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Fusion Engineering and Physics Program 
Mechanical, Aerospace and Nuclear Engineering Department 

University of California, Los Angeles 

Abstract 

A new approximate technique to determine the gross plasma equilibrium 

parameters, major radius, minor radius, elongation and triangularity for an 

up-down symmetric plasma is developed. It is based on a multipole 

representation of the externally applied poloidai magnetic field, relating 

specific terras to the equilibrium parameters. The technique shows reasonable 

agreement with free boundary MHD equilibrium results. The method is useful in 

dynamic simulation and control studies. 



I. Introduction 

In the modelling of the dynamic behavior of tokamak plasmas, a 

determination of the successive equilibria is necessary. Changes in the 

electromagnetic environment and plasma internal conditions will alter the 

plasma's equilibrium characteristics, such as major radirs, minor radius, and 

shape. To determine these plasma characteristics, a free boundary MUD 

calculation would have to be made at each time step in the discharge 

simulation. However, these calculations are coraplex and time-consuming, which 

excludes their use in a simulation modelling a full tokamak discharge. It is 

thus required that a new approximate technique be developed that can yield 

gross plasma equilibrium parameters (those characterising only the outer flux 

surface) in an acceptable computational time. 

A method has been developed to perform rhis task, and it is based on the 

premise that the externally applied poloidal magnetic field uniquely 

determines the plasma equilibrium characteristics, given a toroidal plasma 

current distribution, a plasma poloidal beta, a toroidal field, and a total 

plasma current. This Is best illustrated by the equilibrium vertical field 

formula of Shafranov.' ' 

R = - £lL [ ln B + B + ii 3 j 4irB l a p 2 2 ' 
v r 

R is the plasma major radius, I the total plasma current, B the externally 

applied vertical field, a the plasma minor radius, 6 the plasma potoidai 

beta, and 1̂  the plasma internal self-inductance per unit length (representing 

the plasma Current density). The plasma major radius (center of the outermost 

flux surface) is determined by the applied vertical field and is dependent on 

the above plasma properties. 
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This premise arises also from the fact that if a strictly vertical field 

is applied to a tokamak plasma, the plasma would assume a circular cross-

sectional shape. This is assuming the aspect ratio is sufficiently large, 

since it has been sfiown that very small aspect ratio tokameka, spherical 

torii, have a natural elongation in a vertical field. The application of a 

radial component to the external field can cause elongation and triangularity 

depending on the magnitude of the field and its direction (positive or 

negative) relative to the radial field produced by the plasma current. Thus, 

if one can correlate the external field characteristics to the plasma 

characteristics, a method can be developed to quickly determine the outer Flux 

surface geometry from knowledge of the fields produced by coils and eddy 

currents. 

II. Description of Tokamak Fields 

In a conventional tokamak there are three primary magnetic fields, the 

strong toroidal field, the plasma poloidal field, and the external poioidal 

field. The toroidal field is produced by poloidal currents in coils normally 

located outside of the vacuum vessel and poloidal field coils. The nlasma 

poloidal field is produced by a toroidal current in che plasma itself. This 

current in the plasma is either driven by an OH transformer or some form of KF 

current drive. The external poloidal field is produced by several poloidal 

field coils with current in the toroidal direction, Located in the outer 

radial region of the tokaraafc. A schematic of the various features oi a 

conventional tokamak are shown in Fig. II—1. 

From MHD equilibrium theory, an external vertical field (B ) is required 

to restrain the plasma outward motion due to toroidal plasma current/poloidai 

plasma field, external toroidal field/poloidal plasma current, and plasma 
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pressure forces. The first two forces are due to the fact that che plasma 

poloidai field and external toroidal field are stronger on the inside of the 

torus than the outside. The interaction of the vertical field and plasma 

toroidal current produces an inward force countering the expansion. 

Equilibrium is now satisfied, however stablllity to plasma motion in the 

radial and vertical directions must be guaranteed. A circular plasma in a 

strictly vertical field is neutrally stable to vertical motion. A radial 

field component is added Co the vertical field to produce a curved external 

field, often called a "barrel" field. The radial field is in the same 

direction as the radial field produced by the plasma current and is such that 

its interaction with î e toroidal plasma current creates a downward force on 

the plasma if it moves upward and an upward force if the plasma moves 

downward. An illustration of the fields and currents in a tokamak are shown 

in Fig. II-2. 

For radial stability one would intuitively think that if rhe vertical 

field strength increases with R then any outward raotiuti would he forced back 

inward to the equilibrium point and visa versa. However, the need to produce 

the radial field for vertical stability has confined us to vertical fields 

which decrease with R. This can be illustrated by one of Maxwell's equations 

in the plasma region. 

V x B = 0 

The right hand side is zero because the external coil fields are produced by 

currents outside the plasma region. These fieLds are produced by strictly 

toroidal currents so we examine the component of the above equation in 

the ^-direction only. 
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Now we want En to increase In the Z-direction to restrain the plasma vertical 

motion. Thus the derivative 3B_/3R must also be positive. However, the 

vertical field is in the negative Z-directlon for the convention of a counter

clockwise toroidal plasma current. So for a negative quantity to increase, 

its magnitude must decrease. So we must have a vertical fie.'d decreasing in 

magnitude in the radial direction to achieve vertical stability. 

This is not disastrous because the plasma is stable radially even with a 

decreasing vertical field. This is so because the rate of increase of the 

plasma outward ft.rce as It expands Is slower than the decrease in the external 

vertical field so long as the decrease scale length or field decay index is 

less than one. The fleLd decay index is defined, tor up-down symmetric 

circular plasmas, as 

R 3 BZ 

In addition, if one includes the fact that the plasma would probably move on a 

time scale faster than the time for magnet!" flux diffusion (toroidal and 

poloidal magnetic flux conservation) the field can decay at a race as fast as 

3/2. The well-known stability limits for both vertical and radial stability 

of an up-down symmetric circular plasma are given by^ ' ' 

0 < n < f 



In Che case of an elongated plasma the situation is different. In order 

to elongate the plasma a radial field is set up opposite to the radial field 

produced by the plasma current (this is the most efficient means of 

elongation'-^). However, this radial field is opposite to that needed for 

stability. So elongated plasmas are inherently vertically unstable. 

Returning to Maxwell's equation 

3R 3Z 

In this case the radial field is negative, although it still increases with 

increasing Z (this is physically due Co the fact chat one is geccing closer Co 

the coils that produce it). Thus, the vertical field which still points in 

the negative Z-direction must increase In magnitude as R increases. So the 

elongated plasma Is clearly radially stable, but always vertically unstable. 

The circular and elongated cases are shown In Fig. II-3. 

The decay index for vertical stability, n>0 will determine a maximum 

elongaCion allowed before the plasma becomes unstable. This Is generally less 

Chan 1.1 for sufficiently large aspect ratio. Again, in the case of spherical 

torii the natural elongation allows much greater elongation before 

instability, ' The stability limits have been derived quite rigorously 

including the effects of poloidal beta, plasma current distribution, and 

elongation,^ ' In virtually all experiments the fields 3re designed to 

generate an overall stable plasma (excluding vertical motion in an elongated 

plasma), however both radial and vertical plasma position are feedback 

controlled. 

If the plasma Is not up-down symmetric, as is the case in most divgrtor 

configurations, It has been proposed to examine another field scale length1'' 
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derived from another of Maxwell's equations 

B = 0 

3 BZ 1 9 
1 T + { I R < 8 I 1 R ) = 0 

so that a new decay index to reflect the asymmetry is introduced 

R B z 3Z 

With this brief discussion of the magnetic field configuration in a 

tokamak. the mulcipole representation of the external field will follow. 

III. Representation of External Magnetic Field by Multlpoles 

The up-down symmetric case will be treated in this study, so the plasma 

shape parameters will be elongation and triangularity. The technique involves 

representing the externally applied poioidai field by a magnetic mulcipole 

expansion; that is a dipole, quadrupole, and bexapoie. The octapoie field 

vJouid be related to rectangularicy, however, this and higher raultipoias do not 

contribute substantially to a dee-shaped plasma, and so are neglected. 

The dipole field is represented as a strictly vertical field. The 

quadrupole field is represented as a curving of the field Lines, that is, a 

radial component has been added. This curvature can be characterized by the 

radial derivative of the vertical field. The hexapole field is represented as 

a change in the curvature of the field lines and is characterized as the 

second radial derivative of the vertical field. These fields are represented 

simplistically for a straight cylindrical plasma In Fig. III-l. 
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In a tokamak configuration these simple pictures are distorted due co 

toroidal geometry and the discreteness of the coils, however the general 

trends remain. Realistic field contours are shown in Fig. tII-2 £or various 

elongations and triangularities for INTOR'"' plasmas at nearly zero poloidal 

-4 beta (actually B * 10 ). The circular plasma h&s the barrel" external 

field providing the vertical field for equilibrium and the radial component 

for vertical stability. In Figs. III-2b to 2d the direction of the radial 

component changes in order to elongate the plasma, and higher elongations 

require sharper curvature to the field lines. In Figs. III-2e and 2f 

triangularity is imposed on a circular plasma with 5 = .! and 5 «• .2, 

respectively. The changing curvature can be seen quite clearly, the field 

lines bulging to the right on the right side and to the left on the left 

side. This bulging is more pronounced at higher triangularity. It <zan be 

seen that there are quite distinctive characteristics to the various magnetic 

multipolar which correspond to specific plasma shapes. 

With this curvature characterization of the external field a natural 

choice Is to expand the external poloidal magnetic field along the midplarte in 

a Taylor's series about the plasma center, 

3 BZ B W = B (ft ) + (R - R ) -rsi p L O O <JK + 
O 

(R-R o) 2 3 2B 2 

R 2 9K2 
+ . 

R 

where R 0 Is the plasma major radius. This expansion is then cast into a 

multipole expansion as the following 

2 p_ p H—R 
B p(R) - B D « (_-!>) B q + <_£) Ba - . . . 
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with the following multipole definitions 

B D = VV 
3 B z 

B Q " a m*0 

H 2 3R 2 R o 

It should be mentioned that since we are considering the up-down symmetric 

case only the Z-component of the external poloidal field appears. If the 

plasma was not up—down symmetric one would have Br, components and derivatives 

with respect to Z. This is given below 

GO 

B <*,2-0) = B (R 0) + I ^ l**& + *&&\ 
(Ko,0) 

where ra is both a power and derivative order. In addition to the radial field 

component higher raultipoles are also likely to be necessary. 

Th^ dipole field is the usual vertical field required to restrain the 

plasma from expanding radially. The quadrupole field is related to plasma 

elongation and the field decay index cor vertical and radial stability. The 

hexapole field is relaced to both triangularity and elongation. 

One expects the raultipoles to *ie related to total plasma current, aspect 

ratio, poloidal beca, plasma internal self-inductance per unit length, and 

plasma shape parameters (K-elongation and 6-triangularity). 
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m m p a p i 

The Shafranov expression mentioned earlier illustrated thi9, however it is 

valid for low poloidal beta and circular plasmas. A vertical field 

equilibrium formula modified for non-circular cross-sections and ;igh poioidal 

beta is given by 

which i<s similar to that used for ISX-B.^ <\n illustration of this 

expression versus the Shafranov axpression Is given in Fig. II1-3, Included 

are MHD equilibrium calculations verifying the nor.linearity in the variable 

(3 +-=—). The modified expression also displays the fact that less vertical 

field is required to restrain an elongated plasma than a circular one of the 

same minor radius. 

In order to relate the other raultipoles to plasma shape parameters 

several fixed/free boundary MHD calculations are done using NEQ^ •* developed 

at ORNL/FEDC. The plasma position and shape are specified, along with total 

plasma current, toroidal magnetic field, poioidal beta, and various profile 

parameters, and the required coil currents are determined. The coil currents 

are calculated interactively with the plasma internal conditions, such as 

plasma current distribution and pressure profile. With the coil currents 

known the poioidal magnetic field distribution along the tnidplane can be 

calculated and froj it tne raultipoles. These wultipoies are then related to 

the plasma elongation and triangularity specified. 

The results of this procedure are displayed in Fig. III-4 and 5. The 

quadrupole field shows a cubic dependence on the. plasma elongation and linear 
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shifting in poloidal beta. The hexapoie field is found to have a linear 

dependence on the ratio of triangularity to the square of elongation. These 

are also shifted linearly in poloidal beta. Fitting these data points yield 

the following nmltipole to shape correlations, for 1NT0KA8-' parameters 

B„ = ? p [-1.488 + 2.543K- 1.338K" + .235* + .0066J Q ZTra p 

B u - ,- P t-&/< + .018513 - .01378] 

where *c is the plasma elongation and S is the plasma triangularity. With 

these empirical correlations one can determine the shape parameters of the 

plasma by knowing the currents in Che external coils and eddy paths. No 

dependence on plasma internal self-inductance per unit length or aspect ratio 

has been developed. It is expected that the actual analytical correlations 

may be quice complicated. 

IV. Use of Magnetic Kultipoles to Determine Gross Equilibrium 

With the multipole field characterization it is possible to determine the 

plasma major radius, elongation, and triangularity from the external coil and 

eddy currents directly. The minor radius can be determined by toroidal flux 

conservation, knowledge of the plasma edge safety factor, or by setting a + R 

= constant to simulate the initial growing phase. Toroidal flux conservation 

and the plasma edge safety factor are given by 

* =• / BtZdR = irBca2K (1 -• 3/8 S2) 

5a2B _ 2 
1 RI * P 
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To determine the four equilibrium parameters the poloidal beta, plasma 

internal self-inductance per unit length, total plasma current, toraidal 

magnetic field, and the total currents In each coil and eddy path oust be 

known. 

The expressions describing each of the parameters are strongly coupled to 

each other. The major radius formula depends an elongation and minor 

radius. The elongation and triangularity formulas depend on minor radius and 

the major radiu3 where the Held derivatives are evaluated- The safety factor 

equation to determine the minor radius depends on the major radius and 

elcng-Jtion (and also triangularity if one replaces 1 + K by 1 + C (1 + <S ) W 

account for triangularity). The coupling is too severe for a closed solution 

so that an iteration procedure is required. 

The iteration procedure involves starting with previous time step 

equilibrium parameters, evaluating the dipole, quadrupole and hexapole fields 

at the old major radius and minor radius with the new fields. A new 

elongation and triangularity are generated. Then a new minor radius and major 

radius are calculated, and the procedure is repeated. This is continued until 

a tolerance is reached in both minor and major radii. This procedure works 

well for elongated plasmas, however for circular plasmas the iteration 

diverges. This is due to the fact that the vertical field decreases with 

major radius. 

This can be circumvented by determining the major radius by the radial 

plasma velocity and then entering the Iteration scheme for minor radius, 

elongation, and triangularity. And, in fact, this is more convenient in a 

dynamic simulation where the plasma velocity is required for the circuit 

equations. The radial plasma velocity is determined by a balance between the 

actual vertical field applied and that required by equilibrium. The force 
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balance for a filamentary plasma i s given by 

<nR = 2lrRI (S - B ) p v z 

where m is the plasma mass, R the plasma major radius, I the plasma 

current. The vertical field required to maintain the plasma at a and the 

actual vertical field imposed are given by 

uo Tp M 8R . , ^ Xi 3 I a 2 ,. . 1 i , 2 , 
l+<2 1/4 a p 2 2 2 2 p 2 

i»l 

where fjCR^Zj ;R,Z) is the function determining the vertical magnetic field at 

(R,2) created by a circular current loop at (R^^Z^). N is the total number of 

coils and eddy currants. 

The plasma mass will be neglected, eliminating Alfven time scaie motion, 

retaining only the slower "circuit" time scale motion. This neglect 

of Alfven time scale motions requires that the eddy currents produced in cha 

structure surrounding the plasma are sufficient to restrain the plasma for ac 

least as long as the Alfven time scale. Since Alfven times are generally on 

the order of microseconds and the eddy current decay times are on the order of 

milliseconds, this assumption should be valid. 

The remaining equation is differentiated with respect to time 

dB dB v z_ 
dt = dt 
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3B 31 3B 3e 3B 3a 3B 30 3Bir 31 u N 31, u N 35. „ 

31 3t + 3K 3t 3a 3t ag 3t 31, 3t 4TI, , 1 3t 4TI, . 3Z 3t i 
oR p p l i - 3 l l ~ i 
dt = u B 3f, 3B 

— S — I 
4 ir j 3R i 3R 

The time rates of change of Che plasma parameters are determined from previous 

time step information. 

The vertical plasma position can also be determined from the vertical 

plasma velocity in the same wa,- neglecting the plasma mass. The radial 

magnetic field is given by 

h ' \iyh'h'K^ h 

where g^ is similarly defined as f t except than It is the radial field at 

(R,2) produced by a circular current loop at (R^.Z^). Tak:-ig the time 

derivative yields 

dz " 4 " i,i ** 3 t " 4 Vi 3 R 3 t f 

dt p o N 3g i 

77 . z . ~ ri 
1 = 1 

The radial and vertical positions are determined by the plasma 

velocities, and the plasma minor radius, elongation and triangularity are 

determined iteratively. If the plasma vertical position gets too far o£f the 

Z=0 midplane the shape determinations will not be valid, however, this can be 

corrected by a feedback, scheme on both radial and vertical plasma position. 

Comparisons of the completely iterative .-neehod with free boundary MHD 

results are shown in Figs. IV-1 and 2. The Iterative method provides a quite 

good approximation to the actual solution. The plasma velocity and iteration 
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scheme showing Che dynamic behavior oi the equilibrium as time progresses 

during a discharge simulation is not available at present. 

V. Conclusions 

A successful technique for estimating the gross equilibrium paiameters of 

an up-down symmetric tokamak plrsraa has heen developed. The method relies on 

characterizing the externally applied magnetic field by mulcipolas chat 

correspond as directly as possible to given plasma shape characteristics. 

With such a correspondence the shape, size and position of the plasma outer 

flux surface can be determined from coil and eddy currents directly. The 

technique shows good agreement with actual free-boundary MHD calculations and 

is ideally suited for studying the dynamic behavior of tokamak discharges. 
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VII. Figure Captions 

Fig. II-l. The various features of Che conventional Cokaraak. 

Fig. II-2. Illustration of the fields and currents in a conventional 
circular plasma tokamak.. 

Fig. 11-3. Illustration of the fields and currents in a tokamak for a 
circular and elongated plasma. 

Fig. III-l. Schematic of the various multlpole contributions to a strictly 
vertical field showing the resulting field and plasma shapes for 
a straight cylindrical plasma. The piasraa current is into the 
page. (A) A weak quadrupoie field is superimposed on a vertical 
field to produce a circular plasma with a slight radial field. 
(B) A strong quadrupoie field is superimposed on a vertical 
field to produce a horizontally elongated plasma with a strong 
radial field. (C) A strong quadrupoie field of the oppositve 
polarity is superimposed on a vertical field to produce a 
vertically elongated plasma. (D) A hexapoie field is 
superimposed on a vertical field to produce a triangular plasma 
with a radial field varying along the midpiane. (E) An octupole 
field is superimposed on a vertical field to produce a 
rectangular ylasma with a varying radial field in the vertical 
direction. 

Fig. III-2. Actual magnetic field contours for the INTOR tokamak: (A) -
circular plasma, (B) - 1.3 elongation plasma, (C) - 1.5 
elongation plasma, (D) - 1.8 elongation plasma, all with zero 
triangularity; (E) - 0.1 triangularity plasma, (F) - 0.2 
triangularity plasma, both with zero elongation. 

Fig. III-3. Comparison of (S) - the linear Shafranov equilibrium vertical 
field expression, (triangle) - the modified quadratic equilibrium 
expression, and (diamond) - actual yHT> results averaged for 
elongations between 1.0 and 1.8 and triangularities between 0.0 
and 0.2. 

Fig. III-4. Normalized quadrupoie field as a function of plasma elongation 
for pololdal beta at 0.0, 0.5, 1.0, 1.5, and 2.0. The lowest 
curve Is for zero poloidal beta and increases upward. 

Fig. III-5. Normalized hexapoie field as a function of triangularity di"ided 
by elongation squared for poloidal beta at 0.0, 0.5, 1,0, 1.5, 
and 2.0. The lowest curve is for zero poloidal b^ta and 
increases upward. 

Fig. IV-I. Comparison of the multipole,method for gross piasraa equilibrium 
and actual free boundary MHD results for a L.3 elongation and 0.2 
triangularity piasraa. This is for the ISITOR tokaraak. 

Fig. IV-2. Comparison of the multlpole method for gross plasma equilibrium 
and actual free boundary MHD results for a 1.5 elongation and 0.2 
triangularity plasma This is for the INTOR tokairak. 
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OHHIC HEATING 
SOLENOID TOROIDAL FIELD 

COIL 

Fig. II-l. The various feaCures of Che conventional tokamak. 
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BARREL" FIELD DUE 
RADIAL ANO VERTICAL 

FIELDS 

1-2. Illustration of the fields and currents in a conventional circular 
plasma tokamak. 
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EXTERNA!. 
POLO I DAL FIELD 

Fig. 11-3. Illustration of the fields and currents in a tokamak for a circular 
and elongated plasma. 
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(A) A weak quadrupole field is superimposed on a vertical field to produce 
3 circular plasma with a slight radial field. 

® 

® 

0 
G 

G 

-+- ® 
0 

© 

© =: 

(B) A strong quadrupole field is superimposed on a vertical field to produce 
a horizontally elongated plasma with a strong radial field. 
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(C) A strong quadrupole field of the opposite polarity is superimposed on a 
vertical field to produce a vertically elongated plasma. 

Fig. Ill—J. Schematic of the various multipole contributions to a strictly 
vertical field showing the resulting field ?n.i plasma shapes 
for a straight cylindrical plasma. The plasma current is into 
the page. 
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(D) A hexapole field ?s superimposed on a vertical field to produce a 
triangular plasma with a radial field varying along the midplane. 
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(E) An octapole field is superimposed on a vertical field to produce a 
rectangular plasma with a varying radial field in the vertical direction. 

Fig, III-l. Schematic of the \arious raultipole contributions to a strictly 
vertical field showing the resulting field and plasma shapes 
for a straight cylindrical plasma. The plasma current is into 
the page. 
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Fig. III-2. Actual magnetic field contours for che INTOR cakamak. (A) - circular 
plasma, (B) - 1.3 elongation plasma, both with zero triangularity. 
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Fig. I I I - 2 . Actual magnetic field contours for the INTOR tokamak. (C) - 1.5 
elongation plasma, (D) - 1,8 elongation plasm;, both with zero 
t r iangular i ty . 
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Fig. III-2. Actual magnetic field contours for the INTOR tokamak. (E) - 0.1 
criangularity plasma, (F) - 0.2 triangularity plasma, both with 
zaro elongation. 

24 
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1II -3 . Comparison of (S> - the l inear Shafranov equilibrium ver t i ca l field 
expression, ( t r iangle) - the modified quadracic equilibrium 
expression, and (diamond) actual MHD resul ts averaged for elongations 
between 1.0 and 1.8 and t r i angu la r i t i e s between 0.0 and 0.2. 
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QUADRUPOLE FIELD VERSUS PLASMA ELONGATION 
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Fig. 111-4, Normalized quadrupole field as a function of plasma elongation for 
poloidal beta at 0.0, 0.5, 1.0, 1.5, and 2.0. The lowest curve is 
for zero poloidal beta and increases upward. 

26 



HEXAPOLE FIELD VERSUS TRIANGULARITY/ELONGATION**J 
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Tig. III-5. Normalized hexapole field as a function of triangularity divided by 
elongation squared for poloidal beta at 0.0, 0.5, 1.0, 1.5, and 2.0. 
The lowest curve is for zero poloidal beta and increasts upward. 
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MHD EQUILIBRIUM PLASMA SHAPE 
OlflHONDS'EXflCT HHU srftftS = MULTIPOLE MHO 

Fig. IV ' l . Comparison of the multipole method for gross plasma equilibrium end 
actual free boundary HHD resul ts for a 1.3 elongation and 0.2 
t r iangular i ty plasma. This is For the INTOS tokamak. 
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MHD EQUILIBRIUM PLASMA SHAPE 
DIBMONOS=EXRCT MHO 5TARS=MULT[POLE MHD 
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Fig. IV-2. Comparison of the multipole method for gross plasma equilibrium and 
actual free boundary MHD results for a 1,5 elongation and 0.2 
triangularity plasma. This is for the INTOR tokamak. 
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