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Abstract

fliis paper proposes the use of a staple two-scale model of surface roughness for testing and specifying
the topographic figurs and finish of synchrotron-radiation mirrors. In this approach the effects of figure
and finish are described in terns of their slope distribution and power spectrum, respectively., which are then
canbined -with the system point spread function to produce a canposite image. The result can te used to pre-
dict mirror performance or to translate design requirements into manufacturing specifications. Pacing prob-
lems in this approach are the development of a practical long-trace slope-profiling instrument aid realistic
statistical models for figure and finish errors.

Introduction

BrocJthaven National Laboratory has established a laboratory for the metrology and testing of«x-ray .and W
cptics in support of the National Synchrotron Light Source and the synchrotron-optics comunity. One of the
critical steps in the testing and specification of these optics io the ability to relate component performance
to laboratory measurements of surface topography. This paper rwiewc sene of the statistical •artf signal-pro-
cessing concepts that enter into this two-way relationship.

the components of interest are reflecting optics
properties:

• mirrors ind gratingo — that have a natiber of unusual

o To achieve high reflectivity they must tie used at glancing angles of incidence, which raeans -tf«it they aro
frequently large and asymmetric.

o Since they operate at short radiation wavelengths their surfaces amst ibe very rsnooth; with a finish of 10
Angstroms or less.

o In order to focus the reflected radiation the surfaces are often 'curved; sanetimes steep cylinders cr
aspheres. •

o They cane in a wide variety of "one-of-a-kind" shapes and sizes.

o Ihey are expensive, take a long time to jnake, and are often made of exotic materials.

Figure 1. Biree .spherical silicon-carbide mirrors. Figure 2. A toroidal silicon-carbide mirror.
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Figure 1 is a photograph of three such mirrors, made of silicon carbide; each about 70 cm long, 10 on wide
and 3 an thick. Their surfaces are spheres with a radius of 6 Jan, -which corresponds to a sagittal depth of
10 yen at the center and a maximum slope of 58 jirad at the ends cf the long dimension.

Figure 2 shews a second silicon-carbide mirror, but with a very different shape. This one is a toroid
(bicycle tire) with a long radius of 1.2 Ion and a short radius of only 1 on. It's about 50 an long and 8 an
wide at its base.

These arc examples of seme of the extreme types of mirrors that we have to measure. But what do we measure?

To decide this we make use of two guiding principles: Whatever quantitea we ehooco should have sane ration-
al connection with functional performance, and they should be easy to measure, on the one hand wo don't want
to make purely cemparativa measurements, and on the other, we can't afford to make a research project out of
each mirror. A turn-around time of an hour per measurement would be ideal.

To get an idea of what surface properties are important in performance we look at the optical finish-func-
tion relationship; that is, diffraction theory.

Finish-function relationship

At the present state of the art the leading source of performance limitations of DUT mirrors lies in topo-
graphic shape errors. These do their dirty work by impressing unwanted phase modulation on the reflected
wavefront which upsets the delicate balance required for rectilinear propagation and sharp focus. These
errors are described by the two-dimensional error function

Ztf) = 2meas (3?) - Z^Jt) - Z^CX) a)

where Z__. is the measured surface height, 2. ,__ is its design value, and Z .• is the effect of rigid
tody adjBleSents of the part, such as tilt and fgefief1 ^

The simplest general expression that relates the error function to performance io textbook, Fresnel -
Kirchhoff diffraction theory, which involves the integral

s
where A is the aperture function {including the surface reflectivity), expi-±2iff-x) is the diffraction
kernel, and exp(ipz) _is the phase modulation resulting fran the heighterror Z ,. The connection between
the surface frequency 1", the factor |8, and the system geometry is given in appendix 1.

Equation 2 is a deterministic relationship between the error function and the image intensity. If 2 is
known it can be used to compute that intensity. This direct method can be used to determine the effects of
figure errors on image quality when enough data are available; for example, frcm full-part interfercnetry.
But this is impractical for large steeply-figured optics,, and in any case gives only a black-box connection
between the measured figure errors and the computed performance. Me would lite a more direct way of treating
the inverse problem — of translating image requirements into shape specifications.

To do this we make approximations. A first step is to separate the total error into additive figure and
finish components

2-..f3o +Z,.
it 8 51

where the figure errors are the large-amplitude long-vavelength 'errors of shape left by the figuring process,
and the finish errors aze the small-amplitude short-wavelength errors left by the polishing process. There's
obviously a grey line between the two; small flats, for example, can be all finish with no figure. However,,
the two-scale model appears to have merit for large figured optics.

Since figure and finish add in the exponent in Equation 2, the diffraction integral can be viewed as the
Fourier transform of the product of three factors — the aperture function, the figure phase error, and the
finish phase error — which can then be written as the triple convolution of the transforms of each factor
separately. This allows us to consider the factors one at a time, with the understanding that their effects
must eventually be recombined to get a composite image intensity.

The transform of the aperture function leads to the imaberratad system point spread function. The figure
and finish factors lead to the results described below.



Figure effects

Bie natural limit for evaltsating figure effects i s the rough-surface limit, where the Sayleigh-Strehl rvxn-
bar g is large:

Here
of in
od and
error.

im - (nirf'
is the rms figure error, 3. i s the operating radiation wavelength, and 6. is the glancing angle

The Fre^Wttrchhsff Integra* can bo evaluated in this limit using theStationary»i*ase meth-
to m S S t J ^ s ^ i i u t i o n W b i c h is a napping of tho sl^e-dictrihrtion fus ion of the figure
is also towwn as the gaonctrical-cptics, glint, or facet model. fl« vcctcr-thocry result is

¥ )

where are the surface slopes, R(I) is the appropriate Fresnel intensity reflection coefficient at
l e ^ l incidence, I , lnd P is the joint slope-diStri)»tion function of ^ f i g u r e errcr. -fte

P contains all of the information about the figure error necessary to predict the scattering dis-
S in S e rough-surface limit. Expressions relating the sieves and I to t ie scattenng geonttsy a »
given in Appendix 1.

The physics of Equation 5 is sitple: i t says that scattering cones firm that fraction of the surface that's
tipped inthe rightdirection to reflect radiation fran the incantog team to the dbsew»r acceriiag to the
law of reflection, as befits a geanetrical-*ptics result, i t is independent of yi .

5 is identical with the corresponding rough-surface limit of the asctearn-Scizzichino theory, con-
s i d S t t e fart that their3results are limited to the special ease of a perfort reflector with a Gausaaa
slope distribution function. Bie present result is more general.

Bie present result is also essentially deterministic, although in practice i t may bD ^practical to racasure
the^LSerf P over the whole illuninated area of the surface. Instead, i t nay be possible to cotaraate i t
Iron limited neasuxonents and to rake up for the loss of information by fitting the date to a parametric model
i n ^ o K « T i « a J y u s t a b l e slopeTarareters. A Gaussian slope distribution is only one of many possibil-
i t ies. Performance could then be related to those parameters.

Fitjure errors are traditionally measured by interferanetry, although as already noted, that method is im-
practical for the variety of large highly-curved mirrors we have to dealiath. An ideal anstrment for our
purposes would measure surface slopes to microradian accuracies for spatial wavelengths lying between 1 an and
lmeter. We favor a slope-profiling instrument; preferably a non-contacting optical type. Several designs
are being considered and we hope to have such an instrument in our laboratory within a year.

At this time we have no in-house .data to illustrate the use of geometrical optics for treating figure
errors for x-ray optics. Figures 3 and 4, however, show data taken fran the excellent review article by

- -1.0 -
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Figure 3. Axial profile of a cylindrical x-ray
telescope mirror. (Aschenbach, 1985.)

Figure 4. Point spread function of the mirror
measured in Figure 3.. (aschenbach, 1985.)



Aacnenbach on x-ray telescopes. The first shows an axial profile of the inside of a 'cylindrical mirror taken
with a mechanical stylus gauge. The trace is about 22 an long with an apparent precision of about 0.1 pi.
The dashed line shows the raw measurements and the solid line is the same profile after the finish 'errors with
wavelengths of less than about 1 an have been rancved by digital filtering. The zms roughness of the filtered
profile is judged to be about 0.7 jxn with an xre slcpe of about 45 prad.

Figure 4 is the point spread function of this mirror plotted in a log-linear format. The solid line has
been calculated from the measured mirror profiles using geometrical optics, and the crosses are experimental
values measured at a radiation wavelength of 13.3 Angstrons, Measurements made at 44.8 Angstroms .arc essen-
tially tho same. Tho agreement between predictions and experiment is 'excellent.

Finijjhjifloetg

Tho natural limit for evaluating finish effects in tho anooth-curfaco limit, vterc tJio Kayloigh-Strchl jaum-
bsr g is small:

"* .. * . . ^

where 0 " * ^ *s the rms finish error. In this limit the quantity 6 z f . in the exponent in Equation 2 is
small and tne^expcnential may bs approximated by the first three terras in S s power-series 'expansion. '.The
first term is unity and corresponds to the ideal specular intensity, the second given rise to large-angle
scattering, and the third to the scattering correction to the specular term required by the 'Conservation of
energy. This is the famous Strehl factor (1 ~ Sf 5 that multiplies the specular intensity.

The Fresnel-Kirchhoff theory leads to a particular form for the scattered intensity distribution in its
smooth-surface limit. For our purposes, however, a more useful form may be derived using Kayleigh-Rice
perturbation theory, which avoids the limitations of-the tangent-plane approximation inherent in ths F-K
approach. The Rayleigh-Rice vector-theory result is '

J_

Here X is the Rayieigh "blue-c)£y" factor, Sj and 9 arc tho glancing angles of incidence and scatter-
ing, and S{f) is the power spectral density of the fininS error, which ia given by

•IB)

A
This function contains all of the information about the finish 'error necessary to predict ths scattering .dis-
tribution in the smooth-surface limit.

Q is a materials-obliquity factor which equals the smooth-surface reflectivity in the forward-scattering
direction but deviates from that value in important -ways in other directions. For example, for s- to s-
polarized scattering

S5 V *> ^

where the R's are the Fresnel intensity reflection 'coefficients and 'if> is the azinuthal scattering angle.
Expressions for the Q's and R's are given in Appedix 1.

The physics of smooth-surface scattering is contained in the grating equation: The power spectrum gives
the squares of the amplitudes of the Fourier eanponents of the finish error, &ich of which acts as a weak
sinusoidal grating that diffracts radiation fron the incident beam into the direction of observation.

The corrc ̂ ponding Beckmann-Spizzichino result has the same fcrm as Equation 7,but with a different obliqu-
ity factor which arises frcm their evaluation of the Fresnel-Kirchhoff integral. Their results are also lim-
ited to perfect reflectors and are stated in terms of particular forms of the finish power spectra. The re-
striction to perfect reflectors is particularly inappropriate for x-ray mirrors operating near the critical
angle wfcare the reflectivity is a strong function of the local angle of incidence. The Kayleigh-Rice theory
is more realistic and-leads to interesting physical effects in this case which do not appear in the Fresnel-
Kirchhoff treatment.

Equation 8 may be viewed as a deterministic result, but it is .always treated statistically when applied to
finish measuranents since it gives speckle-scale information about the scattered field that's of no interest
in our application, and finish measurements are invariably sampling measurements which require a statistical
leap of faith to apply to real problems.



We measure finish with a WfKO optical profiling microscope, which measures surface profiles to Angstrcn
precision over a wide range of surface wavelengths — from microns to millimeters — by using different micro-
scope objectives. The raw profiles are first restored by passing than through an inverse digital filter to
compensate for the varying transfer functiongOf the measuring instrument, and their power spectra are estim-
ated using standard statistical techniques. These spectra are then fitted to parametric models which are
used to extrapolate the spectra outside the measurement bandwidth .and to parameterize the predicted scattering
distribution. Particular models are discussed in the following sections.

VtfMrtWtv,^^
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Figure 5. Profile of a gold-coated float-glass
flat.

Figure 6. Comparison between measured :x-ray scattered
intensity (doited line} snd that predicted
frai! the periodograiT) of the profile .ihewn
in Figure 5.

Figure 5 shows a MYKO profile of a piece of gold-coated float glass taken -with a 1DX objective. The length
of the profile is 1.33 mm and its rms roughness over the bandwidth of the Measurement io only 3.5 Angstrms.

Figure 6 shows a comparison between the measured and predicted scattering of 1-tagstrcm x-rays fran the
sane surface when illuminated at a glancing angle of 3 sir. The dotted lire is the measured specular and scat-
tered intensity distribution and the jagged line is the periodogram of the profile in Figure S that has been
translated into scattering coordinates using Equation 7.

The periodogram is a non-parametric estimate of the finish spectrum and shows extreme statistical fluctu-
ations or speckle. Parametric estimates vhich have fewer degree of freedom give smoother spectra. A handy
form suggested fcy the results in Figure 6 is a smooth linear falloff corresponding to a 1/f profile spec-
trum, which is discussed further below.

The comparison in Figure 6 is preliminary, but it does indicate how laboratory finish measurements may be
related to scattering effects using the finish-function relationship. -Further discussion of the interpreta-
tion of glancing-incidence scattering measurements is given elsewhere.

Finish models

Laboratory measurements give information about the surface profile over a limited range of surface wave-
lengths. Equation 7, however, involves the two-dimensiDnal power spectrum of the surface — which is differ-
ent than the profile spectrum — and over a -wider range of wavelengths than are included in usual measurements.

Ons method of handling this is to inject a-priori information into the problem by using finish models;
either empirical models based on systematics or analytic models based on microscopic or phenanerological con-
siderations , such as spatial isotropy or scale invarianoe.

Experimentally, the profile spectra of polished surfacesgfrequently appear to be inverse power laws,,
S,{f) 'Sj f n , where n is a number lying between 1 and 3. In some cases the spectra appear to round off
at low frequencies although it is difficult sometimes to detem?T>e this unarabigiously.

In the good old days it was cannon to fit profile data to an exponential autocovariance function, which
corresponds to a l/{a2 + f2) spectrum; that is, flat at low frequencies with a 1/f2 high-frequency tail.
An obvious generalization of this that gives a flat spectrum at low frequencies but -with an arbitrary power-
law high-frequency tail is the so-called K-correlation family of functions. Ihese have a correlation function
of the fora T'vKv(2'H

iar) vnere K v is a modified Bessel function, 'T is the lag and a is an inverse
l i l h H fil t S d th di i i l fcorrelation length. Hie profile power spectrum,

g
and the corresponding two-dimensional spectrum for an



iaotropically rough surface, lire given by the uamuu expression

/ay r(

where f •= f in the first case and f = »f + f ) in the second. The general .relationship between S,
and S, is given in Appendix 1. *

This family of spectra has the nice propcrty_ef reducing to the familiar 1/f falloff for V = *s and having
the arbitrary power-law falloff of S,(f) • 1/fr where n » 2 V + 1 for ether values of y . '"Pure" pewcr-law
sjr ictra appear in this model when the correlation length, I/a , ±a larger than the trace length of the profile
measurement.

Scalo invariance

Inverse-power-law snectra arcjdirectly related to the scale invariance of the .surfaces from which they arc
derived. If a profile has a 1/f^ spectrun it has the same appearance (statistics) when its hcrizontal scale
is magnified by the factor M and its vertical scale by the factor M raised to the power Jn - X)J2, This
means that a 1/f3 profile looks the sane under isotropic magnificaticri, while a 1/f profile becomes linearly
rougher with increasing magnification. Figure 3 in reference 6 illustrates this.

Mandelbrodt, in his elegant book, has pointed out that scale invariance or self similarity is a very cannon
phenomenon in nature.9 Entities having this behavior ever even a limited range of scaling have cane to be
called fractals. True fractals aze characterized by fractal dimensions, and the Hausdorff-3esicovitch dimen-
sion corresponding to a l/fn profile is D = (5 - ri)12.

Figure 7 is a set of photographs of a household item
that shows scale invariance — a 'Cauliflower, It looks
the same at different magnifications, while the penny,
which does not have this property, changes drastically.
The value of n for the cauliflower has not been de-
termined.

There appear to be few microscopic theories c?f 'the
polishing process, and none that predict the second-
order statistics (spectra or correlation functions) of
the resulting finish. Hcwever, 1/f profile spectra are
predicted for other surface phenomena: capillary waves
on liquids and the spontaneous roughening of crystal
surfaces. These suggest a surface-tension model of
the finish of polished surfaces in which the residual
roughness is the result of a polishing mechanism which
snooths according to a minimum-area principle.

Phencmenolcgically, inverse power law spectra are
expected when the characteristic lengths of the finish-
ing process fall outside the measurement bandwidth, with
1/f-like spectra favored since they give a constrained
minimim roughness.

Figure and finish specification

Equations 5 and 7 give simple relationships between
figure and finish errors and their corresponding scatter-
ing distributions. The composite image intensity de-
pends on the square magnitude of the convoloution of the
anplitudes of these effects and the system function. To
a fixst approximation, however, it may be sufficient to
write the composite image in the form

where PSF is the systsn spread function and * means
convoloution. The first term is the figure^aberrated
image core and the second is the finish-generated imagr
tail.

Figure 7, A household illustration of scale
invariance or dilational symmetry.



If not, sore
it for a

Whether or not this approxiaation is adequate for our purposes haa not yet bean deteasined.
refined approximations are waiting in the wings. However, the simplicity of Equation 11
first try.

Figure specifications way be given directly in terms of the shape of the slope-distribution function. Fig-
ure 4 allows that this comparison can be made in significant detail. Specifications can also be stated in teias
of more general properties such as fractional peak -widths or encircled eimgy widths. A M values arc not good
measures of image widths since they weight the image tail too strongly. A third method is to specify figure
in terms of model parameters.

Finish specifications may be given in terras of the intensity of radiation scattered in a given direction or
in terns of the finish Strehl factor. The first translates to a limit on the Magnitude of the finish spectrum
over a narrow frequency range, and the second to the value of the one finish roughness obtained by integrating
the spectrum over the full frequency1 range spanned by finish effects. Sine* that range is larger than that
included in conventional finish measurements, values of G~ ft- calculated fran such measurements are less
than the value appearing in the Strnhl factor. As a resultpBpecif ications expressed in ten* of off-the-ma-
chine values of ans roughnesses are necessary but not necessarily sufficient.

How sufficient are they? The answer lies in the magnitudes of the contributions to the total, finish spec-
trum that fall outside the measurement window, especially at long surface wavelengths. Model calculations
suggest that WHCO ffleasurements of surfaces with K-oorrelation spectra are reasonably sufficient when the fin-
ish correlation length falls within the measurement bandwidth. Hide-band measurements of 1/f surfaces are
highly sufficient since the total finish xoughness depends only logarithmically on contributions lying outside
the measurement window. Further comments are given in Appendix 2.

Simaary

The two-scale model of surface roughness has been applied to the problem of testing and specifying the
topographic errors of large reflective optics. In this model the total error is written as the sum of a
large-amplitude figure error and a small-amplitude finish error, the first of which is dMuraracterized by its
slope-distribution function and the second by its power spectral density. In practice these functions have
to fie estimated from laboratory measurements with the aid of parametric models. At the moment there appears
to be little information on the figure statistics of mirrors of interest to us. In the case of iisish, hew-
ever, data suggest K-correlation or simple inverse power-law spectra characteristic of scale-invari ».-JC finish-
ing processes. Tne pacing problems in this area .are the development of a long-trace slope-profiling instru-
ment and realistic statistical models for figure and finish errors.

Disclaimer

Commercial names are used in this paper to identify e)$>erjfflental procedures- 1 M no ease does such id-nti-
fication imply recognition or endorsement by the Department of Defense or the Department of Energy.
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Appendix 1

Figure 8 is a sketch of the scattering geometry used
in discussing glancing-incidence mirror surfaces.

The surface frequencies appearing in Equations 2 and
7 are related to the radiation wavelength and the scat-
tering angles by the grating equations:

The factor fl in Equation 2 is

P = 2.TT (SW0.+ Si

The surface slopes appearing in Equation 5 are
lated to the scattering geometry according to

Figure 8. Sketch of the scattering geometry.
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and the local angle of incidence is given by

Z Si*. I = » +• Si*.̂ . S'm&5 -

The Q factors in Equation 7 arc

- Cos&s Cos % 1114)

where

1(16)

and £ is the surface permittivity. The first and second indices on Q are the initial .and final states of
linear polarization. The corresponding Fresnel intensity reflection coefficients are

I -ZC/A

Equations 5 and 7 involve the two-dimensional distribution functions P and S .. let Gi(gx»g,,1 represent
their generic form. It is possible to derive a number of different forms frcm this which are "one dimension-
al" in that they are functions of a single g variable, fliree examples are:

G1(gx) * \ G(gx,gy) dgy ; G2(g) = G(gx,gy1 where g = (g^ + gy
2)^ ; and (IB)

G, is the ideal profile distribution function taken along the x axis. G, is the two-dimensional distribu-
tion for an isotropic surface, and G3 is the distribution function for the "corrugated" surface 2<x,y) =

)
G3

Z(x,0).

For an isotropic surface G, is the Abel or half-integral transfom u2

and G, is the inverse-Abel or half-derivative transform of G,

1(19)

(20)

Hie spectra S. and S, in Equation ID satisfy these relationships.

Case 3 leads to the following expressions for the scattering fron an arbitrarily corrugated surface:

where I * ra + 6-J/2 and m * Tan((fi - 8.)/2); and
Si X S A,

-2

121)

122)



where S,(f ) is the two-sided »poctnin of the surfaoe profile and Q and f are evaluated at <f • 0.
These fora* also appear in the interpretation of glancing-incidanoe scattering asasuroaents involving a slit
detector parallel to the surface.7'-1

The minimum and maximum surfaoe frequencies included in profile measurements are f • 1/L and H/2L where
where L is the trace length and N is the number of sampling points. The periodogram estimate of the pro-
file spectrum between these limits is proportional to the square magnitude of the discrete Fourier transform
of the measured profile tines an appropriate data window. Explicit expressions are given elsewhere.8

The total range of surface wavelengths contributing to functional effects lies in an "annular" region in
frequency space whose inner dimension is characterized by the surfaoe wavelength d which separates figure
and finish, <md whose outer dimension is characterized by the radiation wavelength "\ .

Since finish spectra are "red", d is generally the more iirportant parameter. Unfortunately, there is no
precise definition of this quantity, although it is 'easy to write constraints on its value in terms of a fra-
ction of the part size, the rms figure or finish roughnesses, and the ms surfaoe curvature; each of which
may be expressed most simply in terms of the error power spectrum. In early work d was determined, in effect,
by the limited bandwidths of the available measurement techniques. In the last analysis, the selection and
significance of d are creatures of the two-scale raodel,and must await further studies of its applicability to
real surfaces. Does it work or doesn't it?
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