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ABSTRACT

The idea of using a crystal lattice or a superlattice as an
undulator for a free electron laser is explored. A purely
classical treatment of relativisitic positrons channeling
through the proposed structure involving a self consistent
solution of the wave equation for the radiating electromagnetic
field and the kinetic equation for the positron distribution
function leads to a positive gain coefficient for a forward
radiating field. Matching the Kumakhov resonance to the
undulator frequency further enhances the gain. This result,
combined with a feedback mechanism arising from Bragg
diffraction within the basic crystal lattice, leads to an
instability of the radiation inside the crystal. Finally a
numerical estimate of the Kumakhov-enhanced gain coefficient is
made for the (110) planar channeling in a strain modulated Si
superlattice.

INTRODUCTION

To scale the concept of the FEL to very short wavelengths
e.g., X- rays, one must use either very high energy electron
beams or short undulator periodicities. The first approach
leads to a very small gain per unit length while the second one
is limited by obvious geometrical restrictions in locating the
opposing undulator magnets in close proximity.

In this paper we suggest using a solid state superlattice
as an undulator in conjunction with Bragg diffraction (from the
basic lattice periodicity) as a distributed feedback mechanism.
The main idea can be sketched as follows.

Fig. 1 shows, schematically, a solid state superlattice.
Such structures occur naturally in several alloy systems or may
be prepared artificially with vapor deposition techniques. We
consider a superlattice with an accompaning strain modulation,
which is a natural consequence of the two constituents having
different lattice spacings. A beam of relativistic particles
while channeling through the crystal follows a well defined
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trajectory. Our treatment will be limited to positrons but
could be modified for electrons. In Fig. 1, we show channeling
paths (which for positrons would lie in low density regions of
the crystal and conversely for electrons) parallel to the
superlattice growth direction and also at a 45° angle to this
direction. The latter are what interest us here because, as we
see from the figure, the center of the channeling axis is
modulated by the superlattice periodicity. This is the essence
of the solid state undulator: i.e., the particles are
continuously accelerated perpendicular to their flight path as

they traverse the
channel. The

• transverse motion is
• V ^ additionally enhanced

b y the K u m a k h o v

resonance'*- a transient
oscillation of

• • • • • • Ttirtfriy* • particles in the
j^,*K,<y\ • . harmonic potential of

S JT ^ the crystal field.
*» * * 1^1'J^* *»• ' * Furthermore, the

^ / r ^ *" " electric fields
available for electrons
involve the line

• • • • • averaged nuclear field
* • • • • • • an<* c a n ^e two or m o r e

orders of magnitude
larger than the

• • o • • • • • equivalent f ie lds
of macroscopic
magnetic undulators.

Fig. 1: Centers of the channeling trajectories for a (110)
direction in a strain modulated superlattice. The (100)
channeling direction yields no undulator effect.

Both of these factors hold the promise of greatly enhanced short
wavelength undulator emission.

The feedback mechanism, necessary for the laser action is
achieved through Bragg diffraction involving not the
superlattice repeat distance, i, but a basic lattice spacing, d.
If the laboratory frame wavelength of the undulator emission,
satisfies nA - 2dg, where dg is the spacing between neighboring
sets of Bragg planes (perpendicular to the 45° channeling
direction shown in Fig. 1), then counter propagating plane waves
are set up; i.e. , we have a standing wave just as with the
mirrors of a conventional free electron laser. The Bragg
condition is satisfied in practice by choosing the incident
electron beam energy so as to satisfy the relation,

2dB - nX -



where 7 is the Lorentz contraction factor.

THEORETICAL APPROACH

As was shown by F.A. Hopf et.al.3 the free electron laser
can be described in a purely classical way and the resulting
gain is produced by a bunching of the particle density in the
presence of a field.

A beam of relativistic positrons moving along the z-axis
accelerated by the harmonic crystal field potential, if), can be
described in terms of a classical distribution function obeying
the relativistic Boltzmann equation. Here we employ the model
potential <f> — $Q + 1/2 4>\ (x-x^ cos gz) 2, where g - Iv/S., £ is
the strain modulation periodicity and xi,4>\ and 4>§ are
parameters of the potential.

Assuming that only a transverse component of the A-field is
present the linearized relativistic Boltzmann equation has the
following form:

where h(t,z,pz) is a fluctuation of particle density describing
bunching of positrons due to the presence of the A-field. Here
A(Pz) *-s a longitudinal momentum distribution in the initial
beam and the relaxation time, r, models the collision integral
accounting for small angle and positron- lattice scattering.

The transverse acceleration of the particles by our model
crystal field is given by

where VM - — and U — (gp ) /e4>,ray (2)|| nvy z l

The bunching phenomenon leads to the generation of a
transverse current which couples to the wave equation in the
form

5z c at

where n is the concentration of particles in the beam.
Therefore our problem reduces to a self-consistent solution of
Eqs. (1) and (3).

Using a procedure analogous to the Born approximation in
scattering theory, we solve the above system of equations
iteratively.4 The resulting analytic solution for the A-field
allows us to identity the amplitude gain coefficient for a
forward propagating radiation as follows:
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/i - w/V|j - k - g, k - 2JT/A, A is the wavelength of the emitted
radiation, L is the length of the undulator and now « -» w + i/r.

The integration in Eq.(4) can be carried out explicity in a
limit describing position channeling through a superlattice
namely

L_ « L « L where L • £ i^)'1 and Lc « rVII . (5)C p p p ii

Here L c plays a role of the coherence length (is typically about
1 /im)6 and the "idth of momentum distribution A is introduced in
a standard way

U 1 / 2 •
Our final result for the gain coefficient (for /i-0) is given by

a - 2 n m ~ 2, 2^1/2 Lc ' <7>
7 (7 -1)

and will be studied numerically in the last section.

DISCUSSION

According to the calculation presented, spontaneous emission
of electromagnetic radiation results from a particular kind of
particle density fluctuation, h, which has the form of a positron
bunch propagating with the same frequency, u>, as the emitted
electromagnetic wave and the phase velocity of the beam, VII.

Keeping in mind that the periodicity of the undulator
represents a static driving force with a wavevector g, and k is
the wave vector of the electromagnetic wave, we can analyze our
results in the language of three wave mixing.

From this point of view, the solid state free electron laser
reduces to a simple Umklapp process involving: 1) the
propagating bunch in the positron density, 2) .the emitted (or
applied) electromagnetic wave and 3) the static periodic field
of the undulator. Matching of the frequencies for the two
"dynamic modes" assures "energy" conservation. Furthermore
momentum conservation is given by the resonance condition (JJ-O) .
The physical interpretation of the Umklapp process is
illustrated in Fig. 2.



particle density
bunch (<J,CJ/V)

radiated photon
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Fig. 2: Umklapp process - positron density bunch boosted by
the momentum transfer from the undulator results in a
spontaneous emission.

NUMERICAL ANALYSIS
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We will discuss the
feasibility of the proposed
scheme by considering (110)
planar channeling in a strain
modulated Si crystal. We write
the undulator period as i •> Nd,
where d - 1.92 A is the spacing
between successive lattice
planes. The strain modulation,
of course, requires a second
component, such as Ge; however,
we will use the parameters of
Si for convenience
(e^ - 33 eV-A"2)6.

The relativistic particles,
while channeling along the
path, undergo transverse
harmonic oscillations from the

Fig. 3: Maximum value of the linear gain coefficient enhanced
by the Kuraakhov resonance as a function of wavelength
of emitted radiation (A). This calculation performed
for Si, assumes that the particle oscillates with the
largest allowed amplitude (half the channel diameter)
and that the coherence,length is energy independent;
the latter assumption would not be valid as T+1, where
the graph shows a divergent gain.

crystal field - Kumakhov oscillations - with the characteristic
frequency w^ - (^i/m)1/2. One can see frcd Eq. (2) that the
pump parameter, Q, has a resonance (U2-»l) if

-1/2- 7

This enhances the gain coefficient, however, the excessive
growth of Q would soon result in a rapid dechanneling of the

(8)



particles. Indeed, dechannelIng will occur if the transverse
kinetic energy of the particle exceeds the binding energy of the
harmonic potential. This condition fixes the maximum allowed
value of the pump paramer, Q, as:

-.max 1 e . 1.
Q - 5 . ; <-•£> 1/2 (9)

where a is a distance between adjacent channels. Finally the
Kumakhov-enhanced gain coefficient given by Eqs. (7) and (9) is
evaluated numerically In Fig. 3. As a source of high density
particle current, we consider the state of the art 10,000 A
Livermore pulsed.electron-position facility, where the radius of
the beam is about lmra.7 We have to keep in mind that two
additional conditions have to be satisfied namely </J-0) and Eq.
(8). For a given wavelength A they uniquely fix values of 7 and
superlattice modulation periodicity I which is illustrated in
Fig. 4 a) and b).
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Fig. 4a,b: Positron beam energy (7) and superlattice modulation
length (J?) required for maximum of the gain
coefficient at the vicinity of the Kumakhov
resonance for a given wavelength .



CONCLUSIONS

In the X-ray region, our model calculation leads to a gain
of the order 10"8 cnT1. Possibly, by cooling the sample and
using "stiffer" crystals (eg., diamond) one can bring the value
of the coherence length to about 30 ttm,s which would increase
the gain by the factor of 103. To bring the gain to about 1
[cm"1], to overcome X-ray attenuation, one has to hope that
future particle accelerators will provide extremely high
particle densities (10s increase). In this case, our model FEL
would make use of continuously distributed Bragg diffraction
feedback mechanism.4 The feasibility of the suggested source of
coherent radiation rests on the availability of high current
density sources (necessary to sustain spontaneous radiation) and
the associated radiation damage and thermal heating of the
sample.

' Finally the quantum mechanical extension of this problem to
the case of both electron and positron channeling should be
attempted; this is especially relevant at low energies (i.e.,
when using the basic crystal itself as the undulator) where
treating the particles as Bloch waves (the so called dynamical
effect) is essential.8
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