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ON INDUCED WAVE PROPAGATION FROM A VIBRATING CONTAINHENT ENVELOPE 

R. B. Stout, L. Thigpen, and J. T. Rambo 
Lawrence Livermore National Laboratory 
Livermore, CA 94550 

ABSTRACT 

Low frequency wave forms are observed in the particle velocity measurements 
around the cavity and containment envelope formed by an underground nuclear 
test. The vibration solution for a spherical shell is used to formulate a 
model for the low frequency wave that propagates outward from this region. In 
this model the containment envelope is the zone of material that is crushed by 
the compressive shock wave of the nuclear explosion. The containment envelope 
is approximated by a spherical shell of material. The material in the spheri
cal shell is densified and is given a relatively high kinetic energy density 
because of the high compressive stress and particle velocity of the shock wave. 
After the shock wave has propagated through the spherical shell, the spherical 
shell vibrates in order to dissipate the kinetic energy acquired from the shock 
wave. Based on the model, the frequency of vibration depends on the dimensions 
and material properties of the spherical shell. The model can also be applied 
in an inverse mode to obtain global estimates of averaged material properties. 
This requires using experimental data and semi-empirical relationships involv
ing the material properties. A particular case of estimating a value for shear 
strength is described. Finally, the oscillation time period of the lowest 
frequency from five nuclear tests is correlated with the energy of the explo
sion. The correlation provides another diagnostic to estimate the energy of a 
nuclear explosion. Also, the longest oscillation time period measurement pro
vides additional experimental data that can be used to assess and validate 
various computer models. 
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I. INTRODUCTION 
Numerous observations of the velocity waves that propagate from different 

underground nuclear explosion sites in high porosity materials have been 
reported [1,2]. Many show a wave form that suggests a damped harmonic 
oscillator effectively exists somewhere in the total system response. In the 
following, a model for such a harmonic oscillator is developed. The model uses 
some known results from the free-free radial vibrations of spherical shells [3]. 
Additional results are derived that represent more detailed approximations to 
the physical problem of a vibrating spherical shell which is coupled to the 
surroundings [4]. The surroundings of the spherical shell are a pressurized 
cavity formed by the nuclear explosion at the inner boundary and an outer 
relatively undisturbed domain that is several cavity radii out from center of 
explosion. Thus, the spherical shell approximates a containment envelope 
around the cavity formed by the explosion. 

Conceptually, a relatively dense, closed envelope is visualized to form as 
the shock front propagates out from the nuclear explosion. For highly porous 
materials such as alluvium, the shock wave densifies the material by crushing 
out the porosity. Based on measurements of peak velocity [1,2], the shock 
front decays in strength as it propagates away from the center of the 
explosion until the stress discontinuity across the shock front is no longer 
of sufficient amplitude to crush-out porosity of the material. Thus, the 
material of the envelope is a more dense material relative to the density of 
the original material and relative to the density of the material that is 
several cavity radii further out [5,6]. Also, it is clear from measurements 
of peak velocity behind the shock front that the kinetic energy of this densi
fied envelope is significantly higher than that of the surroundings [1,2], 
This kinetic energy in the densified envelope is partly dissipated and is 
partly stored as potential energy as the shock front propagates outward. The 
dissipated energy is, of course, lost; however, the potential energy is 
recoverable and is responsible for the subsequent oscillation of the densified 
envelope. In order to model this system response, it will be assumed that the 
densified envelope is an effective homogeneous spherical shell. This idealizes 
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some geometrical aspects of the problem and ignores possible material 
inhomogeneities surrounding the explosion cavity- For this model, effects from 
non-spherical geometry and material layers around the cavity are considered 
second order terms with respect to the lowest natural frequency of the densi-
fied envelope of the cavity. There may be situations where this is not a 
valid assumption and they would require a different formulation. 

In the following section, the spherical shell equation for radial vibra
tions is solved in terms of a function space that has spatially radial decaying 
sine and cosine functions and a simple harmonic motion for the time dependence. 
The equations for the eigenvalues that result from the different boundary 
conditions are developed. The computations for the set of eigenvalues that 
correspond to each different case of boundary conditions are not presented 
here, only an approximate free-free boundary condition is evaluated for the 
lowest frequency as an illustrative case. 

Other formulations to determine the oscillation frequency from underground 
explosions have been discussed in the literature [7-10]. As discussed in > 
references [7,8], a method developed by Radionov uses a semi-empirical approach 
to estimate parameters in an analytical approximation for the elastic displace
ment potential in a spherical geometry. The semi-empirical method uses 
measured radial displacement data and a numerical technique to obtain estimates 
for the parameters. Thus, it does not appear to provide a way to evaluate the 
parameters of the model before the data measurements. 

However, Radionov, et al. [7] have developed several semi-empirical 
correlations involving various material properties and the energy of the 
explosive source. It appears reasonable to combine some of these semi-
empirical representations with results that can be obtained from the spherical 
shell model of Section II. This would lead to a way to estimate various 
material properties. 

One material property that is contained in some of the semi-empirical 
correlations [7-10] is "the strength of the rock", which is equivalent to a 
shear strength or elastic-plastic stress limit for alluvium. A value for the 
shear strength property that represents a large material region surrounding an 
underground test site is difficult to obtain. Two difficulties in obtaining 
such values are the scatter in the data measured from the small test samples 
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that are collected and the small number of test samples, if any, collected 
from locations other than the drill hole of the site. Thus, a simple and 
inexpensive method to infer shear strength and other properties, in some 
averaged and global sense, for a large region where future underground 
explosions are planned would be important. A proposed method is discussed in 
Section III. 

Finally, in Section IV the underground nuclear test data from references 
[1,2] for the oscillation time period are discussed. The oscillation time 
period from nuclear tests in what is essentially an alluvium environment 
correlates approximately with the function log (W), where W is the explosive 
energy (kt) of the source. This is compared with time periods obtained from 
generic calculations. Based on the comparison, measured oscillation time 
periods could be used to validate the models employed in numerical computa
tional approaches that evaluate the safety of underground nuclear tests. 

II. RADIAL VIBRATIONS OF AN ELASTIC SPHERICAL SHELL 

The equation for small radial motion of an elastic, spherical shell about 
an equilibrium reference configuration is [3] 

(X + 2p) (u, r r + 2u,r/r - 2u/r 2) = pii (2-1) 

where 

u(r,t) is the radial displacement function, 

u, S 3/dr is the spatial derivative denoted by comma 
subscript r, 

_ 2 2 
0 = 8 u/3t is the second time derivative denoted by two 

dots above the variable, and 

X, ji, and p are the Lame elastic moduli and the mass density 
of the material. 
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Assuming that the variables of function u(r,t) separate such that 

u(r,t) = U(r) T(t) (2-2) 

then equation (2-1) becomes two equations given by 

U'rr + 2 U ' r / r " 2 U / l' 2 + k*U = D ( 2~ 3 ) 

and 
2 2 

T + k c T = 0 

where 
k 2 

and 

c 2 = (X + 2y)/p 

(2-4) 

is a constant of separation for the 
functions U(r) and T(t), 

is the dilatational wave speed squared. 

A solution to equation (2-3) for arbitrary values of the constant "k" is 
A B 

U(r) = -„ [kr cos kr - sin kr] + -„ [kr sin kr + cos kr] (2-5) 
r r 

where A and B are also constants. 

A solution to equation (2-4) for arbitrary values of the constant "k" is 

T(t) = A sin 2uft + B cos 2* ft (2-6) 
where A and B are constants and the value of the frequency "f" is 

f = kc/2* (2-7) 
The constants k, A, B, A, and B are determined by the boundary conditions 

and i n i t i a l conditions prescribed for a par t icu lar spherical shel l problem. 
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In order to model the frequency of the wave propagating out from a nuclear 
test, different possible values of "k" can be evaluated by the solution to 
different eigenvalue problems. The eigenvalue problems are formulated from 
considering different possible boundary conditions, but the boundary 
conditions must be of a special form. This special form is normally called 
"the homogeneous boundary condition". The first case considers free-free 
boundary conditions; which means that radial tractions on the inner surface 
and outer surface of the spherical shell are zero. For this case, the normal 
traction vector is zero on the inner surface at r = a and on the outer surface 
at r = b; i.e., 

a (a,t) = 0 
rr v ' ' 

a (b,t) = 0 
rr v J 

(2-8) 

(2-9) 
The traction vector is evaluated from the expression 

* r r(r,t) = [(X + 2p) U, p + 2MJ/r]T(t) 
Since the homogeneous equations (2-8) must be true for all times t, only 

the radial (r) dependence need be considered. Thus, a two by two matrix 
equation can be written for constants A and B as 

K1AA K1AB 
K1BA K1BB 

'2-10) 

where the elements of the K. matrix for the free-free boundary conditions are 

K = (X + 2y)[(2 - k 2a 2) sin ka - 2 ka cos ka] 

+ 2X(ka cos ka - sin ka) 

2 2, K1AB = ^ + 2 p ) K " 2 + k a~) c o s k a - 2 ka sin ka] 

+ 2X(ka sin ka + cos ka) 

,2.2, K = (X + 2y)[(2 - k b ) sin kb - 2 kb cos kb] 

+ 2X(kb cos kb - sin kb) 

(2-lla) 

(2-llb) 

(2-llc) 

K1BB = ( X + 2 u ) [ (" 2 + ^^ c o s k b ~ 2 kb sin kb] 
(2-lld) 

+ 2X(kb sin kb + cos kb) 
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The only way that a non-trivial solution exists for constants A and B in 
equation (2-10) is that the determinant of the K matrix be zero which can 
occur at special values of the constant "k". These values are the eigenvalues 
for the case of free-free boundary conditions. This result for equation 
(2-11) is of the same form as given in reference [3]. 

The second case is for a spherical shell with weakly coupled cavity 
pressure load-free boundary conditions. In this case, the inner surface of 
the spherical shell is assumed to have a traction loading that occurs because 
of the oscillatory motion of displacement at the cavity surface r = a. Thus, 
an oscillatory displacement with amplitude U(a) increases and decreases the 
volume of the gas in the cavity, and thereby changes the pressure loading. 
For simplicity, the gas in the cavity will be assumed to be ideal and at 
thermodynamic equilibrium; hence, the cavity gas pressure P(t) is 

P(t) = NR6/V(t) (2-12) 
where N is the number of moles, R is the gas constant, 6 is the absolute 
temperature, and V(t) is the time dependent volume of the cavity. For the 
case of small amplitude vibrations relative to the cavity radius, a, equation 
(2-12) can be linearized with respect to the surface motion U(a) T(t) to 

P(t) = * p (1 - 3U(a) T(t)/a) (2-13) 
a 

where 
V = = *a is the nominal volume of the cavity 

with radius a. 
From equation (2-13), the cavity pressure decomposes into a quasi-static 

pressure term plus an oscillatory pressure term that depends on U(a)T(t). It 
is only the linearized oscillatory term that weakly couples the cavity 
pressure to the vibrating spherical shell about an equilibrium reference 
configuration. Thus, the boundary conditions at the radius r = a for this 
case becomes 

« r r(a,t) = - NR6U(a) T ( t ) / W (2-lAa) 

Note that NR8/V is the quasi-static cavity pressure about which the 
oscillations occur. 
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The free boundary condition at radius r = b is the same as the previous 
case; i.e., 

ffrr(b,t) = 0 (2-lAb) 

Substituting from equation (2-9) into (2-14), two equations are obtained that 
are again homogeneous. Thus, the time function, T(t), can be cancelled and 
values for k determined by requiring the determinant of the matrix be zero so 
that non-trivial values of A and B are possible. For this second case, the 
matrix coefficients have additionaJ terms for the pressure coupling with the 
cavity; but otherwise they are the same as coefficients in the K. matrix 
defined by equation (2-11). In fact, calling this case 2, the coefficients of 
a K„ matrix can be expressed by using terms from the K matrix as 

3NR6 
K2AA = K1AA + 3 ^ k a C 0 S k E " S* n k a^ (2-15a) 

3NR6 
K2AB = K1AB + 3 ^ k a S i f 1 k a + C 0 S k a^ (2-15b) 

4*B 
K2BA = K1BA ( 2 - 1 5 c ) 

K2B8 * K1B8 < 2 " 1 3 d > 
The next case considers a free surface at the cavity radius x = a and an 

interface coupled traction boundary at the outer surface r = b where the 
relative dense spherical shell interfaces with the less dense undisturbed 
surroundings. At the interface, the usual assumptions of displacement 
continuity and normal traction continuity during the oscillatory motion are 
made; thus the interface represents a boundary where the material properties 
are discontinuous. 

To analyze this case, another set of material properties p0, \0, 
and p 0 must be introduced for the surrounding material, and another set of 
solution constants k 0, C, D, C, and 6 must be determined by matching boundary 
conditions at r = b and at the "other outer" boundary of the undisturbed 
surrounding material. The "other" boundary of the undisturbed surrounding 
nsterial is assumed to be at infinity; which does not provide any conditions 
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to determine constants C and D. This fact leads to the following assumption 
for a relationship between constants C and D; 

D = a C (2-16) 
where a is an effective parameter for weakly coupling the spherical shell 
model to the surrounding undisturbed material. Equation (2-16) is equivalent 
to assuming that the spherical shell is coupled to the surroundings by a system 
of linear elastic springs that transmits the shell vibrations to the surround
ings at r = b. Also, the assumption results in an eigenvalue problem that 
makes the overall stiffness of the spherical shell dependent on the 
surrounding material. 

Then at r = b, equation (2-16) and continuity of displacement imply that 
the displacement solution (2-5) with constants (k, A, B, p, X, y), must equal 
the same solution with constants (k , C, aC, p , X , y ). For the time 
dependence function T(t) to be equal across the interface, the frequency of 
oscillation must be equal. Hence, from equation (2-7) 

f = k c /2f = kc/2* (2-17) 
0 0 0 

where c^ = (X Q + 2v0)'P0 • (2-18) 
tft-nce, 

k 0 = kc/c 0. (2-19) 

To satisfy the remaining condition on displacement continuity at the interface 
r = b, the amplitude of the two solutions must be equal; hence, 

A(kb cos kb - sin kb) + B(kb sin kb + cos kb) 
(2-20) 

= C(k b cos k b - sin k b + c(k b sin k b + cos k b)) o o o o o o JJ 

Finally, the traction continuity at the interface r = b between the two 
materials implies that the <r stress is continuous; hence, 
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[(X + 2n) ( (2 - k 2 b 2 ) sin kb - 2 kb cos kb) + 2X(kb cos kb - s in kb)]A 

+ [(X + 2v)((2 - k 2 b 2 ) cos kb - 2kb sin kb) + 2X(kb s in kb - cos kb)]B 

- [(X Q + 2u 0 ) ( (2 - 2ak 0 b- (k o b) 2 s in kQb - (2a + 2k 0b - o(k 0 b) 2 cos k Qb) 

+ 2X ((k b+a)cos k b + (ak b - 1) sin k b) ] C = 0 o o o o o (2-21) 

For this ttiird case of a free boundary at the cavity and an interface 
coupling to the surroundings, given a value for the coupling parameter a 
there are three homogeneous equations to determine constants A, B, C and k 
(recall that k equals kc/c ). The matrix equation is 

(2-22) 
K3AA K3AB K3AC A 
K3BA K3B8 K3BC B 
K3CA K3CB K3CC C 

e the coefficients of K are 
K3AA = K1AA 
u _ u 
X3AB ~ 1AB 

K3AC = C 

K3BA " K1BA 
K3BB = K1BB 
K3BC = t ( X o + 2 v o K 2 a +2k 0b-a(k ob) £)-2X o(k ob + a)]cos k Qb 
-[(X0+2y0)(2-2akob-(kob)2)+2Xo(ok0b-l)]sin k ob 
3CA kb cos kb - sin kb 

K..„D = kb sin kb + cos kb 
K,„„ = (k b + a) cos k b + (ak b - 1) sin k b 3CC o o v o o 

(2-23a) 
(2-23b) 
(2-23c) 
(2-23d) 
(2-23e) 

(2-23g) 
(2-23h) 
(2-23i) 

As in the previous cases, the eigenvalues are determined by setting the 
determinant of the K, matrix to zero and solving the equation for k. 

The last case of boundary conditions weakly couples the cavity pressure at 
radius a and the interface traction at radius b. This fourth case is a 
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combination of case 2 and case 3. In this case, there are three homogeneous 
equations to form a K. matrix whose coefficients are a combination of case 2 
and case 3. Placing the coefficients in the same order as those of equation 
(2-22), the K. coefficients are 

K4AA = K 2AA (2-24a) 
K4AB = K 2AB (2-24b) 
K 4 A C = 0 (2-24c) 
K — k 

4BA ~ 1BA 
(2-24d) 

K 4 B 8 = K 1 B 8 (2-24e) 

K4BC = K 3BC (2-24f) 
K/tCA = K3CA (2-24g) 

\CB = K 3CB (2-24h) 
K4CC = K3CC (2-24i) 

This completes the analysis for the four cases of a spherical shell model 
to approximate the frequency of waves that propagate away from a close-in 
domain of underground nuclear tests. The analysis began with the simplest 
free-free boundary conditions, and each subsequent case added couplings of the 
surroundings through the boundary conditions. Each such addition requires 
that additional physical data and/or material properties of the nuclear test 
and the surrounding be available. Thus, for reasons of simplicity and ease of 
evaluation, it would be most useful to establish under what conditions of a 
pressurized cavity and outer surroundings does the free-free boundary condi
tions provide an adequate approximation for the frequency of the outgoing 
wave. An exact mathematical result to establish such conditions is not 
readily obtainable because solving for values of k at which the determinants 
of the different matrices are zero involve transcendental equations. Based on 
the physical coupling through the boundary conditions, however, it is reason
able to propose that when the internal cavity pressure is much less than the 
stiffness of the spherical shell, then the influence of coupling the cavity 
pressure on the natural frequency is small and the free boundary conditions at 
the cavity surface would be an adequate approximation. 
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Likewise, it is reasonable to propose that when the density and stiffness of 
the outer surroundings are small relative to that of the spherical shell, then 
the influence of the coupling of the outer surrounding domain on the spherical 
shell would be small. Here, relatively small is estimated to be at least an 
order of magnitude difference. Finally, the initial spatial density of 
kinetic energy in a densified envelope next to the cavity is another physical 
reason for expecting that the free-free boundary conditions provide an 
adequate estimate to the lowest frequency of the wave propagating from an 
underground nuclear test. This is because the kinetic energy density is 
relatively large in the densified envelope as the crushing out of porosity 
results in high particle velocity compared to the undisturbed surroundings, 
This spatially non-uniform density of kinetic energy leads to oscillations at 
frequencies associated with the dimensions of the densified envelope. The 
energy contained in these oscillations propagate, or radiate, out from the 
densified envelope at the same frequencies; particularly when the surroundings 
are less dense and less elastically stiff. 

Further numerical analysis will need to be completed to evaluate these 
proposed influences. It is, however, relatively easy to establish that an 
approximation for the lowest frequency of free-free thin spherical shell is a 
reasonable estimate of the observed frequencies. In alluvium, observed time 
periods are the order 0.1 to 0.5 seconds; which is a frequency of 10 to 2 
cycles per second. The time period, T, for a thin spherical shell [3] 
approximation to the densified envelope is 

T = na /p(l - «)/((l + v)y) (2-25) 

where a is an effective radius for the thin spherical shell approximation, 

v is Poisson's ratio of the material, and note that Sv7p is the shear 

wave speed of the material. For an illustrative example, let the effective 

radius is 100 meters, a typical shear wave speed in alluvium is 1000 meters 

per sectnd, and a typical Poisson's ratio is 0.2; which results in a period of 

T - 0.26 seconds (2-26) 
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III. INVERSE APPLICATION OF THE VIBRATING SHELL MOOEL 

In the previous section, a model to evaluate the oscillation time 
periods, or frequencies, from nuclear underground tests was described. The 
model is based on some physical aspects of the crushed or densified envelope 
surrounding the cavity formed by the nuclear explosion. The input parameters 
to the model are the radius of the cavity, a, the radius of the crushed 
envelope, b, the elastic constants X and y for material in the crushed 
zone, the elastic constants X and y for material beyond radius b, * oo 
and the quasi-static pressure of the cavity. From the literature [5,7-10], 
the radius of the cavity and the radius of the crushed zone depend on material 
properties and the energy of the explosion. Thus, the time period of 
oscillation from the spherical envelope model also depends implicitly on 
material properties and the energy of the explosion. 

While the implicit dependence appears to make the model more complicated, 
this dependence on material properties end explosive energy can also be viewed 
as an approach to estimate values for material properties given the time 
period of oscillation and the energy of the explosion. Thus, a good physical 
model that describes an experiment can be applied in an inverse mode to 
estimate intrinsic properties of the experimental configuration. 

If the elastic material properties were all that could be estimated by 
using this model in an inverse mode, then such an inverse technique would not 
be too important to develop further. This is because acoustic wave techniques 
can already provide averaged global estimates for the elastic parameters of a 
region. However, an in situ estimate for the material property of shear 
strength in a region about a test site is much more difficult to obtain. As 
discussed in reference [10], the shear strength of the material surrounding a 
test site is a critical parameter in assessing the containment of an 
underground nuclear test. Thus, a method to estimate averaged global values 
for shear strength in a region would be an important development. 

A method for shear strength estimates is possible. The method would use 
the oscillation time period model of Section II by replacing the crushed zone 
radius by a semi-empirical relationship involving the shear strength available 
in the literature [7-9]. The remaining input parameters would be taken from 
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the field data, namely, the time period, esploslve energy, and any required 
elastic parameters. Thus, the only unknown in the model would become the 
shear strength of the material surrounding the cavity. 

As a simple illustrative example of the method, consider the time period 
estimate of equation (2-25) based on a free-free thin spherical approximation, 
i.e. 

t = * i /p(l-u)/((l+u)v) (3-1) 

where I is an effective radius for the thin spherical shell. If the geometric 
mean of the inner and outer radii of the thin shell is assumed to represent 
a, then 

a = (a + b)/2 (3-2) 

From reference [7], the outer radius of the crushed zone is represented by 
a semi-empirical relationship as 

b = a [E/ff*(n+l)] 1 / n + 1 (3-3) 

where E is Young's modulus of elasticity for the material, cr* is referred to 
as the crushing stress which is taken to be roughly equivalent to the shear 
strength for purposes here, and n is the exponent from the radial decay of the 
peak particle velocity of the compressive shock front. Substituting equations 
(3-2) and (3-3) into equation (3-1) gives 

•t = * a/p(l-v)/((l+v)y) {1 + [E/«r«(n+l)]1/n+1}/2 (3-4) 

Equation (3-4) can be inverted to find a* in terms of the other parameters; 

a» = [E/(n+l)]{ira/p(l-v)/((l+v)y) /[2t - *a/p(l-v)/((l+t.)y)]}n+1 (3-5) 

By using the previous values for p, y, and v that were used in equation 
(2-26) and approximate values for E and n in alluvium of 10 kbar and 3, res
pectively, an estimate of <r* is -50 bar for a cavity radius of 35 metres. 

This illustrates by a simple example how an estimate could be obtained. 
In practice, a better estimate of the time period should be developed. Also, 
other more complete semi-empirical relationships for the shear strength can be 
found in the literature [7-10] and used in numerical schemes to obtain 
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estimates for the shear strength. The quality of the estimates for a 
particular material region depends on the data base available for the input 
parameters to the model. 

IV. FIELD DATA FOR OSCILLATION TIME PERIOD OF CONTAINMENT ENVELOPE 

In references [1,2] there are five underground tests reported which had a 
somewhat high porosity material surrounding the site and were essentially close 
to, if not in, alluvium. The oscillation time period x(seconds) versus the 
energy of the nuclear explosion to the one-third power w (kiloton) is 
shown in Figure 1 for the five events. The correlation for limited experi
mental data is roughly estimated to be 

T = 2.2 + 2.98 log ) (4-1) 

Thus, the time period of oscillation is approximately proportional to the 
logarithm function of the explosive energy. A logarithm dependence means that 
the sensitivity of the oscillation time period is small; thus, accurate data 
on the time period are required to infer the energy of a nuclear explosion. 

In addition to the direct diagnostic application of the oscillation time 
period, one may also ask how well the experimental results compare with results 
from generic numerical calculations. Such a comparison is shown in Figure 2, 
where calculations for the solid lines are for different values of initial air 
filled porosity. As expected, the air filled porosity is an important material 
parameter in explaining the time period of the oscillation. Figure 2 also 
contains a dashed line which is based on calculations that varied the shear 
strength from 70 bar to 30 bar, but held the air filled porosity fixed at 
20%. The computed time period is seen to increase as the air-filled porosity 
increases and as the shear strength decreases. This is consistent with an 
increase in the thickness of the spherical shell approximation to the 
containment envelope. 

The calculational results for the time period of oscillation are consistent 
with the field data from underground tests in high porosity materials similar 
to alluvium. Thus, the field measured time period of oscillation represents 
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an important piece of data that can be used to validate computer models. 
However, the field measurements for this timr, period must be obtained with 
instruments placed fairly close-in to the explosive source. Otherwise, as 
discussed in the literature [7,8,11], the dispersion during wave propagation 
tends to change the frequency of the outgoing wave. Also, surface reflection 
waves tend to complicate the frequency spectrum of the original wave form 
propagating from the source. 

V. SUMMARY 

A model was formulated to explain the low frequency content in measured 
particle velocity waves [1,2] that propagate outward from an underground 
nuclear test. The formulation considered the containment envelope surrounding 
the underground cavity as a spherical shell. As discussed in the literature 
[7-10], the containment envelope is formed by the compressive shock wave 
crushing out the porosity in a zone of material surrounding the cavity. This 
crushed zone is given a relatively high particle velocity compared to the 
surrounding material at larger radii, and hence, the material in the crushed 
zone has a relatively high kinetic energy density. Using the spherical shell 
approximation for the crushed zone, the kinetic energy is dissipated by 
vibrating at the frequencies described by the radial motion equation of an 
elastic spherical shell. The input to the model are the elastic material 
properties, the radius of the cavity and the radius of the crushed zone, and 
through the boundary conditons there can be a coupling to the gas pressure of 
the cavity and to the motion of the material surrounding the crushed zone. 

From the literature [5-10], the model is implicitly dependent on the 
energy of the nuclear explosion and other material properties in addition to 
the elastic properties. This implicit dependence enters into the model 
through semi-empirical correlations for the radius of the cavity and the 
radius of the crushed zone. This suggests that the model for the vibration 
frequency may be applied in an inverse mode to estimate values for the other 
material properties. A simple illustration was given that estimated the shear 
strength around a nuclear event. Further development is necessary to examine 
the usefulness and accuracy of this inverse approach in estimating averaged 
global values for material properties surrounding a nuclear test site. 
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In addition to the development of a physical model to describe the low 
frequency content in the particle velocity waves, a correlation of the 
available experimental data from five nuclear tests was given. The 
correlation was between the longest oscillation time period (the lowest 
frequency) of a particle velocity wave and the energy of the nuclear explosion 
that caused the velocity wave. The material regions surrounding the five 
events were approximately similar in that the air filled porosity and water 
content were roughly the same and the test sites were either in alluvium or 
closely adjacent to an alluvium region. There are two useful results from the 
correlation. One is that a rough estimate for the energy of a nuclear test 
can be made from the data for the longest oscillation time period and given 
that the material regions of the tests in the correlation have material 
similarity. The other useful aspect of this correlation is that it provides 
an additional experimental measurement to compare with results from computer 
models that numerically simulate underground explosions. Such coniparisons are 
important in assessing the validity of numerical formulations and material 
response representations in the computer programs. 
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