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Abstract

The magnetohydrodynamic equilibrium states by Hill's vortex

model and by the Coulomb-wave-function model are proved to be

unstable. New MHD equilibrium configurations are determined by

using another model for which dp/dt|»=O on the magnetic axis. Here

p is the pressure and ip is the flux function. The values of the

safety factor on the magnetic axis, q . , are evaluated for

these configurations. The MHD stability of these equilibrium

states is investigated by the Mercier criterion. The values of

the maximum beta ratio g are evaluated for this model. The

optimized pressure distributions are determined by use of the

Mercier criterion and the values of ($ are also evaluated for
ITlcijC '

these pressure distributions. The values of 3 are shown to !

max /
be at most 12%, if the condition q . < 1 is required. ;
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§1. Introduction

One method to produce the spheromak plasma is to use a mag-

netized coaxial plasma gun. A toroidal plasma is formed in the

gun and is ejected into a flux conserver. Several types of the

, e,

2)

flux conserver are used in experiments, e.g., a drum type with;

a center conductor or a bird cage type.'

The purpose of this paper is to investigate the magneto-

hydrodynamic (MHD) stability of the spheromak plasma in the flux:

conserver of the drum type. As a model of this flux conserver,

we use again a toroidal metallic vessel with a rectangular cross

section (see Fig.l of ref.3). The radii of the inner and the

outar walls of the vessel are denoted by R. and R. The height

of it is denoted by h. By using the force-free approximation,

the MHD stability of this plasma was investigated, in a previous •

4) '

paper. We assume in the present paper that the plasma pressure

is finite. Equilibrium configurations with the finite pressure

were already studied in ref.3 by use of Hill's vortex model and

the Coulomb-wave-function model. We first investigate the MHD

stability of the equilibrium states by these models in the next '

section. In §3, we determine the equilibrium configurations by

using different assumptions on the pressure and the toroidal mag-

netic field function from those of ref.3. By using the Mercier

criterion, we investigate the MHD stability of them and deter-

mine the maximum beta ratios, below which the criterion is ,

satisfied. The optimized pressure distributions are determined

by use of the Mercier criterion in §4. The maximum beta, ratios

for these optimized distributions are also evaluated in §4.
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Conclusions and discussions are presented in §5.

The MKS units with UQ-1 are used throughout this paper,

where Un is the permeability of vacuum. The cylindrical coordi-

nate system (r,<j>,z) is used in this paper.

§2. Stability of MHD Equilibriums by Hill's Vortex Model and i

Coulomb-Wave-Function Model ;

The MHD equilibrium configurations of the spheromak plasma:

by Kill's vortex model and by the Coulomb-wave-function model ;

were already determined in ref.3. This section is devoted to

investigating stability of them.

As was proved in ref.6, the spheromak plasma is unstable

for localized perturbations near the magnetic axis, if

2 2 ''
and d V/di/> >0 there. This criterion was derived from the Mercier

criterion. Here p is the pressure, V{tfi) is the volume surrounded

by the magnetic surface ^. The derivative dV/difi is given by ;

where the integration is carried out along the contour on which

0 and f are constants. Since the flux function takes a maximum

on, the magnetic axis (r . ,h/2), it can be expressed as

£ 2
 + B(z-|)

2} , (2)

near the axis. Here • a x i s «Wr a x i a , h /2 ) , AE(
2 2 '

B=O ^/9z )axis- By using this expression, we easily obtain that

is approximately given by
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near the magnetic axis. Then, dV/d# is

s
on the magnetic axis.

The size of the flux conserver is assumed as R./R=0.24 and

h/R=1.07. The toroidal magnetic field function I(^) is assumed

to be I(^)=B^/R, where B is a nondimensional constant. There-

fore, the toroidal magnetic field Bu> is proportional to B". We

evaluate dV/di/j by performing the integration in eq.(l). Results

of computations for Hill's vortex model are shown in Fig.l. We '

2 2

see from this figure d V/dty >_0 except for the case of weak By. !

Therefore, we can conclude that the spheromak plasmas by Hill's

vortex model are unstable except for the case of weak By. When

By is weak, we must investigate whether the plasma satisfies the

Mercier criterion or not. It is proved after careful investiga-

tion that the plasma with weak By also does not satisfy the

Mercier criterion. Therefore, the spheromak plasmas by Hill's

vortex model are proved to be unstable. Graphs of dV/dt/; for the

Coulomb-wave-function model are given in Fig.2. We can conclude

from this figure that the spheromak plasmas by the Coulomb-wave-

function model are also unstable. :
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§3. Maximum Beta Ratio by Mercier Criterion

In the previous section, we see the equilibrium states by

both Hill's vortex model and Goulomb-wave-function model are

unstable for perturbations localized near the magnetic axis.

This instability seems inherent in models with dp/d^O on the

magnetic axis. Let us, therefore, investigate in this section

the MHD stability of equilibrium states with dp/di|/=0 on the axis.

The MHD equilibrium configuration is determined by the

Grad-Shafranov equation,

r gj. •> ~ •"- J.i. - J.I. • **'

Let us assume p and I as

dp £ /,

where e, B, Y and n are constants; •_„*_ is the value of </i on the

magnetic axis and is assumed to be positive. When n=l, the above

assumptions (5) and (6) are identical with those used by Gautier

et al. The boundary condition for eq.(4) is V(*"?z)=0 on the

surfaces of the flux conserver and of the center conductor. We

solve eq.(4) by use of the assumptions (5) and (6), and determine

the MHD equilibrium configuration. Examples of the equilibrium

configuration, and p and jy distributions on the mid plane, z=h/2

are shown in Fig.3. Here j«, is the toroidal-current density.
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The size of the flux conserver has been assumed as R./R=0.24 and

h/R=1.07. We see from this figure the distribution of j<p depends

strongly on the value of Y, i.e., it becomes a hollow profile

when Y£0.5. The values of the safety factor on the magnetic

axis, q . , are depicted in Fig.4. As is well known, the
axis

safety factor q(i/O of the spheromak takes a maximum value on the

magnetic axis and decreases monotonically. Hence the most dan-

gerous rational surface with m=l appears in the plasma when g
axis

is larger than unity, where m is the toroidal mode number. For

our model, q . becomes larger than unity when Y £0.6.

Let us investigate the stability of the equilibrium state

obtained above. We use the Mercier criterion as the stability
criterion. As is well known, the Mercier criterion gives only

a necessary condition

lows: the inequality

8)
a necessary condition for stability and is expressed as fol-

must hold on every rational surface. Here

C0 " I l di|; lx dip

where
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= _ 2lrCh —A-- da = - i i l l i q

- 2ir

Q = - 2TT<JL — T dX, ,
2 7 | H 3

Q 3 = - 2ir

By examing on every magnetic surface whether the Mercier crite-

rion is satisfied or not, we can determine the maximum beta

ratio, below which the criterion is satisfied on all magnetic

surfaces. As was discussed in ref.6, the shear-stabilization

term, the first term of eq,(7), is negligible near the magnetic

axis when dp/di/ẑ O there. This result does not hold for our

pressure distribution (5), because dp/d^i=0 on the axis. The

shear-stabilization term is the same order of magnitude with

other dominant terms. Hence we need careful investigations.

Let us first investigate the effect of the center conductor.

The Mercier criterion is actually tested on 24 magnetic surfaces

between the magnetic axis and the surface of the flux conserver.

The surfaces are chosen at equal spaces, '('ax-g/25* The results

of computations are shown in Fig.5, where we have assumed Y=0

and have used the beta ratio on the magnetic axis, i.e.,

• 3* •
By
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We see from this figure the maximum beta ratio, 0 , increases
max

with the increase of R./R.

Next we investigate the effect of Y on B . The values

o f 3__v
 a r e calculated for n=l and 2, and are depicted in Fig.6

by solid lines. This figure shows (3 increases also with Y.

§4. Optimized Pressure Distribution and Maximum Beta Ratio

In the previous section, we used the pressure distribution

(5) and investigated the MHD equilibrium and stability. Let us

notice that the left-hand side of the Mercier criterion (7) is

quadratic for dp/dip. If we set this left-hand side equal to

zero, we get an equation for dp/d<|). The solution of this

quadratic equation is given by

dp _ 1 v 1 0 2f

This pressure distribution gives an equilibrium state for which

the Mercier criterion is satisfied marginally on every magnetic

surface. So let us call this the optimized pressure distribu-

tion. OKabayashi and Todd, and Jardin used the optimized

pressure distribution to investigate the stability of the sphe-

romak plasma.

By using the optimized pressure distribution (8) and by

solving the Grad-Shafranov equation (4) successively, we obtain

the optimized equilibrium configuration. An example of it is

given in Fig.7. The size of the flux conserver is the same as

that of Fig.3. We see from this figure the toroidal-current



density and the pressure are larger than that of the equilibrium

shown in Fig.3(b). The values of q . are evaluated and are
axis

found to be nearly invariable by optimization. The values of

of the optimized equilibrium states are also depicted in
Fig.6 by dot-dash lines. We see the values of 3 m a x becomes about

two times larger by optimization. By taking the value of q

into account, we may conclude the value of 0 is less than 12%.

§5. Conclusions and Discussions

We have investigated the equilibrium and the stability of

the spheromak plasma confined in the toroidal flux conserver with

the rectangular cross section. Conclusions obtained are as

follows. 1) The MHD equilibrium states by Hill's vortex model

and by the Coulomb-wave-function model are shown to be unstable

for perturbations localized near the magnetic axis. 2) The MHD

equilibrium configurations are determined by using assumptions

(5) and (6) (see Fig.3). The toroidal-cirrent density j«, is

shown to depend strongly on the value of Y. 3) Values of q .
axis

are evaluated and are shown to increase with Y. 4) The stability

of the equilibrium states obtained above is studied by use of the

Mercier criterion. The values of {$__„ are determined as a func-

tion of R./R (see Fig.5) and as a function of Y (see Fig.6).

They are shown to increase with both R./R and Y. 5) The opti-

mized pressure distributions and the equilibrium configurations

are determined by using the Mercier criterion (see Fig.7). The
value of q . is found to be nearly invariable by optimization,axis

The values of Bm__, is also evaluated for these optimized
fuel A
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equilibrium states (see Fig.6). They become about two times

larger by optimization. By taking the value of <3_X£S into

account, we may conclude the value of B is less than 12%.

Gautier et al. investigated the stability of spheromak plasma

by ERATO code and showed the Mercier criterion is a necessary

and sufficient condi>"Voh for stability, if q . < 1. Though the: ' axis

shape of the plasma used by them is different from ours, we may

expect that our values of 6 , obtained by use of the Mercier

criterion, are nearly equal to the true values given by the ideal

MHD theory, if q a x i s< 1-
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Captions

Fig.l. Derivative dV/di<» for Hill's vortex model. The si2e of

the flux conserver is Ri/R=0.24 and h/R=1.07. A:l=0.7,

B:B=0.4, and C:B=0.0.

Fig.2. Derivative dV/dt/> for the Coulomb-wave-function model.

The size of the flux conserver is R./R=0.24 and h/R=l.l/7.

A:I=28.0 and B:B~=1.0.

Fig.3. Equilibrium configurations, and pressure and toroidal-

current density distributions on the mid plane, z=h/2.

The size of the flux conserver is R./R=0.24 and h/R=1.07.

(a) n=2, Y=0.1 and (b) n=2, Y=0.5.

Fig.4. Values of the safety factor on the magnetic axis. The

size of the flux conserver is R./R=0.24 and h/R=1.07.

Fig.5. Maximum beta ratio as a function of R./R.

Fig.6. Maximum beta ratios as functions of Y. Solid lines are

for the pressure distribution (5) and dot-dash lines are

for the optimized pressure distributions.

Fig.7. Optimized equilibrium configuration, and optimized pres-

sure and >timized toroidal-current density distributions

on the mid plane, z=h/2 for n=2, Y=0.5. The size of the

flux conserver is R./R=0.24 and h/R=1.07.
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