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ABSTRACT

The Bethe Salpeter equation for nucleon-nucleon, mjcleon-nucleus

and nucleus-nucleus scattering is eikonalized. Multiple scattering series

is obtained. Contributions of three body interactions are included. The

model presented belov may be used to investigate atomic collisions.
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I. INTRODUCTION

In investigations of nucleon-rmcleus Scattering, it has become

highly interesting to use field theoretical formalisms such as the Feynraan

diagram technique [l]-[lO], or the Dirae wave equation [ll]-[2li]- Both

fonnaaisms, as is well known, account for relativity and spin variables in a

very simple way.

In particular, the DIrac potential scattering approach to the collision

of intermediate energy protons with zero spin nuclei, has been shown to be

remarkably successful in explaining experimental data on polarization and spin

rotation parameters. On the other hand, the conventional, multiple scattering

approaches derived from the Schrodinger wave equation seem to fail [25].

Thus many questions arise. Some of them are addressed to the understanding

of the main features of the Dirac wave equation, vhich are missing in the

conventional multiple scattering approaches [20],[26]. Many works are devoted

to the relation of the Dirac potential with the nucleon-nucleon scattering

parameters [2k], The role of the finite target nucleus mass, especially when it

is no longer heavy and the recoil effects may be important, is not yet clarified.

Many other questions arise.

However, with the increasing success of the Dirac approach, it has

become very desirable to derive a simple multiple scattering model from a

fully relativistic wave equation accounting for the masses of the colliding

particles. That is the main purpose of the present paper.

In order to achieve this goal we consider Feynman's positron theory [27],

from which Salpeter and Bethe [28] have obtained a fully covariant wave equation

for two interacting spin one half particles. A great numtier of works [29) have

been devoted to this wave equation; it has been extended to spinless particles [30]

and to many body systems [31].

In this paper, we eikonalize the fully covariant Bethe-Salpeter wave

equation (B.E. equation) and we obtain a multiple scattering series for composite

particle collision. The idea of eikonalizing a fully eovariant two-body wave

equation or amplitude. Is not a new one. In the late 6ors the old version of the

eikonal approximation [33] , [33], [12] had been extended to relativistic hadron

scattering {$*],[35]. Now, a whole line of investigation of this subject exists

[36]. There, the two-body sejitteririR amplitude accounts for

all Feynman graphs of the ladder type including the straight and the crossed ones,

'The relativistic version of the eikonal propagator used, handles the relative
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energy variable and the z-component of the relative momentum on an equal

footing. Among the numerous interesting results of these investigations is

that it appears that a relativistic eikonal approximation cannot be obtained

from the B.S. equation, since the latter dots not account for the crossed

graphs.

So, what are the new results that we are going to show on the

fallowing pages? The first one is a different approach to eikonalize the

B.S. equation. The second one is a derivation of an eikonal multiple scattering

series from a fully covariant many body wave equation obtained in the ladder

approximation. In the high energy region considered here, the Pauli exchange

between the colliding particles is assumed to be negligible although the

extension of the present model to include it does not involve any special

difficulties.

In Sec. 2 we eikonalize the B.S. equations for two spinless and for two

spin one half particles* In Sec, 3 ve derive a covariant nuclean-deuteron

scattering wave equation and we eikonalize it. Here we extend our model to

nucleon-nucleus and nucleus-nucleus collisions. This extension leads to a

relativistic Glauber-type approach. We conclude in Sec. It.

II. EETHE SALPETER EQUATION IB THE EIKONAL APPROXIMATION

a) Two spinless particles

First consider the B.S. wave equation for two scalar particles [30]

1 and 2 interacting without external fields in _the c m . system,

(2.1)

(fi = c = 1)

where the interaction I is assumed to be Lorentz invariant, E is the total

energy of the system, m is the mass of particle j , p = -IV, and
J

(2.2)

In addition to the ladder approximation included in the B.K. equation,

the model we are working out rests on four approximations, the first of which

is the following.

-3-

For high energy collisions, when the free motion wave function is only

weakly distorted by the interaction, we may construct the solution of Eq. (2.1)

as a product of a plane wave and a very slow varying function Q. So,

'

where k is the relative momentum. The relative energy 3 n>

later. The B.S. equation for £1 is /I n

(2.3)

be defined

(2.1*)

with

Since for 1 = 0 ,

(2.5)

(£.6)

we get

and

fj^t>_^.7_

(2.7)

(a.e)

For EL = m , ^ = 0. The integral form of Eq. (2.U) is

(2.9)

where the Green function G is given "by

0 '

(2.10)

The scattering T matrix is then given by [31]

(2.11)



vhore a - k - it1 » vith kr and £ ' being the final state relative momentum

and energy respectively.

The second approximation on which the present model is founded is the

following.

At very high energy, when, the energy E transferred during the collision

is negligible compared to the total energy of any of the colliding particles, we

may write

(2.12)

2 lfi-IU
— * J

(£.13)

How we introduce the third approximation, the eikonal one, expanding the

momentum q around the vector -^- Q. Hence
l 77 2 2

(2.U0

with K = -Ax + !t'). Neglecting the quadratic term of 5 and choosing the

z axis along K,,, we may perform the integral (2.13) over A and we get

with

<J

(2.15)

(2.16)

The function (s - s1} is the Dirac delta function and s is the transverse

component of x. If the interaction I is negligible outside a space volume

the range of which is d, for small scattering angles, such that

i.e.

6 I

(2.17)

(£.18)

we may wr i t e

For high energy (kd » 1) small angle (e « f~) scattering,

With this Green function we get

This equation leads to

where u(s,z,t) is a solution of the Riccati equation

which may be obtained by iteration to any desired accuracy.

Up to the third order in max/I/CiK ) we have

T r

The corresponding T matrixes

res,
with

(2.19a)

(2.19b)

(2.20)

(2.21)

(2.22)

( 2 23)

(2.2V)

(2.25)

(2-26)
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b) Two spin one half particles

For two spin one half particles, the equation for SI in given by

?.27)

where

(2.29)

with a. and B, _being the Dirac_matrices for the particle j and

(W£

As in the case of scalar particles, we introduce the eikonal approximation

by neglecting A as compared to K and obtain
_

4 Ke

(2.31)

(2.32)

where

and

(2.33)

In this case the solution SI of Eq. (2.27) is given by expression (2.21)

and vU,z,t)- is no« given by
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\/(s,z, (•;=,«'A:
" - OO

(2.35)

The scattering T matrix is now

where u is the product of t̂ wo four component Dirac spinors and
0 iQi(D

with

(2.36)

(£.37)

(2.38)

We see that in our eikonal Green function (Eqs. (2.19a) and (2.32)) the

time variable and the z component of the relative position vector are not

treated on an equal footing. However the covariance of the scattering

amplitude is maintained. In Appendix E we discuss the relation between the

Green function presented here and the relativistie eikonal one.

III. EIKOHAL MULTIPLE SCATTERIHC

l) Proton-deuteron scattering

In the ladder approximation, the covariant proton-deuteron scattering

wave equation derived from Feytunan's positron theory is given, in the c m .

system by

(3.1)

(3.2)

where
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with

(3.3)

(3.It)

(3.5)

(3.6)

(3.7)

In these equations particles 1 and 2 represent the nucleons in the

deuteron and particle 3 is the proton; m and m_, are the masses of the
d i

deuteron and the proton respectively.

The proton-deuteron interaction is given by

(3.8)

and

+ higher order interactions

Expanding

1 _ -^

we get

(3.9)

(3.10)

* higher order interactions.

Here we neglect the three tody forces; they will ~oe considered later

(Appendix A).

As in the second section, solving Eq. (3.1) for high energy scattering

we look for a solution which has the following form:

(3.11)

where f^(x) is the deuteron internal wave function, u is the Dirac spinor

for the proton and u is a . sixteen component spinor for the

deuteron. The function fi is given by

V^/£ O,^

(3.12)

where

Ff (3.13)

Solving Etj. (3.12) we introduce the fourth approximation, the "frozen"

nucleus approximation. We neglect the Fermi momentum of the nucleon inside the

deuteron compared to half of the proton-deuteron relative momentum, and the

deuteron internal relative energy versus the total energy of a nucleon. Hence we

may write

(3.11*)Gr
In

where

G.(**%hiL
' - ? )
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(3.16)

with

(3.17)

and

Following the procedure shown in the second section, we get

(3.18)

(3.19)

where

(3.20)

(3.21)

vith k, (k ) being the relative momentum in the entrance (exit) channel.

Using expressions (3.12) and (3.19) «e find the differential equation

(3.22)

the integration of which leads to

12 =
-11-

with

and

-oO

/ ^ Z
o ' (3.25)

As for Eq. (2.22) U may be obtained by iteration to any desired
accuracy. The contribution Si of the vector part of the interaction sat isf ies
the following equation

**Qe-
•A1

(3.26)

Because of the non commutation of the Dirac matrices, SV should be

calculated by i tera t ion. The T matrix for proton-deuteron scattering is

(3.27)

where

ft
with

{3.2e)

(3.29)

(3.30)
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and

C j (3.32)

2) nucleus-nucleus scatterIDK

Extending the model described atiove to the nucleus-nucleus collision, ve

vrite the scattering wave function as

*a
where

* o , (3.3M

with A and B being the mass numbers of the target and the projectile

respectively. The interaction I is
AB

(3.35>

+ many body interactions terms, with

(3.36)

(3.37)"

-13-

and

In these equations q and q are the Fermi momentum of the

nucleons inside the nuclei respectively, k is the relative momentum and

(3.39)

Neglecting the many-body interactions and following the same procedure

shown in the previous section we get

f •,

A8 >. -- (3.1*0)

with

- oO
(3.1*1)

(3.1*2)

and

.1.3)

which should be solved by iteration.

The scattering T matrix is

where u and u.̂  are respectively the spinor function of the nuclei A and

B and

- l i t -



with

£&••>».

(3.1*5)

and

H

1>

e --UK
A £

J-J
(3.50)

(3.51)
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IV. CONCLUSION

Concluding the present paper, we notice that:

1) We have eikonalized the B.S, equation for nueleon-nucleon, nucleon-

nucleus and nucleus-nucleus scattering.

2) This eikonal approximation is valid if the interaction is local in

space and varies slowly with the space-time coordinate variation.

3) LiKe the phase shift function given by Atarbauel and Itzykson [3*t],

the eikonal phase shift function obtained above depends on the scattering angle.

However the variation of the eikonal phase shift with the scattering angle must

be consistently neglected for high energy small angle scattering.

1*) The model presented above relates the nucleus scattering parameters

to the characteristics of the quanta exchanged ir. the nueleon-nucleon interaction,,

Thus, one of the advantages of this model is that it opens a vay to investigate

bhe nueleon-nucleon, nucleon-nucleus and nucleus-nucleus collision with the same

(and few) parameters (coupling constant, quantum mass). Of course the problem of

the use of the B.S. formalism in the investigation of the nuclear interaction,

for which the coupling constant g is not so small as the fine structure constant

in Q.F.D. remains open. But note that the series, obtained in this model for the

eikonal phase shift function, quickly converges in the high energy small

scattering angle region since the effective expansion parameter is g /1*K .

5) This model may be used to investigate atomic collisions.

6) The contribution of three body interactions may be investigated

systematically with this model. Many "body interactions may be included

although the calculation may be tedious.
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APPENDIX A

The proton-deuteron scattering wave function, including contributions

of two and three body interactions is

(Al)

where

with

and

Handling Eq. (Al) as ve did Eq. (3.1) we get

(AE)

(A3)

(A!*)

(A5)

where

U6)

is the contribution of the two body interactions discussed (Eq. (3.22)) in Sec. III.

The three body interactions contribution fi is given byy

(A7)

This equation should be solved by i terat ion because of non-commutation of the
Dirac matrices.

-at
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APPENDIX B

Consider the fully covariant Green function (2.10) which is equal to

(Bl)

The relativistic eikonal approximation is achieved by dropping the quadratic

term of 4 and E. Putting kQ along the z axis, we get

(B2)

where T. = -"- (z - z ' ) may be approximated by
j KQ

(B3)

(v teing the velocity

of the particle j) for high energy small angle scattering.

If the interaction I is localized within a space volume of radius d,

the contribution of G to the scattering amplitude comes from the region
6 IK.

where
c/

with T being the interaction time. For very high energy scatterings, the

interaction time should be very small. In that case, we may expand Geifc
 i n

power series in T, by using
J

W^e (B5)

Neglecting the quadratic and higher order terms of e, (note that the

quadratic terms of e have been neglected in the derivation of the exact

relativistic eikonal Green function (B2)) we get

-19-

with

(B6)

(E7)

Using this Green function, from Eq, [ .£9) ve S e t

(B8)

The second term is due to the derivatives of the interaction I

(a being itself a function of I ) . For interactions very slowly varying with

time, and when the masses of the colliding particles are approximately equal

(two nucleons), the second term in (B8) may be neglected. For proton-proton

Cor any identical)particle collisions this correction term is zero. Therefore

investigating nucleon scatterings we may put

(£
which is the main equation used in our model.

(B9)
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