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ABSTRACT

In the present paper, an attempt is made for establishing a generalized

equation of motion for quantal obJeetB, in which intrinsic self adjointness is

naturally built in, independently of any prescribed representation. This is

accomplished by adopting Hamilton's principle or least action, after

incorporating, properly, the quantal features and employing the generalized

calculus of variations, without being restricted to fixed end points

representdtion. It turns out that our proposed equation of motion is an

intrinsically self-adjoint Euler-Lagrange's differential equation that ensures

extremization of the quantal action as required by Hamilton's principle. Time

dependence is introduced and the corresponding equation of motion is derived,

in which intrinsic self adjointness is also achieved, Reducibility of the

proposed equation of motion to the conventional SchrQdinger equation is examined.

The corresponding continuity equation is established, and both of the probability

dnnsity and the probability current density are identified.
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1 . INTROnilCTlUN

In spite 01' the great success of the Schrodinger quantal mechanics aa

a natural discipline for describing bound state problems and the like, that

concern microscopic particle system:;, yet seme difficulties s t i l l remain in

dealing with unbound state problems.

The main reason behind this disability is due to the fact that bound

state problems tire provided with particular boundary conditions that render the

Kinetic energy differential operator to be self adjoint, while others ctumot

afford this.

Some oi' the implications of the non self adjointness of the Sehrodinger

operator thut huvc been investigated concern: resonance scattering (Bloch 1957,

ljuiti anil EtobsOH 1966, Morsy and Ata 1971a, Morsy and El-Ashry 19B6), direct

interaction {Horsy and Ata 1971) and quantum dynamics (Moray and Ate 197^0.

ilermitiiation methods (Lane and Hobson 1966, Morsy and Ata 1971a,

Morsy and Ata 1971b, Morsy I960), have been prescribed in this respect, and

employed for rendering the Gchrddinger kinetic energy differential operator to be

intrinsically self adjoint. Nevertheless, such prescriptions s t i l l remain as

artificial procedure.

In this paper an alternative attempt is mude to establish a generalized

equation of motion for quantal objects, in which not only intrinsic self

udjuintness is naturally incorporated, but also satisfies the Hamilton's

principle of least notion. This ciui be accomplished by:

1) Generalizing the Schrodinger quantization procedure in order to allov for

adjoint operations in terms of right - as well as left-handed differential

operators. Thereupon, it is possible to establish a generalized quantal action

(Morsy and fcmbuby 197H).

2) Employing the generalized calculus of variations (Morsy and ttnbaby 1906), in

which the end points are left free, to minimize the generalized quantal action

subject to finite norm constraint.

This gives rise to a generalized Euler-Lagrange's differential equation,

that its provided with a pair of Dirac delta functions, whose presence is necessary

far securing intrinsic self adjointness.

It turns out that this generalized Euler-Lagrange'i; differential equation

thut ensures the mi [limitation of the physical action after being properly

quantized is identifiable us our proposed quantal equution of motion, that is

provided nutur'illy with an intriu^iuuily self adjoint kinetic energy differential

operator.

Tine is introduced upon replacing the energy by its quantal analogue

and the corresponding generalized equation of motion is established, in which

energy and kinetic energy differential operator are intrinsically self adjoint.

The feasibility of reducing both time-independent and time-dependent

versions to the corresponding Schrodinger equations is examined.

Finally, a generalized continuity equation, that connects probability -

arid probability current - density, is developed.

2. GKMEHALIZfcD QUANTAL EQUATION OF MOTION

In this section, the Hamilton's principle of least action is adopted for

establishing an intrinsically self adjoint equation of motion for quantal objects

bjxtremizatioii of the quantal action is accomplished by employing the generalized

L-rilculus of variations (Morsy und Embaby I986), jn which the end points are left

free. As a consequence, one gets a generalized Kuler-Lagrange's differential

equation that is intrinsically self adjoint. The equation can be identified as

tlie required equation of motion.

2.1 Time independent version

To begin with, let us consider the motion of a single particle in an

arbitrary potential function V(x), with the Lagrangian:

1 1 u.i.n

The corresponding quantum mechanical analogue <L>, is simply the expectation

value of L, namely:

(2.1.2)

The state variable i(i(x) belongs to Hilbert space, and consequently, i ts norm is

kept f inite, namely:

jilx jyttj/'.- b i k«.m (2.1.3)

The quantum mechanical analogue of the momentum is

In this respect, the kinetic energy has to be re-expressed properly as
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and as a consequence, the Lagrangian density reads:

(2.1.5)

(2.1.6)

v.
(2.1.7)

which after being integrated with respect to the time yields the quantal action:

t.

A *j*

Now, the Hamilton's principle requires that the functional variation of the nction

as given by the defining Eq. (2.1.7) must vanish Identically for every choice of

the variational variable 4I|I(X) subject only to the integral constraint that is

stated in Eq. (2,1.3).

Fortunately, such a constrained variational problem can be reduced to

an unconstrained one by virtue of introducing a Lagrange's multiplier \. In

this respect, the equivalent quantal action where the quadratic integrability

constraint is built in, reads

A - y* L / w£. q if z> - (S.I.8)

Therefrom, the corresponding functional variation

(2.1.9)

must vanish ident ica l ly for every choice of the variat ional variable

in accordance with the Hamilton's p r i n c i p l e , i . e .

F (i (2.1.10)

in which

- i i -

Following a similar procedure to that outlined we can derive the corresponding

Kf?npralized Kuler-LngranRe's differential equations that fulfill tlie Hamilton's

principle as given by Eq. (2.1.10-11), namely;

(2.1.12a)

(2.1.12b)

On inserting the explicit expression of F as given by Eq. (2.1.11) into the

above pair of differential equations, «e get the following equation

together with its complex conjugate. In this respect, the Lagran^e's multiplier

X which is assumed to be an arbitrary parameter plays the role of the energy,

usually denoted by E, and as a consequence, Eq. (2.1.1) reads

f -1-1 -E J (2.1.lit)

This equation of motion is in fact reduceable to the conventional Schrodinger

wave equation, if we disregard the first order boundary differential term which

is responsible for restoring self adjointness.

This is quite obvious, since the proposed kinetic energy differential

operator

- £ (Z)*- SI))

coincides with one of the members of the self adjoint aet that have been obtained

by employing the hermitization method (Morsy 1986). The main difference is that

self adjointness is built in naturally in the course of determining the kinetic

energy differential operator (E.I.15), while it is incorporated in the hemsitized

operator by adding some appropriate boundary differential term in an artificial

manner.

Eq. (2,1.1!)) is the required equation of motion for quantal objects;

in view of the fact that this equation is essentially the Euler-Lagrange•s

differential equation which ensures the minimization of the quantal action as

Implied by the Hamilton's principle.



£.2 Time dependent version

In urder to introduce the time, one lias to replace tlie energy parameter

i that oceuru in the right hand aide of Kq. (2.1.9) by i ts quanta! analogue:

(2.2.1)

Accordingly, the time dependent quantal action reads:

A ,
*. *.

t) [. q £l) - (2.2.2)

which is rather similar to that considered previously (Mornt; and Feshback 1953)

Therefrom, the corresponding functional variation:

si
t X

in which

(2.2.3)

[2.2M

must vanish identically for every choice of the variational variable 4i(i(x,t),

in accordance with Hamilton's principle.

Following u similar procedure to that outlined in !3ubsec. (2.1), one gets

a pair of generalized Euler-Lagrange's differential equations that ensure the

fulfillment of Hamilton's principle, namely:

(2.2.5)

and

(2.2.6)

On soonipulating the explicit expression of P one gets the following time

dependent generalized equation of motion:

*) Nevertheless, these authors could not extract more than the conventional

tichrodintfer wave equation in view of the fact that they employed the

traditional '-alculua of variations where the end points are kept fixed.

-6-

(2.2.7)

together with its complex conjugate.

It ia to be noted that the above equation differs from the conventional

time dependent ilchrodinger equation in two respects.
h'

1) The presence of the first order differential boundary term, -— 4 h which

i'm x x

is responsible for rendering the kinetic energy to be intrinsically self adjoint.

2) The presence of the boundary term, — f , which is responsible for

achieving intrinsic self adjointness of the energy operator in the time

variable.

'i. REDUCIBILITY OF THE GENERALIZED EQUATION OF MOTION

In this section, it is convenient to reduce the proposed time independent

generalized equation of motion (2,1.114), that is provided with a firct order

differential boundary term to the conventional form of Schrodinger equation.

This can be accomplished by transforming the state wave variable I|J(X) to

0(x) in terms of an arbitrary function Si(x), namely:

(3.1)

by virtue of which Eq. (2.1,lit) reads:

3.2)

No« to get rid of the first order differential term, one has to force its

coefficient to vanish, namely:

•3 ̂  — S a a

£1 (3.3)

which provides a first order differential equation that governs il[x). On

integrating both sides of the above equation, one gets immediately the explicit

expression of il(x):

in terms of which, Eq. (̂ .2) becomes:
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m *
- •>

(3.5)

in which

4»M **

J V 1 IV

(3.6)

At this point it is to be pointed out that it is possible to reduce the form of

the time independent generalized equation of motion to that of the conventional

Gchrodinger equation with the price that the new potential is given in terms

of the generalized Dirac delt- function. Further and more importantly, the

reduced equation possesses a kinetic energy differential operator which is not

self-adjoint.

However, the wave funtion I|I(X) contains the multiplicative factor

S!(x) which can be recognized as a representation that ensures self-adjointness.

As a consequence, self-adjointness does not leak by virtue of the transformation

t(x) • 0 (x), but is still incorporated in the fl(jc) representation.

Before leaving out this section, it is to be noted that the form of the

reduced equation that is given by (3.5) can be converted to that in which the

time is present explicitiy. This can be accomplished by substituting for the

energy parameter X by its equivalent differential operator:

(3.7)

in view of comparing time independent and time dependent versions of the

generalized equation of motion as given respectively by the defining equations

(2,1.1*4) and (2.2,7), the prescription of the quantum mechanical analogue of the

energy as given by Eq. (2.2.1) since both are in fact equivalent • ) , t "• a

•) To prove thiB statement, let us consider Eq. (2.2.1), namely:

which upon inverting the direction of the right handed differential operator

using the relation:

becomes

-B-

consequence, we are in a position to write down the time dependent version of

the equation of motion, namely:

(3.8)

which obviously differs from the conventional time dependent Gclirodinger equation

by the presence of the boundary term ±± Sf which is responsible for restoring

self-adjointness of the differential operator that representing the energy.

!*. CONTINUITY EQUATION

On subtracting Eq. (3.1) after being multiplied from the left by

i^(x,t) from its complex conjugate, one gets:

(U.I)

which can be re-written equivalently as:

i

in which

and

(14.3)

(li.lt)

denotes the Wronskian determinant:where

It is to be noted that Eq. (U.2) resembles the usual continuity equation

(Kemble 1958). On the basis of this resemblance, one can identify p(x.t)

as the probability density and S(x,t) as the corresponding probability current

density. Consequently the state variable i(i(x,t) signifies the probability

smplitude that ia relevant for manifesting the indeterministic nature of quantal

mechanics.
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In tlie same manner, one can establish the continuity equation that

concerns the reduced version given by t!q..(3.8). In this respect, the probability

density, and the probability current density read respectively:

0- i
and

Ct.6)

On inspecting both of the continuity equations, we find that they differ

mainly in the form of the probability current densities ti and S in view of

tliu presence of the first order differential boundary term - ~ & D that
2m x x

belongs to Kq. (2.2.7).

5. CONCLUSIONS

In the present paper, a generalized equation governing the motion of

quantal objects has been established on the basis of Hamilton's principle of

least action, arter incorporating, properly, the quantal features and wmploying

the generalized variational calculus. It turns out that our proposed equation

of motion is simply the corresponding generalized Euler-Lagrange's differential

equation, which differs from the conventional GchrBdinger equution by the

presence of some differential boundary terms, that are responsible for restoring

intrinsic self adjointness.

Time dependence has been also allowed for, and the corresponding

generalized equation of motion was found to be different from the corresponding

Schrodinger equation by the presence of a time dependent boundary term in

addition to a spatial boundary term uhich are responsible for securing intrinsic

self adjointness of energy and kinetic energy differential operator.

Furthermore, the physical meaning of the state variable has been

clarified by establishing a generalized continuity equation, in which both of the

probability and probability current-density have been identified and compared

with the corresponding conventional ones.
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