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ABSTRACT

The Kac-Hoody generators are explicitly realized as functional

differential operators expressed in terms of the co-ordinates of the

(infinite dimensional) group manifold. As an application of this

realization, the two-dimensional Wess-Zumino chiral action is derived

from the Hamiltonian formulation.
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The theory of Kac-Moody (KM) algebras is a synthesis of the idea of

locality with the concept of Lie algebras, and is a generalization of finite

dimensional Lie algebras and groups to infinite dimensional algebras and

groups . KM algebras have important and diverse applications in physics

and are indispensable in string theories defined on group manifolds

Two well-known realizations of the KM algebras are firstly the algebra

of currents bilinear in the free quark field , and secondly the field-

theoretic construction using the vertex operator of Frenkel and Kac

The shortcomings of both these realizations are i) they use fermion-like

fields and construct the KM generators as bilinears in these fields and

ii) normal ordering is essential for obtaining the central extension.

In this paper an exact expression for the KM generators is obtained

for any central extension directly in terms of the co-ordinates of the KM

group manifold; no use is made of the concept of normal orderings. The

derivation is based on the theory of projective representation , and the

2-cocyele In essence determines the realization.

As an application of the realization, the two-diaensional Wess-

Zumino (WZ) chiral theory is given a Hamiltonian formulation using the KM

algebra, and the WZ action is then derived by exploiting the exact form

of the KM realization.

Consider a compact Lie group G defined by the completely anti-

symmetric structure constants C , , with indices running from 1 to dim G;

let real variable o parametrize a finite or infinite Interval. The KM

generators K (a) are defined by the commutation equations

where 3 ; d/do and c, the central extension, is an integer x constant
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Let e (o) be the (infinite set of) coordinates of the KM group*

a projective representation for the underlying Lie group G is provided

by the operator
6)

U (2)

7)As is well known , this means that

l t° 9'9 L5. a]
when? 9 •e, for each a, is composed according to the composition rules of

G. The pure phasu factor u[U,8] is a 2-cocycle satisfying the cocycle

condition

Eqs.(l) and (3) and the Campbell-Hausdorff-Baker formula yield

cot3,0] -

The foI Lowing key equation can be provent namely (5/68 (a) is the

funct ional derivative)

,e~\

(4)

(5a)

F, (5b)

where E (a) are the generators of G satisfying

|.K(.

the matrix

(6)

be antisymmetric matrices and that C = C » and define

(7)

It can be shown that

(S)

with

•fro - (9)

From Lie group theory we also have

Therefore, Eqs.(5), (8), (9) and (10) yield the result

(10)

J(ll)

Eq.(ll) is the main result of this paper and provides a concrete

expression for K (o) in terns of the co-ordinates 6 (a); by a long

and involved calculation, it can be shown directly from Eq.(ll) that K (o)

in fact does satisfy the KM algebra given in Eq.(l). No boundary conditions

were required for 9 (a); periodic or twisted KM algebras can be constructed

from Eq.(ll) by imposing appropriate boundary conditions on 8 (•).

As an application of this realization of K , the it = 2 HZ chiral

action is derived from the Hamiltonian formulation. The WZ Hamiltonian

S)
has the Sugawara form of the non-linear o-model

XA A, . (12)



2
> iis the dimensionless coupling constant). However, one postulates

9)anomalous commutation equations , which for d » 2 can be shown to be

(13)

(15)

Note for k = 0, one recovers the o-model commutators-, }],,„ together with the

anomalous commutation equation for TT yields, for k = n/Au (n = integer)

the WZ field equations.

A concrete realization for TT (a) is obtained by choosing c = 2k

in the KM algebra. Then it can be shown that

(16a)

(16b)

and

This yields for the Hamiltonian

\-l
*p - Tvip •

(17)

(18)

in effect, the WZ term in the action (whose coefficient is k) acts as a field

dependent background field for the kinetic operator E . The WZ Lagranglan

is given by Feynman's formula (N(€ ) is a normalization constant)
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\0> (19)

where

and (18) it follows that

is the co-ordinate eigenstate. From Eqs.(lO), (17)

(20)

where defining 3 6 = lim (B-6)/* , one has
1 *- •* 0

and

(22)

(23)

The antisymmetric matrix t is given by Eqs.(8), (9) and (17) as

-t - (24)

The metric on Lie group manifold is given by g = e e
u p cii(

nUV = diag(-i.l) be the Minkowski metric and Sj = t , 52

(25)

let

o ; Eqs.(2i)

and (23) yield

5>T
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T-mw
The first term is the a-model Lagrangian; the second term is the local

expression for the WZ term. Compactify space-time into a two sphere S

and using Stokes' theorem gives the WE action as

% f (27)

where the Last term is integrated over a 3-ball bounded by S ; t_he

completely antisymmetric torsion tensor 1 = T C , _ e e e is given
CLpi Z 3. DC Ct.3 p D ^ C

by L1) (a = a/ae )
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(28)

Another application of the realization of K (a) is the construction

of the Virasoro algebra without using normal ordering . Consider a

periodic loop for o , and let the Virasoro generators L be the Fourier

transform of K (a) K Co) ; since K"(«) is singular, one has to regulate

it. D i.scret i zinjj u into a lattice of spacing € regularizes K (a),

and alters the KM algebra by terms of 0(t) and O( £ ) . On calculating

the Virasnro commutators one can obtain the algebra, together with the

central (-barge uhi ch arises from the 0( fe ) term in the regularized

KM commut ;it ors .

in conclusion, the KM generators were realized, for any value of

the central extension, as functional differential operators expressed in

terms of tho co-ordinat.ps of the KM group manifold. The realization can be

used, for oxamph", in regularizing the Virasoro algebra in parameter space

and avoid the use of normal ordering.

The derivation of the WZ action from the Hamiltonian, using the exact

lonti of t.hu KM realization, showed the connection of the O-cocylu topological

WZ t.orm with the 2-cocycle, which is aigt-braic in c.harcter since it results

i roin tiie KM commutation equations.
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