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I. INTRODUCTION

*)
When discussing inflation [1] in the early universe ', a coireaon

method has been to consider the behaviour of some scalar 'inflaton1 field

$, characterized by a potential function V(iji), and obeying a classical

equation of the form

(1)

ON THE STOCHASTIC APPROACH TO INFLATION

AND THE INITIAL CONDITIONS IN THE UNIVERSE

Here we have assumed a. Friedmann-Robertson-Walker space-time

(2)

H.D. Pollock

International Centre for Theoretical Physics, Trieste, Italy.

ABSTRACT

By applying stochastic methods to a theory in which a

potential V(<f) causes a period of quasi-expansion of the

universe. Starobinsky has derived an expression for the

probability distribution P(V) appropriate to chaotic inflation

in the classical approximation. We obtain the corresponding

expression for a broken-symmetry theory of gravity, in which the

Newtonian gravitational constant is replaced by GN = (Sirfe ) ,

where $,. is the vacuum expectation value of $, and which also

includes higher derivative terms 0(R ) and a trace anomaly.

For the Coleman-Weinberg potential, it appears most probable

that the initial value of- $ is $. « $„, in which case

inflation occurs naturally, because V(<^) > 0. Whilst

inclusion of higher-derivative terms and a trace anomaly ^ 20H

leads to a minimum probability at some R ̂  m /16u(} -J in^. An
2 P P

initial value fL ^ m is then not implausible, and this could
also give rise to inflation.

MIRMARE - TRIESTE

Hay 1986

* To be submitted for publication.

where the co-ordinates are x = (t,x), a is the scale function of the universe,

and the Hubble parameter is H = a/a, where a dot denotes differentiation with

respect to time t. It is now appreciated, however, that this approach is

incomplete, in the sense that fluctuations of the field <t> - which may be

either thermal or quantum fluctuations - cannot always legitimately be

ignored [A]. One consequence of these fluctuations is to cause the universe

to split up into domains, and this in turn forces one to consider primordial

inflation [5], in which the field $ ultimately attains a vacuum expectation
-12-yiHue *„ <v m , where m = G., is the Planck mass. Thus, one isOp p N

necessarily led to study the physics of the Planck era, where quantuns

cosmology and the question of initial conditions become important.

One way of approaching this problem is to regard inflation as a

stochastic process. (This may also be useful in making contact with quantum

gravity, since some attempts have been made to apply the stochastic

quantization method [6] to the Einstein theory of gravity [7].)

This idea has recently been discssed by Graziani and Qlynyk [8] and

by Starobinsky [9]. In this paper we shall follow the development given

in (9], hereafter called paper A. Several new results were derived there,

including the probability expression for the Hawking-Moss instanton [10]

together with its pre-exponential normalization factor, which was not

previously known. Chaotic inflation [11] was also considered and it was stressed

that ideas from quantum cosmology lead one to assume a stationary boundary

condition for the initial probability distribution P(<f) (in place of the

conventional choice P($) CjC i($ - *f)> f° r some $. such that V($.) <M m )

and the discussion of initial conditions can be put on a more exact basis.

Let us now pursue these ideas in more detail.

*) See [2,3] for reviews of the subject.
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ir. I'HI: STOCHASTIC APPROACH TO INFLATION

Tin? realisation that stochastic methods may be relevant to the theory

ot inflation st-t'insin part from the observation that. Kq.(l) yields a

l.angeu in i!(|iiat.ion, when we adopt the slow-rolling approximation, which is

ner:e\ssary to have- a sufficient ly prolonged phase of quasi-de Sitter expansion.

For l.ĥ n, w^ assume that <t •-< 3H0, which gives the approximate equation

3H
Is .-i quantum f ifi 1 d, and it can be written in the form (A. 5)

(3)

where k - |k|, I) is the Heaviside function, and 6 << 1. The quantity

tf> contains only long-wavelength modes for which k << aH, while &<t>

is an Lgnorable small correction term. The second term in expression (4)

satisiies the free massless wave equation in the de Sitter background,

O 0 - 0 . Hence,

f

(5)

when? n = j dt/a(t) = -(aH) is the conformal time. The quantities a*

and :i^ are thu usual creation and annihilation Bose operators; and £

is a ffl?l!5 il auxiliary parameter.

From Eq.('J) it is now possible to obtain the Langevin equation for

the i ieid * , namely

(6)

w t i o r n I In; d r i f t t<;rm i s R i v e n b y

J f i f (7)

;md I lit' tvo-t inic cor rel ,-j I: ion function has the whi te-noise foi

-3-

(8)

The stochastic force represents the flow of initially small-scale quantum

fluctuations acfoss the de Sitter horizon k = aH during the process of

expansion

Considerable further discussion and applications that we shall not

use are to be found in [A]. Here we note only that the self-consistency of

the model requires the drift force f to be small in some sense, because of

our assumption of the slow-rolling approximation and a quasi-constant

value for H. Formally, f is undefined, because the c-number quantity

Q = a. e " ^ * - a^ e^'^ , which enters into expression (7), is of un-

specified magnitude.

Expressions (6) and (7) can be put into & more general context

that enables one to obtain the Fokker-PIanck equation. The Parisi-Wu

ansatz [6] for the Langevin equation,in Euclidean space-time may be written as

(9)

where * (s) is some stochastic variable, s is the fictitious 'fifth' time,

S_ is the Euclidean action, and G,n[4) is the metric tensor functional
A

in field configuration space. The stochastic source term E. is) is required

to obey the correlation relation

(10)

This formalism has been applied to the problem of stochastic

quantization of the gravitational field, most recently by Kumpf [7] (see

also the references therein). Then * is identified with the metric

g..(x ) and the requirement that general co-ordinate transformations on
k

g..(x ) be isometries with respect to thepfield metric G,,, constrains

the latter to have the form

where g = det g., and A

-4-



If one is concerned with stochastic quantization proper, then the

fact that S £ is not positive definite poses a problem [12], and hence it

is convenient to rotate back into Lorentzian space time, via the trans-

formation

(12)

In the application to inflation, however, this problem does not arise. We

merely note that expressions (9) and (10)can be cast into the forms of Eqs.(6)

and (8), respectively, if we identify s with the co-ordinate time t, rather

than with a fictitious time, and if we consider a one-dimensional field-

configuration space in which * (s) is identified with +(t), and G^

with some field metric G- , whose inverse is G* = ( G T )

In order to know what G is, we have to relate dV/dJ with

dSp/df . But it is known that the Euclidean action for the de Sitter

instanton is [13]

(13)

which means that

3H

in which we have used the Friedtnann equation

(14)

(15)

which is valid for a quasi-de Sitter space-time, where |H| << H . Thus,

we find that

iGi. tfjti , (16)

and hence that expression (10) reduces to expression (8), as it should.

*)
Next, we turn to the Fokker-Planck equation . Properly speaking,i

distinction should be drawn between the version which employs the calculus

of Stratonovic [16J and that which employs the calculus of Ito [17]. By

requiring covariance of the Langevin equation (9) with respect to field

redefinitions, Rumpf [8] is led to advocate the calculus of Ito, which

implies the Fokker-Planck equation

*) For a general discussion of this equation, see [14,15].

-5-

(17)

for the probability distribution P(*,s), which is a scalar density in

configuration space.

Making the same set of replacements as before, we can use Eq.(17)

to obtain the Fokker-Planck equation valid for ths model of the inflationary

universe, which is

" "

Substituting from expressions (13) and (15), we arrive at the equation

In writing Eq.(l9),we retain the implicit dependence of H upon i ,

which has an important effect upon the solution, as we discuss below.

III. THE SOLUTIONS OF THE FOKKER-PLANCK EQUATION

If we are to obtain an exact solution to Eq.(19), then some constraint

must be imposed. Hence, we seek the stationary solutions to this equation

for wiich 3p /3t = O. This supposition seems plausible in the context of

quantum cosmology, as discussed in (A), if it is imagined that the classical

universe started out in a state of equilibrium with space-time foam,

where the notion of time itself becomes obscure, and hence our solution

ought to have some physical meaning.

Thus, we obtain the first integral

3H 4
, j (20)

T
-6-



i . 2 2
w h e n - I i n <3 p r o b a b i l i t y f l u x . L e t u s w r i t e y = H I ' a n d v = 8 n G V / 3 " H
h v d i n t o f K q . ( 1 5 ) , w h e r e u p o n E q . ( 2 0 ) t a k e s t h e f o r m

(21)

- I ,At t t:r mult ipl i t at. ion by the integral ing factor I E exp( -v ) , we obtain the

Wil

(22)
A is .in arbitrary constant and B = (3/8irG )"

The result (22) coincides with expression (A58), if the probability

:) lieimed in [AJ is identified with p'rl. This difference is attributable

to the later choice of a ; in a in [A], rather than t, as the fundamental

t iuie s, ;is is easy to check. The change does not appear to have much

inf lnwicti upon th^ shape of the probability function; but for the sake of

comparison wi.t.h the results in (A], we shall sometimes use this alternative

1 orrnu 1 jfi on, which may be more correct in the full framework of quantum

J - 0, expression (22) reduces to

pt = AV~3'2exp(3/8itG2V)
(23)

This rusuH is very surprising, a priori, because it tells us that the most

probable initial state is that in which the potential vanishes, whereas our

intuit ion mighi havŝ  suggested a probability of the form [18]

expf-c/G^V) (24)

where <: is ;i constant of order unity, were we to have argued from the

.111:1 iuf;y °f tunnelling through some quantum barrier in flat space-time.

The result (23) can be understood from several points of view.

On the one band, it has to do with the fact already mentioned [12,13]

th.it thy Euclidean action of the de Sitter instanton is negative, so that

«xprussion (23) can be written as P Qi, exp(-S_), which is the usual result

wlit'ii I he Wick rotation is performed in the sense (12). There has been some

discussion of this question [18,19,20] and of its relation to the boundary

conditions to he imposed [20). It has become clear that the result (23)

slujulij actually bp correct in the approach of Hartle and Hawking [21],

W|[L.TC t be boundary conditions ,ire time- reversa I invariant. Hence, that

!;; the significance of setting J - 0 in Eq.(20).

Another way of appreciating the rosult is to realize thai. it. is due

to 1. tit; non-linear nature of general relativity, which is ignored when one

tries to maki? the analogy with expression (24), For if w(? preUmd t.hat

1 1M1 potunt-ial V can be varied whilst the quantity

Eq.(2O) takes the (incorrect) form

3H

which would lead to the (incorrect) solution

?L = A exp(-3/8uG2V)

is kept fixed, then

(25)

(26)

It is immediately obvious that one can never derive an expression

like PoCexp(+SE) or P oC exp(-|Sj,|), such has sometimes been suggested.

These latter expressions presuppose the validity of a serai-classical

approximation where it is not applicable [22j- Vilenkin [20] has drawn

a distinction between the time-reversal symmetric boundary condition selected

in [21], and the tunnelling boundary condition, for which he assumes

expression (26) to be appropriate. But a more correct solution in this

second case is presumably obtained by taking J i* 0 in expression (22).

This corresponds to a non-vanishing probability flux. As stressed in [Aj,

one should not speak of tunnelling, because there is no tunnel [23] -

rather, it is appropriate to envisage some kind of equilibrium with space-

time foam.

When J ^ 0, the probability distribution can acquire a turning point.

In order to facilitate comparison with the results of [A],we work from the

expression Pa =* V P , where P is given by expression (22), although

this does not produce any essential change. Taking the first and second

derivatives with respect to 4, we then have

(27)

and

Now, for values of

yields the result

" (28)

ch that G2V « 1, setting 8Pa/3<t = 0

- 7 -



~~ \ BJGVIM (29)

which is expression (A59), whilst expression (28) reduces to

(30)

Choosing the canonical potential V = Aif Ih of chaotic inflation [11], we

see that 3 Pa/3* > 0 at Pa = P° , which is therefore a minimum behaving
m ™

like Pa c£ <t- And since one expects the lowest probability at the minimum,
m

this appears to suggest that larger values of $ are more likely.

That in turn leads us to consider values of <f such that G V j>, 1,

when expressions (29) and (30) are replaced by the approximate expressions

and

f
o

(31)

(32)

-3Thus, we now have a maximum, for which higher values of if should be more

probable.

In summary, the most probable initial state does indeed appear to

be one for which V •*. m , which goes some way to justifying the basic

hypothesis of chaotic inflation, although there is not an exponential

probability distribution of the form (24).

IV. A BROKEN-SYMMETRY THEORY OF GRAVITY

There have lately been several studies (24-28] of the prospects

offered by a broken-symmetry theory of gravity, for constructing a model

of inflation. The origin of such theories of induced gravity goes back

to the suggestion of Sakharov [29] that the Einstein Lagrangian R/16irGN

may arise through quantum effects from a Lagrangian in which this term is

absent at the classical level. Recently, however, it has been shown by

David and Strominger [30] that the calculation of G is subject to .

unavoidable ambiguities unless a term proportional to R is included from

the beginning. (The state of the subject in 1982 was reviewed at length

in 131].)

-9-

Thus, ̂ one is led to concentrate attention upon theories of the bioken-

symmetry type, in which the Einstein term R/16-nG^ is replaced by jt. § R,

is a dimensionless coupling constant and the scalar field cf> is

Then,

V,

which must be fine-tuned to vanish. Some calculations [32,33] suggest that

has the Coleman-Weinberg form

where

represented by a kinetic terra TT- ifr , * * and by a potential

G H arises as the vacuum expectation value of * at the minimum of

(33)

where V(<fg) = 0 , and also that by inclusion of higher-derivative terms

0(R ) it may be possible to construct a renormalizable theory which is

asymptotically free in all essential coupling constants [33].

If the field is a gauge singlet, then it is possible to satisfy

0the constraint on density perturbations [34] that •Sp/p ̂  3 i 10 by

requiring that A ̂  10 [24-28]. In a sense, this is a merit of the

inflationary model, because such a stringent constraint upon A (which

is always necessary, somehow or other) is generally very difficult to

achieve, and this is one of the main reasons why no fully satisfactory

model of—inflation has yet been constructed. (We mention that the

problem is particularly severe in the phenomenologically promising super-

string theories, for example, because of the absence of adjustable free

parameters [35].)

In the papers [27,28] the intuitive notion (24) that PcC exp(-c/G V)

has been used to argue, when G = 8n £ <t> , that the most probable initial

value of the field is if. << <£„, rather than $, >> as in the

standard picture of chaotic inflation and in [24]. This conclusion

requires re-examination in the light of the corrections to the result (24)

described above.

Thus, we consider the theory defined by the Lagrangian

Htf (34)

where H(R ) represents all higher-derivative terms, which ue shall ignore

until the next section. The equation of motion for the scalar field $ is

•<(, o (35)

-10-



Assuming a quasi-de Sitter space-time, for which

K H 12 H2 ~ 4V/C i2

we obtain the equation

3HV4

(36)

(37)

By repeating the analysis of [A] described in Sec.II and III, we

are led to a Fokker-Planck equation, whose first integral obtained by

setting 3Pa/3a = 0, is

(38)

which should be compared with Eq.(19), (To lowest approximation, we may

ignore the difference between * and <ji in Eq.(38).) With the aid of

Eq.(36) we can write Eq.(38) as

-h ft - J , (39)

which is easily seen to yield the analogue of the solution (22),

iw1

A+V
, — •>. .-I

(40)

When J = 0, the highest probability clearly occurs at V = 0

formally (although the approximations used in deriving expression (46)

will not be valid at that point). But again, when J 4 0, the function

P acquires a turning point given by the expression

- <•

-11-

wliose curvature is given by

if
1 ' m

2.4,
First, let us suppose that 24n £ if /V >> 1, which according to

expression (33), will be satisfied provided that

(43)

since we must have X4 10" 1 4 and (.4 10"3 [24-28]. Clearly, this

constraint is rather weak. When it is satisfied, the expressions (41)

and (42) reduce to

BTfY
(44)

and

respectively,

Now, when
2 2
$ is significantly less than $ ,

(45)

then all the terms

on the right-hand side of expression (45) are positive, so that we have

a minimum with probability p
n!
<1<:t * • This seems to imply that small

values of ty are more probable, in which case the choice of initial

condition $. « *„, first presented in [27] and discussed further in [28],

should still be reasonable.

2
If, on the other hand, we consider values of t significantly

greater than iJ0, but still obeying the inequalities (43), then expressions

(41) and (42) yield a minimum with probability P ^ =C »"1en(*2/<f0
2), if we

here take BJ < 0, which would also appear" to imply lower values of 4.

-12-



Formally, we j;an also consider values of $ so large that the left-hand

inequality (43) is violated with 2An £ 2 * A << V % X §hln{$21<\>2Q)/k. In that

case, expressions(41) and (42) may be written as_

(46)

(47)

respectively. Thus, if BJ < 0, then we have a maximum with higher

probability at lower values of <̂ . This result seems unphysical, which

is the same conclusion reached in [28], on the basis of somewhat different

arguments.

Whilst it is possible to construct viable inflationary models in a
2

" TQ , the
2 2 2

broken-symmetry theory of gravity with $, « <fn or with <f, >>
above considerations rather suggest that quantum cosmology will favour the

2 „ j. 2initial condition <f. «

in [27,28].

, and this reinforces the conclusions drawn

V. THE INCLUSION OF HIGHER-DERIVATIVE TERMS AND A TRACE ANOMALY

Up until now, we have been considering inflationary models of type II,

according to the classification of [36], in which inflation is associated with

some scalar 'inflation' Eield *, described by a potential V W . But a

(quasi-) de Sitter space-time can also be constructed in the absence of any

such field, by including higher-derivative terms of order R in the classical

Lagrangian and/or taking into account the trace anomaly [37]. Such models

•have been classified as type I (36] and the first attempt at constructing

one was made by Starobinsky [38]. The problem is, however, that the associated

vacuum energy is too large for compatibility with the observational limit on

the microwave background radiation [39] AT/T 4, 5 x 10 unless one has an

enormous number J, 10 of matter fields [40]. And requiring density

perturbations ip/p ̂  3 x 10 increases that number by a further five orders

of magnitude, if there is not to be too great an anisotropy in the dipole

component of the microwave radiation [34].

This difficulty led Starobinsky to purpose a modified version of the

theory [41], in which a term (m /96irm )R is added by hand to the Lagrangian,

-13-

2 2 7Provided that v = m /96nm ^ 1 0 , then agreement with observation is

secured, because the slow-rolling phase will cease at a value of H given

by Hj % H = m2/6 (see below) and we require that B f , ( 2 x 10"5 m [41].

Why the parameter v should be so large remains mysterious, but we feel that

the possibility of constructing a model in this way, that, works, justifies

further study of the theory.

Thus, we consider the Lagrangian

(48)

where the last term represents the trace anomaly, Tv J' a
26R , in a

quasi-de Sitter space-time. The parameter P is defined as

P = ̂> ' o n /69,12OTI , for minimally coupled scalar fields, where

there are n fields of spin s and the (known) a lie in the range

1 ̂  a ^ 10 . And u is an arbitrary renormalization point. Further

details are given in [28], together with the field equations for the metric
*)g.., which here are

where

;fe . (so)

Taking the trace of Eq.(49), we obtain the equation

ivy

(51)

*) For the sake of clarity, we set ct = 4 throughout this section.

-H-
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But 96Tt3m /m = (Z u n /720n)(m /m ) «1> since we impose the condition
2 2 -7 S S ^

m /m -£ 10 t and hftnce Eq.(51) can bo written in the approximate form

(52)

^ R + 3 Hfi >̂ 3HRT

(53J

If we impose the slowroj ling approximation, in which

then we obtain tho equat ion

0
3H 3'mVH

(To check that Eq.(53) does self-consistently represent a quasi-de Sitter

expansion, we substitute R = 12H + 6H and R SJ 24HH. This gives

1

H" VfiH 2- 32iTjSw//"J
which verifies that |H| << H2, provided that H2 >> m2/6.)

The similarity between Eq,(53) and Eq,(3) prompts a question as to

whether a Langevin equation like Eq.(6) can somehow be obtained in the

present case, too, if we regard R as a stochastic field - a possibility

mentioned on p.963 of [2j, We suppose that this can in fact be done,

and replace Eq.(49), each term of which depends only upon time t, by the

hypothetical Langevin equation

m I ~2
( S 5 )

In some sense the origin of the drift term h(t,x.) must be regarded as quantum

gravitational.

tine of four-volume fl ^ 384 i R is

The Euclidean action for the theory (48) is a quasi-de Sitter space-

(56)

-FolLowing the technique of Sec.II, we calculate the derivative with respect

to Rt which is

JISL (57)

-15-

Hence, Eq.(55) can be written as

(58)

if we make the identification

G = ^ ~2 (59)

and in accordance with expression (10), we suppose that the h(t,^) obey

the correlation relation

\ ^

(which may also be compared with the correlation relation (8) for the function

f(t,x)>.

The corresponding Fokker-Planck equation is going to be

3h U )
and upon setting 3Pt/3t = 0 it yields the first integral

(62)

The standard method of solution via an integrating factor leads to the

expression

6J
(63)

And again the expression P (E), that would have been obtained by regarding

a as the fundamental 'time' in place of t, differs from expression (63)

only be a factor of R , which is of negligible importance here, since

38Aii2p >> 1. We have

i'^^r^r^W^)
-16-



Notice that expressions (63) and (64) are independent not. only

of the arbitrary lenormalization point u (which is absorbed into the

constants A and B), but also of m , because it is assumed that

R >> 2m . Notice also that when BJ = 0, we have, using expression (56),

that

(65)

This is the result that we should have predicted, on the basis of the

considerations in Sees.II and III (where we should remember that fluctuations

in the scalar field $ will also induce fluctuations in the geometry).

The presence of the positive power 384n p of R in the expressions

for P means that the probability current is non-vanishing, we obtain

from expression (64) the derivatives

_.a)pJ

so that

BT

(66)

(67)

and

(68)

As long as (J > 0, then the right-hand side of (68) is always positive,

for positive probability, and hence P is a minimum. When BJ = 0, this

minimum occurs at the point R » m /16irfS and one would expect an initial

value of R at either R. £ 0 or R. » R , provided that the approximations
I i m

underlying the theory do not break down. Hence, if 16ir|3 < 1, the time-

symmetric boundary condition used in [21] should be compatible with

R. »v m , and chaotic inflation of type I could occur naturally. And

inspection of expression (67) leads to the same conclusion in the case of

non-vanishing BJ, because of the divergent nature of P a at R = R ,

-17-

Finally, we. observe thai, if p * 0 and the trace anomaly vanishes,

as is possible in certain N = 2 supergravity theories [A3], then BJ can

be chosen so as to give a flat probability distribution with P = 1, so that

all values of R. are equally probable. This also serves to emphasize the

importance of the trace anomaly in the formalism.
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