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Abstract

The MHD equilibrium configurations of spheromak plasmas in

a spheroidal flux conserve!" are determined by use of a pressure

distribution whose derivative dp/di/j vanishes on the magnetic

axis, and by use of an optimized distribution. Here p is the

pressure and <p is the flux function. These equilibria are shown

to oe stable for symmetric modes. The stability for localized

modes is investigatd by the Mercier criterion. The values of

the maximum hot a ratio (5 are evaluated for both pressure
max ^

distributions and are shown to become about two times larger

by opt lmi/nt ion. If the condition, q < 1, is required, the
axis

•.•.iluc-H of 3 arc found to be less than 30%. The oblate sphe-
raax

imdal I "J u x conscrver is shown to be better than the toroidal

eonservor with a rectangular cross section from the standpoint

of stall 1 it y.
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§1. Introduction

The spheromak, a compact toroid with a toroidal magnetic

field, has many attractive features as a reactor and is a candi-

date for an alternative to the tokamak. One method to produce

the spheromak plasma is to use a magnetized coaxial plasma gun.

The plasma formed in the gun is ejected into a flux conserver.

The experiments by this method have been carried out at Osaka

University and Los Alamos National Laboratory. Several

types of the flux conserver are used in experiments, e.g., a

drum type with a center conductor or a bird cage type.

The magnetohydrodynamic (MHD) equilibrium and stability of the

spheromak plasma in the flux conserver of the drum type were

investigated in a previous paper

Recently the spheromak experiment using an oblate spheroidal
4 )

flux conserver started at Osaka University. In ref.5, the

equilibrium configurations of the spheroidal spheromak plasmas

were determined by using Hill's vortex model and they were proved

to be unstable for perturbations localized near the magnetic

axis. The purpose of this paper is to investigate the MHD equi-

librium and its stability of the plasma in this spheroidal flux

conserver on the same assumptions used in ref.3. Comparing the

results of this paper with those of the previous one, we may

conclude which flux conserver is better from the standpoint of

stability.

In the next section, we explain about the model of the

spheroidal flux conserver that will be used in the present paper.

In §3, we determine equilibrium configurations by solving the
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Grad-Shafranov equation by use of the same pressure p(ty) and

the toroidal magnetic field function I(^) as were used in ref.3.

The values of the safety factor on the magnetic axis, q, -=,

are evaluated for these configurations. The optimized pressure

distributions by use of the Mericier criterion are obtained

and equilibrium states are also determined in §3. The MHD sta-

bility of the equilibrium states obtained in §3 is investigated

by using Edenstrasser ' s condition and by using the Mercier

-i \ Q \

criterion in §4. Conclusions and discussions are presented

in §5.

The MKS units with Pg=l are used throughout this paper,

where M,. is the permeability of vacuum.

§2. Model for Flux Conserver

Let us investigate the equilibrium configuration and its

stability of the spheromak plasma confined in an oblate sphe-

roidal flux conserver. The flux conserver is assumed to have a

center conductor. Let us take the symmetry axis of the plasma

as z axis and use the oblate spheroidal coordinates (£,n,tp)

defined by

x = r cosy , y = r sintp , z = c sinh£ cosn ,

(0 ĵ_ £, < •» , 0 £ n _ ^ T i and 0 <_ f < 2T\) , (1)

where r = c coshC sinn, and 2c is the distance between the

two foci. As a model of this flux conserver, we use a toroidal

vessel shown in Fig.l. The surface of the flux conserver

is assumed to be a spheroid of 5=5n- The semimajor and the
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semiminor axes are denoted by b (~-ccosh£..) and a ( - ^

respectively. The surface of center conductor is assumed as

a one-sheet hyperboloid of ^ = :!Q and n=ir-nQ. The intercepts

of the surfaces of C=5n and of
 ]]~''n (or of ' = '~'n' wit-h r ax

arc denoted by R and R. , respectively.1 out in

The size of the flux conserver is assumed to be b/a=2.0

for numerical computations in the following.

§3. MHD Equilibrium

As was proved in rof.'B, tine MHD equilibrium states by Hill's

vortex model are unstable for perturbations localized near the

magnetic: axis. This instability seems inherent in the models

with dp/di^O on the magnetic axis. Here <p is the flux function.

Let us, therefore, investigate the MHD stability of equilibrium

states with dp/di|i=0 on the axis.

The equilibrium configuration is determined by the Grad=

Shafranov equation, which is expressed as

9 Cr 3 ili , , r 3 'JJ 3 iji
iL-^ + —£ - tanhC -rrr - cotn v 1

^r2 „ 2 ^ s ^ an
3C on

2, . , 2 ^ 2 V , 2 i_2̂  . 2 dp _ d I , , ̂  ̂
= - c (sinh £ + cos n) (c cosh ^ sin n -^r + I ̂  ) , (2)

in terms of the oblate spheroidal coordinates (1). Let us assume

p (t|0 and I (i|/) as



where e, h, Y and s are constants, and 4> . is the value of
3.X 1 S

<p on the magnetic axis. We assume, further, ip • is positive.

These assumptions (3) and (4) are same as those used in ref.3.
g )

When s-1, those are identical with those used by Gautier et al.

The boundary condition for eq.(2) is !/>(£r!))=0 on the surfaces of

the flux conservor and of the center conductor.

We solve eq.(2) by use of the assumptions (3) and (4), and

determine the MHD equilibrium configuration. Examples of the

equilibrium configuration, and p and j<_ distributions on the

plane z = 0, are shown in Fig. 2. Here j<_ is the toroidal-current

density. The value of R. /R is 1/4 for these examples. We1 in out *

see from this figure that ]„, becomes a hollow profile when Y >̂ 0.5.

The values of the safety factor on the magnetic axis, q . ,

are tabulated in Table I and depicted in Fig.3. As is well

known, the safety factor q(ty) of the spheromak takes a maximum

value on the magnetic axis and decreases monotonically. Hence

the most dangerous rational surfaces with n=l appear when q

is larger than unity, where n is the toroidal mode number.

By our model, q . becomes larger than unity when Y^0.7.

Next we determine the equilibrium configuration with the

optimized pressure distribution. As was explained in ref.3,

the optimized pressure distribution is given by

, c., + /c, +4c.c.
dp I » 1 Q 2
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The definition of the constants cf, c,, and c, are given in

ref.3. This pressure distribution gives an equilibrium state

for which the Mercier criterion is satisfied marginally on

every magnetic surface. By using the pressure distribution

(5) and by solving the Grad-Shafranov equation (2) successively,

we obtain the optimized equilibrium configuration. Okabayashi

and Todd, and Jardin also used the optimized pressure

distribution to investigate the stability of the spheromak

plasma. Examples of the optimized pressure distributions

with s = l and 2 are shown in Fiq.4. The values of dV/dip for

the optimized equilibrium states having the pressure distribution

shown in Fig.4, are depicted in Fig.5. Here V(0) is the volume

surrounded with the magnetic surface ip. Here we must note

that dp/d^O on the magnetic axis for the case s = 2 and Y = 0.5

(see Fig.4(b)). As was proved in ref.5, the spheromak plasma

is unstable if dp/di/AO and d V/dip ^0 on the magnetic axis.

2 2
Figure 5(b) shows d V/difi for this case is negative near the

magnetic axis. In other words, we have the average minimum-B

near the magnetic axis. Owing to this stabilizing effect,

the Mercier criterion is satisfied marginally near the magnetic

axis .

The values of q . of the equilibrium states with theaxis

optimized pressure (5) are tabulated in Table II. Comparing

these values with those given in Table I, we find that the values

of q . are nearly invariable by optimization,axis
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§". MHD Stability and Maximum Beta Ratio

Let us investigate the stability of the equilibrium configu-

rations obtained in the preceding section. We first investigate

the stability aqainst symmetric modes by using Edenstrasser's

sufficient condition. For the plasma in the oblate spheroidal

flux conserver, this condition is expressed as follows. When

the lowest eigenvalue of the differential equation,

3f;2 3 n 2 **• 3 n

A 1 1 1 ^ T *~)

+ c cosh I, sin n(sinh £, + cos n) (A [F (ij', r) + k ]-k }Y

= 0 , (6)

under the boundary condition Y=0 on the flux conserver, is

denoted by A», the sufficient condition for stability against

symmetric modes is given by A. _> 1. Here

,2 , ,2T2

p 9
dip 2r dip

and k =0 if F(ifi,r) is positive definite and k = -min F(i/i, r) if

F(^,r) takes both positive and negative values.

As is easily seen, the above equation (6) is the same as the

Grad-Shafranov equation (2), when p=0 and Y=0. Therefore, we get

XQ=1 for the force-free configuration with Y=0. When p(ip) and

1(0) are given by eqs.(3) and (4), F(^,r) is given by

, r) = -4 + d^l-Yls+lKj-Lfl . (7)
c ^
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This can be easily shown to be positive definite, i.e., k =0,

if the condition

r 2 r 2 h
2

b ^

is satisfied. By using the values of e and h tabulated in Table

I, we obtain the values of (r/c), are 4.70 for Y = 0, 4.13 for

Y=0.1 and s=lr 3.34 for Y=0.1 and s=2. The values of b/c is

about 1.15 for the flux conserver with b/a=2.0. Hence F(0,r)

is positive all over the plasma for the three cases considered

above. Furthermore, we must note that values of F(i^,r) are

smaller than [F(ty,r)] „ Y-n
 = ' — ^ * B^ applying the theorem

on the eigenvalue, we can conclude that A, "• 1 and, therefore,

the spheromak plasmas are stable against symmetric modes for

the three cases considered above. When £=0, we see from eq.(7)

that F(i//,r) is positive and decrease with Y, if Y < l/(s + l).

Therefore, we can conclude in the same way as above that the

force-free plasma is also stable against symmetric modes, if

Y <l/(s+l).

The values of A., are evaluated explicitly by the Rayleigh=

Ritz method of the calculus of variations and are tabulated in

Table III for the pressure distributions (3) and (5). We see

they are all larger than unity, and, therefore, the spheromak

plasmas with these pressure distributions and confined in the

oblate spheroidal flux conserver are stable against symmetric

perturbations.

Next we investigate the stability by the Mercier criterion.

As is well known, this criterion gives only a necessary condition



for stability and is expressed as follows: the inequality

0 1 di1 C 2 l diK

must hold on every rational surface. By examing on every magnet-

ic surface whether the Mercier criterion is fulfilled or not,

we can determine the maximum beta ratio 3 . Though the shear=
max

stabilization term is negligibly small near the magnetic axis

when dp/dtp^O there, it is the same order of magnitude with other

terms when dp/di^=0 on the magnetic axis. We need, therefore,

careful investigations. Let us first investigate the effect of

the center conductor. The Mercier criterion is actually tested

on 24 magnetic surfaces between the magnetic axis and the surface

of the flux conserver. The surfaces are chosen at equal spaces,

ip . /25. The results of computations are shown in Fig.6, where
we have assumed Y = 0 or 0.1 and have used the beta ratio on the

=2p/Bu,. We see from this figure 8max f y ^ 'rnaxmagnetic axis, i.e., 3 =2p/Bu,. We see from this figure

increases with R. /R
in out

Let us investigate the effect of Y on g . The values
rns. x

of 6 for R. /R = 1/4 are calculated for s=l and 2. The
max m out

results of computation are shown in Table I and depicted in

Fig.7 by solid lines. This figure shows 3 increases also
mci x

with Y. We tabulated the values of G, h and q . as well as
ciX 1 S

B in Table I.max

The values of 6 of the optimized equilibrium statesmax

are given in Table II and also depicted in Fig.7 by dot-dash

lines. We see the values of 0 become about two times larger
max 3

by optimization. By taking the value of q . into account,
axi s
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we may conclude the value of 8 in less than 30%.J "max

§5. Conclusions and Discussions

We have investigated the equilibrium and the stability

of the spheromak plasma confined in the spheroidal flux conserver

with the center conductor. Conclusions obtained are as follows.

1) The MHD equilibrium configurations are determined by using

assumptions (3) and (4) (see Fig.2). The toroidal-current

density j,. _i.s shown to depend strongly on the values of Y.

2) Values of q. . are evaluated and are shown to increase with

Y (see Fig.3). 3) The optimized pressure distributions and the

equilibrium configurations arc determined by using the Mercier

criterion. The values of q . are found to be nearly invariable
3.X 1 S

by optimization. 4) The stability of the equilibrium states with

the pressure distribution (3) and with the optimized one (5) are

shown to be stable against symmetric modes (Table III). 5) The

stability of the equilibrium states is also investigated by use
1 "1 ft }

of the Mercier criterion. The values of B are determined
max

as a function of R. /R using the pressure distribution (3)

(see Fig.6) and are shown to increase with R. /R . The values
of 3 are also evaluated as a function of Y for the pressure

max

distribution (3) and the optimized one (5) (see Fig.7,. We see

the values of 6 become about two times larger by optimization.
fTli3X

By taking the value of q . into account, we may conclude the
dXIS

value of 3 is less than 30%.

Generally the Mercier criterion gives only a necessary

9 )condition for stability. However, Gautier et al. investigated
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the stability of the spheromak plasma with different shape from

ours and showed that the Mercier criterion gives a necessary and

sufficient condition for the stability, if q . • 1. We must note
cl X 1 S

here that they investigated the stability for infinitc-n balloon-

i IHJ modes as wo 11 as 2ow-n modes. Therefore, we may expect that

our vaJui1:- i') 8 / obtained by use of the Mercier criterion, are
max J

nearly equal to the tiue values given by the ideal MUD theory,

if q • 1. A- .-uated above, the spheromak plasma is stable

against the symmetric modes and, therefore, these modes do not

change the values of 8 obtained by the Heroic: criterion.

max '

This seems to support our conclusion about the sta!u lity of the

sjheromak plasma.

In ref.i), we determined the value of 6 of the spheromak
m ti x

plasma :. n the toroidal flux conscrver with rectangular cross

section under the same assumptions as eqs.(3) and (4). The value
of 6 is at most 12% for this flux conserver with R./R=0.24,max i'

h/R-1.07. ll<>re R and R are the radii of the inner and outer

walls of the flux conserver and h is the height. Therefore, the

spheroidal flux conscrver is better than the toroidal flux

conserver with the rectangular cross section from the standpoint

of plasma confinement, i.e., the values B of the former are
JTlcS X

about 3 times larger than that of the latter.
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Table I. Values of e, h, 3 and q . as functions
max axis

of Y for the pressure distribution (3).

The size of the flux conserver is b/a=2.0
and R. /R =1/4.

in' out

0

u

()

0

u

-

.0

. J.

. 5

. 7

'J ;

1

1

4

10

J.4

E

. 35

. 50

.73

. 30

. 00

s

h

5.456

5.656

6.768

7.733

9.954

=

1

3

1

max

2.452

2.708

8.281

7.219

2.022

q

0

0

0

0

1

axis

. 500

.519

.663

. 865

. 701

1

6

9

19

e

.97

.10

.10

.10

5.

6.

7.

8.

s

h

5956

39 4 6

1363

7 5 4 0

= 2

6

3

10

14

2 3

max

.571

.618

.531

.64 9

q

0

0

l

2

axis

.529

. 744

.033

.152

Table II. Values of h, 0 and q . for the
max ^axis

optimized pressure distributions.

The size of the flux conserver is

b/a=2.0 and R i r/R o u t=l/4•

0.

0.

0.

0

1

5

5.

5.

6.

h

427

361

750

s

B

8

9

17

= 1

max

.993

.921

.389

q

0

0

0

axis

. 500

. 523

.661

i

i h

5. 575

6.327

s

e

10

21

- 2

max

.337

.197

0.

0.

xis

530

742
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T a b l e I I I . V a l u e s of A 0

Y

0 . 0

0 . 1

0. 5

0. 7

0 . 9

e q .

s = l

1.03

1.12

2 .27

2 .37

1.84

(3

1

1

1

1

>

s = 2

. 1 9

. 9 0

. 75

. 51

1

1

2

e q .

s = l

. 0 6

. 1 6

. 4 0

( 5 )

1 .

1 .

22

84
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Captions

Fig.l. The model of the flux conserver. The surface of the

flux conserver is a spheroid of 5=Sg ar>d that of the

center conductor is a one-sheet hyperboloid of M = 1 Q

and n=Tr-i|Q.

Fig.2. Equilibrium configurations, and pressure and toroidal

current-density distributions on the plane z = 0. The

size of the flux conserver is b/a=2.0 and R. /R =1/4.
in out

(a) s = 2, Y=0.1 and (b) s=2, Y=0.S.

Fig.3. Values of the safety factor on the magnetic axis. The

size of the flux conserver is b/a=2.0 and R. /R =1/4.
in out

Fig.4. Derivative dp/d0 for the optimized pressure distribu-

tions. The size of the flux conserver is b/a=2.0 and
R. /R =1/4. A: Y=0.0, B: Y=0.1, and C: Y=0.5.
in out

(a) s=l and (b) s=2.

Fig.5. Derivative dV/dip of the equilibrium configurations by

the optimized pressure distributions given in Fig.4.

A: Y=0.0, B: Y=0.1, and C: Y=0.5. (a) s=l and

(b) s=2.

Fig.6. Maximum beta ratios as functions of K, /R , . The size
in out

of the flux conserver is b/a=2.0. A: Y=0.0, and

B: s=l, Y=0.1

Fig. 7. Maximum beta ratios for R. n /
R
o u t

 = J-/4 a s functions of

Y. The size of the flux conserver is b/a=2.0. The

solid lines represent (3 for the pressure distribution
max

(3) and the dot-dash lines represent g for the
fficlX

optimized distributions.
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