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Abstract

In this paper, we show the relation between state space approach and trans-

fer function approach for functional observer and state feedback design. Two

approaches can be transformed into each other, based on this result. More

importantly, we find that th= scate space approach introduces some severe, unnec-

essary restrictions in solving the problem. The restrictions are, however,

reduced to be a trivial condition in transfer function approach. It is believed

that the result presented in this paper will be useful in developing both

approaches, and motivate some new results for solving the problem.
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I. Introduction

There are two approaches for functional observer and state feedback de-

sign, i.e., state-space approach (l-io) and transfer function approach (n-15).

Although the two approaches share many common points, e.g., they can achieve

same design objects and require same order of observer-controller in order to

achieve arbitrary state function and state feedback. The algorithms employed

are very different. No apparent links between the algorithms of the two

approaches have been found yet.

In this paper, we investigate this problem. The relations between two

approaches will be found. Based on this result, two approaches can be ._.

transformed into each other. More importantly, we find that the state space ap-

proach introduces some severe, unnecessary restrictions in solving the problem

The restrictions are, however, reduced to be a trivial condition in transfer"

function approach, which can be satisfied automatically in solving the equation.

We believe that the insight provided in this paper will be beneficial to both ap-

proaches, and motivate some entirely new algorithms and results for solving the

problem.

In sections II and III, we give a brief review for state space approach

and transfer function approach, respectively. • -ection IV, we present a reali-

zation scheme, which is useful for the investigation. In section V, we give

the results and a discussion. The algorithms t,o transform two approaches from

each other are presented constructively, from which, the main result of this

paper is cleared up. Finally, in section VI, we show an example.

II. State Space Approach

The design of functional observer by state space approach has a long his-

tory, see (l-lO}. We summarize the design briefly in the following.



Consider a plant G(s) with state space description

G(s) - (1)

The functional observer and state feedback can be shown in Figure 1, where all

eigenvalues of A have negative real part. Let the required feedback state func-

tion be Fx, and the state function observed by (sI-A) [HB M J be Tx, as shown

in Figure 1. The following equations can be written out directly.

-O B

B

K

M

(sI-A)-1

H +rm- M

(sI-A)"1

Fig. 1

and

F = KT + M°C

H(sl-A) + M ^ = (sI-A)T

(2)

(3)

L = HB (4)

where L is the matrix really used for the observer. To solve the equation (3),

it needs obviously



H = f . (5)
Then, we have

fA - AT = MXC (3')

and

L = TB . (41)

The solving of equations (2, 31, 41) constructs of the design of functional ob-

server by state space approach. The difficulty in solving these equations is ap-

parent, especially for equation (3 1). One of the well known methods in solving

the problem needs 4 steps, as shown in the following: _

1. Choose A such that all eigenvalues of A have negative real part and

are distinct from those of A.

2. Choose an M such that {A,M } is controllable.

3. Solve the T from TA-AT = M1C.

4. If the matrix (C f')' has full column rank, compute (2) and C4').

Otherwise, go back to step 1 or step 2, try something else. Q

In essential, the approach is trial and error. Some other algorithms are

available. However, as long as the solving of equation (31) is necessary, there

is no way to improve the algorithm dramatically.

III. Transfer Function Approach

If we write the q x p plant (1) as

G(s) = N(s)D~1(s)

where D(s) an N(s) are right coprime polynominal matrices, D(s) is column

reduced with column degrees V^s i = 1, 2,..., p. The functional observer and

state feedback configuration can be shown in Figure 2, where D (s) is Hurwitz.



Pig. 2

Let the required feedback function be F(s), we only need to solve the -fol-

lowing equation:

L(s)D(s) + M(s)N(s) = D (s)F(s)
c

(6)

The design was first proposed by Wolovich (llj. It is known that if D (s)

is chosen to be row reduced with all row degrees to be V-l, where V is the

observability index of G(s), and all column degrees of F(s) are less than the

corresponding ones of D(s), there always exists a compensator D (s)[L(s)

M(S)J to meet the equation (6). Furthermore, in general, D (s)L(s) is always

strictly proper, D (s)M(s) is proper.

To build up a direct relation to str.'ce space approach, we write

M(s) = D (s)M° + M^s)
c

_ i i

where D (s)M (s) is strictly proper. Also, we can write

(7)



F(s) = T(s) + M°N(s) (8)

and f i n a l l y , we have

L(s)D(s) + M1(s)N(s) = D ( s )T(s ) (9)
c

which is simply from the equation (6)-(8), i.e., from

L(s)D(s) + M(s)N(s) = L(s)D(s) + D (s)M°N(s) + M1(s)N(s) (10)
c

and

D (s)F(s) = D (s)T(s) + D (s)M°N(s) . "(11)
c c c

Equating (10) and (11) yeilds (9 ) .

I t is interest ing to note that the equation (9) is similar to the equation

(3 1 ) . The development of the resul ts of this paper will be mainly related tc

the comparison of the two equations. In order to do so, we need the realization

shown in the next section.

IV. Realization Scheme

The real izat ion scheme presented in this section was introduced in (.15 J*

Consider the r ight fraction of the q x p system G(s) = N(s)D ( s ) , where D(s) is

column reduced with column degrees \l., i = i, 2 , . . . , P. Without loss of general-

i t y , we assume the column degree coefficient matrix of D(s) to be identity I .

Define

SQ(s) = diagls 1 * 1 }; i = 1, 2 , . . . , P (12)

and



S.(s) = di (13)

where j is negative integers. Then, we can write

D(s) = S0(s)

N(s)

(14)

(15)

where \i - max{u.}. Thus, a controllable realization of G(s) is as follows:

A =

0 I

0 I

-D -D ,
U U - l

-D

5 C =
5 B = ( 1 6 )

Note that the realization (16) is not minimal. However, the minimal, realization

can be obtained from (16) very easily. Since \x is the maximum of p.'s, in S (s)

and S_ i(s) and so on, there exist some elem_nts with negative s-powers. Of

course, these elements are not with any physical meanings, and the corresponding

columns of D , N and D ,, N. ,, and so on, are all zero. Thus, we can delete

these columns in A, C, and at meanwhile, delete the same number of rows in A

and B. The obtained realization is minimal, see (l5). It is of interest to

notice, however, since these columns of D , N and so on, are all zero, we can

keep them in operation and matrix manipulations. In other words, the deletion

can be delayed until the last step in order to take the advantage of the neat

form of the realization (l5J.



For the dual factorization G(s) = D (s)N(s), we have the observable reali-

zation which is in the dual form of (lg). Instead of column reducedness of

D(s), we require the row reducedness of D(s) there.

V. Functional Observer and State Feedback

In this section, we investigate the functional observer and state feedback

designs by the state space approach shown in Figure 1 and the equations (2), (3 1),

(4') and the transfer fuaction approach shown in Figure 2 and the equation (6).

Some interesting remarks will be reached in concern of the designs.

We start from the state space approach. Consider the system shown in Fig-

ure 1. Without loss of any information, by similarity transformations, we can

transform the state space description of the plant into the controllable realiza-

tion form of (16), and transform the observer-controller into the dual form of

(16). Let the controllability index and the observability index of G(s) be V

and V, respectively. We write the state space description of the plant by (16),

and the ones of the observer-controller by the following:

A =

0

I 0

I

-D

-D

c(v-l)

c(V-2)

Vi
HV-2 «U

(17)

I -D
cl H1.

as well as

K = 0 I) (18)



Meanwhile, on the same basis as the one in (16). we write

T =

Define

SQ(s) = diag{s i}; i = 1, 2,

and

= diag

.1

(19)

(20)

(21)

We write the equation (3) by the matrices A, C, A, H, M and T shown

in the equation (16), (17), and (19). Multiplying both sides of the equation

by ^ - v + i
( s ) ^-v+2(s) •'• ̂ - i ( s ) ) ' left> and ( sV s )

... S ^(s)], right, we have

HV-l

V-2

H,

si -I

si -I

M
v-l

LM1 J

LDy Vi

N N

-I

sI+D

s-u +i
( s )



=(S_ (s) ..
-\J+1

s i

- I s i

*
-I .

D

D
c(v-2)

-I sI+D
cl

T T

(22)

Considering the property of S.(S)'s and S.(s)'s, the equation (22) can be

easily written as

0

D(s)

+ M1(s)N(s) = (O ... 0|D (s)] -T2(Sn

(a)J

(23)

and hence

H1 (s)D(s) + M1(s)N(s) = D (s)T1 (s) (24)

Referring to the equation (9), it is clear

H1 (s) = L(s)

T1(s) = T(s)

(25)

(26)

Thus, we have constructed the equation (9) from the equation (3), and two

approaches have been linked with each other.

In the following, we show an important observation from (23).

Observation; Consider the equation (23). The submatrices H (s) and Tr (s) have

not been used in solving the functional obsever problem. Q



Note that H (s) is represented by, in fact, the left part of the matrix

(H' ... H' J in (22), as well as the left part of H in (3), and T (s) is

represented by, in fact, the upper part of the matrix [T .... T ] in (22), as

well as the uppei part of T in (3). This means that using the equation (2),

(3 ), and (4 ) to solve the observer problem introduces unnecessary

restrictions. This is the reason why state space ap^-oach to functional ob-

server and state feedback cannot be as simple and natural as the transfer func-

tion approach. We state the result as a proposition.

Proposition 1: In solving the functional observer and state feedback problem,

the state space approach presented in section II introduces unnecessary _

restrictions, i.e., the equations (5) and (3 1). Q

Note that, if we use the equation (2), (3 ), and (4 ) to solve the prob-

lem, we do need the equation (5) and (3 ), the restrictions. However, the re-

striction is avoidable in solving the functional observer problem, as can be

seen from the transfer function approach (6). In fact, we have the following re-

sult.

Proposition 2: The severe restriction H = T, the equation (5), in solving the

observer problem by state space approach is reduced to a trivial restriction in

transfer function approach. Q

Proof: We write the matrix (H* ... H.')' in (22) as

H = HV-l

V-2

H,

Vl,u "* HV-1,2

HV-2,U ••• HV-2,2

... U1,2

H

H

V-l, 1

V-2,1

L-
H

• 1 , 1

(27)

m



and the matrix ( T T ... 1^ in (22) as

T I T•*' V-1,21 V-1,1
T T

•" ^-2,2! V-2,1
(28)

,2 i ' 1 , 1

In solving (24), we can have the solution

HV-l, 1

(29)

and

(30)

which represent H (s) and T'(s) in (24), respectively. Referring to (27) and

(28), we can find that H (s) and T (s) are represented by the right side block

in H and the bottom block in T, respectively, which says that the only restric-

tion to meet is

Hj x = T? , . (31)

The meaning of (31) is that row degree coefficient matrix of L(s) in (9) must

be equal to the column degree coefficient matrix of T(s) in (9), since we assume

that the column degree coefficient matrix of D(s) and row degree coefficient

matrix of D (s) are identities. This restriction, however, is really trivial,

and more important ly , i t can be met automatical ly in solving (9) on ( 6 ) . •

11



In the following, we give a discussion for the result by a number of

remarks.

Remark 1: Once the matrices (29) and (30) are obtained by solving the equation

(24) or (9), we can assign the rest part of H and f in (27) and (28) very eas-

ily in order to meet the requirement (5). Thus, the equations (2), (3 ) and

(4 ) , of state space approach, can be solved through the transfer function ap-

proach.

Considering (27) and (28), in order to ensure H = T, we simply let

H ) = (T ... T (32)

and

V-l, 1

T.

v-1,1

-V J-

(33)

The right sides of (32) and (33) are known from (29) and (30).

The rest part of H and T can be directly solved by taking the advantage

of the special structure* of corresponding submatrices in (22). In particular,

we have

12



Vi,u "• Hv-i,: HV-1,1

J-2,U '*" V-2,2
HV-2,1

Ho , •* • H

c(V-l)

3c(v-2)

LDc2

2,2 H2 ,1

•" Tl,2 T]

M:

V-l.u-l Vl ,U-2 *

V-2,U-1 TV-2,U"2 '

3 , l
(34)

Note that all matrices in (34) are known, except the first one on the left side,

i.e., a part of H in (22), and the last one on the right side, i.e., a part x>f

f in (22). We also note that we should have H = T. Thus, the equation (34)

can be solved row by row. After solving the first row of (34), we obtain

-l,u Hv-i,u-l •'• ' Tv-l,y-l ••• V l ,

Then, a part of the matrix on the right side of the equation, i . e . ,

(T , , . . . T , ), along with (33), provide the necessary conditions

in solving the second row, and so forth. This iterative algorithm provides a

simple method to the design of state space approach. Q

Remark 2: The reason why the state space approach introduces unnecessary re-

strictions is that i t does not take into account of the fact that the number of

rows in B is larger, or much larger, than the rank of B; and so for the matrix

13



K, see Figure 1. In fact, this advantage could and should be used in solving

the problem, as can be seen in transfer function approach, see (23), (24). \~\

Remark 3: Due to-the unnecessary restriction, the state space approach solve

the equation (3) in an unusual way, see Section II. It seems that T should be

assigned and M should be solved, however, instead, in state space approach, we

have to choose an M and solve f. This problem has been straightened in trans-

fer function approach (6), where the matrices D (s) and T(s) can be chosen,

then, we solve L(s) and M (s). Q

Remark 4: We note that in transfer function approach, we need not to solve the

equations (7-9). The design can be accomplished in one step procedure, i.e., to

solve the equation (6) directly. Since D (s) M(s) in general is proper, the

constant part of the observer-controller included automatically in the proce-

dure . [[]

Remark 5: It is therefore not surprising that for both approaches the orders of

the observer-controllers for arbitrarily assigning the pole of the observer and

the state function are all equal to p(v-l) (lO,12). Recently, some algorithms

for designing lower order observers are proposed by the state space approach

(lOj. Similar result is also available by transfer function approach,

where, the algorithm is much simpler, it is achieved simply by a search of the

resultant of D(s) and N(s). Q

VI. Example

The following example is shown to illustrate the result of section V. We

solve the functional observer and state feedback problem by transfer function ap-

proach (6). Then, by using the realization of section IV. We translate the re-

sult in the state space form of (2), (3 ) and (4*).

14



C o n s i d e r t h e 2 x 2 p l a n t

-l r° s"xi rs2+i s i
G ( s ) = N ( s ) D X ( s ) = 3

Ll s+lj L s s +lJ

where D(s) and N(s) are right coprime, D(s) is column reduced with column

degree coefficient matrix I, and 1^=2, y2=3. It can be found that the

observability index of G(s), V, is 3. We choose

[s2+s+l "I

S2+S+lJ

and

• f2S

L-s

Sol-ve the e q u a t i o n ( 6 ) , we have

[2s+3 0 "I

-s-7 3s+3J

r -2s-3 -s2-3 "I
M(s) = 2

|_7s+10 3s -3s+7j

Fran (7), i t is clear,

and

15



r-2s-3 «-2 "I
M^s) =

|_7s+10 -6s+4J

From (8), we have

T(s)
T2s+1 1 "j

L-s-3 3s2-3j

Following the equation (14) and (15) , we wr i te

[a- i r° °~irs i r1 n r 1 i . ru u i r"1

0(s) •[•',]•[::][•,]•[::][',]•[::][•",]
D l °2 D 3

N ! • N 2 N 3

and

D , D „
c l c2

16



«•>•[• x ; ] • [ ' , ] L: :i
-L,

••••••[• . r : j - r J t r : i
M:

Then, we can write al l matrices in Figure 1,

A =

" 0

0

0

0

0 i
0

0

-1

1

0

0

0

- 1

I o

0

1

. ___
0

0

- 1

0

1

0

_
0

1 - 1

0

1

0

0_

[ 0 -1 j 0 1 I 0 0"|! : h
o i ' i l ' o o J

N« N,

0

0

0

0

1

0

0

0

0

0

0

-D,

and

'o

0

1

0

0

0

0

1

- 1

0

- 1

0

0

- 1

0

- 1 .

c2

c l

; H =
[••

H
2

3

-7

2

- 1

0

3

0

3 .
H,

- 3

10

-2

.7

-2

4

1

-6

M1

2

T =
•

0

0

T
1

1

-3

1

J

0

0

:

2

-1

T "

0

3

[0 0 1 0~J

0 0 0 l j
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By using (32), (33), we hava

ro i i on

Lo -3- -3 oJ

P°l
1-7 3jBy using (34), we have

H = T = H fD D 1 + M fN M 1 - [T T 1
1 1 2,2 L 2 1J 2 l 2 1J L 2 1J

[•3 o-jri i o on j--3 -2nro i o 01 r i o 2 en

-7 3 j^o 0 1 oJ L10 4JI.1 1 0 oJ L-3 0 -1 3J

[0 -2 -2 0"!

0 7 4 -3J .

Thus, we

H

have

= T =
"0

0

0

0

-2

7

1

- 3

-2

4

1

- 3

0

- 3

0

0

3

-7

2

- 1

0

3

0

3

•

18
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