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On Ap and the search for asymptotic 

scaling in lattice gauge theory 

1. Introduction 

The continuum limit of a lattice field theory is reached at some critical value of coupling 

where the correlation length goes to infinity in lattice units, 01 alternatively, the lattice spacing 

goes to zero in physical units. As the critical coupling is approached, the renormalization group 

(RG) [1,2] predicts a relationship between the coupling and the lattice spacing. In particular, for an 

asymptotically free theory the critical value of the coupling is zero and the lattice spacing 

approaches zero exponentially in the inverse coupling with power corrections. A two loop 

approximation to this scaling behaviour gives the exponential term multiplied by a power. Higher 

order corrections in the coupling take the form of multiplication by a function which goes to one 

smoothly as the coupling vanishes. 

In the early days of Monte Carlo calculations for lattice gauge theory [3] when it was first 

shown that the exponential behaviour as predicted by the renormalization group could be seen on a 

rather small lattice and with only a moderately small value of the coupling [4], great enthusiasm 

followed. This meant that the value of physical quantities relative to a renormalization group 

invariant scale (the A-parameter) could to first approximation be calculated with only a modest 

amount of computer time. The calculation of this quantity relies on the assumption that the two 

loop approximation to the RG scaling law is a good one in the region of coupling in which the 

calculations are done. The range of coupling for which the two loop approximation may be used to 

good approximation is now widely referred to as the region of 'asymptotic scaling' (although no 
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precise criterion is generally given as to now good the approximation should be; let us here take it 

to mean to within about 10%, i. e. about the same magnitude as the statistical errors). 

In the best of all possible worlds [5], the error made in neglecting the corrections beyond the 

two loop scaling law would be relatively small. Subsequent calculations have however indicated 

that this may not be the case. The value of the string tension in SU(2) lattice gauge theory within 

the two loop approximation, for example, has already decreased substantially since the earliest 

calculations [6]. Hence such optimism [7] may not be well founded. More recently methods for 

studying the scaling behaviour of the lattice spacing with the coupling directly via the (non-

perturbative) Monte Carlo calculations have been devised so as to try to give some quantitative 

measure of when the two loop scaling law might be trusted. To that end a quantity Ap has been 

defined [8] to be (propotional to) the shift in inverse coupling required to scale the lattice size by a 

fixed scale factor. The region in inverse coupling beyond which Ap is measured to be within 

statistical errors of its two loop asymptotic value is generally taken to be the region of 

asymptotic scaling [9]. The question then arises as to how good this criterion is for determining 

when the two loop formula for the A-parameter can be used, with say less than a 10% systematic 

error associated with it. 

In this paper the problem is addressed through adopting an ansatz for a 'phenomenological' 

p-function with which to fit the data. From presently available computer data for SU(3) lattice 

gauge theory, no strong conclusions can be made. However, qualitative indications can be obtained, 

and as will be shown, sizable systematic errors (ca. 30% or more) can easily go undetected by using 

only the aforementioned criterion. Indeed it is possible within present control over systematic 

errors that asymptotic scaling as defined above may not be reached until the coupling is much 

larger than is currently attainable in a realistic lattice calculation. In addition, calculations of AP 

have been made using two different values of the scale parameter for block averaging [20-25]. 

Direct comparison of the two sets of data is not in principle possible. However, through the method 

adopted here a comparison is straightforward and the two sets of data are shown to be consistent 

within statistical error bars. 

The paper is organized as follows. First the definitions of the relevant quantities are 

introduced. Then an ansatz for the p-function is chosen which has the correct asymptotic behaviour 

and is to be used to fit the data for Ap in the intermediate region of coupling. With this 

'phenomenological' p-function an estimate of the potential systematic error associated with the 

two loop approximation to the A-paramater is obtained. The procedure will be applied to an 

exactly solvable model, then to SU(3) lattice gauge theory. The two dimensional 0(3) o-model will 

also be briefly discussed. 
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2. Scaling and Two Loop Scaling 

The relation between the bare coupling g and the lattice spacing a in lattice gauge theory 

without fermions is given by the s-functton [10] 

P ( g ) = - a ^ a = - b0g3 - b t g
5 - . . . (1) 

where bo, b 1 ( . . . are constants, the first two of which are universal (they do not depend on the 

regutarization scheme). For SU(N) gauge theory they have the values [11 ] 

h - " N
 K - 102 . 2 

The renormalization group implies that any physical quantity of the theory must satisfy [2,12,13] 

(a P(g) $— ) Physical Quantity = 0 (2) 
da dg 

up to exponentially small terms in g-*. One usually defines a renormalization group invariant 

parameter A L which satisfies (2) and has the form 

A L = A L
t w o - , 0 ° P ( g ) x L ( g ) 

A L
t w ° - , 0 ° P ( g ) = i ( b 0 g 2 ) 

x L ( g ) = exp { - ƒ [ _ - ! - + 

The overall constant in (3) is chosen by convention. As there to only one scale in the theory, any 

physical quantity can be written as a constant times a suitable power of A L . Thus the continuum 

limit can in principle be taken by holding A L fixed and letting both the lattice spacing and the 

coupling go to zero. Although A L differs for different lattice actions the ratio of the A-parameter 

for one action to that for another (or for that matter to the A-parameter defined through any other 

regularization scheme) can be calculated exactly, by doing a one loop calculation in perturbation 

theory [14]. 
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To be more specific let us consider a quantity M with the dimension of mass. Also let us 

assume that the lattice spacing a is finite but small with respect to the correlation length £. Then 

we have 

M = c^, A L + 0 ( a / ^ ) (4) 

where the goal is to calculate C M . (In principle in an actual computer calculation there could also 

be finite volume corrections but we neglect these for our purposes.) The second term on the right 

side of (4) is exponentially small in g-2 by virtue of equation (3). As the errors we are to consider 

are powers in g we may ignore this term also. 

Generally an approximation to C M is obtained by calculating M by Monte Carlo for some finite 

values of coupling, and in the region that exponential falloff as indicated by (3) is observed, the 

results are divided through by A L ^ * 0 * 0 " as an approxiamtion to A L . Thus we have 

C M a P P r O X * = twt loop = C M *L<9> <5> 
AL (9> 

which is a good approximation to CM as long as XL is close to one in the region of coupling studied. 

Now let us define the quantity AP in the following way [8,10]. Suppose we start with a lattice 

of lattice spacing a and a value of coupling g. We then scale a to a - Ca where C is a constant 

scale factor. Holding A L fixed, g must change to some g' as given by (3). Hence we define apasa 

function of g and C to be 

AP = 2N ( - L - - U (6a) 
g2 g'2 

(The name AP arises from the customary definition p - 2N/g* in analogy with statistical mechanics. 

This latter notation will not be used here to avoid the proliferation of p's.) Through equation (3) Ap 

is now defined unambiguously in so far as the p-function is uniquely defined. A perturbative 

definition of the latter results in an ambiguity of order a/£. We have however assumed terms of 

this order to be small and hence we may neglect this ambiguity. In practice the ambiguity can be 

pinned down within a non-perturbative definition of the p-function, or of AP, such as involving the 

measurement of a physical quantity. 

Apmay also be viewed as a discrete version of the p-function [24] 

»C§f) 

From (3) it is straightforward to see that Ap satisfies 
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[ - £ V = An C . (7) 

A transformation of variables gives 

.-2 

dx 

1/J&. X /2P(X"*) 
g 2 2N 

= - 2 I n C . (8) 

From (8) one easily finds for small g 

Ap = «N b0 I n C [ l + - 1 g2 + O(g - ) ] . (9) 
b 0 

In principle if AP were known for arbitrary values of g and C, the p-function could be reconstructed 

and the systematic error associated with Xt_(g) could be determined (see section 3). In practice, 

usually no more is known about the p-function than the values of the first two coeficients. 

3. An Exactly Soluble Model 

Ample motivation exists for the suspicion that higher order corrections to the two loop 

expression for Ai_ can be responsible for substantial systematic error in lattice calculations. We 

may recall first a model, the CPn'1 model in two dimensions as n -»<*>, for which the p-function can 

be calculated exactly in the region of small coupling, and for which the function \\_ is not very close 

to unity ( xL 2 1.7) in the region where one might potentially do Monte Carlo calculations [15]. 

Next, we may consider two different actions for the same continuum theory. Because of 

universality we would expect that when the value of the ratio of two physical quantities is 

calculated with each action respectively, the same answer would be obtained. In addition, because 

only the continuum scale differs between the two versions of the theory when the continuum limit 

is taken, a calculation of the same quantity from each action relative to the respective 

A-parameter would yield in view of equation (4) the ratio of the (inverse) A-parameters. In 

practice however, in cases where the ratio of physical quantities agree between actions within 

statistical errors, the calculated ratio of A-parameters can be off by large factors (in one case 

«20 or more) [16]. As the only new error in the latter calculation relative to the former is the two 

loop approximation to A L , presumably this is the culprit. Cases do exist of course for which the 
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situation is more favorable, but we can often leam more from exceptions to anticipated results 

than from those cases which meet our expectations. Finally the fact that in the history of the 

calculation of such quantities as the string tension and the deconfining transition temperature in 

lattice gauge theory the values quoted in terms of the A-parameter in the context of the two loop 

approximation continue to vary slowly and the asymptotic value may not yet be in sight [17] 

indicates that these errors are not under control. It should be noted that the critical temperature 

for deconfinement has recently been reported to scale for values of g 2 around 1.05 [18]. As we 

shall see later, however, within the control that presently exists over the potential errors 

described here, this apparent scaling could be accidental. Another line of reasoning to check for 

asymptotic scaling is to look at the first non-trivial term in Xi in perturbation theory. Even though 

the first order correction to X|_ • 1 may be small (In the 0(3) model with the standard action for 

example this correction is only about 10% for g • 1 [19]. For a discussion of SU(3) lattice gauge 

theory, see [26]) a sizeable error is not excluded. The first non-trivial term of a power series does 

not in general tell us much about the value of the function the series represents at a particular 

value of the variable. Keep in mind also that so called non-perturbative corrections are 

exponentially small in the coupling and hence smaller than any power in the asymptotic small 

coupling region. 

Of course in general neither the p-functk>n nor AB can be determined exactly. However, a number 

of Monte Carlo studies have been made of the latter quantity for intermediate values of coupling 

and the asymptotic form is known as well. Therefore by assuming a smooth interpolation between 

the two regions we can easily obtain an approximation to what the B-function might be. This is 

enough to make an estimate of the systematic error to be associated with the ...o loop 
approximation to A L . Let us start by taking the following three parameter ansatz for the 

B-function: 

M g ) . - bQ g
3 ÜÜLiL do) 

P ( g " z ) 

where R(x)«(x-aO2 + a^, and P(x) * yfi - (2a, + b^lb0)% + a3. This ansatz is designed to reproduce 

equations (1) and hence (9) to second order. The three parameters are to be determined by a least 

x2 fit to the Monte Carlo data. Substituting (10) into (8) and integrating, we arrive at the following 

equation which AB must satisfy. 

M + ^ L i „ [ , R ( g - 2 - M . ) , - J l n | R ( g - * ) | ] ( 1 1 ) 

• (»12 • a2
2 - aj • a, £ - ) [ * ( g ' 2 - $ - S(g"2)J = 2b0 An C 

b0 'L 2N' 
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where S(x) - (1/a2)tan-1((x-a1)/a2), a2>0, and R(x) is given in (10). For fixed values of a1( a2 and as 

this equation can easily be solved numerically for Ap and a fit of the data can be obtained. By this 

procedure we obtain the values of the three constants and hence a 'phenomenologicaP p-function. 

Subsequently, by employing this function we can compare data for AP with different values of the 

scaling constant C. Through the formula 

2b0 Xn\L = (a , 2 + aj - * * a ^ t S t g " 2 ) - S(-)] 

+ J^Ljln | 1 - 2a l 9
2
 + ( a / • a2

2)g" | (12) 
2 b0 

obtained by inserting (10) in (3), we are also able to predict the va'ue of %.|_ for a given value of g2 

and hence obtain an estimate of the error introduced by using the two loop approximation of A|_. 

First let us examine the exactly solvable model mentioned above, the CPn 1 model in two 
dimensions as n -*<*>. Before doing this we must note the changes that are necessary in the 

equations given so far when applied to c-models. The changes required are relatively minor. 

Equation (1) becomes 

2 ,3 ( « > 
0(0 = ' b0f - b,f - . . . 

where f is the coupling, sometimes called g2 in the literature. The formula for AL changes as 

follows: 

AL = AL
t w o- | o°P(f) \ L ( f ) 

"1 
. two-loop,, , = l ( b f ) bo2

 e x p ( _ ^ _ ) 
u a * V 

f 

0' 

b< 

M0 = exp{ n ^ ^ - ^ 
0 P I A ' "0"~ '0 " (14) 

The definition of AP then becomes 

r1 

1-Ap x2p(X '1) 
f 
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These changes in turn are reflected in the approximate ansatz for the p-function 

pin = - b/ nth. ds) 
p(f_ 1) 

andAp : 

A3 + ^ 1 i n [ An |R(f_ 1-Ap)| - An | R ( f _ 1 ) | ] 
b 0 

+ (« , 2 • a / - a3 + a, ^ [ s f f 1 - A») - SCf'1)] = b0 i n C ^ 

where R,P and S are the same as before. Equation (12) need also be changed appropriately. 
For the CP °° model bo - 1/2» and b, • 0. The function *L for small coupling is given by [15] 

^L ( f ) = exp [ - £ - i ( / v T - 1)] + 0[exp ( - - ^ J . (18) 

Fortunately for this model the value of Ap can also be found exactly (up to exponentially small 

terms): 

l * n C [ l i n C - 2,/1-f J 

AP = « Ï L _ _ + o [exp ( - i^J . (19) 

I j ln C+ 1 - 1 - ^-/1-f 
n f f 

The p-function of this model 

8(f, = - 1 OEE_ + o[exP ( -^ )J (20) 

2 

can be obtained directly from (18) or alternatively through the formula 

B(f) = -£.—<*-££ (21) 

df 
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which is obtained through differentiation of (15). In the region where one might perform Monte 

Carlo calculations, say 2a < £ < 50a, the coupling takes on the values 1 >f > 3/4. In this region x». is 

rapidly varying, coming down from about 5 at f - 1 to about 1.7 at f - 3/4 [15]. Thus, for the 

smallest value of coupling in this region the assumption of two loop (asymptotic) scaling would 

result in an error of about 70%. Indeed, if we calculate some values of AP in this region of 

coupling and plot them along with the asymptotic expression for Ap (Figure 1, for which C = 2) the 

relation of these points to the asymptotic curve is not very different from the case of SU(3) for 

which we compare the Monte Carlo data to the asymptotic formula (Figure 3, also with C - 2). Thus 

if we were to ascribe error bars to the CP °° points of similar size as those which occur for the 

SU(3) data we might imagine that scaling for values of f smaller than 3/4 was essentially 

asymptotic and we would miss the factor of about 1.7. 

Finally let us apply our ansatz as expressed in (17) to this model. A least square fit to the 'data' 

of Figure 1 using (17) gives values for a1t a2 and a3 as quoted in table 2. From this fit, the value of 

X|. at any value of coupling smaller than 1 can then be 'predicted' as explained above. In this way the 

factor 1.7 is easily recovered within less than 1%. Of course this is in part a result of the fact 

that the actual functional form of AP between the region close to f - 1 and the asymptotic region is 

smooth in a way compatible with the functional form of the ansatz we have chosen for the fit. On 

the other hand this model illustrates that even with a rough fit the method is able to detect 

potential systematic deviations from two loop scaling that the criterion that Ap be within say 10% 

of its asymptotic value may miss. 

4. SU(3) Lattice Gauge Theory 

Now that our strategy is clear we may proceed to the case of interest, SU(3) gauge theory in 

four dimensions. For this case data exist using a value of the scaling constant C of both 2 [20-23] 

and V3 [24,25]. Of the former we will treat only a subset, ignoring the data obtained through a 

measurement of the critical temperature Tcof the deconfining phase transition [23]. For the most 

part, a study of this data would give similar results. First let us examine the data obtained with V3 

blocking [24,25] as summarized in Table 1. As the ansatz we have chosen would have difficulty 

fitting the data well into the strong coupling region let us only include data for which g2 < 1 . This 

is not a serious drawback as in the end we are only interested in obtaining an approximate 

((-function in the intermediate region between the data and small g. 
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A fit to the V3 data of Table 1 gives values of a,, a2, a3 and with a value of x2 as recorded in 

Table 2. Figure 2 is a plot of the data along with the fit and the asymptotic two loop curve for Ap. 

Using equation (12) we can also obtain the function xL as predicted by the fit. This function is 

plotted in Figure 4. From this curve one can see that in the region where Ap is essentially 

asymptotic, XL can easily be as much as 30% off its asymptotic value. Hence, depending on the 

actual situation, a value of Ap wihin 10% of its asymptotic value may stiU hide sizable systematic 

errors in physical quantities. A factor of two (50% error) would not be out of the question. 

Now let us look at the results from data using a scale factor 2 [20-22]. These results are 

recorded in Table 2 and plotted in Figure 3. In this case the function X|_ found is similar to the 

previous one and is also plotted in figure A. 

An outstanding problem in the study of AP is the question of how to compare the data obtained 

from different blocking scales. The data is not simply related as can be seen by working out a few 

more terms in the expansion (9) of Ap for small coupling. The series is a power series in the 

logarithm of the scale factor C as well as in the coupling. However, the data can easily be related 

through the 'phenomenologicar p-function. The dotted line in Figure 3 represents AP as obtained 

from the fit to the V3 data. Thus the data points of this graph which are from blocking with a scale 

factor of 2 are consistent with the V3 data within error bars. However they still appear to be 

systematically somewhat lower. 

Finally let us observe some qualitative features of the fits obtained. First we find that in both 

cases the fit procédés higher than the asymptotic curve and approaches from above. In the context 

of our assumption that the fit should interpolate smoothly between the data and the asymptotic 

region this is to be expected, as the data starts lower than the asymptotic value but the first 

correction to the asymptotic value for small coupling is positive (see equation (9)). Next we should 

notice that for both fits the value of *{. decreases to a minimum and then begins to increase again 

to its asymptotic value. The minimum for the V3 data occurs at about 6/g2 - 6.25 and for the 2 data 

at about 6/g2 - 6.66. Decreasing of xL in the region just beyond 6/g2 - 6 is compatible with the 

decreasing of the values of physical quantities in this region as measured by Monte Carlo 

calculations when the two loop approximation is used. The general form of xuwith a minimum 

around 6/g2 - 6.3 could also be compatible with recent results indicating that the ratio of Tc to 

ALtw©-ioop is essentially constant for a small range of 6/g2 in this region. The surprise is that from 

the curve for xL obtained here the physical quantities are predicted to rise again to an asymptotic 

value about 30% higher then what they are quoted as at present. This indicates that even though the 

ratio of a physical quantity to the two loop A-paramater becomes constant for a small window of 

coupling we should not conclude that asymptotic scaling has set in. Finally let us note that 

although the two fit» to AP disagree somewhat in the intermediate region of coupling, as is seen in 
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Figure 3 after 6/g* - 7.6 they are almost identical. In this region deviations from the two loop 

approximation to Xt are obtained that are still more than 20%. 

To end this section let us tum briefly to the 0(3) non-linear o model in two dimensions. Using 

only a subset of the data points reported for this model (the 'tree level improved* data) [8] beyond 

1/g2 « 1, one can obtain a fit to the data as above. However, because relatively few points are 

available in the asymptotic region the fit is completely dominated by the points with larger values 

of g. Hence the fit is of little value. Worth noting though is that the data seems to indicate an 

approach to the asymptotic curve which is faster than can be accomodated by a function of the form 

assumed here. This indicates a potential drawback to the method in general. Qualitatively the 

analysis of this model indicates that xL approaches 1 from below and hence it wouid appear that 

most Monte Carlo calculations for this model within the context of the two loop approximation for 

A t give results for the mass gap that are lower than the actual value. 

5. Conclusion 

To summarize, we started out by asking the question whether the Monte Carlo data which is 

presently being generated for physical quantities in lattice gauge theory can convincingly be said to 

obey the two loop approximation to the renormalization group scaling formula to say 10% accuracy. 

Towards an answer to this question an ansatz for the B-function was used to fit data for AB which 

have been generated from Monte Carlo calculations. Based on the fit to the data the systematic 

error associated with the two loop approximation to A L was estimated to be in the neighbourhood 

of 30%. Because the function representing the systematic error goes to one very smoothly, a 10% 

accuracy is not predicted by the fit until the coupling becomes very small (6/g* - 20). Indeed in 

view of these results, even though for a range of coupling a physical quantity in units of A L appears 

to be consistent with a constant in the two loop approximation, the conclusion that asymptotic 

scaling has been reached is not warranted. As to the actual situation no fast conclusions can be 

drawn. If AS fluctuates around the asymptotic value in some way as the coupling is decreased it is 

still possible that the actual errors at present values of coupling used are less than those indicated 

by the fit On the other hand the errors could also be larger. 

In the course of our study, data obtained from renormalization group blocking with two different 

scale factors have been used. The approximation obtained by fitting the data allows a comparison 

of the two different sets of data which was not possible previously. The data are seen to be 

compatible within statistical errors. 
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A number of inferences concerning systematic errors have been made based on an ansatz to the 

p-functjon and the fit to the data. Because of many uncertainties, whether the actual situation is 

represented well by the indications obtained here win have to await further investigation. 

However, the analysis shows that the present tests for asymptotic scaling do not allow a definite 

conclusion that the neglected terms would cause systematic errors which are no larger than the 

statistical errors incurred in the Monte Carlo calculations. In general the study suggests that as 

the Monte Carlo calculations for lattice gauge theory move into the generation of the 

supercomputer, much more careful attention needs to be paid to systematic errors. As the analysis 

shows, it is doubtful whether any time in the near future a conclusive demonstration of scaling 

within 10% of the two loop approximation to A L is possWe. This supports the suggestion that the 

most fruitful way to proceed for the present is to calculate ratios of physical quantities and first 

understand the systematic errors associated with them, and that a reliable calculation of the 

A-parameter with respect to some physical quantity may be yet a long way off. 
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Figure 1 
The function obtained by assuming the form of the p-function and making a fit to some 

exact values of Ap for the CP~ model along with the asymptotic form of A0. The block spin 
renormalization group scale factor C has the value 2 for this graph. 

Figur» 2 
Monte Carlo data for A0 in SU(3) lattice gauge theory using a block spin renormalization 

group scale V3 along with the curve obtained through a fit of the 'phenomenologicaP p-
function to the data and the asymptotic expression for Ap. 

Figure 3 
Monte Carlo data for Ap in SU(3) lattice gauge theory using a block spin renormalization 

group scale 2 along with the curve obtained through a fit of the 'phenomenological' p-
function to the data and the asymptotic expression for Ap. The dashed line is obtained 
through a fit to the V3 data of Figure 2. 

Figure 4 
The function XL which represents the systematic deviation from two loop asymptotic 

scaling as a function of g-2 as predicted from the fits to the Monte Carlo data. The lower 
curve belongs to the data with block spin renormalization group scale V3 while the upper 
curve belongs to the data with scale 2. 
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Table captions 

Table 1 
A list of the data for Ap which were used in this paper, including 

references 

TaUe2 
Values of the constants of the 'phenomenological' p-function which were 

obtained from fits to the data 



Table 1 

6/g2 C Ap reference 

6.0 
6.125 
6.25 
6.25 
6.35 
6.45 
6.5 
6.5 
6.75 
7.0 
7.0 

6.0 
6.0 
6.0 
6.2 
6.3 
6.3 
6.4 
6.6 
6.6 

V3 
V3 
V3 
V3 
V3 
V3 
V3 
V3 
V3 
V3 
V3 

2 
2 
2 
2 
2 
2 
2 
2 
2 

.323 ±.005 

.376 ±.005 

.420 ±.005 

.424 ±.005 

.452 ±.005 

.464 ±.006 
46 ±.005 
.464 ±.006 
.485 ±.005 
.50 ±.015 
.503 ±.011 

.36 ±.03 
35 ±.02 
.33 ±.07 
.46 ±.06 
.45 ±.03 
.43 ±.03 
.49 ±.06 
.56 ±.06 
.56 ±.06 

[25] 
[25] 
[24] 
[25] 
[25] 
[25] 
[24] 
[25] 
[25] 
[24] 
[25] 

[22] 
[21] 
[20] 
[20] 
[22] 
[21] 
[20] 
[20] 
[21] 



Iahl&J. 

model C a-t a2 % x2/N 

CP- 2 .777422 .002652 .652920 .00024#/8 

SU(3) V3 .874317 .014254 .825073 13.9/11 
SU(3) 2 .928779 .089177 .933825 1.46/9 

* This number was obtained by a least squares fit. 


