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ABSTRACT 
One first introduces the concept o£ polarization for spin 1/2 particle 
beajis and discusses properties of spin kinetics in a stationary magne
tic field. Then the acceleration of polarized protons in synchrotrons 
is studied with emphasis on depolarization when resonances are crossed 
and on the cures for reducing it. Finally, transverse polarization of 
electrons in storage rings is discussed as an equilibrium between po
larizing and depolarizing effects of synchrotron radiation. Means for 
obtaining longitudinal polarization are also treated. 

INTRODUCTION 

Spin is an important feature of nuciei and subnuclear particles, as well as their mass 

and electric charge. In general, interactions between them depend on their spin. The expe

rimental study of these interactions with unpolarized beams and targets cannot investigate 

this spin dependence and is incomplete. Polarization experiments are able to reveal impor

tant and new aspects of Nature. There have been in the past many examples of unexpected 

results obtained in such experiments, the most famous one being the discovery of parity 

violation in 0-decay. One then could ask why so feu polarization experiments are done in 

Nuclear and Suhnuclear Physics. The reason is that these experiments are generally more 

d i f i c u M and more delicate. In particular, polarized beams are more elaborate to produce 

than unpnlarized beams. Usually their intensity and their reliability are lower. If it vas 

not ."so, aJ 1 experimentalists would ask fc* polarized beams ! Surely progress in the deve

lopment of polarized beams would be valuable. 

The physics of polarized beams is a wide topic, not often familiar to accelerator 

physicists. It is difficult to cover it completely in a limited time. Ue will restrict 

our^el-'es ro the acceleration of polarized protons in synchrotrons and to the polarization 

of elections in storage rings, i.e. to the most common high-energy polarized beams. We 

will not ronsider other polarized beams like secondary beams, electron beams in linear 

aiceletators and synchrotron";, muon beams, deuteron beams, ... Ue will concentrate on the 

spin kinetics of electron and proton polarized beams and ve will not study other aspects 

like v>olarired ion sources and polarization monitoring. 

The aim is to explain the physics of spin kinetics in these polarized beams to acce

lerator physicists. No attempt will be made to use less familiar mathematical formalisms 

(like the SU(2) representation of spin rotations), to derive the basic formulae (such as 

the Thomas BMT and Froissart-Stora equat ions or the formulae of Sokolov-Ternov and 

Drrbenev-Kondratenko). or to treat particular details or more advanced topics, reserving 

these developments to specialists. Ue prefer to limi": ourselves to an analysis of the 

physical contents of the basic equations and of their consequences, illustrated by expe-

'jmental results. 
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Ue will not try \.o quote in references all the authors and contributors in the field 
of polarized beams. Ve limit the bibliography to a fev general and recent reports vhlch 
were models for preparing this lecture and which can be recommended to the non-specialist 
reader. The latter will find in them all the relevant references. 

This lecture is divided into three parts. The first one is devoted to generalities on 
the physics of polarized beams which are useful for understanding the behaviour of pola
rized protons and electrons in accelerators, especially circular accelerators. Ve first 
remind of the concept of spin and we extensively discuss the meaning of polarization for * 
spin 1/2 particle beams. Some knowledge of Quantum Mechanics is not really needed as we 
will essentially take a seniclassical point of view, apart from two particular points 
which can possibly be omitted by the reader. Then the kinetics of spin motion in a sta
tionary magnetic field is extensively studied, starting from the Thomas-BUT equation of 
spin motion, and with emphasis on the spin-orbit coupling. A general discussion of 
depolarization resonances is based on the consequences of spin-orbit coupling. Finally ' 
the great similarity vith Nuclear Magnetic Resonance is stressed, recognizing that the 
basic features of spin kinetics are the same. 

i 
In the second part the acceleration of polarized protons in synchrotrons is studied 

with emphasis on depolarization vhen resonances are crossed and on the cures for reducing 
it. In particular spin kinetics in a ring equipped with "Siberian Snakes" is qualitatively 
discussed as "Siberian Snakes" appear essential for very high energies. 

The third and last part is devoted to the polarization of electrons in storage rings, 
which has very different aspects- As in beam dynamics, the synchrotron radiation dominates V 
spin kinetics In electron storage rings. Synchrotron radia ion provides a polarizing me
chanism (the Sokolov-Ternov effect) and enhances also beam depolarization. Ve qualitati
vely discuss both polarization and depolarization phenomena induced by synchroton radia
tion and how to manage vith /-.eat for obtaining a high degree of polarization. At the end 
ve briefly discuss spin rotators for obtaining longitudinal polarization and indicate tvo 
particular and important problems : depolarization enhancement by large energy spread of 
beams at high energies and depolarization by the beam-beam interaction. 



PART I 

GENERALITIES ON POLARIZATION AND SPIN MOTION 

1.1 SPIN AND MAGNETIC MOMENT OF A PARTICLE 

The spin S of a particle (electron, proton, ...) is an internal degree of freedom 
which behaves like angular momentum. It is an axial vector with quantized values of its 
modulus |S|* and of its component S on any axis Oz : 

|sV - s(s * 1) h z 

\ s * -s, -s+1 s-1, s 

where h is the Planck constant divided by 2n. 

The spin value s is a half-int«ger for Fermions (1/2 for electrons, muons, protons, 
neutrons, ,..) and an integer for Bosons (0 for it and K mesons, 1 for photons and débite
rons ) 

particles-

Charged particles have a magnetic moment u proportional to their spin S* : 

o 

vhere e and ra are the electric charge and the rest mass of the particle, respectively 
(u is parallel to S for a proton and antiparallel for an electron according to the sign of 
their electric charge). 

The gyromagnetic ratio g is 2 for point-like Fermions in the Dirac theory. There are 
corrections and the deviation from 2 is aeasured by the gyromagnetic anomaly a - <g-2)/2 
(very often also designated by u' in the literature) : 

electron muon proton deuteron 
a « 1.1596x10"' 1.1659xlO~3 1.7928 -0.1430 (1-1.2) 

A charged particle placed in a magnetic induction B* has a magnetic energy V given by : 

V - - » - É (1-1.3) 

Here we will consider spin 1/2 particles (electrons and protons) which have two 
states of magnetic energy only. 

1.2 POLARIZATION OF SPIN 1/2 PARTICLES 

A bunch of spin 1/2 particles is polatized if their spins have a preferred direction. 
This situation is characterized by a polarization vector P* pointing in this direction. The 
length |P| is the degree of polarization. 



Here ve vill define the polarization vector P in the most general case. Essentially 
the polarization vector is a classical quantity (following a classical equation o£ motion) 
which determines completely any spin state of a spin 1/2 particle ensemble. These two pro
perties justify the semiclassical description of polarization for spin 1/2 particles, 
which is based on the evolution of the polarization vector P. This semlclasical descrip
tion is totally equivalent to a purely quantum-mechanical description. The proof of these 
two properties which needs some knowledge in Quantum Hechanics, is given in sections 1.2.2 
and 1.2.3. They have been put in appendix at the end of this paper such that they can be 
omitted if one is not familiar with Quantum Mechanics. 

1.2.1 Definition of the polarizatian_vec_tor_F 

In a pure spin state of an individual particle the direction of spin f is the direc
tion along which the spin component takes the maximum value (+n/2) with probability 1. The 
polarization vector P is defined as the unit vector in this spin direction. 

Now, for a bunch of N particles with different polarization vectors P. (i - 1,N). the 
polarization vector P is defined as the barycentre of all the individual P. : 

N 
? - 4 - I P\ (1.2.1) 

N 1 = 1 1 

The degree of polarization |P| varies from 0 to 1 depending on the relative directions of 
ttie vectors P. . 

Uhen all the spins are parallel to Oz, the component P . of the polarization vector P. 
for one particle is +1 if its spin is "up" (S = +h/2) and -1 if it is "down" (S = -h/2). 
If N and N are the numbers of particles with spin "up" and "down" respectively, the 
polarization vector ? is parallel to Oz and its component P measures the asymmetry in 
the populations of these two spin states : 

N * N 
(1.2.2) 

A bunch or N particles is i.npolarized (P =* 0) when N = N , and completely polarized 
(P = + 1) when either N or t'._ vanishes, i.e. when all the spins are either parallel or 
antiparallel to Oz. 

Finally, abrupt transitions (spin-flip) between "up" and "down" states may occur, as 
Eor electrons radiating in a static magnetic field. The spin state of such an electron is 
mixed : a statistical mixture of the two spin statts "up" and "down" with probabilities q 
and 1-q respectively. In this case the polarization vector ? is defined as the statistical 
average of the polarization vectors P of the two possible states : 

? - q? t • U - q)?_ 
This statistical average is equivalent to an ensemble average with q * N /(N - N ) 

and this case does not need to be distinguished in the followLng. 



1.3 SPIN PRECESSION IN STATIC ELECTROHAGNETIC FIELDS 

Following the tradition we will, from now on, use the expression "spin vector ?" for 
designating the polari2ation vector P* of an individual particle. The expression "polariza
tion vector P" will be reserved to the case of a particle ensemble. 

In this section we will stud/ the classical motion of spin vector S in static elec
tromagnetic fields, ye will not consider the effect of enission (or absorption) of elec
tromagnetic radiation, which happens when electrons radiate. Since these radiative 
effects occur in very short times, we will describe spin motion only between two 
consecutive radiative effects. For protons these effects are normally negligible and can 
be ignored. 

The classical equation of spin motion will be first written down in the non-relati-
vistic and relativistic cases (sections .1.3.1 and 1.3.2). Then the general properties 
included in the relativistic equation will be emphasized (section 1.3.3). Finally, it will 
be explicitly shown that the classical equation is strictly equivalent to the Schrodinger 
equation for spinors in a quantum-mechanical formalisa. Again this last part (section 
1.3.4) has been put in appendix and can be omitted if one is not faciiliar with Quantum 
Mechanics. 

1.3.1 "•' ,i-relativestic_particl.es 
The spin-vector motion of an individual particle is given by the interaction of its 

magnetic moment u with the magnetic induction B : 
dS* -* 
ar MB (1.3.1) 

This equation of motion can be rewritten, using formula (I.1.1) ; 

•-ith K - - S f - î - - o-»» r î 

0 O 
The motion is a precession around the field B at the "Larmor" frequency « — B times the 
gyromagnetic ratio g. 

This precession is similar to the velocity rotation in a magnetic field : 

g . <L it „ j? . Î „ I dt m c o 
with the "cyclotron" frequency |fi | • — B . 

o 
The relative frequency Q of spin and velocity precessions is proportional to the 

gyromagnetic anomaly a • 

K - K - K - A < r - 3 - 3 > 
The measurement of 3 is the basis of all the "g-2" experiments which intend to 

measure this gyromagnetic anomaly. 

http://tic_particl.es


1.3.2 Relativisticparticles 

The equation of spin-vector motion in an electric and magnetic field becomes 

dT - eg H T K s, 

ith W H [(1+1ra) Ji + (Ua) I- - (a + iH) Yg x I]' 
(1.3.4) 

where B, (B ) is the transverse (longitudinal) component of the induction field B relative 
to the particle velocity j Y is the relativistic Lorentz factor and p the ratio of thy ve
locity tf to the light velocity c (all quantities in HKS units). 

In this "Thomas-Bargman,Michel,Telegdi" equation, referred to as Thomas-BHT equation, 
the fields E and B, and the time tr are calculated in the laboratory frame, but the spin 
vector 5 is calculated in the rest frame of the particle for avoiding complicated Lorentz 
transformation of spin. 

For comparison the velocity rotation in a transverse magnetic field Bi is given by : 

1.3.3 Generalproperties ofspin precession 

The spin-vector motion as given by the Thomas-BHT equation (1.3.4) 
is a rotation about the rotation vector B _ H T with an angular frequency 

ar = I^HT' 
and with the following general properties : 

i) The effect of an electric field E has nearly the same amplitude as the effect of a 
magnetic field B * E/c. Therefore an electric field of 3 x 10 V/m is comparable to a ma
gnetic field of one Tesla. The electric fields normally found in accelerators have then a 
negligible effect as compared to the magnetic fields and these electric fields will nov be 
ignored. 

ii) The spin rotating power of a longitudinal field B,is inversely porportional to the 
particle momentum P, exactly like the velocity rotating power of a transverse field Bi. 
Hore precisely the longitudinal-field integral B.ds, needed for rotating the spin by one 

B ds (Tm'rad) 10.479 , P(GeV/c) (1.3.5) 

This integral becomes very large at high energies. 



iii) The relative frequency 0 of spin and velocity precessions in a transverse 
magnetic field Bj_ i 

K- W 3 c » a (- ^ *±) • <"' 6> 

is exactly independent of the particle energy, and is ya larger than the cyclotron fre
quency 0 : 

3 a = Ta \ (I.3.7) 

The vector a is the spin rotation vector with respect to a frame following the par
ticle motion (usually named orbit frame) as this frame rotates at cyclotron frequency B . 

The transverse-field integral, needed for rotating the spin by one radian in the orbit 
frame, B^ds is : 

f S 484 Pc B^ds (Tm/rad) = — ' - -— . «- for a proton, 
(1.3.8) 

B^ds (Tm/rad) - — ' -=— - «^ for an electron, 

where E is the total relativistic energy of the particle. In a given transverse field, a 
proton and an electron with same velocity have nearly same spin rotation, as the larger 
mass of the proton is compensated by its larger gyromagnetic anomaly (formula 1.1.2). 

iv) At high energies, i.e. whei; ya » 1, the spin rotating power of a longitudinal 
field becomes much smaller than the power of a transverse field. Therefore transverse 
fields are usually preferred for spin manipulations at high energies. Moreover the abso
lute precession frequency P-BUT * n a transverse field becomes nearly energy-independent and 
spin rotation appears to be easier to realize than trajectory bending. 

v) In a circular accelerator with distributed bending magnets, the spin motion is a 
succession of rotations. In one turn the mapping of spin is a rotation : product of all 
the successive rotations in individual magnets. This mapping is characterized by a preces
sion axis n and angle f, which play an important role for the spin kinetics In circular 
accelerators. 

1.4 SPIN-ORBIT COUPLING 

According to the Thomas-BMT equation (1.3.4), the spin motion at a given energy is 
determined by the magnetic fields encountered by the particles. These fields depend on the 
individual trajectories followed by the particles. The spin motion is coupled to the orbi
tal motion-

For instance, in an ideally planar ring, the reference orbit lies in the horizontal 
plane. All along this orbit the magnetic field is vertical and spin precesses around the 
vertical line. 
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On the other hand, along a vertical betatron trajectory, radial fields B proportional 
to vertical displacement are experienced in quadrupoles. A small longitudinal field is 
also experienced in bending magnets where the trajectory has a vertical slope. 

magnet quad magnet 

T.n general spin-orbit coupling is reponsible for depolarizing effects since particles 
in a beam have slightly different trajectories and energies. Their spin vectors S rotate 
about different fields vith different speeds. They tend to spread out in all directions 
and the polarization vector decreases in length. These depolarizing effects are the main 
concern for spin motion in accelerators. Their most general aspects will he studied in 
section 1.6. The only exception where spin-orbit coupling does not cause depolarization is 
an horizontally flat beam, polarized in the direction of the vertical bending field, for 
instance in an ideally planar ring. Whatever the particle energy and motion in the hori
zontal plane, spin precession is about the vertical line and the vertically aligned spin 
vectors do not rotate at all. In this ideal situation the ring is saiti to be "spiu-trans-
patent". In general for reducing depolarization one tries to approach spin-transparency as 
much as possible. 

On the other hand, the reverse coupling, an orbit per'.urbat ion depending on spin 
state, is expected ds in Stern-Gerlach experiments. However this coupling is very weak at 
accelerator energies as the magnetic energy given by the hamiltonian H (formula 1.3.11 in 
appendix) is at most of the order of a(eh/2m)B ~ 10" MeV and is very much smaller than 
the kinetic energy. An effect of the Stern -Gerlach type cannot be observed in practice. 

Nov, taking account of the spin-oibit coupling, the question may be raised whether 
spin manipulations are at all possible since the trajectory optics in a circular accele
rator is almost completely determined by many Imposed constraints. 

In particular, one could argue that, in one turn of a ring, the overall spin preces
sion would be strictly proportional to the velocity rotation since spin rotation in a 
transverse field is nearly ya times the velocity rotation (formula 1.3.7). Spin precession 
could not then be changed without great modification of beam optics. This argument is 
wrong at hiph energy because velocity rotations in magnets are relatively small and nearly 
commute between themselves, and at the same time spin rotations are large and do not 
commute. Then the result of successive rotations for spin and for velocity can be very 
different fiom a simple proper lonai i ty rule. 
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In other vords spin manipulations are possible at high energy due to the non-commuta-
tivity of rotations. An example of this possibility is a spin rotator made of several 
transversely bending magnets, vhich bends the spin by 90° but not the trajectory (see 
section III.6) : 

In conclusion( at high energy, in spite of the spin-orbit coupling, spin motion can be 
considered as a nev degree of freedom to some extent vhich allovs spin manipulations. 

1.5 SPIN CLOSED SOLUTION AND SPIN TUNE 

Hereafter ve will restrict our considerations to spin notion in circular accelerators. 
In this section ve only consider on-momentum particles circulating on a reference closed 
orbit in a ring with non-uniform magnetic field such that the reference orbit is not 
necessarily planar. 

The one-turn mapping, starting at azimuth s, 
is a rotation T(s) vith a precession axis n(s) 
and a precession angle * (in general different 
from 2it for avoiding depolarization resonance), 
tfe will prove the following theorem : 
Theorem : The one-turn precession axis n(s) 
is the periodic solution of spin motion, named 
the spin closed solution, and any spin-vector 
direction rotates by 2nv aboJt n(s) in one turn, 
where v is the spin tune and is independent of /(S0) £{s0) £\s\ £{s) 

the initial azimuth s. 

Proof : the one-turn rotations T(s) and T(s ), starting at azimuth s and s respecti
vely, can be related by : 

T(s) - R(s Q,s) T(S o) R _ 1(s o Is> 

where R(s ,s) is the spin rotation betveen these two azimuths. The spin direction fi(s) is 
the eigenvector of the rotation T(s), corresponding to the eigenvalue 1 : 

n(s) - T(s) n(s) 
or 

n(s) = R(s o,s) T(s o) R~ l<s o,s) n(s) 
then : 

R - 1(s o,s) n(s) - T(s o) R" l(s o.s) n(s) 



This relation shovs that R~ (s ,s>) n(s) is also an eigenvector of the one-turn rota
tion T(s ), for the same eigenvalue 1. The unicity of this eigenvector for a rotation, 
different from the identity, leads to : 

R~ l(s ,s) n(s) = n(s ) 
or 

n(*) * R(s o,s) n(s Q) 

shoving that n(s) is effectively a solution of spin motion. This solution is periodic as, 
in a second turn, the spin mapping is the sane, the reference orbit being periodic too. 

For proving the second part of the theorem, let one consider another spin-vector 
direction t(s) at azimuth s, orthogonal to the spin closed solution n(s). After one turn 
this direction ?(s) is mapped into t'(s) and the one-turn precession angle is '. 

* » ( U s ) , t'{s)) 

Again the mapping between ?(s) and ?'(s) : 1'(s) * T(s)?(s) 
can be written : 

f'<s) =. R(s o,s) T(s o) R~ J(s Q,s) f(s) 
o r . . . -j 

R <s o,s) t'(s) - T(s Q)R (s 0,s) t(s) 

shoving that T(s ) = R~ !(s ,s) f(s) is mapped into f'(s ) * R~ (s ,s) C'(s) in one turn 
starting at azimuth s . It follows that the spin precession angle (?(s ), ?'(s )) is also 
* as the directions *(s ), f'(s ) and C(s), e'(s) are related respectively by the same ro
tation R~ (s ,s) which conserves the angle between them. The spin tune v = i|//2n is then 
independent of the azimuth s. 

Exercise : Prove this theorem by using the Floquet theorem, 
(note : a rotation by an angle ty has three eigenvalues : l,e and e~lv) 

Consequently, it is often convenient to look at spin motion as a rotation about the 
spin closed solution n{s), since the angle between t^& spin-vector direction and n(s) is 
conserved for particles circulating on the reference orbit. This rotation has a 2rc\> phase 
advance per turn. 

In an ideal ring with a uniform vertical field, the spin closed solution n(s) is ver
tical everywhere and the spin tune v, in the orbit frame, is given by : 

Electrons Protons Deuterons 
E(GeV) E(GeV) E(GeV) 
.44065 .52335 13.13 

(1.5.1) 
35 13.13 

as function of the total relativistic energy E. 

According to formula (1.3.6), the spin precession frequency fl , relative to the orbit 
frame, is then : 

a c 
in a ring with a non-uniform bending field, the spin tune is in general different from 

ya. The most famous example is a ring equipped with a "Siberian Snake" (see section II.5), 
where the spin tune is 1/2 whatever the energy. 



1.6 RESONANT PERTURBATIONS OF SPIN MOTION 

Normally polarized particles circulate in a circular accelerator with their spins 

pointing in the direction of the spin closed solution n(s), which is the only stable di

rection of polarization as vlll be seen in part II for protons and part III for electrons. 

This direction iï(s) corresponds to on-monentun particles circulating on the reference 

orbit. 

However, particle motion and energy slightly differ from these references» due to 

closed-orbit distortions, betatror and synchrotron oscil

lations. These perturbations of orbital motion lead to a 

perturbed spin motion, via the spin-orbit coupling. They 

produce a perturbing magnetic field b which bends the 

spin vector S away from the spin closed solution n(s). 

Only the perturbing field component orthogonal to n(s) 

needs to be considered here. 

These perturbations are small and rapidly varying in 

time. Usually they tend to cancel out in average. Therefore a large spin deviation from n 

can only occur if there is some piling-up of small perturbations. Such a coherent effect 

is observed vhen the perturbing field b(s) has a component precessing about n at the same 

frequency as the spin vector S. This is illustrated in the following figure which shows 

their orientations at different times as seen in the plane transverse to n (th« dotted 

arrows show the direction in which S will be tilted). 

-*—« *n J 

n • 
For analyzing in frequency the perturbing field b(0> let us define the complex quantity : 

b(9) M b + ib (6 = s/R , R = average radius) 

where b and b are the two components of b on two axes 

ê and e , orthogonal to n (ê lying in the transverse 

plane xOz). The frequency spectrum of b(8) : 

b(9) - l b . , 

j : 

involves a set of tunes vith the general expression 

vj k o * k x Q x * k z Q z + k s Q s 

< kn v ,.« : integer) 

b results froi., closed-orbit distortions with integer hatmonics, 

o,x,z,s 

since the perturbing field 

betatron oscillations vith Q. and Q tunes, and synchrotron oscillationa vith Q tune. 



One notices that b.e J represents a transverse conponent of b precessing about n at 
iv.6 

the frequency v,. This conponent and the spin vector S precess at the same frequency vhen 
the resonant conditon 

(1.6.1) 

is fulfilled. Then large deviation of S from n vill occur, vhich depends on particle ener
gy and oscillation amplitudes, and vhich in general leads to some depolarization justi
fying the name : "depolarization resonance". 

1.6.1 General classification of depolarization resonances 

Linearresonances are mostly produced by transverse quadrupole fields : 
3B 3B 

where x and z are the trajectory displacements in the direction of the radial 9. and 
3B„ 3B 

vertical Z unit vectors respectively, and -^- ,-g— the corresponding field gradients. 

These linear resonances are classified into the following families : 

*) y e r^iS?^_ h?i a tE9? resonances (also named intrinsic resonances) 

v » It ± Q, 

These are produced by a vertical betatron oscillation : 

z * az -l̂ z c o s ( Q z 9 + V 
whenever the spin closed solution n is not pointing in the radial direction £. This is in 
general the case as n is vertical for an accelerator ring lying in an horizontal plane. 

Normally the integer V. is a multiple of the ring superperlodicity P (k = kP), as it 
results from harmonics of the periodic functions (3 , * and 3B /3z vhen analyzing the per
turbing field b in frequency. However, in a ring with gradient errors, k may be not su-
perperiodic (k * kP). 

H ) Hori2ontal_betatron_resonances 

M • k ± q 

These are produced by a horizontal betatron oscillation : 

every time the spin closed solution n is not vertical, as happens in a non-planar ring 
(very often due to small imperfections). They can also be produced by an x-z coupling : 

z - c cos (Q xe + » x ) , 

vhen n is not radial. 



ill) Integer resonances (also named imperfection resonances) 

These are produced either by a vertical closed-orbit distortion (z * o) vhen n is 
not radial, or by a horizontal closed-orbit distortion (x * o) vhen n is not vertical. 
These closed-orbit distortions are due to magnet imperfections- For random imperfections, 
all integer harmonics are present and integer resonances are separated by one unit in spin 
tune, i.e. by 440 HeV for electrons, 523 HeV for protons and 13.1 GeV for deuterons 
(formula 1.5.1). For systematic imperfections, superperiodic resonances (k - kP) are 
produced also. 

iv) Synchrotron resonances 

v • k ± Q 

These are produced by synchrotron oscillations : 

y - D
y p^ cos (Q s9 • # s ) , y - x,z 

in the !? or Î direction, proportionally to the corresponding dispersion D and to the am
plitude &P/P of energy deviation. 

It is vorth noting the absence of parametric resonances v - k/2 (k integer). Moreo
ver, for polarized beams in storage rings, a half-integer spin tune is generally the best 
operating point, which is aidway betveen depolarization resonances. 

Now, non-linearresonances are produced by higher-order multipole fields : 

b(6) a x p z q (p + q > 1) 

The frequency analysis of b{9) leads to a resonant condition : 

* ' ko * k A * k A 
with |kj < p and |kzj < q. 

Tor instance a sextupole field will drive non-linear resonances with |k | + jk | -= 2. 
The bean-beam interaction in storage rings vill also drive series of non-linear reso
nances. 

Moreover, large-amplitude synchrotron oscillations cause a large frequency modulation 
of spin tune vhich is normally proportional to particle energy. Similarly to frequency 
modulation in RF-vaves, several synchrotron satellite-lines appear in the frequency 
spectrum oi spin motion : 

where v - ya Is the usual spin tune for vanishing synchrotron amplitude. Then several syn
chrotron satellites 



appear on each side of any depolarization resonance (v - v_) oE the previons types. 

1.6.2 Similarity with Nucle&r Hagnetic Resonance(NMR) phenomena 

Suramarizing the Mechanism oE an isolated depolarization resonance, a perturbing field 
b rotates about the spin closed solution n at frequency \>_- The spin vector S is proces
sing about n at frequency v. Resonant spin motion uc-urs when both frequencies are 
equal ( M - M^) -

Depolarization resonance Nuclear magnetic resonance 

In a standard NMR experiment, the magnetization vector H of a nuclear magnetic subs
tance is precessing about a stationary magnetic field FÎ at the Larmor freq ency w. . A 

•* ° -* 
transverse RF-field b„„ is superimposed with a frequency w_. This b__ field cai be decom
posed into tvo fields b and b' rotating in opposite directions. Nurlear magnetic resonance 
occurs when both frequencies are equal (». - ecu), b and H staying in phase. This resonance 
is experimentally observed as a signal in RF-energy absorption by the substance, corres
ponding to the population of higher-energy states. 

The motions of H and S look similar and appear simpler within 
a nev frame : 

Let us consider a frame rotating about the closed solution 
n, at the resonance frequency u,. tfith respect to this rotating 
frame, the perturbing field b* is at rest and the spin vector S 
precesser about n at the frequency v - u,. 

On resonance, the spin precession about n is vanishing and 
one is left vith only the spin precession about the stationary 
perturbing field b. The spin vector becomes "up" and "dovn" pe
riodically, explaining the population of the tvo spin states. 

Si 

In fact, an experiment of NMR type is used in electron storage rings for a very accu
rate {= 10 ') energy calibration. Uhen the applied RF-field enters into resonance with 
spin precession a sharp depolarization occurs. Then the frequency of the RF-field is equal 
to the spin tune (v =• ya) and is proportional to the beam energy. 
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PART. II 

ACCELERATION OF POLARIZED PROTONS IN SYNCHROTRONS 

Polarized proton beams have been accelerated successfully in several synchrotrons : 
the ZGS at Argonne (up to 12 GeV), the AGS at Brookhaven (at present up to 16.5 GeV), 
Saturne at Saclay (up to 3 GeV) and the KEK PS at Kyoto (at present in the 0.5 GeV 
booster). 

The scheme for accelerating polarized protons 
in a synchrotron is nearly the sane for all 
machines. One can take the example oE the AGS 
scheme, shown in Fig. 1. It involves a polarized 
ion source delivering a 25 MA H" beam which is 
accelerated up to 200 MeV in a linac. After 
Injection with electron stripping, about 10 
protons per pulse are accelerated in the syn
chrotron ring. After reaching the top energy 
<16.5 GeV in 1984, 26 GeV planned for 1985), 
protons are extracted and transported to expe
rimental areas for bombarding fixed targets 
(possibly polarized targets). The degree of 
polarization is measured by polarimeters at 
several stages of the acceleration process : a 
200 MeV polarimeter at the end of the linac, an 
internal polarimeter inside the main ring and an 
external high-energy polariraeter in front of 
experiments. The measurement of polarization is 
based on the asymmetry in the scattering of 
polarized protons through a thin target. 

During acceleration in the main ring, the spin tune increases ''qearly with time and 
energy, and several depolarization resonances are crossed. Depc jrization is reduced by 
correction devices of m o types : dipoles correcting harmonics o£ the vertical closed 
orbit distortion when imperfection resonances are crossed, and pulsed quadrupoles driven 
by special power supplies enabling rapid jumping of intrinsic resonances. In the AGS five 
intrinsic and 31 imperfection resonances are crossed when accelerating up to 16.5 GeV. 
Final polarization is about 40 % and represents nearly 60 X of the polarization at in
jection into the main ring. In Saturne, only four intrinsic and six imperfection reso
nances are crossed when accelerating up to 3 GeV. A remarkably high degree of polariza
tion, about 80 X, is currently obtained. 

The low intensity (10 ppp) is the price to be paid for obtaining polarized protons. 
However, present developments in polarized-ion sources and injection techniques support 

'_RFQ 
__ PolaHZJNJ-ion source 

Internal polanmetet 
High-energy polanmeter 

Fig. 1 : AGS layout for accceleration of 
Dolarlzed nrolons. 



- 16 -

the hope that In the near future polarized-beam intensity vill reach present values 
(» 1 0 1 2 pps) of unpclarized- beam intensity. 

The crossing of depolarization resonances is the main problem to study. In the fol
lowing sections we investigate the mechanism of depolarization when crossing an isolated 
resonance and the cures for low-energy synchrotrons as veil as the proposed "Siberian 
Snakes" at higher energies. 

11,1 Depolarization resonances in proton synchrotrons 

Ve consider only planar rings ly*-iç in an horizontal plane, as usual up to now. The 
spin closed solution is then vertical, I.e. parallel to the magnetic field in bendiuy 
magnets. 

For understanding depolarization phenomena In proton rings, the most important feature 
to consider is the effect of beam energy spread. As the spin tune is proportional to ener
gy (v-y* in a planar ring with vertical bending field), energy spread leads to spin tune 
spread. Spin vectors of particles with different energies precess at different rates and 
vill rapidly get out of phase. For instance two 100 KeV protons, differing in total energy 
by 10~*, reach a spin phase shift of 2n after only 5000 turns. 

Due to this spin phase mixing, any horizontal component of the polarization vector 
vanishes rapidly. Only its vertical component P can survive. Consequently the beam must 
be injected in the ring with the polarization vector pointing in the vertical direction. 

Now, any perturbation of spin notion, due to a perturbation of orbital motion, will, 
on resonance, lead to large deviations of the spin vector S away from the vertical Oz. The 
vertical component P decreases and depolarization is observed. It *.s worth noting that 
amplitudes ot orbital-motion perturbation may differ from one proton to another; the spin 
vector S will deviate more for large amplitudes than for small ones. An averaged amplitude 
must be taken for calculating the amount of depolarization. 

The mast important perturbations, and the resonances they drive, are of two types : 

i) Vertical betatron oscillations are responsible for raoial fields along the 
trajectories, which bend the spin vector away from Oz, They drive vertical betatron 
resonances, named intrinsic resonances- They are caused by the finite vertical emittance 
of the injected beam. 

il) Vertical closed-orbit distortions are responsible for radial fields also. 
They drive integer resonances, named imperfection resonances, and they are caused by field 
errors and magnet misalignments. 

II.2 Resonance Strength and Width 

As stressed in section 1.6.2, the resonance phenomenon looks simpler when seen in a 
rotating frame. T M s frame rotates at the resonance frequency \i_, relatively to the orbit 
frame, about the vertical line. 



In this frame, according to formula 1.3.6, spin vector 5 precesses about the vertical 

at the frequency & * (v - v_) S , vhere Q is the cyclotron frequency in the field B of 

the ring magnets. On the other hand it also precesses about the stationary component b*R 

of the perturbing radial field at the frequency EO , where 

(1 , bR 

Q/Qc 

is the resonance strength. Globally, spin vector S precesses 

about the resulting rotation vector 3 ; 

vhere f is a unit vector in the direction of b_. The devia

tion of s from Oz is proportional to the resonance strength t 

The rotation vector s is also the spin closed solution in the 

rotating frame. 

On top of resonance the precession about the vertical vanishes (&*o) and the rotation 

vector H is transverse, parallel to b„. The spin rotation frequency is 2 » e2 , shoving 

that the strength t is the ratio of the spin rotation angle «J* to the velocity rotation 

angle a ; 
d* 

In other words, the resonance strength E is the spin rotation angle per radian of 

velocity rotation, and is dimenslonless. 

The resonance strength e can also be considered as the resonance vidth since the angle 

of the rotation vector Bvith Oz is larger than n/4 in the (.\- £, ^a+ c) spin tune in

terval. 

A rough estimate of the resonance strength c can easily be obtained by conside

ring only the radial quadrupole fields as given by formula (1,6.2) : 

3B 
2(9) = Î jJ! z 

where z is the vertical displacement due to either a vertical betatron oscillation for an 

intrinsic resonance or a vertical closed-orbit distortion for an imperfection resonance. 

The stationary component b R is the one-turn average of b(6) in the rotating frame (noted 

/,m,n frame with n parallel to 0z>, given by : 

in complex notation. The resulting complex expression of the resonance strength e is '. 

(I * YB) TM o <m • i*). 

where K is the quadrupole strength 

For imperfection resonances, the resonance strength c scales linearly vith the ver

tical closed-orbit distortion and the total proton energy. It is in the 10~ 5-10 - î range in 

the AGS at Brookhaven, and would reach 10" 1 at most in the Tevatron at Fermilab. 



For intrinsic resonances, £ scales as the square root of the vertical invariant emit-

tance and of energy. It is in the ÎO^-IO - 2 range in the AGS and would reach 10~ : at most 

in the Tevatron. The strength z, considered here, is an average over all the betatron 

amplitudes in the proton beam, However, when considering a single particle, the strength 

depends on its betatron amplitude and vlll vary from one particle to another. 

II.3 Linear crossing of an isolated resanance 

For small resonance vjdth as in the AGS, the distance in energy betveen resonances is 

very large compared to their widths. Each resonance, crossed during acceleration, can be 

considered as isolated. 

Then a simple picture of spin-vector S motion, when crossing an isolated resonance, 

can be obtained in the rotating frame again. 

Far below the resonance energy, the rotation vector B is 

vertical and downward ( & « - E ) . Uhen approaching the reso

nance, w starts to deviate from Oz, and becomes exactly hori

zontal (̂  = o) on top of the resonance. Above the resonance, 

O moves symmetrically and becomes vertical, in the upward 

direction, at the end (6 » e). Globally, the rotation vector 9 

undergoes a complete reversal of direction when the resonance 

is crossed. 

Does the spin vector S of an individual particlp, which 

ptecesses about 5, follow it during its reversal 7 If yes, the 

spin vector S, assumed vertical initially, will also be rever

sed as S is and there is an adiabatic spin flip. If all the 

particles do the same, the polarization vector ? is only rever

sed. Initially vertical, it becomes vertical again after cros

sing, hut pointing in the opposite direction. There is no depo

larization. 

zi 

4 above 

't^Tjt o n 'op of 

<9 
\ 

'•e resonance 

-* below 
resonance 

The adiabaticity condition for spin flip is a spin precession about w much faster than 

the motion of a itself. More precisely, assuming a linear variation of energy with time, 

i.e. a linear variation of spin tune v with azimuth 6 : 

v . ̂  , «e, 

the crossing "time" Ù0 is about : 

M.ÎÎ 
OC 

During this time the spin precession angle <* is : 

2c7 

a 

The adiabaticity condition (<*• » Î) can be written 

î l . i 



On the contrary, for very fast crossing : 

a 
the spin vector S has not enough time for starting to move during the resonance crossing. 
In this case the vertical direction of 5 is not changed. There is nu change in polariza
tion either, assuming fast crossing for all particles. 

What happens between these two extreme cases ? One expects an incomplete spin flip, 
with S finally pointing in a non-vertical direction. Consequently the vertical component 
|S | of S, which initially was unity, has decreased at the end. The vertical component P 
of the polarization vector has also decreased and some depolarization has resulted. 

A quantitative estimate of the final vertical component S , compared to its initial 
value, is given by the Froissart-Stora formula : 

3 2 initial " 2 e " 1 

which includes the two extreme cases of adiabatic spin flip (S final = - S initial) and 
of fast crossing (S final = • S initial), as veil as the intermediate cases. 

The effect of a particular resonance depends on its strength E as compared to the 
acceleration rate ot. Moreover, for intrinsic resonances, particles with very small 
betatron amplitude vill experience a weak resonance and their spin vector will not be 
reversed. On the contrary particles with large amplitude will experience a strong 
resonance and their spin will be reversed. For this type of resonance the amount of 
depolarization is given by an average over the betatron amplitudes among the particles, 

As an example, Fig. 2 shows the variation of the polarization after crossing the im
perfection resonance v = 3 in Saturne as a function of a dipole correction which changes 
the strength t of this resonance. The observed maximum corresponds to a total compensation 

Fig. 2 : Polarization P, after crossing the imperfection 
resonance \> - 3 in Saturne, versus correction 
amplitude of vertical closed-orbit harmonics 



of its natural strength by the dipole correction. With a correction, either null or oppo
site in sign, the polarization has the opposite value, indicating a successfull adiabatlc 
spin flip. Such an almost perfect spin flip is observed when crossing five imperfection 
resonances and two intrinsic resonances in Saturne, explaining the high degree of polari
zation (about 80 X) maintained during the acceleration cycle up to the top energy (3 GeV). 

II.4 Cures for lov-energy synchrotrons 

Very often, crossed resonances have a strength which is harmful to polarization as the 
spin vec*:>r is bent avay from the vertical upon crossing. The understanding of the depo
larizing mechanism indicates four methods for reducing depolarization. Two of these me
thods have been successfully applied, for instance in the AGS synchrotron. 

i) Decrease the resonance strength c This is a correction method (also named 
harmonic spin matching) which aims to cancel out the resonance strength. For imperfection 
resonances this method uses several dipole correctors which control harmonics of the ver
tical closed-orbit distortion. By varying the cosine and sine components of the most im
portant harmonics one can compensate the driving field of a particular resonance. In 
general this is done after orbit correction and the needed harmonic correction is suffi
ciently small for not causing any trouble to the closed orbit. 

The signal for monitoring this correction P 
is the polarization P itself. Total correction 
is achieved when polarization after resonance 0 5 
crossing is maximum as shown in Fig. 3. 

This method has been successfully used for 
correcting about thirty imperfection resonan- _ 
ces in the AGS, the corresponding corrections .10 
being turned on successively during resonance Fig. 3 : 
crossing. 

,' \ A 
I L sine 10 0 cos.ne 

Sine and cosine harmonics 
correction for the v = 9 
imperfection resonance at 
13.8 GeV/c in AGS. 

In principle a similar correction method, 
using quadrupole correctors, can be used for intrinsic resonances, but is limited to ra
ther weak resonances as in the case of two non-superperiodic intrinsic resonances in 
Saturne. 

ii) Increase the crossing rate a. This method (named resonance jumping) aims to 
realize a fast crossing during which the spin vector has no time for moving avay from the 
vertical. This method is essentially designed for intrinsic resonances. 

During acceleration the spin tune increases 
linearly with time. Vhen approaching an intrinsic 
resonance, at time t , the vertical betatron tune 
Q is abruptly decreased such that the resonance 
is crossed in a very short time. Thereafter, the 
initial betatron tune Is restored more slowly. 



- 21 -

This method is applied in the AGS for crossing four strong intrinsic resonances. A set 

of pulsed quadrupoles, povered by special power supplies, is used for decreasing the ver

tical spin tune by ÛQ = 0.25 with a risetime ût of 2 us. The crossing rate ot, which is 

normally 3-1D-* per turn, is increased by two orders of magnitude such that the resonance 

is crossed In less than one turn. Fig. 4 shows the polarization after crossing as a func

tion of the time t at which pulsed quadrupoles are fired. One observes a polarization 

maximum when the time t is properly set for crossing the resonate during the rise time 

of the pulsed quadrupoles (the observed secondary maximum could be an artefact). 

Finally, the other two methods aim to achieve com

plete adiabatic spin flip by either increasing the 

resonance strength z or decreasing the crossing rate a. 

They are not commonly used. 

All these four methods seem to be limited to low-

energy synchrotrons; the limit in energy may well be of 

the order ot the AGS top energy. There are two rea

sons ; i) the strength and width of resonances increase 

with energy (see section II.2) making them more diffi

cult to compensate or to jump ; ii,l the number of re

sonances to be crossed increases linearly with energy, 

requiring higher efficiency for curing each resonance 

in order to obtain a useful degree of polarization at 

the top energy. One could imagine arriving at a com

plete spin flip for most resonances. However, they 

become wide and can overlap, and new harmful effects 

are expected when overlapping occurs. 

II.5. "Siberian Snakes" 

A very different method, which would work, at higher energies, has been proposed fnr 

avoiding depolarization on resonance crossing. The idea Is to equip the synchrotron ring 

with one or several magnetic devices, named "Siberian snakes". 

In principle a Siberian Snake rotates the spin vector S by a n angle about an axis G 

lying in the horizontal plane of the ring. 

The spin motion in this horizontal plane is illustrated in Fig. 5 for a ring equipped 

with a single Siberian Snake. Starting at the point 0 opposite to the Snake, after one 

turn any horizontal spin direction (1) is transformed into the direction (4), which is 

symmetric to direction (1) with respect to the axis u, as seen in the orbit frame. In par

ticular the direction û at point 0 is transformed into itself and then coincides with the 

spin closed solution n at this point. This spin closed solution lies in the horizontal 

plane at any point in the ring. Moreover, the abovt symmetry property of directions (1) 

and (à) in the horizontal plane shows that they are connected by a ft-rotatlon about the 

direction u. The one-turn spin mapping is a n-rotation about the spin closed solution n 

and the spin tune is 1/2. 

A 

Fig. 4 : Polarization P, 
after crossing the in
trinsic resonance v=Q 
at 4.460 GeV/c in AGS? 
versus firing time t 
of pulsed quadrupoles. 



: a) Spin motion in the horizontal plane of a ring equipped with 
a Siberian Snake (SS>. 

b) Successive horizontal spin directions seen in the orbit frame. 
<1) Initial spin direction at point 0. 
(2) Spin direction at the Snake entrance. 
(3) Spin direction at the Snake exit. 
(4) Final spin direction at point 0 again. 

The essential feature of a ring equipped with Siberian Snakes is that the 1/2 spin 
tune is independent of energy contrary to the usual linear dependence. Then beam energy 
spread does nor lead to any spin tune spread, and there is no spin phase mixing, at least 
for an ideal Siberian Snake producing an exact ti-rotation for all particles. One can ex
pect a large reduction of depolarizing effects. 

Spin motion in a ring equipped with a snake is analogous to a well-knovn NHR pheno
menon, named Spin Echo. In a Spin Echo thought experiment (Fig. 6), a nuclear magnetic 
substance is magnetized such that the magnetization vector H processes about a stationary 
field a in a transverse plane. Due to local field inhomogeneities, magnetic moments u. , 
of different nuclei 1,2,.. precess at slightly different frequencies. If they were aligned 
in the same direction originally, they spread out after and magnetization decreases. At 
time T a transient field is applied vhich rotates all the magnetic moments by it about the 
axis u. The fastest moment (u, ) • which vas the former, becomes the latter after this it-
rotation. Then at time 2T the magnetic moments are aligned together again and magnetiza
tion is restored. 

Fig. 6 : Scheme of an NHR Spin Echo experiment. 
a) precession of three magnetic moments ^ „ , about magnetic field B 

vith n-rotation at time T. * , J 

b) variation of magnetization H with time t. 



In a ring equipped vith a Snake, the spin vectors of a particle bunch vith some energy 

spread, have exactly the sane behaviour. The Snake plays the role of the transient field 

in the Spin Echo experiment. Starting at the opposite point 0 in the ring, vith all the 

spin vectors aligned in the same direction, they vill be realigned together after one turn 

in spite of their different precession frequencies. They have same precession angle and 

spin tune whatever their energies are. 

Nov, another popular scheme is a two-snake ring, i.e. a ring equipped vith two oppo

site Siberian Snakes which rotate the spin vector 

by ft about two orthogonal and horizontal axes u, 

v. Tt has the theoretical advantage of a more 

stable spin closed solution, with an energy-inde

pendent vertical orientation : dovnward in one 

half-ring between the Snakes and upward in the 

other half-ring. 

The one~turn mapping (Fig. 7) of a spin direction (1), lying in the horiiontal plane, 

Is Just obtained by adding a second n-rotation about v axis vhich transforms direction (4) 

into direction (5). This final direction (5) is opposite to the initial direction (1), 

•shoving that the one-turn mapping is effectively a rt-rotation and that the i^in tune is 

1/2 again. 

ÏÏ 

K 

TV 

Fig- 7 : a) Spin motion in the horizontal plane of a tva-snake ring. 
b) Successive horizontal spin directions seen in the orbit frame. 

(1) Initial spin direction. 
(2) Spin direction at 1 St\ak« (SSI) entrance. 
(3) Spin direction at Is\ Snake (SSI) exit. 
(4) Spin direction at 2" u Snafc 
(5) Final spin direction at 2 

(SS2) entrance. 
Snake (SS2) exit. 

in a tvo-snake ring one can study vhat happens when the particle energy coincides 

with one of previous resonances (ra - k or k ± Q ), i.e. vhen a perturbing field component 

i.t retenant vith spin precession in the arcs of the ring. 

The one-turn mapping is perturbed. The spin closed solution n slightly deviates from 

the vertical and the spin tune is not exactly 1/2. 

During resonance crossing, instead of being reversed, the spin closed solution n 

only undergoes a transient excursion avay from the vertical. The original vertical direc

tion (\ipvard in one arc) is restored after crossing. This is in contrast with the complete 

reversal In a ring without snakes. 

file:///ipvard


vithout Snakes with tvo Snakes 

If the evolution of n is sufficiently slow, the spin vector S, which rotates about n, 
vill adiabatically follow it in its motion, (S final = + S initial), and there is no 
depolarization. Simulation shovs that this is the case for a two-snaka ring, even for 
strong resonances, confirming the initial idea of depolarization suppression by Snakes. 
However, for very strong intrinsic resonances (c > 0.2) lack of adiabaticity has been ob
served in simulation, indicating that such depolarization resonances are still harmful. 

Finally, how can a Siberian Snake be realized in practice ? The simplest idea is to 
use a solenoid for obtaining a (i-rotation about the longitudinal axis. According to for
mula (1.3.5) one needs a field integral of 3.752 Tm per GeV/c in the solenoid. For ins-
rance, for crossing the first strong intrinsic resonance v - Q„ = 8.75 in the AGS with a 
Snake, the needed field integral amounts to 16.8 Tm. Obviously, when going to higher 
energies, the field integral becomes rapidly too large. One is forced to consider a Snake 
made o* transverse field magnets. There is a large variety of possibilities. Fig. 8 shows 
one attractive scheme with six vertically bending magnets and six horizontally bending 
magnets. According to formula (1.3.7), such a snake works at a nearly fixed field for 
maintaining the n-rotation at all energies. The 22 Tm overall field integral for the 
r-Wve magnets is modest, as compared to the bending-field integral needed in the arcs at 
high energy. The excursion of the vertical and horizontal be3m bumps inside the Snake 
decreases when ramping in energy. This leads to a variable geometry of the beam line. This 
excursion is largest at the injection energy and the magnet dperture limits the lowest 

possible energy. gjj" 9Q° 
side view 

Fig Sketch of a Siberian Snake made of six bending magnets. 
Arrovs indicate spin orientation and numbers indicate 
spin rotation angles. 

In conclusion Siberian Snakes are very attractive solutions for avoiding depolari
zation of proton beams during acceleration to high energies. However, there could still be 
an upper limit in energy, about 1-10 TeV, where depolarization resonances would become so 
strong that Siberian Snakes become inefficient. 



PART III 

POLARIZATION OF ELECTRONS IN STORAGE RINGS 

The behaviour of electron beams in high-energy storage rings is very different from 
proton beams. This is due to synchrotron radiatin which causes fluctuations and damping 
in particle oscillations. Fo.r instance, the emittanne of an electron beam is fully deter
mined by synchrotron radiation. Cn the contrary, emittance of a proton beam depends on its 
value at injection. 

The same difference between electrons and protons appears in polarization. Protons 
must be injected polarized and final polarization is at most equal to its initial value-
Electrons become transversely polarized in situ and do not need to be injected polarized. 
Tt''s is due to a polarizing effect of synchrotron radiation. On the other hand, fluctua
tions and damping induced by synchrotron radiation also causes depolarization which may 
even overcome the polarizing effect at high energies. Correction procedures are needed for 
reducing this depolarization. Finally, longitudinally polarized electrons are more inte
resting in colliding beam experiments, and some spin manipulation is needed for changing a 
transverse polarization into a longitudinal one at interaction points. 

III.l Sokolov-Ternov polarizing effect 

Electrons, stored in a ring, radiate in the magnetic field of bending magnets. The 
synchrotron radiation power is gi''en by t' 2 classical expression : 

vc. ' 3 -T m c Y • 
P 

where L is the electron classical radius and p the bending radius of trajprtory in the 
magnetic field. 

There are also quantum aspects in synchrotron radiation. Their magnitudes depend on 
3 c J the ratio h« /E of the emitted-photon critical energy (u * - - Y ) to electron energy E. 

This ratio scales like E 2/p and is of the order of 10~ s for all the storage rings. Quantum 
effects are then small. However, their smallness can be compensated by the very high ra
diation rate. This happens for some spin effects involved in quantum emission of synchro
tron radiation. 

When an electron emits a photon, its spin state may either not change (non-spin-flip 
omission) or be reversed (spin-flip emission). Horeover, the probability of emission de
pends on the initial electron spin state : either "up" (f), i.e. parallel to the field, or 
"down" (A), i.e. antiparallel to the field. This gives an asymmetry in the radiated power 
between these two spin states. 



The non-spin-flip asymmetry in the radiated power of the two states is small : 

u , f- u " „« 
I7FT—7 Â * = 2 

On the other hand the spin-flip asymmetry Is quite large 

M £ - 0-95. 

although its relative intensity is very low 

—T.— * 3 N 
Consequently, the spin-flip transition from "down" state to "up" state is very rare 

and the "down" state gradually becomes more populated. The electron beam is polarized in 

the direction antiparallel to the magnetic field which in fact corresponds to the lowest 

energy state. (The electron magnetic moment is then parallel to the field). This polari

zing mechanism is called the Sokolov-Ternov effect. In the same way a positron beam is 

polarized in the direction parallel to the field. However the polarization build-up rate 

is low as compared to the total radiation rate, neverthe1'.?- usually much faster than the 

rate of particle losses in the stored beam, and polarization can be observed if one waits 

a sufficient time after beam injection. 

III.2 Polarization build-up in magnetic fields 

Let us study the polarization build-up first in a storage ring with uniform magnetic 

field and then with a non-uniform magnetic field. 

III.2.1 Uniformmagnetic field 

According to formula (1.2.2) the populations N of the two spin states can be 

wri tten: 

N^ « J (1±P), (III.2.1) 

where N = N + N is the total number of stored electrons and P is the degree of polariza

tion. 

The asymmetry A in the transition rates X from these two spin states is written : 

X - X 

from where ; 

2 

uith \ » X - X_. 

Now, the rates o£ change in their population are given by : 

dN dN 

sx1 - - zf • N A - N A 

(III.2.2) 



Using equations (III.2.1) and (III.2.2) one obtains 
dN 

r (P*A) 

and one derives the polarization rate 
dP 
ar - X (P*A> 

By integration, assuming no polarization at time t=0, the evolution of polarization is : 

P(t> = A ( e _ M - 1) 

This equation of evolution gives the ultimate degree of polarization : 

8 
5J3 

|P(»)| , A . — = 0.92376 (III.2.3) 

and the polarization tine T : 

where A is the Compton, wavelength divided by 2a. 

In a storage ring vith straight sections, in which electrons do not radiate, the 
polarization time is longer by the ratio of the ring average radius R to the bending 
radius p in magnets. Numerically : 

T < S) . 98.66 p 3 ( m ) R ( m ) (III.2.4) 
_? E5(GeV) 
The ultimate degree of polarization is high, although slightly lover than 100 X d'ie 

to the residual spin-flip probability from "down" state to "up" state. 

The polarization time decreases very rapidly «hen energy is increased. This is due to 
the very fast increase of radiation rate vhich compensates the small intensity of spin-
flip transition. 

This polarization build-up by the Sokolov-Ternov effect has been observed in all the 
electron storage rings where it has been sought. The following table gives for some of 
these rings the maximum energy E at vhich polarization has been observed, the polarization 
time x and the measured degree of polarization P. 

VEPP2-M AC0 SPEAR VBPP4 DORIS 11 CESR PETRA 

E (GeV) .625 .536 3.7 5 5 4.7 16.5 
t (min) 
? 15 

70 160 15 40 4 300 18 t (min) 
? 15 90 90 >70 80 80 30* 60-80* 

* after 120 rain. 
** after optimization 



Figure 9 shows the polarization build-up 

as a function of time in PETRA at 16.5 GeV, 

ana Figure 10 Illustrates the very fast de

pendence of T on the beam energy for several 

rings. 
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10 : Calculated polarization time 

(formula III.2.4) versus beam 
energy in PETRA, HERA and LEP 

III.2.2_Non-uniform magnetic field 

The polarization build-up has been theoretically studied in a general magnetic field 

configuration. The key-point is that the Sokolov-Ternov effect is a very slow process com

pared to spin precession about the field, and also compared to fluctuations in spin pre

cession induced by quantum emissions and spin-orbit coupling. Therefore spin alignment by 

the Sokolov-Ternov effect can only, on a long time interval, appear along a direction 

which is Stable against fast spin precession and its random fluctuations. The only such 

direction is the spin closed solution n (s). Polarization is built up along n (s) which 

then is the equilibrium spin direction. 

At first, one can consider only the case vhere spin precession fluctuations give ne

gligible effects on average, i.e. vhere the depolarizing effects produced are negligible. 

This situation is encountered either at low energies, far avay from depolarization reso

nances, or at higher energies when the storage ring is sufficiently spin-transparent. A 

quantitative calculation gives then the expressions of the ultimate polarization degree 

P( œ) ana of the polarization time T : 

P<-> 
<]p-3|R.6> 

^' <|p-3|[l-|<a.S,']> 
(III.2.5) 

-1 5.(3 
t ^ c V <l (B.S)' > , (III.2.6) 
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where | is a unit vector along the reference orbit and 6 a unit vector along the trans^ 

verse field component. The brackets < > indicate an average along the ring circumference, 

and the absolute value of bending radius P is taken for including all possibilities of 

field orientât Ion. 

One could imagine increasing the polarization by 

increasing ê.n in the denominator of formula (III.2.5). 

However, n cannot be simultaneously parallel to ^ and £ 

which are orthogonal. Therefore maximum polarization is 

obtained when n.S is large and ^.n small. The latter can

not give more than a very feu percent increase of polarization. In most cases non-uniform 

fields will then give a lower polarization than the maximum 92.4 X expected in a planar 

ring, as they are not parallel to the equilibrium spin direction n everywhere. 

One notices in formula (III.2.5) that magnets in which the field is orthogonal to n 

do not contribute to the polarization. This is so because the spin-flip asymmetry in syn

chrotron radiation vanishes for a spin direction orthogonal to the field- However, spin-

flip probability does not vanish and becomes depolarizing in these magnets. 

Wigglers with alternating sign of magnetic field also give no contribution to polari

zation. However, asymmetric wigglers, with higher field of one sign, can give a large con

tribution due to the strong polarization dependence on the field intensity ( the o~ fac

tor in formula III.2.5). They will also speed-up the polarization (fornula III.2.6) as 

foreseen in LHP at 50 GeV where the polarization time is too long due to the small field 

intensity in the arc magnets (Fig. 10). 

III.3 Resonant spin diffusion 

The energy jump caused by a quantum emission of synchrotron radiation In a bending 

magnet excites a synchrotron oscillation and p.lso a horizontal or vertical betatron oscil

lation if the horizontal or vertical dispersion does not vanish in that magnet. 

In an fdeally planar ring, only horizontal oscillations are produced, neglecting 

angular distribution of the emitted photons at high energies. The stored beam is flat, 

polarized in rhe vertical direction, and experiences only vertically bending fields. There 

is no perturbation of spin motion and the ring is completely spin-transparent. 

However, in a real ring with imperfections and possibly with vertical bends, verti

cal oscillations are produced also and the equilibrium spin direction n is not vertical 

all around the ring. Then, the quantum excitation of vertical and horizontal betatron 

oscillations, as well as synchrotron oscillations, perturbs the spin-motion, via the spin-

orbit coupling. The spin-transparency of the ring is destroyed. 

Vithin a few damping times following a quantum emission, the excited synchrotron and 

betatron oscillations will disappear again, and the particle will be left vith a modified 

spin orientation. This perturbation becomes very significant on resonance, i.e. when the 

spin tune fulfils a resonant condition (formula 1-6.1) corresponding to a perturbing field 

driven by the excited oscillations. 



The result of successive random quantum emissions is a resonant random diffusion of 

spin vectors avay from the equilibrium spin direction. This spin diffusion competes with 

the spin alignment of the Sokolov-Ternov effect and leads to an equilibrium degree of 

polarization lover than the ultimate value given by formula (III.2.5). 

It Is worth noting that spin diffusion is analogous to particle diffusion in phase 

space induced by quantum emissions. Folloving this point of viev, the Sokolov-Ternov 

effect looks like a damping mechanism analogous to the damping of particle oscillations. 

The equilibrium polarization is then analogous to the equilibrium beam emit lance. 

It must be emphasized that the discrimination between spin diffusion and spin ali

gnment is only made passible by the very different characteristic times of quantum emis

sion (<10" 1 0s), oscillation damping (ID - 3 - 10" 3s) and polarization build-up (>10's). 

III.4 Spin-orbit coupling vector and equilibrium polarization 

Spin diffusion is characterized by the rate N of 

quantum emissions and by the deviation : 

i SE 
6 r -

of the spin vector ? away from the spin closed solution n, 

produced by one energy jump «- and measured after damping 

of the excited oscillations. In a first order and linear 

approximation, this deviation is proportional to «- and 

the deviat ion a(s) per uni t of energy variation is called the "spin-orbit coupling 

vector". It depends on the details of ring optics and, in general, varies with rhe azimuth 

s of the quantum emission around the ring. 

Due to spin diffusion» the average decrease of Spin component along the equilibrium 

direction n is per uni t time : 

1 °n 

r-oT 
SEJ\ 

1 U J n 
S~"Jt~ 

<[dY> 

vhere the average < > is taken over the energy jump 6E/E and the azimuth s around the 

circumference. This is also the rate tT 1 of depolarization by spin diffusion, which is in 

balance with the polarization rate T~ OE the Sokolov-Ternov effect, leading to an appro

ximate polarization decrease : 

ÙP/P = t_/T 11 
d" TS <|âY> 

More precisely the equilibrium degree P of polarization is given by the Derbenev^ 

Kondratenko formula : 

-3, 
<l» . , 6.(ti-<j)> 

^ <|,-3|[i-!<8.î>'.# 01'j> ' 
(III.4.1) 

vhich replaces formula (III.2.5) when spin diffusion is taken into account. 



The origin of the linear d* tern in the numerator of this fornula (III.4.1) is not 

discussed here. It is normally a small term as the spin-orbit coupling vector must be much 

smaller than unity for obtaining a high degree of polarization. 

In a small-amplitude linear model of orbital motion, the result of a first-order cal

culation of the spin-orbit coupling vector a(s) is -* 

d*(s) = - In [(£ + i?)* (û + Ù v + A + Û , - Û )1 (III.4.2) 

where m and l are tvo orthogonal unit vectors, solutions of the spin motion and orthogonal 

to the spin closed solution, û , represent the contribution of the radial and verti-

cal betatron and synchrotron oscillations respectively • 

<va + }) e_ 
Tit x,z I-D ± i(eD • ')L 

(III.4.3.a) 

e s ~1 

where D,D' are the dispersion and its slope, and # 

chrotron oscillations. 

(III.4.3.b) 

is the phase of betatron or syn-

The first factor in û is a resonant factor which follows from piling-up of successive 

perturbations of spin motion, turn by turn during oscillations. It causes the spin-orbit 

coupling vector to become very large whenever the beam energy is such that the spin tune \> 

approaches any of the values : 

k T Qv (k integer) 
x,z,s 

Depolarization mainly occurs in the vicinity of these betatron or synchrotron resonances. 

The second factor (in brackets) In formula (III.4.3.a) expresses that betatron 

oscillations and the induced perturbations of spin motion are proportional to the 

dispersion at the azimuth where quantus emission occurs. This quantity is familiar for 

calculating the beam emit tance. For vertical betatron oscillations, it differs from zero 

only in presence of vertical orbit distortions. 

But the real keys for obtaining high polarization are the spin-orbit coupling inte-

(m • it) . èz K fex 

±i# 

(m + it) . e K JI e (III.4.4) 

•Us) 



tor in radial or vertical direction. For each type of oscillation, the corresponding inte
gral is proportional to th*> effective spin rotation avay from the equilibrium direction n 
during one revolution around the ring, starting at the azimuth s of the quantum emission. 

The scalar product (m *• ifj-e vanishes in a 
planar ring vithour magnet errors, where n(s') = e 
everywhere. In a real ring with vertical alignment 
errors of quadrupoles, however, the beam will be sub
ject ed to s/nal 1 vertical kicks which may cause the 
equilibrium spin direct ion to deviate from the verti
cal. In this case, the coupling integrals J and J do 
not vanish and give a finite contribution from radial 
hetatron and synchrotron oscillations to depolari
zation. 

Similarly, 'he vertical dispersion caused by vertical orbit distortions will give a 
finite contribution from vertical betatron and synchrotron oscillations to depolarization, 
since the coupling integrals J and J containing the scalar product (m * i/).e do not 
vanish in general. 

A computer cn<ie (named SLIM) has been written lor calculating the spin-orbit coupling 
vector n and the equilibrium polarisation in a ring with given imperfections and vertical 
bends. It uses a 8 < 8 matrix foimalism which includes spin motion in addition to trans-
vet se and long: tudinal .not ions. The matr i.v formalism is based on linearization of the 
oib:t.il notion for small amplitudes. This linear formalism -annot account tor non-linear 
resonances. 

In ron^iusio», the spin-orbit coupling vector d becomes large on resonance where po
larisation is strongly reduced. It scales linearly vith beam energy, since the spin pre
cession increases faster than the particle velocity rotation vhen energy is Increased (see 
the ya*l factor in formulae III.A.3). Finally its amplitude is determined by the spin-
orbit coupling integrals. 

* In the integral J , the synchrotron phase factor e 
very small synchrotron tune (0 « 1). 

has been neglected, assuming a 



Figure 11 shows an experimental scan of polarization as a function of bean» energy in 
the SPEAR storage ring, vhich shows several depolarization resonances, in particular non
linear ones. Betveen these resonances polarization nearly reaches the maximum polarization 
(92.U X) for a planar ring. 

EIGeVl 
Fig. 11 .- Relative polarization <Pa = 92.4X) versus beam energy in SPEAR. Occurrence of 

resonance tune values ( J c
0
+ kv Qv' f k, Q,' f l l

s
Q-) a r e indicated above the figure, in 

particular synchrotron satellites l±Qs and ±2Q ) of v-B and v-3*Q resonances. 

III.5 SPIN-MATCHING 

In a real ring, at high energies (> 5 GeV), the spin-orbit coupling vector d is never 
negligible, even outside resonances, and polarization is lower than allowed by the Sokolov 
-ternov effect. The main problem is to reduce this depolarization for obtaining a usefully 
high degree of polarization. Procedures, generally named spin-matching, have been invented 
for doing ^o, and one of them has been successfully applied in the PETRA storage ring. 

III.5.1 Çlobalsgin-matching 

In principle, according to formulae (III.4.2) and (III.4.3), evanishes if the five 
spin-orbit coupling integrals J , J , J are made to vanish In every magnet. These inte
grals are proportional to spin rotation away from equilibrium spin direction n a? produced 
by radial, vertical and synchrotron oscillations respectively in one revolution around the 
ring. When these integrals vanish, the spin orientation is again along n after each turn. 
The ring is perfectly spin-transparent and no spin diffusion can occur. All depolarization 
resonances are suppressed at the same time, 

However, such a global spin-matching cannot easily be achieved in any situation. When, 
spin-transparency is lacking due to imperfections distributed all around the ring, one has 
ten conditions to satisfy at each magnet in the ring (the real and imaginary parts of each 
integral must be cancelled out). The total number of conditions is ten times the number of 



magnets. Horeover, the value of the J and J integrals depend on the amplitudes of im
perfections which are normally unknown. For all these reasons global spin-matching is not 
practicable in general. 

Nevertheless) if lack of spin-transparency is only due to a few vertical bends, such 
as those of spin rotators (see section III.6), the spin-matching conditions degenerate 
into a much smaller number. They can be added to the other matching conditions of the beam 
optics and one only needs a few more focusing elements for satisfying them. 

The spin-orbit coupling integrals depend on beam energy, since the (m + it) complex 
vector in formulae (III.4.4.) precesses proportionally to beam energy. Therefore spin-
matching conditions are energy-dependent and spin-matching procedure must be repeated at 
each operating energy. 

III.5.2 Hacfsonic spin-matching 

In fact, the largest contribution to depolarization comes from the excitation of a 
few resonances closest to the spin tune, as this contribution is inversely proportional to 
the squared distance from spin tune to the top of the resonance. It would be enough to 
compensate these nearby resonances, and the number of conditions to fulfil would then be 
reduced. This is the only practical possibility for reducing depolarization due to ring 
Imperfections and this is essential at high energies where this depolarization is large. 

Similarly to the case of polarized protons (see Section II.2), the strength of a de
polarization resonance is proportional to the spin rotation caused by a -esonant component 
of the perturbing field. In the case of an electron ring with imperfections, this pertur
bing field is produced by the oscillations following quantum emissions and is proportional 
to the integrand <•) (s) of the spin-orbit coupling integral J„(s) for each type of 
oscillation (y - ± x, ± 2, s) ; 

's+c 
v(s';ds' 

The resonant component is then obtained by a frequency analysis of the perturbing 
field amplitude oi (s). According to formulae (III.A.4), 
per turn and its frequency decomposition is : 

2iit(v-p t Q )s/c 
w (s) - I e e y (p integer) 
y p p , y 

-2in(v-p ± Q )s/c 
(s) e ^ ds/c 

(m • it) and e ' have 2nv and 

neglecting the e phase factor in J ). 



Compensation of the v » p T Q resonance consists of cancelling its strength c . One has 
only tvo conditions to fulfil for each resonance to be compensated, as e is a complex 
quanrity representing a perhurbing field orthogonal to the equilibrium spin direction n. 
This compensation can be realized experimentally by using correctors vhich counteract ring 
imperfections and which are chosen to act on the nearby depolarization resonances. 

The concept of harmonic spin-matching has been extended to any type of harmonic cor
rection used to optimize the degree of polarization. For instance the procedure success
fully applied in PETRA is based on polarization optimization by varying some harmonics of 
the vertical closed-orbit distortion. As explained in section III.4, the spin-orbit cou
pling integrals J and J are sensitive to any deviation of the equilibrium spin direction 
from the vertical. Such a deviation is due to vertical closed-orbit distortion, and in 
particular to the distortion harmonics closest to the spin tune, since the perturbing 
field corresponding to these harmonics is nearly in phase vith spin precession. 

Experimentally eight orbit correctors have been used for varying the sine or the 
cosine component of the closest harmonics (3? and 38 harmonics at 16-3 GeV). The 
degree of polarization was measured with a polarimeter and optimized by varying the 
amplitude of these harmonics components (Fig. 12). 

T 
r 

Fig-

cosine 

12 : Polarization P versus sine and cosine co.npo 
nents of the 38 vertical closed-orbi t har
monics in PETRA at 16.5 CeV (all quantities 
arbi tlary uni ts). 16 4 IRS 16 G EtGe li 

This variation in harmonic amplitude has no visible 
effect on the vertical closed-orbit distortion, as the 
37 and 3R harmonics are far avay from the vertical 
betatron tune (Q * 23.1), and have a very small ampli-
cnde. 

This method needs a measurable degree of polarization 
at the beginning . For this reason the closed orbit must 
have previously been carefully corrected by the usual cor
rection procedures. 

Fig. 13 : Polarization P 
(in arbi rrary uni es) 
versus beam energy in 
PETRA nfier harmonic 
s p i n-ma tching. Haxi mum 
polarizat ion is about 
60-80X. Arrnvs indicate 
the energy location of 
some depolarization re
sonances. 



After applying harmonic spin matching at a certain energy, the polarization is lar

gest (60-802) in a small range around this energy (Fig. 13), and decreases when the energy 

is shifted, since the coupling integrals J are energy-dependent through the spin 

tune- Moreover, when approaching depolarization resonances residual values of these 

integrals still lead to large depolarization. 

III.6 SPIN ROTATORS 

The experimental study of electroweak effects in e e and e p collisions calls for 

longitudinally polarized electrons of both helicities at interaction points. The impor

tance oÊ polarization for testing interaction models at very high energies (E. > 

25 GeV) enhances the interest for polarized beams in electron storage rings, which vas 

poor at lower energies. However, electrons become transversely polarized, instead of 

longitudinally, by the Sokolov-Ternov effect. Several schemes (90° spin rotators) have 

been proposed for rotating the vertical polarization in the arcs of a storage ring into a 

longitudinal polarization at the interaction points-

Let us describe schematically the spin rotator which will be built for the ep HERA 

collider. It follows from a compromise between the geometrical and optical constraints of 

this ring in one hand, and the need for a high degree of polarization on the other. Again, 

the existence of a good compromise is an illustration of the relative freedom in spin 

manipulations allowed by the spin-orbit coupling (see Section Î.4). 

IP 
- X -

Side view 

Top view 

Fig. 14 : Sketch of a HERA mini rotator pair (arrows indicate spin direction) 

A pair of 90° spin rotators, of a so-called "mini rotator" type, will be installed 

around each of the interaction regions, which turns the spin vector, after leaving the 

arc, into the beam direction and then back into the vertical before entering the following 

arc. Each mini rotator consists of three horizontally bending magnets, interleaved with 

three vertically bending magnets which superimpose a vertical beam bump to the horizontal 

beam deflection (Fig. 14). A pair of such mini rotators is symmetric in the horizontal 

plane with respect to the interaction point, but antisymmetric in the vertical plane. Both 

helicities are obtained by inverting the sign of the vertical beam bump in each mini 

rotator. 



The mini rotator is laid out for a chosen design energy (29.8 GeV) at which it simul
taneously provides the correct horizontal beam geometry and spin rotation (Fig. 15). When 
varying the bean energy, horizontal beam geometry is maintained by ramping the horizontal 
rotator magnets In synchronism with all the other ring magnets. For keeping the spin di
rection vertical in the arcs and longitudinal at interaction pointSi one needs two para
meters to vary. One is the amplitude of the vertical beam bump in the mini rotator ; the 
other is the amplitude of a superimposed horizontal beam bump which vanishes at the design 
energy. The mini rotator can thus be operated in a range going from 27 GeV to about 
35 GeV. The increase of enr -. / from the lower to the upper limit of this range has the 
advantage of reducing the :••* larization time from 40 min to 12 rain, and also to increase 
from BOX to 852 the maximum degree of polarization allowed by the Sokolov-Ternov effect. 

side view 

IP 
top view 

56 m 

Fig. 15 : Simplified sketch of the mini rotator geometry. H , : horizon
tally bending magnets, V j : vertically bending magnets (arrows indicate 
spin direction ; modifications required by the head-on ep collision scheme 
and superimposed horizontal beam bump are not shown) 

In principle rotator pairs, which are antisymmetric in both the horizontal and ver
tical planes, would have the advantage of restoring the vertical spin direction in the 
arcs at any energy, since the spin transformation, in an antisymmetric rotator pair, is 
the identity whatever the energy. However» such antisymmetric schemes have the drawback of 
either a smaller maximum degree of Sokolov-Ternov polarization, or a more space-consuming 
geometry, and were therefore not chosen for HERA. 

The most important property characterizing a rotator is its effects on polarization. 
The mini rotator as chosen results from a minimization of its depolarization, for an 

acceptable length of about 56 m. 

The first effect is a reduction of the Sokolov-Ternov degree of polarization, as the 
spin direction is not antiparallel to the field in the rotator magnets fsee formula 
III.2.5), For a given spin rotation in these magnets, the reduction is inversely propor
tional to the squared bending radius and scales like the inverse of the squared lotator 
length. The spin rotation angles in these magnets and their lengths have been chosen for 
minimizing this depolarizing effect, together with other minor aspects. Depolarization 
amounts to only 8X at 35 GeV for eight 56m-long mini rotators in HERA, justifying rhe name 
of "mini rotator". 



The second effect is a breakdown of spin-transparency. The rotators generate non-
vanishing spin-orbit coupling integrals and lead to large depolarization by spin diffu
sion. A global spin-matching procedure has been applied for restoring spin-transparency 
(see Section III.5.1). The relatively small length of the mini rotators permits having no 
focusing elements in them- Thus the arcs and the straight sections betveen rotators can 
separately be made spin-transparent. Only tvo conditions for the arcs and three conditions 
for the straight sections are required. For instance, one condition expresses the spin-
transparency for horizontal heLatron oscillation in the straight section betveen rotators 
of a pair where the spin vector is longitudinal. The overall spin rotation about the ver
tical, as produced by this oscillation, must vanish in this section. As only rotations 
about rhe vertical are involved here, spin and velocity rotations are globally propor
tional, and the slope of a betatron trajectory must be the same at the ends of this sec
tion. This condition is automatically realized for a sine-like betatron trajectory due to 
the optical symmetry about the interaction point (IP) when the straight section is sym
metric vith respect to this point. It suffices to impose this condition for a cosine-like 
trajectory. 

ip 
-*-

rotator cosine.like 
trajectory 

& 
rotator 

A calculation (with the SLIM code) of '.he spin-orbit coupling vector d shows that the 
equilibrium polarization reaches 84* at 35 GeV foi HERA with four rotator pairs and *;pin-
transparent optics, and vithout imperfections. 

III.7 NON-LINEAR DEPOLARIZING EFFECT5 

Tvo non-linear depolarizing effects are expected to be important at high energies. 
However, the information available on then is scarce. 

Ill. 7.l Depolari2ation enhancement by energy spread 

Beam energy spread increases quadratically with energy and reaches a r.m.s. value of 
about 50 HeV at 50 GeV. On the other hand, the spacing between depolarizing resonances is 
constant with energy and each particular type of resonance occurs repeatedly vith a 
4«n HeV separation. 

Particles with sufficiently large energy deviarion, i.e. vith large synchrotron am
plitude, may then approach a resonance pnergy even if the central beam energy is set as 
far as possible away from nearby resonances. Larger depolarization thar expected for small 
oscillations in "linear theory can then occur. 

However, 'his picture of a particle approaching a resonance is not very consistent as 
it mixes the time domain and the frequency domain. A more correct vay of considering this 
eneigy spread effect is to take into account the frequency modulation of spin precession 



- 39 -

produced by synchrotron oscillations, as spin tune is proportional to energy. This situa

tion is very similar to the well-known effect of frequency modulation in RF-waves. It 

leads to the appearance of satellites around the central frequency. Similarly for the spin 

mot ion, synchrotron satelli tes are generated around any depolarizing resonance. These 

satellites are regularly spaced by the synchrotron tune Q . If the energy spread is suf

ficiently large, involving large synchrotron amplitudes, then several satellites are 

excited and the energy range in which depolarization by a particular resonance occurs is 

widened- This is equivalent to saying that particles with large energy spread are 

approaching resonance. 

Already at 3.7 GeV in SPEAR higher-order synchrotron satellites of a betatron reson

ance (\> = 3 + Q ) have been observed (see Fig. 11). More satellites and larger depolari

zation are expected at hijrher energies. Analytic models predict that, at 50 GeV in LEP, 

depolarization will be enhanced by about a factor five due to the energy spread effect. 

The only cure would be to reach higher efficiency in achieving spin-transparency by har

monic spin-matching. 

III.7.2 Bearo-beamdepolarîzation 

In storage ring colliders, beam-beam interaction is responsible for beam blow-up 

which limits the performances. This beam-beam interaction should also perturb spin motion, 

viu spin-orbit coupling. Due to the non-linearity of the space charge field, non-linear 

depolarization resonances are expected to be excited. Seam-beam depolarization should 

particularly be important at the beam-beam limit. 

Experimentally, over 70Ï polariza

tion has been observed in high-lumino

sity e +e~ collisions at 2 v 3.7 GeV in 

SPEAR, and has been used for high-energy 

physics experiments at this energy. 

However, this polarization in collision 

mode could not be reproduced at a later 

stage of SPEAR development. 

Polarization has also been observed 

in collision mode at 16.5 GeV in PETRA. 

Fig. 16 shows the decrease of polariza

tion near the beam-beam limit where the 

beams are blovn-up. 

Although the beam-beam depolariza

tion mechanism is not well understood, 

these scarce experimental results sup

port a moderate optimism for the future 

of e*e~ or ep experiments with polarized 

beams. points. 

0.5 • 

10 KmA| 

Fig. 16 : Ratio R of two-beam polarization 
to single-beam polarization 
(= BOX) versus beam intensity I 
at 16.5_GeV in PETRA. Luminosity 
L(cm s" ) is indicated for two 
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1.2.2 The polarizationvector behavesclassically. 

In Quantum Mechanics any pure spin state ^ of one particle is completely specified by 
a ket vector |^>, following the Dirac notation. The two "up" and "down" spin states along 
the Oz axis form a basis for the ket vectors of a spin 1/2 particle. On this basis a ket 
vector ĵ > is represented by a column vector with two components f and g, called a spinor: 

i*> - Q 
where f and g are complex numbers, normalized such that |f| + |g| = 1. 

The two basic "up" and "down" states are represented by the spinors LI and LI res
pectively. According to the Superposition Principle any spin state is a linear superposi
tion of these basic states, represer'ed by the linear superposition of their spinors : 

0 - «-6)-«•(?) 
It '.- shown in Quantum-Mechanics textbooks that the three components of the unit 

vector P in the direction of the spin S for a pure state are given by : 

P x - fg + ' g 
P = i<fg* - f*g) (1 .2-3) 

p . - m J - \s\> 
as a function of the spinor components f and g. In particular one can easily check that 
this formula gives the correct spin direction in the case of the "up" and "down" states. 



Nov, from quantum indeterminacy the measurement of the spin components S , S » S 
along the three axes Ox, Oy, Oz will not always give the sane result in general. If one 
considers their average values over many measurements, they ace given by the three compo
nents of the spin operator S on the spin state * : 

vhich is named the quantum average of the spin operator S . 

On the previous basis this operator is represented by three 2 x 2 matrices, propor
tional to the Pauli matrices <tx, a , a , and acting on the spinor M : 

^op - - 2 " « <I-2-*> 

°x = (Î o) °y = (i ~o) "z • (o -?) 

With the use of this basis the calculation of the quantum average <*|? j*> is 
straightforward and the result is : 

< * l * o p l * > = 5 ? (I-2-5) 
Finally, according to Ehrenfest theorem, such a quantum average must behave classi

cally. It means that the evolution of the polarization vector P is governed by a classical 
equation of motion, like the Thomas-BMT equation introduced later in section 1.3. 

For a bunch of particles, the polarization vector, which is the statistical average 
of individual polarization vectors, has the same property. 

For radiating electrons, which are in a mixed state, the polarization vector behaves 
classically too. However, it can only describe the spin state evolution after averaging 
over the possible spin-flip transitions. It cannot describe individual transitions. 

1.2.3 Anyspinstate is fu'ly determinedby the polarization vector. 

This statement means that the average value <A> of any observable quantity A, as 
obtained in a measurement, is completely determined by the polarization vector only. This 
average value <A> involves a quantum average for each particle and an ensemble average 
over all particles of a bunch. 

Firstly, the quantum average <*. JA |tj/. > for a particle Itk in a pure state |fc> can oe 
calculated with the basis used in the previous section, knowing the matrix elements A , 
A , A_ and A _ of the corresponding operator A between the basic states : 

<* k|A|* k> - \ l k \ ! A ^ + |s k|' A.. . f*gk A,. , f kg* A_, 



The spinor components are then expressed in terms of the polarization vector compo

nents of the particle, given by formulae (1.2.3) : 

<* R|A|* k> . \ l(l.P, k) A„.(l-P l k> A__. ( P x k * iP y k) A,_* ( P ^ - i P y k ) A. + l 

Secondly, one has to take the ensemble average over all the particles in a bunch (or 

among all the possible states of & mixed state) : 

<A> -^-l<\ 1*1 V 

The result : 

<ft> = i 1U-P Z> A + + + (1-P 2) A _ + (P x- IP ) fl+_- (P x- lP y) A _ J , (1.2.6) 

shows that the average value <A> depends only on the components of the polarization 

vector. 

This is a characteristic feature of spin 1/2 particles, which cannot be generalized 

to particles of higher spin, although a polarization vector can still be defined and plays 

an important role in the description of polarized states. 

The result presented here is usually derived from a simple relationship between the 

polarization vector and the density matrix representing the spin state of a particle en

semble. For simplicity we have preferred to give a more elementary proof. 

1.3.4 Equivalenceofaquantum-mechanicaldescrigtionoEspin precession. 

Very often in the literature, spin precession is studied in a quantum-mechanical for

malism instead of solving the Thomas-BMT equation (formula 1.3.4). Then one has to solve 

the SchrÔdinger equatton for the spinor )*>, vhich characterizes the spin state of one 

particle : 

if, ^ - = H ]*> (1.3.9) 

where H is the hamiltonian operator for spin motion. 

The equivalence between both methods is obtained by verifying that the Thomas-BMT 

equation follows from the Schrôdinger equation with a suitable choice of the Harailtonian h*. 

From the Schrôdinger equation (formula 1.3.9) and from the conjugate equation : 

- i h Ë<*1 , <*| H , 

one derives an equation for the quantum average of the spin operator S : 

l*> ÏÎ <*lS„pl*> • <*ll3 o p.«]|*> , (1.3.10) 

where IS , HI •= S H - H S is the commutator of these two operators. 
' op' ' op op 

The hamiltonian H is a scalar quantity, defined up to an arbitrary additive constant, and 

is an operator represented by a 2 x 2 matrix. Such a matrix must be a linear combination 



of the three Pauli matrices. The hamiltonien H can then be vritten : 

H = ? J , op 
where 0 is a vector to be determined. 

The commutator [S . H| is easily calculated by using the matrix representation (for
mula I.2.4) for S and knowing the commutation rules of Pauli matrices : 

[i . in M = ih tf x s 
op op op 

The equation (I.3.10) becomes : 

which is identical to the Thomas-BHT equation (1.3.4), when choosing U - *RHT' 

The hamiltonian operator H for spin motion is then : 

H - V^MT < 1- 3-"> 
One can easily check that this hamiltonian gives the correct magnetic energy (formula 

1.1.3) at the non-relativistic limit, through the Correspondence Principle. 

Finally, it is worth noting that the equivalence between the SchrHdinger equation and 
the Thomas-BHT equation, as shown here, is just a proof of the Ehrenfest theorem, which 
was invoked in section 1.2.2, for the particular case of spin motion. 

v 


