise to a finite non-vanishing zero-point

pressure.

To see this explicitly we consider the zero-point pressure PQ as defined

in sect. 5. We shall confine ourselves to the exchange part, which can be

obtained simplest by replacing in (5.10) and (5.13) the Bose function by a

factor one-half, and by adding the counter pressure as given by (7.3) with

(7.4):

,4, Im IL + 2Im ÏÏ, _

2
The terms containing 6(k ) in both (7.4) and (7.5) are proportional to the

plasma frequency (5.14), and cancel. Substituting the lowest order expressions

(B.7) and (B.8) for the polarization functions in the remainder, one gets after

some algebraic manipulations the finite result

In the zero-temperature limit this expression coincides with the result of

Freedman and McLerran [9], while the sum of (7.6) and (5.16) is identical to

the exchange pressure as first derived by Akhiezer and Peletminskii [2].

One might wonder what the physical significance of the zero-point pressure

is. Like the well-known Casimir effect, its origin lies in the existence of

electromagnetic zero-point fluctuations. However, its appearance is that of a

single-particle contribution. This brings to mind the picture of a normal Fermi

liquid in terms of a collection of quaji-particles associated with the poles of

the single-particle fermion propagator. Perhaps the zero-point pressure (7,6)

could be given a similar interpretation. Remarkably enough, this happens indeed

to be the case. To see this we write the ideal pressure of the electrons and

positrons

P = - -g- ƒ —-£=• [log(l-n^ J) + log(l--n̂  ')] , (7.7)

henceforth called the material pressure, by an integration by parts in the form

4
Pm = 2 J -2-E- 6(p )9(p -in )n(p ) , (7.8)

(2*)3 ° °
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where again n = n'+' + r\~'. In the spirit of our discussion of the plasraon
2 2pressure, we may regard 0(p -m ) as the spectral density of the material

particles. Let us now introduce a new momentum-dependent mass according to

J)[1 + ( ^ 7 1 • (7'9>
It is then easily shown by expanding the step-function in (7.8) to lowest order

that one has the relationship

P_ = P +I)ex m (7.10)
m m J U

i^x is the zero-point pressure (7.6) and p- the material pressure as given
SO m

by (7.8), but with the effective mass m = m + 5m instead of the free electron
J 2mass m . Putting p = m in (7.9), and doing the integration we fir' [22]

| - 3 log(y + /y^T )] , (7.11)

with y = l£</m , for the mass-shift of the electrons and positrons induced by

the electromagnetic zero-point fluctuations. The effect, which is independent

of temperature, has the value 6m = -ocy/n for small velocities, and reaches a

minimum for y = 1 .

As the above derivation shows, the vacuum renormalization left a finite

zero-point pressure which in turn led to the, temperature and density

independent, effective mass (7.9). This link between renormalization and mass-

shift can be exhibited in a more direct manner by observing that the effective

mass may be written in the form

S2(p2=m2) = m2 + i[tr(m+Y.p)(Svac - Zvac)]p2„m2 . (7.12)

Here the self-energy £ has been obtained from the vacuum one (7.2)
vac

by changing the ie imaginary piece in the fermion propagator to

ik (p +k )e. This may be accomplished by the substitution

k •» k + - ^ „ E , w n i c n corresponds to the Feynman contour running under and

above the real line in the left- and right-half-plane, respectively [31]. One

may verify that the difference of the two self-energies is finite and

reproduces the mass-shift (7.9).

One's first guess might be that the mass-shift obtained above is nothing
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but the first-order self-mass correction of the electrons and positrons as

generated, for example, by a skeleton expansion of the pressure in terms of

full fermion, as well as photon, propagators. However, this is untrue already

for the simple reason that such a mass-shift is temperature and density

dependent [4,5], whereas evidently the mass-shift (7.11) is not. Rather than

being accidental, this discrepancy indicates that our approach involves a

fundamentally different resummation procedure [22], leading to a mass-

definition quite distinct from the usual one in terms of the many-body electron

self-energy [36]. In the next section this is discussed further.

8. Energy density

We begin by briefly summarizing the main results obtained sofar. The

primary object of our investigation has been the pressure P of a QED plasma

which, up to order a , has been shown to separate naturally into a material

and electromagnetic piece

P = p- + Ji . (8.1)

Here P- is the material pressure (7.8) with the electron mass replaced by the
m

effective mass iii given in (7.9). On the other hand,^> refers to the thermally

excited electromagnetic pressure, i.e. eq. (4.8) without zero-point pressure.

For the sequel it is convenient to cast^ by a partial integration into the

form

with n^Y' the photon distribution function,and A(k) the spectral density (4.9)

of the longitudinal and transverse plasmons discussed at length in sect. 5.

Once the pressure is known as a function of the temperature and chemical

potentials co .sponding to the various conserved charges, other relevant

thermodynamic quantities follow by differentiation. For instance, the energy

density E of an electron-positron plasma in a uniform neutralizing background

is obtained from
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When this derivative is applied to the material pressure in (8.1), an

integration by parts with respect to PQ yields

4

E- - ƒ -*-*j 29(po)po[1|- e(P
2-m2)]n(p0) , (8.4)

which upon performing the differentiation may be recognized as the usual

expression for the material energy density plus a small correction coming from

the redefinition of the electron mass.

The electromagnetic energy density requires more labour because not only

the derivative of the explicit photon distribution in (.8.2) has to be taken

into account, but also the derivative of the implicit temperature dependence of

the spectral density through the electron-positron distribution function

n = n^+'+ n'~'. The latter differentiation is facilitated by the introduction

of a functional derivative with respect to n(p ) such that

for arbitrary F(p). The operation may be viewed as the opening up of fermion

lines in an arbitrary graph of some real-time propagator expansion. Using the

prescription (8.5), we find

y ö ^ T • (8-6)

where the plasmon energy density

has been defined to have the same spectral density as the plasmon pressure

(8.2).

Let us now introduce a new effective mass M through the functional

relationship

- (M 2^ 2)6( P
2-m 2) . (8.8)

In the present context this is an ad hoc definition inspired by our earlier

discussion of the zero-point mass-shift, which may be obtained analogously:
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(m2-m2)6f 2-m 2) (8.9)

as follows from (7.6) and (7.9). A more elaborate justification based on a

diagrammatic analysis to all orders, has been given elsewhere [22]. Here it

suffices to note that with definition (8.8) part of the last term in (8.6)

naturally combines with the material energy density (8.4) so as to give

E = E^ + <f - ƒ -A-E- 2G(p )6(p2-m2)[M2(p)-52(p)]n(p0) . (8.10)
(2it)

Hence, the total energy density of a QED-plasma consists of a quasi-

particle contribution of quasi-particles with effective mass M, a plasmon

contribution, and a self-energy term which may be regarded as some kind of

interaction energy. That it works out this way perhaps might have been

expected. The surprise is the unusual definition (8.8) of the effective mass,

which is quite different from the standard definition employed in finite

temperature field theory [36]. Furthermore, this effective mass only enters in

the energy density and not in the expression for the pressure as written down

in (8.1), (8.2). It is a small matter, however, to redress this situation by

adding and subtracting a same term so that (8.1) becomes formally similar to

(8.10):

P = PM +J> + ƒ -4-Ej 2e(po)ó(p
2-m2)[M2(p)-m'2(p)]n(po) . (8.11)

(2n)

Note that, apart from the sign, the interaction . ~:ria is exactly the same as in

(8.10).

In order to understand better the relationship between the effective mass

and the electron self-energy, we now consider definition (8.8) in more detail.

An explicit expression may be obtained by recalling the original form of the

electromagnetic pressure derived in sect.3:

•• | tr log D + P (8.12)

in terms of the logarithm of the many-body photon propagator summed over all

discrete imaginary photon energies. As discussed in the previous section, the

counter pressure (7.3) is needed to ensure a finite zero-point pressure. If we

now apply the functional derivative (8.5) with respect to the fermion

distribution function, we get
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6IT

6(P
2~m2)tr[(nri-Y-p)Ivac(p)] , (8-13)I v a c

with H (k) the lowest order polarization tensor. With the help of eq. (B.5) we

find for its functional derivative

Y v + (k-k)]} . (8.14)

In virtue of the last two equations we obtain to lowest order for the effective

mass occurring in (8.8)

M2(p) = m1 + \ Re[tr(m+Y'p)S(p)] , (8.15)

where the spinor quantity

has the superficial appearance of an electron self-energy. However, contrary to

the conventional many-body self-energy [5], the external four-momentum is real

and already on-shell, instead of being euclidian.

We refer to ref. [22] for a further discussion of this result, and an explicit

calculation of the effective mass (8.15).

9. Thermodynamics

In this section we study the charge density and entropy density to see

whether their expressions are consistent with the quasi-particle picture that

seems to emerge from the previous section. The crucial requirement is that the

same spectral densities of quasi-particles and plasmons appear in the different

thermodynamic quantities. We first investigate the charge density

Following exactly the same line of reasoning as in the preceding section,

we find that all interaction contributions can be absorbed in the effective
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mass (8.15):

0>[-55- e(P
2-M2)][n(+)(p0)-n

(~)(p0)] . (9.2)
0

Hence, the charge density coincides with the quasi-particle charge density,

just like in the non-relativistic Landau theory of Fermi liquids [21].

In the Landau theory this is a consequence of the assumption that the

classification of energy levels remains unchanged when the interaction is

gradually switched on. The same assumption implies that the entropy of such an

interacting system should have the form as usual for an ideal gas. Within the

present framework this can be verified explicitly by calculating the entropy

density

S = -P2(||) (9.3)

starting from (8.1). In the computation of the material part one may use the

identities

-£- n(±) = -pn
(±)(l-n(±)) , log -2-ly = -p(pQ+n) . (9.4)

If the thermodynamic derivative of the spectral density is once again taken

with the help of (8.5) and (8.8), one finds that the final answer consists of a

material and a plasmon piece

S = SM
 + S ' <9-5>

Their explicit expressions have the form

•

where s^', i = ±, y, is the standard combination of Fermi or Bose distribution

functions

n ( i ) log n(
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As a consistency check on these results, one may verify that the various

thermodynamic quantities (8.10), (8.11), (9.2) and (9.5) are connected by

S = p(E + P - u«) , (9.9)

which is the Euler relation.

The above lends credence to the physical picture of a QED-plasma as an

assembly of quasi-particles with effective mass M, and collective modes

- plasmons -, having the spectral density (4.9). Like in the Landau theory,

this picture has the features that the charge density is equal to the charge

density of the quasi-particles, and that the entropy has the usual form.

However, unlike the Landau theory, the validity of the description is not

confined to very low temperatures, but instead covers the high temperature

regime, i.e. the regime where lowest-order perturbation theory is reliable.

The price we have to pay for this generalization is that now the collective

plasma modes have to be taken into account whose spectral density is in general

not composed of a set of sharply peaked resonances, as assumed for example in

weak turbulence theory [37].

10. Energy-momentum tensor

It is often stated that finite temperature field theory is at odds with

full Lorentz covariance because of the existence of a preferred frame of

reference, i.e. the global rest frame of the system. However, this statement is

only true if it is meant to express the fact that the quantities characterizing

the state of a macroscopic body in general may depend on the four-velocity

0 , 0 ll'1 = 1 , specifying the velocity of the system as a whole. For example,

the energy-momentum tensor of a system in thermodynamic equilibrium has the

perfect fluid form f 38]

where A = g - U U projects orthogonal to U . Herein the scalar quantities
\iv (iv n v \i

U , (10.2)
u v
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are the energy density and hydrodynamic pressure, respectively, both defined

with respect to the rest frame. Similarly, the current density and the entropy

flow have the forms

J^ = N # , (10.4)

S11 = SU^ , (10.5)

with N and S the Lorentz-invariant charge density and entropy density,

respectively.

In this last section we wish to demonstrate that the results obtained in

this paper are perfectly consistent with manifest Lorentz covariance. The

important point is that the spectral density (4.9) of the plasmons is a Lorentz

scalar because the polarization functions are defined in that way; cf. appendix

A. This may be made manifest by replacing the complex energy kg by the

invariant expression z = k U^, and the spatial vector k by the space-like four-

vector K = A k . The dependence of the polarization functions on the four-
(i (iV

momentum k will then be through the scalar variables z and k = (-< <^)- .

In complete analogy it may be argued that the effective mass (8.15) is a

Lorentz scalar as well.

Let us now first consider the charge density (9.2). In view of what has

been said above, it can be looked upon as the time component of the current

density

ƒ -ÜJL 20(po)UL 6(p
2-M2)][n(+)(p0)-n

(->(p0)] . (10.6)
(2rc) Hu

where both in the step-function and the distribution functions pg should be

understood as p U^. Since IJ*1 is the only available vector, the current density

(10.6) is indeed of the form (10.4). To show that it is the manifest-covariant

generalization of the quasi-particle expressions written down in Landau theory,

we introduce p = e as being the solution of the dispersion relation

p2 - M^p) = 0 (10.7)

in the rest frame. In this frame the current density (10.5) can then be written

3 P^^«2A
po"
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For (i = 0 the quotient is equal to one, while its spatial components are equal

to V e . For the proof of this statement one may apply the gradient operator
£ £

V to the dispersion relation (10.7). Thus, what one gets is

J « 2 ƒ J & , [n(+)(e )-n(->(e )] , (10.9)
" (2n)J £ £

3 . . . .
J = 2 ƒ d p, V e [ n W ( e )-nl~;(e )] . (10.10)

<2*>3 £ £ £ È

These are the familiar expressions for the charge and current density of the

Landau theory, which by our argument have been shown to constitute a four-

vector in the sense of expression (10.6).

The energy density (8.10) may be discussed in a similar vein. Its material

piece is nothing but the time component of the material energv-momentum tensor

= ƒ - ^ ó 26(pn)p
|i[^- e(p2-M2)]n(pn) . (10.]])

v

Although this tensor does not look symmetric, it actually is, because the only

tensors available for its construction are g^v and V^^. In the sane manner we

identify the plasmon energy density (8.7) with the time component of the

electromagnetic tensor

M Ü (Y) . (10.12)

The scalar character of the spectral density ensures that this quantity indeed

behaves as a four-tensor. This brings us to the third term in (8.10), which is

obviously a Lorentz scalar and not the time-component of some tensor. This may

be taken into account by writing the total energy-momentum tensor as

T^v = Tuv uv _ gtxv s j\, 2 e ( p )6(P
2-m2)(M2(p)-S2(p))n(pn)

U * ' (10.13)

Then, the interaction term must transform as a scalar in order that T^v

transform as a tensor. We note that by repeating the reasoning that led to

(10.9) and (10.10), the non-covariant form of the material part of the tensor

(10.11) may be shown to be equivalent to the energy-momentuin tensor proposed by

Baym and Chin [23] in the context of a relativlstic generalization of the

Landau theory.
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The energy-momentum tensor (10.13) has been constructed so that the

ensuing energy density (10.2) coincides with (8.10). But at the same time it

implies a specific expression for the hydrodynamic pressure (10.3) which may

or may not be equal to the thermodynamic pressure (8.11). In particular, the

plasmon pressure that follows from (10.12) in the rest frame has the form

It takes a partial integration with respect to V.Q and one with respect to

k to establish the equivalence with the thermodynamic expression (8.2). This

equivalence is the content of the virial theorem which requires the thermo-

dynamic pressure furnished by the partition function, on the one hand, and the

hydrodynamic pressure furnished by the energy—momentum tensor, on the other,

to be identical [39). A comparison with (8.11) shows the energy-momentum tensor

(10.13) to be entirely consistent with this requirement.
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Appendix A. Photon propagator

In the main text, the free and full photon propagators ütf (k), D (k),

and the polarization tensor IT (k), interrelated through the Dyson equation

D"1 = D"1 - n , (A.I)

played an important role. In this appendix we discuss the general form of these

quantities.

To construct the symmetric tensor IT , which is manifestly current

conserving

k n^Ck) = 0 , (A.2)

we have at our disposal the hydrodynamic four-velocity U , U U^ = I, of the

system, the metric tensor g , and the four-momentum k flowing through

IT o We write k = zU + K , where z may be complex, and where
M.V v u (J n'

K = A k , A = g - U U , is the space-like projection of k .
(i (iv nv jiv JJ v (i

Following Weldon [14] we introduce two tensors

u v . a, v

< k

idempotent and mutually orthogonal, which may be used to project onto the

longitudinal and transverse directions. The most general decomposition that

meets the requirement (A.2) is then

L£ T£ , (A. 5)

with 17 T(k) the longitudinal and transverse polarization functions beingL,T

Lorentz scalars by construction.

In terms of the projectors (A.3) and (A.4) the gauge-dependent free photor

propagator has the form
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where I is a gauge parameter which is unity in the Feynman gauge. Now starting

from (A.I) written as D = J + D «Il'D» + , and using the simple

multiplication properties of the projectors, one may confirm that the full

photon propagator appears as

(A.7)

The factors determining the longitudinal and transverse pieces are the

dielectric functions

€ (k) = 1-11 T(k)/k
2 , (A.8)

whose zeros determine the possible plasma modes.

Although a dependence on k = zU + K has been indicated, the scalar

polarization functions actually depend only on the variables

z = k U and k = (-< K )! which are nothing but the energy and momentum

variables in the rest frame where we have: U^ = (1,0,0,0), k' = (z,k) .

The symmetry properties of D*1 are contained in the statements

ni T(
Z'||!S'1) = n

T T-C"2»1^'1) > (A.9)

n* Jz.'ik'i) = n Jz*,tki) , (A.io)

which are consequence of the space-time invariances of the system.

Finally we consider the determinant of the photon propagator in the

rest frame. We take the spatial vector k along the x-direction. Then the

non-vanishing components of the projectors (A.3) and (A.4) are:
00 2,, 2 11 , 2 .,2 01 , ., 2 22 33

Q = 1 - z /k , Q. = - 1 - k /k , Q = - z k /k ; Q T = Q T = - 1 .

This allows us to easily calculate the determinant as

det ̂ (k) = - ^ [ f (-^—f] • (A.1D

The factor in front represents unphysical degrees of freedom implied by gauge

Invariance.
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Appendix B. Lowest-order polarization functions

The Feynman rules for calculating the interaction pressure Pj- in finite

temperature QED may be stated as follows:

1. Draw all topologically distinct, connected, and closed diagrams with 2N

vertices, 2N directed fermion lines, and N photon lines.

2. Each diagram is weighted with a factor S/(2N)! where S is the number of

different ways the vertices can be connected with the same topological

result [40].

3. Propagators

are associated with each photon (Feynman gauge) and fermion line,

respectively.

4. The photon energy kg and fermion energy po take the discrete

complex values

Q , pQ = n+i(2n+l)Ttp~
1 , (B.2)

with n integer, f3 the temperature, and \i the chemical potential.

5. A factor ey^ is inserted for each vertex.

6. Energy and momentum are conserved at each vertex.

7. All discrete spinor and Lorentz indices are contracted at each vertex.

All independent energies and momenta are summed and integrated over

according to p" 1! Jd3p/(2u)3 .

8. The result is multiplied by (-1) for each fermion loop.
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The rules for calculating propagators and self-energies are prescribed by the

functional relationship (3.3). For example,

5 i * ï ( 0 ] ö 1 . CB.3)
m

where II is the reducible and II the irreducible photon self-energy or

polarization tensor.

The rules given above are now applied to obtain the lowest order

polarization tensor [5J:

^ tr Y>V.(P)Y
VS0(p-k) , (B.4)

where the trace pertains to the spinor ini'ices only. The energy sum may be

performed by using the contour integral method [22) which yields

n«*v(k) = -e 2 ƒ - i - ^ 9(pn)ó(p
2-m2)n(p )

(2ny U

5 = + (k - -k)} + IT* <k) , (B.5)
(p+k) - m

where n = n(+) + n(~) is the sum of the positron and electron distribution

functions

o

e + 1

The last term of (B.5) is the polarization tensor of the vacuum theory [35],

being an analytic function in the complex plane, except at the real axis.

Although originally defined for discrete energies k_ = i2nitp , the many-body

part of (B.5) can be analytically extended to the same domain by the simple

expedient of replacing kg by the continuous complex variable z.
In the main text the lowest-order polarization tensor appears through the

scalar longitudinal and transverse polarization functions IT, _ defined by the
L, i

decomposition (A.5). Taking the trace with (A.3) and (A.4), consecutively, we

find for the finite temperature and density parts of these polarization

functions
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, - p2 - (p-k)
p 2 2 ) ( ) ^ =

. , p ( p )

ƒ _Ë_E^ 6(p )6(p
2-n,2)n(p0) - ^ =—- (B.7)

(2 W)
3 ° ° (k2)2 - 4(p-k)2

V k > = "16e / 7 ^ 3 e(P0)6(P
2-m-)n(p0) ~ (B.8)

(2n) (k ] - 4(p«kJ

Here k is a spatial unit vector in the k-direction, and i a unit normal in a

transverse direction.
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A quasi-particle description of a quantum electrodynamics) plasma at finite temperature and
density is sought in the context of the imaginary-time formalism of quantum field theory
Functional techniques and analytic continuation are used to derive an expression for the charge
density, of the same form as valid for a non-interacting system, in terms of an effective propagator
similar to. but different from, the conventional many-body fermion propagator. In contrast to the
latter, the effective propagator possesses a pole on the real axis This defines a statistical
quasi-particle. in the sense of Balian and de Dominicis, having a real mass, which is explicith
evaluated at the one-loop level. Remarkable features of this lowest-order mass are that n is
independent of the chemical potential, and that it implies a zero-temperature mass shift

1. Introduction

Basic to the current understanding of the properties of interacting fermion systems
is the quasi-particle concept introduced by Landau. (For a recent review see ref. [1].)
Broadly speaking, these quasi-particles are elementary excitations of the system with
a definite relation between energy and momentum, in terms of which the system is
conveniently described. Early work in many-body theory by Luttinger and Ward [2],
and others [3], led to the identification of the low-lying excitations of a normal
Fermi liquid at low temperature with the weakly damped poles of the one-particle
fermion propagator. The associated complex self-energy determines both the energy
and the lifetime of the quasi-particles, which should be long in order that the very
concept of a quasi-particle has any meaning. Since the conventional many-body
self-energy always possesses an imaginary part, except close to the Fermi surface,
this condition for the theory to be applicable seems to confine the Landau descrip-
tion to systems at very low temperature.

The above notwithstanding, there have been a number of efforts aimed at an
extension of the theory to finite temperatures [4-7]. In particular, it has been
asserted by Balian and de Dominicis [8] that such an extension, which holds not only
for interacting fermions, but also for bosons at any temperature, can be obtained as
an exact result of many-body theory. Their approach involves a different kind of
quasi-particle, called statistical as opposed to dynamical, which is defined by means
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of an effective propagator having a pole on the real axis. The corresponding effective
self-energy is represented by the same set of diagrams as the ordinary many-body
self-energy, but the rules for its calculation are such that it has no cut on the real
axis and, therefore, no imaginary part. Although Balian and de Dominicis claim
general validity, their paper only contains an explicit proof for non-interacting
particles in a random impurity field.

In the present paper we further implement this programme, and generalize the
statistical quasi-particle method to a fully interacting fermion system. For simplicity's
sake we confine ourselves to a quantum electrodynamical (QED) plasma in a
neutralizing background, but there is no difficulty in extending our reasoning to the
equally interesting case of quantum chromodynamics (QCD), since the ensuing
complications are mainly notational. The immediate motivation for undertaking this
endeavour derives from some recent calculations of the finite temperature and
densi'y corrections to the electron mass, which yield conflicting results as concerns
the imaginary part. On the one hand, there are calculations within the framework of
the imaginary-time formalism [9.10], which after analytic continuation furnish a
self-energy having an imaginary part on the real axis [11]. On the other hand, if one
employs a diagram expansion in terms of real-time propagators [12], one finds that
the imaginary part vanishes [13], at least in the charge-symmetric case at the
one-loop level.

Our earlier discussion of dynamical versus statistical quasi-particle pictures might
perhaps suggest that the real-time formalism is appropriate to the latter, whereas the
imaginary-time formalism applies to the former picture. This conclusion is not
correct, however, and the purpose of this paper is to show that in fact both pictures
emerge from the imaginary-time formalism by a proper analytic continuation. As for
the real-time formalism, this does not fit in either picture because one cannot
perform higher-order perturbative calculations with analytically continued propa-
gators [14]. This is another way of saying that the operations of analytic continua-
tion and diagrammatic expansion do not commute. A real-time extension of the
Feynman rules of the imaginary-time formalism requires a doubling of the degrees
of freedom [15] which may be obtained by a deformation of the time-path contour in
the complex time-plane [16].

Our starting point will be the path-integral representation [17.18] of the gener-
ating functional, i.e. the partition function, in the grand-canonical ensemble. The
great advantage of this formulation is that it generates a perturbation expansion
with the same vertices as in the vacuum theory. The major difficulty that arises is
that one is now dealing with complex propagators, and that the proper rule for
transporting the imaginary energies to the real axis is not all that evident. We shall
reduce this problem to the one of bringing a fermion loop to the real axis, while we
keep the photon energies discrete. This procedure greatly simplifies the analysis of
the pole structure of an arbitrary Feynman diagram [7], and guarantees a proper
regularization of accidentally vanishing denominators [5,6,8].
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2. Pressure and charge density

To be definite we consider a quantum electrodyn?mical (QED) plasma consisting
of interacting electrons, positrons, and photons in a neutralizing background at
finite temperature and density. We shall find it convenient to work in the grand-
canonical ensemble. The thermodynamic properties of the system are then specified
by the pressure given by

P(P.li)* Urn -gp]ogZ(fi.ii,V) (1)
Ir — X P'

in terms of the grand-canonical partition function. The latter depends on the
volume, the inverse temperature /9. and the chemical potential ju corresponding to
the conserved charge carried by the fermions.

We split the pressure into a free and interaction part: P = Po + Pv The free part is
the sum of the ideal fermion and photon pressures:

(2)

Here the free fermion and photon propagators, given by *

depend on the discrete energies

\ (4)

while the trace symbol indicates a contraction of spinor or Minkowski indices. The
summation runs over all values of the complex energy variables (4), with n integer.
Formula (2) may be obtained by explicitly performing the gaussian integrals in the
path-integral representation for the partition function [17]. Alternatively, one may
look upon (2) as the solution of the functional differential equations

SPo _ c- SPo _ i r. , t ,

which follow from the same path-integral representation [18].
Expanding the partition function, one finds that the interaction pressure, on the

other hand, may be represented as a sum of all connected and closed Feynman

•Notation: g" - diagd. - 1. - 1 . - 1): p"-ip°.p). p0 e <7; h = c - kB « 1.
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diagrams \Q). The Feynman rules are essentially the same as in the vacuum theory,
except that the fermion and photon energies take the discrete complex values (4).
Each closed diagram, that is, a diagram without external lines, is multiplied by a
combinatorial factor which is such that upon opening up one by one all fermion
lines, one obtains all diagrams contributing to the reducible fermion self-energy 2*.
This rule may be expressed by the functional differential equation

| £ - - I * = - £ (2tto)"V, (6)

where Z is the proper self-energy. The minus sign appears because each closed
fermion loop carries an additional minus sign. Using the Dyson equation for the full
fermion propagator

S=S0 + S0ZS, (7)

and taking the first equation (5) into account, we may also write

^ - S . (8)

which is one of the central formulae in the work of Freedman and McLerran [18].
Once the pressure is known, other thermodynamic quantities follow by differentia-

tion. For example, the charge density of the QED plasma is given by

l
Since the chemical potential occurs only in the summations over the fermion
energies, we may calculate the charge density as

With the help of (3) and (8) we find

which gives the charge density in terms of the full fermion propagator.

3. Analytic continuation

The energy sum in the last equation may be performed with the help of contour
integration. Although this method is well known [19] and treated in many textbooks,
we study it here in some detail because of its crucial role in our reasoning.
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Let f(z) be a function of the complex variable z with the following properties:
the function f(z) is analytic except at the real axis where it may have cuts, (ii) th
branch cuts do not include the origin. Furthermore, we introduce Sommerfe
Watson functions

with poles at the discrete set of energies z„ = + fi + i(2n + l)w/T '. It is then obvic
that for / i>Owe have

££-(*)/<*)«o. a
where C is a closed contour encircling the imaginary axis.

We now bring the contour C to the real axis by making use of the fact that n'(
exponentially decreases in the right-half-plane, whereas n * ( - r ) = l - n " ( r ) h a s i
same behaviour in the left-half-plane. In this way we ensure that the contributions
the large arcs at infinity vanish. Hence we are left with an integral along the n
axis, one running up the imaginary axis, plus the sum of the residues at the poles
the Sommerfeld-Watson functions:

C

The discontinuity across the real axis has been defined as Disc / (p o )~f (Po + ' f

ƒ( p0 - ;E). The advantage of eq. (14) is that it neatly separates the finite temperati
electron-positron contributions from the vacuum contribution represented by
last term. The latter corresponds to a Wick-rotated Minkowski-space integral ove
Feynman contour, that is, a contour running below the real axis in the left-half-pl;
and above in the right-half-plane.

We call attention to the fact that in the derivation of eq. (14) there has been
need to introduce the convergence factor which plays an essential role in
standard non-relativistic reasoning [2]. This convergence factor enables one to cl
the vacuum contour in the left-hand-plane. In a theory without anti-particles 1
amounts to a suppression of the vacuum contribution and may be understood i
specific renormalization prescription.

The Lehmann spectral representation implies that the full fermion propag<
S(Jp), regarded as a function of the complex energy variable z = p0, is analytic v
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the exception of the real axis [10]. Since on the imaginary axis 5(p) is analytic, we
may apply our lemma (14) to expression (11) for the charge density to obtain

N= - ƒ

where the energy integral in the last term runs up the imaginary axis. (In case that
S( p) has a branch cut that goes through the origin, formula (15) still applies, but the
vacuum integral should be understood in the principal-value sense.) The imaginary
part of S(p) is defined by approaching the real axis from above. For a system of
non-interacting fermions the fermion propagator has one single pole both on the
positive and negative real axes. The imaginary parts and the vacuum contribution
are easily calculated and we get

(2-n)
06)

which is the usual expression for the charge density of an ideal electron-positron
system.

We are interested, however, in the interacting system. This means that we have to
consider the imaginary part of the full fermion propagator, about which not much is
known except in perturbation theory [9-11J. Several problems then arise. Perturba-
tion theory gives the fermion self-energy S(p) at a discrete set of points on a line in
the imaginary direction. To apply formula (15) we then have to construct the
analytic continuation of the self-energy down to the real axis without introducing
singularities [20]. In specific cases this may involve some difficulties, but let us
assume that such an analytic continuation can be carried out. We will then find, in
general, that for a given momentum there is a continuous range of excitation
energies for which the imaginary part of the self-energy is non-vanishing. Therefore,
a definite dispersion relation, which ascribes the momentum to an isolated excita-
tion, like for free panicles, will be an exception. The physical interpretation is that
virtual excitations arc allowed at finite temperature. The probability of an off-shell
particle existing in the heat bath is given by the imaginary part of the self-energy
[11]. At very low temperatures this probability is suppressed by kinematical and
statistical factors. Nevertheless, vacuum fluctuations described by the last term in
(15) may stil] defy a Landau description in terms of real quasi-particles, even in the
zero-temperature limit. This problem seems to have gone unnoticed in the non-rela-
livistic treatment [2].
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The purpose of the present paper is to show that there exists the interesting
possibility of carrying out a different resummation of the perturbation series

leading to a real self-energy and a well-defined quasi-particle dispersion relation.
The result holds at arbitrary temperature and is founded on a modified prescription
for bringing the self-energy to the real axis. This prescription will be the subject of
the next section. First, however, we will derive an alternative representation for the
charge density of an ideal QED plasma which we shall need later on. To this end we
note that in the absence of interaction eq. (2), together with the well-known relation
tr log Sf,"' = logdet 50"', allows us to write

(17,

By demanding that the integrand satisfies the conditions imposed on the function /
in (14), we get

un w , i , . „ ^ i y \ i i / 1 e \

The analyticity requirement implies that the logarithm of
det SQ1 = (p2- m2)2 has a branch cut extending from />0= ±(\p\2 + m2)> to plus
and minus infinity, respectively, along the real axis. As a consequence we have

'i lmlog[detSö'ip)] =-«e(Po)0(p2-m2) (19)

Changing the differentiation with respect to p into one with respect to p0, and
performing an integration by pans, we recover (16).

4. Evaluation of fermion loops

The imaginary-time or euclidean formulation of finite-temperature field theory
involves propagators defined at discrete sets of complex energies. To describe real
particles one must extend these energies down to the real axis. Our approach to this
problem starts from the observation that in closed diagrams, as they occur in the
perturbation expansion of P,, the fermion propagators are grouped together in
closed loops with two or more external photon Unes. (Because diagrams consisting of
two subdiagrams connected by one photon line do not contribute in the case of a
charge-neutral system, tadpoles need not be considered [9].) On account of energy-
momentum conservation at each vertex, such a loop has only one independent
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fermion variable. Therefore the Feynman integral associated with a loop with
ƒ external photon lines is of the typical form

n (2w)
(20)

If we leave out all numerical and vertex factors, the integrand is simply a product of
propagators

{

Y\S0{p,)- (21)

The internal four-momenta /?„ »= 1,2, ...,£, are linear combinations p,=p + £,,£,.
E:) = 0, ± 1, of the loop variable p and the external photon momenta k, satisfying
Dfc, = 0.

Now, the essential step in our reasoning is that we extend the loop function (21) to
the full complex plane by putting p0 = z, while at the same time keeping the photon
energies imaginary. There are a few obvious properties of this extension: (i)
considered as a function of z, the loop function is analytic in the strip jRerj < m:
(ii) singularities occur when the internal loop momenta are on their mass shell:
p; = m2. Let us first assume that none of these singularities coincide, so that the loop
function has £ simple poles both in the right-half and left-half-planes. If we now
want to evaluate the summation in (20) by contour integration, the residues at all
these poles have to be calculated. This is most easily done by shifting the loop
variable in such a way that all residues are brought to the real axis. By making use of
a functional differentiation and lemma (14), the final result may be cast in the
compact form

SL
v™' 8S0(-p)

+ r -^TÊ/(* i - - .* / / /» ) • (22)
J-'o°(2v) Ai

The exolicit discontinuity of 50 > proportional to a mass-shell S-iunction, but we
shall not need this result.

In general, one encounters in higher-order loop calculations products of fermion
propagators with identical arguments. This corresponds to the occurrence of highe
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order poles. Nevertheless the above reasoning can easily be extended to this case, if
use is made of the following formulation of the residue theorem pertaining to a pole
of order m at the real axis:

(x-a)
(23>

By employing the fact that the discontinuity of a pole of order m + 1 is proportional
to the mth derivative of a S-funclion. one immediately reproduces the usual answer
for the residue at the pole x = a.

In this manner the evaluation of the contribution arising from m coinciding
propagators S™(p) = [S0(p)]m may be achieved. We simply write the residue of the
loop function as SLj/SS" multiplied by DiscS^J" and integrate. Thus, as far as eq.
(22) is concerned, the only modification is that we make the replacement

^DiS £ ^DiS". (24)

The sum over m takes all possible groupings of coinciding propagators into account.

5. Effective self-energy

Expression (18) for the charge density, derived at the end of sect. 3, only applies to
an ideal QED plasma. However, we will now demonstrate that the interaction
contribution Nl can be incorporated into this expression by replacing the bare
propagator by an effective one defined in perturbation theory. We begin by recalling
that the interaction pressure Pt may be regarded as a functional of closed fermion
loops of arbitrary order, and that these loops depend on the chemical potential p..
Therefore we may write

[*L) J&ÏÏ*. (25)

where the trace stands for integrations and summations over photon momenta and
energies, respectively. The ^-dependence of Lt is through the electron and positron
functions as made explicit in (22). If this last equation, in which we make the
substitution (24), is combined with (25), we get

<26)

The summation runs over all products of coinciding propagators, in agreement with
the discussion at the end of the preceding section.
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We now proceed by recalling formula (6) which relates the functional derivative of
Px with respect to So to the electron self-energy. Writing this functional derivative as

and comparing with the second member of (6), we conclude that apparently the
derivative with respect to m coinciding propagators is given by

< « " " ( 2 8 )

as the m-fold product of the proper self-energy 2. We now make a distinction
between the ordinary niany-body self-energy 2(p), defined for complex external
energies p0 = n + i(2n + \)irf}~1 by the set of all one-particle irreducible self-energy
Feynman diagrams [2,9]. and a new quantity 2(p) given by an identical set of
diagrams, but with an external energy p0 which is real. Although formally very
similar, there is an important difference between these two self-energies, because 2
is real, i.e.

°o (29)

In contrast, the analytic continuation of 2 to the full complex plane has cuts on the
real axis [11]. It is untrue, therefore, that 2 is the boundary value of the analytic
self-energy 2. Neither can 2 be identified with the real part of 2 on the real axis.

The reason for introducing 2(p) is that it is this quantity that enters into
expression (26) for the charge density. Making use of (28) and the fact that 2 is real,
we obtain

rirt . _ i

-1rrlmtT\S0(-p)2(-p)]m . (30)

The series in this expression can be summed formally to yield a logarithm [8J.
Comparing this result with the ideal charge density (18) we discover that both
expressions have the same algebraic structure and can be combined into the single
expression

(31)

in which we performed, moreover, an integration by parts.
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The last derived expression is our final result. It shows that the interaction can be
fully incorporated into an effective propagator.S"' = S0~

1 -2,which differs from
the ordinary many-body propagator in the fact that it is a real quantity. The
excitation energies of the system are given by the zeros of the dispersion relations

detS-'(±/>) = 0, P<3>0. (32)

In the absence of an imaginary part these excitations have an infinite lifetime.
Therefore, they may be regarded as statistical quasi- 1 . es in the sense of Balian
and de Dominicis [8]. If we assume for simplicity th hot ;• version relations (32)
have only one single solution po = e±(p), the cha B_ jensity gets the standard
quasi-particle form

I
(2ir)

(33)

Surprising as it may seem, this result holds true for arbitrary temperature and
density.

6. Second-order quasi-electron mass

As an illustration of the present analysis, we shall consider the second-order
self-energy

4( (34)rT3yMp
(2ir)

Here the summation is over imaginary photon energies, whereas the external
four-momentum is real. The summation may be performed by contour integration.
This yields

X I [2m -y(p-k)]xlm\
I \ ( p - >

i — - - ( * « - * ) !

xlm : ^—. (35)
(p-k)2-m2-uko(p0-ko) k2 + ie
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With regard to this expression a number of remarks can be made. The first one is
that the effective self-energy, as opposed to the ordinary many-body self-energy [10].
lacks a fermion contribution. Consequently, it is independent of the chemical
potential.

A second remark concerns the ie prescription. In the first term this prescription
arises from the substitution ko-*kQ + ie in accordance with the definition of the
discontinuity across the real ïxis. The second term of (35) is the vacuum contribu-
tion Sty, which by means of a Wick rotation has been brought to the real axis. This
leads to a Feynman contour corresponding to the substitution k0 -* k0 + ikot. It is
worth noting that Sty is nearly but not quite identical to the vacuum electron
self-energy Sty. The difference is the it imaginary piece in the first denominator,
which in the case of a pure vacuum propagator would have been ie without sign
factors. As pointed out by Kislinger and Morley [19], the replacement of the fermion
propagator in Sty by its difference with the pure vacuum propagator leads to a
finite result, in agreement with the general theorem that finite-temperature field
theory may be renormalized with the usual vacuum counterterms. Specifically, the
renormalized value of S<2i is obtained by subtraction of the vacuum mass counter-
term Sty(p2 = m2) which ensures that the pole of the vacuum propagator stays
fixed at the physical mass.

Let us now turn to the solution of the dispersion relation (32), which in the
present case may be expanded around p2 = m2. This gives

0, (36)

where the mass-shift has the form

Sm2 = Myp + m)[S^(p)-Sty(p)]p2_m2. (37)

After substituting (35), we work out the spinor contractions and the imaginary parts
with the result

(38)

As a consistency check, one may insert the solution of (36) with the mass shift given
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by (38) into the charge density (33), and verify that there is complete agreement with
the charge density as it would follow from the lowest-'-'der calculations of Akhiezer
and Peletminskfi [21].

The most striking feature of the "statistical" mass correction (38). compared to
the "dynamical" finite-temperature mass correction [9.10,13J, is that the former has
a non-vanishing zero-temperature limit given by the last term of (38). The integra-
tion is elementary and gives

m
(39)

where a = e7/A-n is the fine-structure constant. This zero-temperature mass shift has
the value Sm2 = -2a\p\m/v for small velocity, and reaches its largest negative
value for |/»| = m. The physical origin of this effect is the same as of the Casimir
effect, namely the existence of zero-point electromagnetic fluctuations.

One might wonder whether a finite zero-temperature mass shift is not inconsistent
with the renormalization prescription that in vacuum the bare mass be the physical
one. Note, however, that the effect vanishes when the particle is at rest with respect
to the rest frame of u.e system as a whole. In the vacuum limit the global rest frame
is identical to the rest frame of the particle itself and no effect should be observable.

This investigation is part of the research programme of the Stichting voor
Fundamenteel Onderzoek der Materie (FOM), which is financially supported by the
Nederlandse Organisatie voor Zuiver-Wetenschappelijk Onderzoek (ZWO).
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A B S T R A C T

A recently proposed covariant formulation of the relativistic Landau

theory of quasi-particles is further developed and applied to the quark-

gluon plasma. A closed transport equation for the singlet quark distribution

function is established by following a reasoning akin to the one due to

Klimontovich. Assuming that the dissipative effects are dominated by soft

quark-quark encounters, we obtain a quasi-particle collision term resembling

the Balescu-Guernsey-Lenard integral. The scattering amplitude is shown to

involve the exchange of at least two gluons. The lowest order forward

scattering amplitude is evaluated explicitly. It turns out to be of order
3/2a on account of the plasmon effect.
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1. Introduction

The understanding of the physical behaviour of nuclear matter in ultra—

relativistic heavy—ion collisions requires a knowledge of the equation of

state and the transport properties of the quark-gluon plasma [1-4].

Unfortunately, a straightforward perturbation analysis seems to fail, one

reason being that the coupling constant is still rather large in the energy

range of interest [5,6], another being the extremely singular nature of the

gluon self interaction. As a consequence, higher-order corrections are in-

creasingly infra-red divergent and physical quantities may be incalculable

beyond some order in perturbation theory [7J.

Since a first-principle calculation seems to be cut of the question for

the time being, it is only natural to turn to a phenomenological or semi-

microscopic theory. The most promising candidate to fit this role is the

Landau theory of Fermi liquids, which has met with considerable success in

explaining the properties of systems of interacting fermions at low

temperature [8-10]. Landau argued on physical grounds that a quantum liquid

at zero temperature could be viewed as an assembly of quasi-particles with

a certain effective energy. The interaction between the quasi-particles is

incorporated through a density-dependent mean field, generated by the

particles. These concepts are essentially the foundation of the modern

description of quantum fluids.

The first to recognize the utility of a relativistic Landau theory were

Baym and Chin [11], who studied consequences of Lorentz transformations in

the theory and the application to zero-temperature quark, matter. More

recently, mean-field models which involve the quasi-particle concept at a

phenomenological level, have been applied to the QCD plasma to investigate

the quark-hadron phase transition [12-14]. In the present paper we go

beyond this work and develop a covariant Landau theory [15] appropriate to

the description of the quaik-gluon plasma at finite temperature. The basic

postulate from which virtually the entire theory will be developed is that

the grand potential density is a functional of one-particle distribution

functions, as many as there are independent components, without any

restriction on the energies involved. This not only makes Lorentz co-

variance automatic, but also allows for a more general class of elementary

excitations than in the conventional Landau theory.
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In a previous paper [16] we have studied the grand potential in

perturbation theory for a QED plasma. We have shown there that the first

variation with respect to the ferraion distribution functions yields the

spectral function of a stable quasi-particle excitation. Since the same

argument applies to pyrturbative QCD, we surmise that In equilibrium a

quark-gluon plasma can be described in terms of dressed quarks, interacting

through the exchange of gluon excitations. The infra-red problems are

hidden away in the effective energy and interaction (vertex) function,

which are to be considered as phenomenological input.

The transition to non-equilibrium thermodynamics is effected by the

assumption that the expressions for the principal variables remain valid

for arbitrary distribution functions, not just the equilibrium ones.

Consistency than demands that the equation of motion for a distribution

function has the canonical form of a Poisson bracket with an effective

hamiltonian, defined as the functional derivative of the potential with

respect to this same distribution function. The resulting hydrodynamics is

still reversible inasmuch as the entropy production vanishes. A fully

irreversible theory beyond the strict mean-field approximation requires the

introduction of a collision term.

If it is assumed that the main contribution tn the entropy production

comes from soft quark-quark collisions, a collision integral of the

Balescu-Guernsey-I.enard (BGL) type should give an adequate description of

the transport phenomena. One of the many derivations of the BGL collision

term is due to Klimontovich [17,18] and we reason by analogy to deduce a

collision term appropriate to the case at hand. To our knowledge, this

constitutes the first derivation of this quasi-particle collision term.

The transition amplitude in this collision integral is related to the

interaction function by a Bethe-Salpeter integral equation for the

scattering of quasi—particles in a medium. In fact, the interaction

function is identified as the forward scattering amplitude, which in the

present theory is the 'physical one', as opposed to the 'non-physical'

zero-momentum forward scattering amplitude figuring in the ordinary Landau

theory. As an illustration we calculate in perturbation theory the lowest-

order interaction function, which turns out to correspond to diagrams in

which two gluons are exchanged. A comparison with the results of Baym and

Chin [11] reveals some interesting differences which will be discussed in

the final section of the present paper.
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2. Grand potential

According to the rules of statistical mechanics, all thermodynamic

properties of a many-body system in equilibrium can be determined from a

partition function. In quantum physics the object of interest is the grand-

canonical partition function Z(T,u ,V) depending on the temperature T , the

A
independent chemical potentials \i , and the volume V of the system at rest.

The Feynman rules for calculating this partition function, or rather

(minus) the grand potential density

P(T,u) = lim I log Z(T,u ,V) , (2.1)
V+»

which for all practical purposes may be identified as the pressure, are

well known. They amount to the statement that P can be equated to the sum

of the free pressure and a linear combination of all closed linked dia-

grams, each multiplied by a combinatorial weight depending on the order and

topology of the diagrams. The vertices and propagators are essentially the

same as in the corresponding vacuum theory except that they are defined, in

momentum space, for discrete complex energies. In the case of a plasma

consisting of quarks of various flavours A and gluons, the propagators have

the form (Feynman gauge)

where i,j = 1,2,3 and a,b = 1,2...,8 are the colour indices; the y's a r e

the ordinary Dirac matrices and the dot denotes the Minkowski inner

product; g = diag(l,-1,-1,-1) is the metric tensor. The complex energies

PQ and ko depend on the temperature and the flavour chemical potential as

Po = HA+ i(2n + 1)*T , kQ= I2unT , (2.3a,b)

with n taking integer values.

In a closed diagram the fermion propagators are grouped into loops

connected to the other parts of the diagram by two or more external gluon

lines. Because of energy-momentum conservation each of these loops contains

one independent energy variable which has to be summed over all discrete

values (2.3a). Such sums may be converted into contour integrals as in ref.
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[16] which entails an analytic continuation of the complex energies to the

real axis. In this way, loop summations become integrals involving real

energies and fermion distribution functions

n ±
A = [exp (po± uA)/T + 1 }~

l , (2.4)

each loop contributing one pair of distribution functions n+ and a vacuum

term, of which the possible divergencies may be removed by standard re-

normalization prescriptions [4].

The result of this procedure is that the pressure emerges as a

functional of the fermion distribution functions (2.4). The next step would

be to perform the remaining summations over the bosonic frequencies.

Presumably, this would yield the pressure as a functional of fermionic and

bosonic distribution functions, parametrically also depending on the

renormalized coupling constant and masses, and a renormalization mass.

However, actual computations are severely hindered by the highly singular

infra-red behaviour of a non-abelian gauge theory which may cause the

breakdown of che perturbative expansion beyond a fixed order. Although a

complete understanding of this problem is still lacking, one generally

expects that the infra-red divergencies only arise in perturbation theory,

but that the full theory is free of inconsistencies.

This belief brings us to the conjecture that when non-perturbative

effects are properly taken into account, the pressure of a quark-gluon

plasma may be considered as a functional

P(T,uA) = P[nfc] (2.5)

of the distribution functions of the different particle species k in the

system, i.e. quarks and anti-quarks of various flavours and gluons. The

core of this conjecture is that all dependence on the thermodynamic

parameters is fully contained in Fermi-Dirac and Bose-Einstein functions

with 9 • ±1. Here the exponent is a linear combination

"Ak
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of the conserved quantum numbers q̂ fc carried by a particle of type k

(q = ± 1 if k refers to a quark or anti—quark of flavour A and
AK

^Ak = 0 otherwise) and its four-momentum. The coefficients are aA = ~PnA

and p = f3U , where ^ is the inverse temperature and U a time-like unit

vector pointing along the direction of the time axis, representing the

global four-velocity of the system. By writing p.U instead of PQ We exhibit

the priviledged role of the restframe of the system while at the same time

reinstating manifest Lorentz covariance.

It would be desirable to have a proof that QCD is infra-red finite and

that the pressure has indeed the form (2.5), at least in the plasma phase.

However, as already mentioned, perturbation theory is unable to provide a

definite answer. Since we have no other means of checking the conjecture

(2.5), we can only proceed by assuming its validity and see to what

conclusions it leads.

3. Statistical thermodynamics

The assumption that the pressure may be regarded as a functional of the

equilibrium distribution functions resembles the startingpoint of the

Landau theory of Fermi liquids. But there is an important difference: we

have not yet imposed that there should be a definite relationship between

the energy of a particle, appearing in the distribution function (2.6), and

its momentum. Such a relationship is an important characteristic of the

system, since it defines the elementary excitations that may occur. For the

purpose of Introducing this concept we consider the change of the pressure

due to an infinitesimal change in the distribution function [15]. It can be

defined as the Integral of an expression linear in the variation

6nk(pï:

4
^ \(P) 6n (p) . (3.1)

The quantity H k( p), which we call the spectral func HI, is the functional

derivative of the pressure with respect to the distribution functions. We

shall see later on that it determines the energy spectrum of the elementary

excitations in the system.

A variation of the distribution functions can be induced by a variation
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of the thennodynamic parameters [i and T. From (2.6) and (2.7) we obtain
A

6nk(P) = -U • |2- [ q ^ + P(p.U - q^^fiT] , (3.2)

where a summation over the repeated label A is understood. We substitute

(3.2) into (3.1) and compare with the thermodynamic Gibbs-Duhem relation

6P = S 6T + I Q 6u , (3.3)
A A A

where S is the entropy density and Q A the flavour density. This leads us to

the conclusion that Q A is given by

,4 on.

Since the flavour current density in equilibrium may be defined as

•̂ A = Q.U^, it follows with an inte,nation by parts that J^ may be written

4
JA = 2 <Uk I - ^ V k

k (2rc)

where a generalized velocity v {* has been defined as the derivative

a b H k ( p )

like in the hamiltonian formulation of mechanics. In a similar manner the

contribution proportional to 6T in (3.2) yields through (3.1) and (3.3) an

entropy flow S*1 = SV^ given by

SH = I ƒ _Ë_P_ v £ [„^og v ek(l + 6knk)log(l + 9knk)] (3.7)

with the same generalized velocity (3.6).

The most striking feature of the expressions (3.5) for the current

density, and (3.7) for the entropy flow is their resemblance to the

corresponding expression for an ideal gas [19]. The difference is the

appearance of the generalized velocity (3.6) which will be further analyzed

below. With regard to the energy density E, or more general, the energy-

momentum tensor
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T ^ = (E + P) u V - g^VP , (3.8)

the situation Is different. In fact it Is easily seen that the energy-

momentum tensor, which is compatible both with (3.5) and (3.7), on the one

hand, and the thermodynamic identity [19]

S*- f^P + P V T ^ + I a ^ , (3.9)
A

where again P = PU , on the other, must have the form

k (2it)J

The first term looks like the energy-momentum tensor of a free gas, whereas

the second term, proportional to the metric tensor, must he regarded as an

interaction energy density.

4. Fermion spectral density

As mentioned earlier, the spectral function carries information about

the excitation spectrum of the system. To get aquainted with the main idea,

let us consider the example of a single flavour ideal quark-anti-quark gas.

The pressure of this system may be written as

t V r s log S-^p) , (4.1)

where SQ is the free fermion propagator (2.2a) and where trCjS indicates

a contraction of colour and spinor indices. The spinor trace is evaluated
_i _1 2 2

as tr log S . = log det S ̂  * 2 log (m -p ). Subsequently, we perform the

summation over the complex energies (2.3a) by means of contour Integration,

see ref [16J for details, which yields the pressure

(4'2)

in terms of fermion distributions (2.4), and two spectral functions of the

form

H±(P) - - -j e(po)trclm log det S~
l(P() + ie,£) . (4.3)
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Note that in the free case under consideration these spectral functions are

independent of the thermodynamic state variables. In (4.3) the logarithm's

2 9 \
branch cut should be chosen such that it extends from (£ + m ) to plus

infinity along the real energy axis. The imaginary part measures one half of

the discontinuity across this branch cut and hence the spectral function of

a free gas is nothing but a simple step-function

H±(p) = 6 e(p0) 6(p
2- m 2) , (4.4)

multiplied by the number of internal degrees of freedom, being discontinuous

at the point where the energy satisfies the free-particle mass-shell

relation.

The spectral function (4.4) expresses the fact that a free system is

composed of stable particles posessing a fixed iiass. The assumption which

lies at the root of the Landau theory is that the excitation spectrum of an

interacting Fermi system resembles the excitation spectrum of a free gas.

Elsewhere we have discussed how this notion can be justified within the

context of perturbation theory [16]. It would take us too far at- ';• co

repeat this discursion here. Therefore we confine ourselves to St.. . 'he

main result, which is that the spectral function associated with (anti-)

fermions has the form (4.3) but with SQ replaced by an interacting

propagator defined in terms of a many-body self-energy through

S - 1(p) = S ~1(P) - I (P) + i£Y0 • («.5)

The interaction is fully incorporated in the self-energy Z (p) which is

defined by the set of all many-body self-energy diagrams but with real

external energy.

More details can be found in ref [16] but we like to emphasize that

Z (p) is real which implies that the Fermi excitations of the system defir.ed

by the zeros of the dispersion relation

det S ~*(±p) = 0 , p 0 > 0 , (4.6)

have an infinite life-time and can be regarded as true quasi-particles. This

holds true for all tempera, res, in contrast to the life tiine of the

"dynamical" quasi-particles defined by the poles of the analytic many-body
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propagator. The latter always show attenuation, except at zere temperature

at the Fermi surface [201. Exactly in this point the dynamical excitations

coincide with the "statistical" excitations determined by (4.6).

When spin—orbit Interaction is neglected, the determinant in equation

(4.6) will be a square

det S -1(±p) = (p2 - m2(±p))2, (4.7)

2 2
as in the free case. Let us now imagine that p = m (±p) only has the

solution p = e+(p) . To ensure this we require that the time component of

the derivative

*/(p) = i -g|- (p2 - m2(±p)) (4.8)

is non-vanish'ng and has the same sign as in the free case, namely positive

for p. > 0. This allows us to define a positive spectral density

ÖH+(p)
P±(P) = -gr = 6 6(po)6(po - E ± < £ ) ) (4.9)

0

in terms of which the generalized velocity neatly factorizes

ÖH+(P) u_
vj(p) p±(p) (4.10)

with

a new continuous velocity vector. This factorization rule, which is closely

related to the stability of the excitations, is crucial to the further

development of the theory.

In conclusion of this section we like to call attention to the

covfiriance properties of the theory which may not be enfJrsly obvious.

In fact, one has a choice here, namely, either to solve the dispersion

relation (4.6) for the energy po i n a n arbitrary Lorentz frame or in the

restframe, that is, solve for p.U. In the following we sha'l choose the

latter possibility which implies that p in formula (4.9) and n+ in (4.11)

must be understood as p.U and it+'U, respectively. The quasi-particle
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energy e+(g)
 al*d the spectral density are then Lorentz scalars by

definition. The former choice, on the other hand, leads to the non-covariant

relativistic Landau theory of Baym and Chin f 11]. This may be seen with the

help of the identity

de+(£)

v ±(p0 = M E > . E) " - 5 X • (4*12)

which may be derived by taking the momentum derivative of the dispersion

relation.

5. Equation of motion

We are now prepared to attack the problem of a quark-gluon plasma out

of equilibrium. However, we shall not attempt a complete analysis, as it

probably will be too complicated to be of much use. Our limited goal is a

linear transport theory for quark matter, that is, the derivation of a

linear kinetic equation for the quark distribution function.

In general, a non-equilibrium quark distribution function f. ̂  (x,p) ,

for quark species k, not only depends on the four-momentum, but also on the

space-time coordinates x = x = (t,x) ; furthermore, it is a matrix in

colour space: i,j = 1,2,3. In terms of the eight colour generators

t , a = 1,2,....,8, the distribution functions may be decomposed as

In equilibrium the octet fj* vanishes and the singlet function fk reduces to

a Fermi-Wrac distribution function.

In principle the kinetic theory we seek will consist of a set of coupled

equations for the singlet and octet distribution functions. In the weak

coupling limit this set takes the form of the coupled Vlasov equations

derived by Heinz [2], However, owing to the fact that the fa>s are zero

In equilibrium, these equations decouple upon linearization because tne

coupling is at least quadratic In the deviation functions. Moreover,

linearization eliminates the colour Vlasov term from the singlet equation,

contrary to the electromagnetic case where the linearized Vlasov term plays

a dominant role [21].
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Taking the above into account, we now postulate that the singlet

distribution functions fjc(x,p) satisfy a mean-field equation having the

canonical form of a relativistlc Poisson bracket:

df. ÖH. dH. of.
— - — - - — - =0. (5.2)
ox öp^ ox op*1

This is the Landau equation in covarlant form 115]. The effective

hamiltonian Hj^x.p) is the first variation of the pressure considered

as a functional of the non-equilibrium quark distribution functions

fk(x,P; = nk(p) + 6nk(x,p) . (5.3)

Since the deviations ón from equilibrium are assumed to be small, it

suffices to retain only the first two terms in the functional Taylor

expansion of the pressure. This implies that the effective hamiltonlan is

the sum

Hk(x,p) = Hfc(p) + 6Hk(x,p) (5.4)

of the equilibrium spectral function as defined in (3.1), and a mean-field

contribution

.4 ,
6R (x,p) = I ƒ ! - £ _ r (p.p') 6n (x.p') , (5.S)

k X (2u)J kX %

which contains the interaction, or vertex, function defined as the second

variation

62P 6 Hk ( p )

r ( p p l ) = = (5'6)

of the equilibrium pressure with respect to the equilibrium quark

distribution functions. Thus, the linearized equation of motion

öón, 3H. aóH. dn.
— —£• = 0 (5.7)

ax dp^ ax ap^

is completely specified in terms of equilibrium quantities.
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Altbough the equation of motion (5.2) must be regarded as a postulate,

we may offer the following consistency argument in support. It can be shown

[15] that this equation of motion implies local conservation laws

0(i j£ = 0 , 3vT^
V = 0 (5.8)

for a current density and energy-momentum tensor of the form (3.5) and

(3.10), respectively, but with equilibrium distribution functions n^

replaced by non-equilibrium ones f^.

By the same token we nay extend the entropy flow (3.7) to non-

equilibrium. It is then found that the entropy production vanishes:

5 S^ = 0 . (5.9)

This is as it should be because the equation of motion (5.2) is strictly

reversible. To make it dissipative we must add a collision term to Che

right-hand side which is required to be such that the entropy production is

positive definite. Moreover, the form of the collision term must preserve

the conservation laws (5.8). The derivation of such a collision term will be

the subject of the subsequent sections.

6. Mean-field solution

For the purpose of solving eq. (5.7) with (5.5), it is convenient first

to apply a Fourier-Laplace transformation and write it in the form

k • v 6n(k,p) = v • U 6n(k,p,t = 0)

A»
r(P)p')6n(k,p') . (6.1)

For notational convenience we have suppressed the species labels, since it

is trivial to reinstate them at any stage. The vector k*1 = z\}^ + K^ has a

complex time argument z, lm z > 0, whereas the space-like part

K^, < • U » 0 , is real; without loss of generality the system may be taken

to be at rest: U^ = (1,0,0,0) , k^ = (z,k). In equation (6.1) we have

omitted the initial value of 6H knowing in hindsight that it is irrelevant
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to the final result.

We now make use of the fact, established in sect. 4, that for fermions

the generalized velocity can be factorized as

A p ) = Ap) p(p) , (6.2)

where p(p) is the spectral density (4.9). From its definition f5.6) it

follows similarly that the interaction function r also contains a spectral

density. Since V is obviously symmetric, we can define an amputated

interaction function y(P>P') through

r(p,p') = p(p) Y(P,P')P(P') • (6.3)

We insert (6.2) and (6.3) into the mea.i-field equation (6.1) and divide by

k . _y_ to get

—
6n(k,p) = 6nIn(k,p) + k * v

d | l £ / - ^ p(P') Y(p, p') 6n(k, p') ,

( 2 u ) (6.A)

with

6 nin ( k > p ) = k-v I ie ̂fe.P't = 0)

the distribution function as it would have evolved from the initial state in

the absence of interaction. The explicit ie-prescription allows us to regard

kQ = k.U as real from now on.

We proceed by noting that eq. (6.4) can be iterated by substitution

of the whole right-hand side into its second term. This process can be

repeated ad infinitum, and yields the actual distributio-.i function in terms

of the initial one:

6n(k,p) = ön (k,p)
in

— 4
fc<w l i e ƒ ̂ - A - p(p1)T(p,PMk)6n (k,p') . (6.6)

(2 it)

The new k-dependent integral kernel appearing here is connected to the

interaction function through the integral equation
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ön.

T(P,pMk) = Y(P,P') + ƒ — ^ pCp^yCp.P!) k-v + 1u T ( pr p M k )-
1 (6.7)

With the help of this generalized vertex function we can also express the

effective hamiltonian in terms of the initial distribution function:

6H(k,p) = p(p) /_°-P_p(p') T(p,p'Ik) 6n (k,p') . (6.8)

The quantity T is closely related to the socalled test-particle function

of plasma physics [18]. In the Landau theory of Fermi liquids, T is referred

to as the quasi-particle scattering amplitude because it plays this role in

the collision term, as we shall see. Within this context the defining

equation (6.7) may be regarded as the appropriate Bethe-Salpeter equation

for the scattering amplitude.

7. Collision integral

The equations derived above, constitute the solution of the initial

value problem posed by the linear equation (6.1).In order to be able to

follow the Klimontovich reasoning [17,18] for deriving a collision term, we

wi'\ now use them as microscopic equations of a motion for a fluctuating

quantity 6n(k,p) which is such that its ensemble average is just the

macroscopic distribution function

< 6n > = On , < 6n > = 0 . (7.1)
eq

Save for these formal properties, the ensemble average is left unspecified.
A A

Now making the substitution f(x,p) •»• f(x,p) = n(p) + 6n(x,p) in

eq. (5.2), we get a part linear in the fluctuation and a quadratic part.

After averaging, the former may be identified with the linear mean field

equation already studied, whereas the latter is going to become the

collision term:

o6n ÖH öóH 3n „. . ,, ,*
—7 • ~r— — —•— • — C( p) * \ * **-)ax ap ax dp yv'

. 36H dón d6n 36H . ,-, „,
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However, some work still has to be done before a recognizable collision term

appears.

It is simplest to calculate the ensemble average (7.3) for equilibrium.

The fact that the collision term should be zero in this case, will be used

as a consistency check on the result. The first step is then to rewrite

(7.3) in terms of the average of Fourier-Laplace transformed quantities

[18]:

C (p) = ll im / J-* k • |- < 6n 6H* > . (7.4)
eq v ' (2uT p eq

The main trick in deriving this formula, where V is the volume of the system

and e the same infinitesimal factor as in (6.4), is to use the

x-independence of the ensemble average. Next we employ (6.6) and (6.8) to

express the fluctuations ón and 6H in terms of an initial fluctuating

field On, . Substitution into (7.4) gives
in

ceq(p) = |£- im ƒ A , . k . f- {p(p) / tlL_

6nin(k,P)

P ( P )

k) < « ^ ( k . p ^ ó n ^ k . q j ) >eq} , (7.5)

which involves the correlation of the initial fluctuations.

At this point we introduce the irreversible behaviour of the system into

the theory by means of the ubiquitous molecular chaos ansatz. This is the

assumption that any correlation present in the initial state may be ignored.

In the present case it may be formulated as:

e " *
— p(p) < 6nln(k,p) 6nln(k,Pl>p(Pl)

= (2it)3 p(p) 6(p-Pl) n(l-n) 6(vk). (7.6)
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This equation has the same form as for free particles, as at the initial

time two quasi-particles that are going to collide are assumed to be outside

their mutual sphere of influence. After substitution of (7.6) into (7.5) we

take the imaginary part and get

4
(P) = -! ~^-K k • |- {pn(l-n)6(vk) Im T(p,p) k)

( ) J op
eq

it ƒ \ p6(vk)p 6(v »k) IT(p,p(k)( 2k'^ n(l-n)l . (7.7)
( 2 i i )J 1 1 1 Op 1 1

The imaginary part of the forward scattering amplitude is related to its

real part by the "optical theorem",

4

Im T(p,p) k) = - u ƒ i p. <T(p,p I k ) T 6(v «k)k • —± + 0(TJ)
(2n)J l J l öpj

(7.8)

which is an immediate consequence of (6.7) and the fact that the

interaction function is real. Higher than quadratic terms are omitted

because they have to do with more-particle events. If we now use (7.8) and,

furthermore, release the restriction to equilibrium we arrive at a collision

integral of the BGL type which we write In the Landau form

4 f

where f is an arbitrary non-equilibrium distribution function and

<fV(P,P,) = P(P) ƒ - ^ r k V ó ( v k ) 6(v »k) IT(p,p lk)l2 p(p

(7.10)

a convenient abbreviation.

The properties of the BGL collision integral are well-known and include

conservation of energy-momentum and a positive definite entropy production.

Furthermore, the collision term never vanishes except when the distribution

function has the equilibrium form. For practical calculations the linearized

version is the most useful. An elegant result is obtained if we define a
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deviation function (j>(x,p) such that f = exp(y-<)>) + 1.

Linearization then gives the linear collision integral

4
, dp. ö<t>

The tensor Q^V(p,p.) contains only equilibrium quantities and is calculable

in principle from the equilibrium pressure.

8. Forward scattering amplitude

The preceding derivation of the collision term has as its main benefit

that it provides us with a precise definition of the relevant scattering

amplitude, see eq. (6.7). This equation is similar to the equation derived

by Landau [8] for the scattering amplitude, but there is a subtle difference

which may be illustrated by considering the limit of vanishing energy and

momentum transfer. If we first let the energy transfer kQ Ro to zero and

then the momentum k, we find from (6.7) that in this particular limit

Y(p,p ) = lim T(p,p < k) . (8.!)
k./lk<*0
ü ~

Thus, the interaction ^unction is identical to the "physical" forward

scattering amplitude corresponding to collisions between quasi—particles

with zero-energy transfer and a small change of momentum.

Remarkably enough, the Interaction function as ordinarily defined in the

Landau theory [8,10] corresponds to the unphysical limit of scattering with

a small energy transfer and exactly zero momentum transfer. This puzzling

discrepancy may be explained by noticing .zhat in the theory as developed

here, energy and momentum have systematically been treated as independent

variables. On the other hand, in the ordinary Landau theory, energy is a

dependent variable, namely the quasi-particle energy e(£).

In the latter theory the functional derivatives are defined with respect to

n = n(p = e(p),p) , whereas we have defined them with respect to

n(pQ,£) , with pQ set equal to e(p_) at the end. The order of these two

operations is not interchangeable and gives rise to different, but in last
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instance physically equivalent, results.

The significance of the interaction function as a forward scattering

amplitude also emerges when we consider its diagrammatic representation. We

start from the definition (5.6) of r(p,p'), which for fermions can be

rewritten as

, 6l(p)
r<p,Pl) = - t r l m S ( p ) ^ 5 - ) , (8.2)

where S(p) and £(p) are the propagator and self-energy, discussed in

sect. 4. The trace refers to colour as well as spin indices. The functional

derivative of the self-energy may be calculated by following the reasoning

detailed in paper [16], The result is that the interaction function appears

in the form

T(P,P1) = -L tr ïm S(p) GCp.p^Im S(p1) . (8.3)

The Green function G is the sum of all proper, one-particle irreducible

diagrams with four external quark lines. This set of diagrams may be ob-

tained by cutting one by one all internal lines belonging to fermion loops

in the diagrammatic representation of Ë(p) considered as a functional of the

full propagator:

G(p,P.) = - ( ) • (8.4)
6S(Pl)

Here the large bar designates that after the functional differentiation the

energies p°,p should be given a real value. Note that the species and

colour labels of the external lines should be pair-wise equal. This follows

from (8.4) because both £ and S are diagonal in these indices.

The lowest-order diagrams contributing to G are shown in fig. 1.

p.i.l PJ.I

Fig. 1. Lowest-order contribution to G .
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Their evaluation is hindered by an infra-red divergence, which arises in the

summation over the gluon-loop energy-momentum. The remedy of this problem is

well-known [3,11] and consists of replacing the bare gluon propagators by

dressed ones. In the corresponding closed diagrams for the pressure, this

entails an infinite resummation of the so-called ring-diagrams, which

procedure leads to the plasraon contributian [22] to the pressure of order

g3, where g is the coupling constant. Instead of evaluating the diagrams of

fig. 1 with dressed propagators, we use a short cut and derive the dominant

contribution to V by direct functional differentiation of the expressions

for the longitudinal and transverse plasmon pressure. The former is well-

known [7], and leads, in virtue of (5.5), co the longitudinal interaction

function

r ( p > p ) = _ ü ! z ! J _ A . _ J
 6ITL 6IIL ^ (8>5)

(2it) (k + n ) 6n(p) 6n(p.)

Herein the static lowest-order longitudinal polarization function appears,

which depends on the fermion distribution function in a linear way via

2 2 2

- = 2 6(p )g 6(p - m ) [ —- - - ] , (8.6)

where 6 is the angle between p and k.

The integral in (8.5) gets its largests contribution from the small k

values. Thus the dominant part of V is obtained by putting k zero in tha

integrand, where-ever possible. Then it may be written in the form

-a (N -1) „ , „ _
rL(p,Pj) = — ^ e(po)e(plo)6(p

Z-m/)6(pj -in )

E

where F((|J) is given by

1 2u
F(((>) = lim ƒ d cosS ƒ d<t>

e-K) -1 Ó (cos2e-e2)([sin6 sin(|i sin<p + cos8 cos*]2-£

(8.8)
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—1 2
The longitudinal screening length K is defined by K = FL , in the

Li LI LI

infrared limit k -»• 0. Furthermore, a is the fine structure constant and

<1> the angle between £ and £. . In (8.8) the integrations are to be performed

for small but finite e . Then, in general, the integrand has only simple

poles and can be integrated in principal—value sense. In two special cases

(8.8) simplifies considerably. When the colliding particles are moving in

the same direction, the relevant limit value for i\> -* 0 is given by

lim F = - 4p . On the other hand, when <jj = ~ the expression (8.8) yields a

zero result.

In a similar way a transverse contribution may be obtained from the

transverse plasmon pressure [23,24]

<AN 2-1)

2 2
in terms of the transverse gluon mass io = I7„ (k = 0). In lowest order, the

latter has the functional derivative

6ü)r 7 ? 2

2gW-* ) . (8.10)

so that in virtue of (5.5) one gets the transverse result

-l)
rT(p,Pj) = p^ 8(po)e(Plo)6(p

/-m/)6(p;-mZ) . (8.11)

3/2
Clearly both (8.7) and (8.11) are of the order o , since u and KT

. S t L
are of the order a .

s

9. Discussion

Some of the result obtained above may be compared and noted to be at

variance with those of Baym and Chin (BC). First of all there is the formal

difference in covariance properties and in performing the functional

differentiation. This manifests itself most prominently in the connection

(8.1) between the interaction function and the scattering amplitude.

However, physically more relevant is the fact that the lowest-order inter-

action function of the previous section involves two-gluon exchange as
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opposed to one-gluon exchange in the theory of BC. This discrepancy can be

traced to the functional expressions for the pressure used in the two

theories. For reasons explained in sect. 4, we always perform fermion-loop

summations first. Then the exchange diagrams containing one fennion loop

lead to a pressure contribution linear in the fermion distribution function.

If, on the other hand, the gluon-loop summation is done first, the exchange

pressure is obtained as a quadratic functional of the Fermi-Dirac

distribution functions [22]. Both representations are completely equivalent

as far as the pressure is concerned [24], but they lead to entirely

different spectral and interaction functions. (One may recall that the

former is the first and the latter the second functional derivative with

respect Lo the distribution functions.) Indeed, the analysis of BC involves

an interaction function of order a whereas in the present paper it is of

3/2 S

order a and connected to diagrams with no net colour exchange, which

necessitates the exchange of at least two gluons.

What has actually happened ran be understood as a reallocation of

the o -contribution, which is effectively moved from the interaction

function to the fermion self-energy. The latter is now real and defines a

stable "statistical" quasi-quark excitation. Therefore, the present

formalism has the virtue that it provides a description of a quark-gluon

plasma at finite temperature in terms of stable quasi—particles whose

interaction function has been reduced by one order in the coupling constant.

In this sense the quasi-quarks are less strongly coupled than the bare

particles.
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SAMENVATTING

In dit proefschrift wordt een beschrijving gegeven van materie

bij dermate hoge temperaturen en dichtheden dat de atomen

uiteengevallen zijn in hun elementaire bouwstenen, de quarks

en de electronen. Materie kan in een dergelijke toestand

geraken in het inwendige van zeer zware sterren. Ook neemt

men aan dat bij het ontstaan van het heelal alle materie deze

fase heeft doorgemaakt. Verder is het mogelijk om op kunst-

matige wijze, gedurende korte tijd, de gewenste temperaturen

en dichtheden te bereiken, door zware kernen met hoge energie

op elkaar te laten botsen.

Uitvoerig wordt het geval beschouwd van een systeem van

electronen, positronen en fotonen, dat in evenwicht verkeert.

In het bijzonder wordt onderzocht wat de invloed van het

systeem als geheel is op de eigenschappen van de individuele

deeltjes. Enkele belangrijke resultaten van deze analyse

blijken ook var toepassing te zijn op materie bestaande uit

quarks en gluonen. Voor dit laatste systeem wordt verder een

kinetische theorie ontwikkeld, die de evolutie beschrijft

van zwakke verstoringen van de evenwichtssituatie.
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