
AECL-8828

ATOMIC ENERGY ^ J f f E L'ENERGIEATOMIQUE

OF CANADA LIMITED U & V DU CANADA LI MiTEE

A MATHEMATICAL MODEL, AND CODE HADES, FOR
MIGRATION OF RADIONUCLIDES FROM A

SHALLOW REPOSITORY

Modele mathematique et code HADES pour evaiuer la
migration des radionucleides provenant d'une cavite

d'enfouissement peu profonde

J.L. FRASER and R.G. JARVIS

Chalk River Nuclear Laboratories Laboratoires nucleates de Chalk River

Chalk River, Ontario

June 1965 juin



ATOMIC ENERGY OF CANADA LIMITED

A Mathematical Model, and Code HADES,
for Migration of Radionuclides from a Shallow Repository

by

J.L. Fraser* and R.G. Jarvis

Applied Mathematics Branch
Chalk River Nuclear Laboratories
Chalk River, Ontario KOJ 1J0

1985 June

* Student from Co-Operative Program, Waterloo University

AECL-8828



L'ENERGIE ATOMIQUE DU CANADA, LIMITEE

Modèle mathématique et code HADES pour évaluer la migration

des radionucléides provenant d'une cavité d'enfouissement peu profonde

par

J.L. Fraser et R.G. Jarvis

Résumé

Ce modèle mathématique unidimensionnel permet de décrire la
migration des radionucléides, par diffusion et advection, au travers de
plusieurs couches consécutives pouvant représenter les matériaux de la
cavité et le sol environnant. Les solutions sont évaluées par le code
machine HADES.
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The mathematical model is one-dimensional, to describe migration of
radionuclides, by diffusion and advection, through several consecutive layers
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1. Intrc -tion

This model is one of a series to describe the escape of radionuclides
from containment in a shallow burial vault and subsequent migration through
the geesphere, to reach the biosphere.

The model is one-dimensional, to describe movement through several
layers representing vault materials and surrounding ground. It assumes that
radionuclides have already escaped from containment in a flooded vault, to
form a source. Its output gives nuclide concentration at the outermost face
of the outermost layer, as a function of time. It assumes that advection and
dispersion processes are taking place.

2. Mathematics of the Model

A number of assumptions are made:

a) Radionuclides are dissolved in the groundwater in a medium.

b) The groundwater flows through the medium at constant rate, in one
direction (the x direction).

c) The groundwater and the medium are incompressible.

d) The density and viscosity of the groundwater are independent of the
concentration of the radionuclide dissolved in it.

e) The medium is saturated, isotropic, and homogeneous. Hence
interaction between the medium and the dissolved nuclide is the same
throughout the system, and the dispersivity is also constant.

f) Exchange between solid and liquid phases is described by the
equilibrium adsorption isotherm, and equilibrium is reached
instantaneously.

g) There are no other reactions in the medium except for the radioactive
decay of the nuclide.

The choice of a one-dimensional approach can be justified as follows.
The repository will be very much rectangular in plan, with one dimension
perpendicular to the general direction of groundwater flow. The ground
parameters and the flow itself will be quite uniform across the aquifer, and
the aquifer will be considerably wider than the repository (areas with fast-
changing hydrology are not likely to be chosen). Hence, a one-dimensional
approach should be adequate. Migrations outside the vault will be mostly
horizontal, but if considerable changes in elevation are to be described they
can be represented by separate sub-models.

The basic reference for the mathematics of dispersion in layered porous
media is the work of Shamir and Harleman (1).



With the above assumption one may write down the governing, one-
dlmenEional, equation for a particular radionuclide:

C is concentration of radionuclides in the groundwater, in nuclides per
cubic metre

A is the radioactive decay constant

V is groundwater velocity, in metres per year

R is the retardation factor of the medium

D is the coefficient of hydrodynamic dispersion of the medium, in matres
squared per year

t is time in years

x is distance from the source or. the face of the medium, in metres.

The first term in the equation represents accumulation of radionuclide,
the second is transport by diffusion and dispersion, the third is advective
transport by groundwater, and the fourth is loss by radioactive decay.

It is also assumed that there is no nuclide in the medium at the
beginning:

C(x,t) = 0 where t - 0

The boundary conditions are:

a) C •» 0 as x •» », for all t

b) The concentration of the source at the face of the medium is

C - <j>(t) at x * 0

where <f>(t) is an arbitrary function of time.

3. A Solution for One Region

Taking Laplace Transforms, Equation 2.1 becomes,

t3-'] °& - ' I -»<••»>* -»
where C (x,p) is the transformed variable



C - 0 a t x = <•>

~C = exp [ - p t ] <}>(t) d t , a t x = 0
^o

Equation 3.1 can be solved for C, to yield,

C = f f (t) exp [-pt] dp exp (V - [V2 + HDR (A + p)]1/2) x

L J° J L 2D J
To obtain C, use the Convolution Theorem,

g(p).h(p) = L.Transform j G (T).H(t-T) dT

where G is the transform of g and H is the transform of h.

r
Taking g(p) = <(>(t) exp [ - p t ] d t

J o
gives immediately, G(x,t) = <Ji(t)

If the remaining factor is taken to be h, that is,

h(p) = expfcv - [V2 + 1DR (A + p)]1/2) x |
L 2D J

its transform H can be found by using the standard result

exp [-kp1/^] - L. Transform|j< (4irt3)1/2 exp [-

and the standard operation, between the pair, (f,F),

f(ap-b) - L. Transform | - exp [— ] F (- ) |

l_a a a _J



with suitable expressions for k, a, and b, to yield:

Finally, substituting for G and H in the convolution integral

-,t) -[3.2] C(x,t) = G (x.T).H(x, t-T) dT
'o

where

G(x,T) = $(T) and

H(x,t-T) — rj0 exp
[1 TT D (t-7)3Y/d

The Integral 3.2 represents the concentration in the medium at a time t,
at a distance x from the source ij>(t) on the front face. The solution is thus
resolved into a search for a source G as a function of time, the calculation
of H as a function of time, and the evaluation of their convolution integral.

4. A Solution for Several Regions

If one assumes that a change in the dispersion coefficient at some point
does not affect points already passed, then the concentration at a point x in
the region can be taken to be the value that would pertain if the region were
to terminate at that point and be in contact with a different region. This
assumption has been discussed in detail by Shamir and Harleman (1) who have
checked it experimentally and numerically.

For certain rather special source terms the integral in Equation 3.2 can
be evaluated analytically for the first layer, but in general, and certainly
for succeeding layers, numerical integrations are necessary.

5. The Convolution Integral for Special Functions

It is emphasized later, in Section 6, that two extreme situations may be
encountered in evaluating the convolution Integral 3.2, and if not handled
properly they cause numerical problems. However, approximations can be made
that permit direct evaluation of the integral.

5.1 Sharp Source Approximations

If G is sufficiently sharp it can be represented by a delta function.
This would likely be most appropriate if there were a sudden release of
radionuclides from containment in the vault.



If the peak time is t then G can be represented as G(x,T) = C S(T-t )

where C is the total source release,
o

The Integral 2.3 can be evaluated directly as:

C x R 1 / 2 p [Rx - V(t-to)]
2

C

5.2 Constant Source Approximation

If the factor H(x, t-T) is sharply peaked the only values of G(x,T) that
can contribute to the integral will be those in the neighborhood of the peak.

If the peak occurs at t-T = A then G can be approximated by G(x, t-A) and
can be removed from the integration.

( H(x, t-1C(x,t) = G (x, t-A) H(x, t-T) dT
'o

and the reduced integral can be evaluated analytically, with the result:

C(x,t) = G(x, t-A)(1/2) [F'(x,t) + F2 (x,t)]

, , , , , . , r~( V-W )x~1 _ P xR - Wt ~~]
where F ( x , t ) = exp $• '••• e r f c rrr

. _. t, r*( v+w )x~i r. r XR + wt ~i
and F (x,t) = exp -i gg erfc ^

A - Rx/W and W = [V2 + 4DRA]1/2

The integration is listed, for example, in Reference 2.

6. The Code HADES

6.1 Basic Design

The preceeding mathematics is used in the code HADES, to describe
migration through successive layers of vault materials or ground.

The basic flow of code is simple, in that the calculation is passed from
one layer to the next. It starts with an input source representing escape
from containment and then uses the output concentration of each layer as the
source function for the next. The flow chart is shown in Figure 1.



In principle, there is no limit to the number of layers but, in practice
the methods of integration dictate minimum requirements for core storage, and
if the model is used as a component in an assessment code the time for each
pass through all the layers will be important.

6.2 Integration by Simpson's Method

For the first version of the code, Simpson's method was chosen for the
integration of the convolution integral. For functions that are not too
sharp, the technique is sufficiently accurate for a small number of
evaluations.

The integral is evaluated over e. number of equal time intervals (output
is usually required at a smaller number of points, and the points for
calculation are spaced evenly between them). For the preceeding layer,
concentration values are also required at the mid-points of these intervals
(or perhaps in even greater density if accuracy requires it). Hence the
number of intervals is at least doubled with each preceeding layer.

Error usually depends on the time widths of the intervals, and thus
overall accuracy is usually determined by the widths in the final layer,
since for each preceeding layer the width is necessarily smaller.

To save considerable repetition, before a set of convolution integrals
are calculated, the H function is evaluated for all the time points, and is
stored.

6.3 Numerical Problems

Consider, again, the convolution Integral 3.2,

C(x,t) = G(x,t).H(x,t-T) dT

If both G and H are reasonably smooth functions, the Simpson routine
works well. However, if there is a peak in either one that is sharp relative
to the width of a time interval the polynomial representation implicit in the
Simpson method cannot represent it properly.

The next section describes alternative integrations for two extremes,
and an improvement to the Simpson method for difficult cases that are not
extreme.

6.4 Alternative Integration Routines

Three alternative routines were inserted in the program: the 'sharp
source'; the 'constant source'; and the 'extended Simpson' method.

6.1.1 The Sharp Source

If the G function is too sharp, Simpson's method will not work well.



This will occur, for exponential-type functions, if the function falls by a
factor of more than about three in each time interval. The point is
discussed in more detail in the Appendix.

In such cases the assumption that all the source nuclides start
migrating at one time is justified and the theory of Section 5.1 can be used.
The situation is illustrated in Figure 2a.

6.4.2 The Constant Source

If H is sharply peaked and the G function relatively constant by
contrast, the theory of Section 5.2 is applicable. The situation is
illustrated in Figure 2b.

The behaviour of H is governed by its exponential component

exp
r_ CRX - v(t-T)]g _.(t_T7i
[__ UDR (t-T) U 1)

which has a peak at t-T = Rx/W

It was found that if this approximation was used whenever the
exponential fell by a factor of more than forty in one time interval, the
remaining problem cases could be handled by the following method.

6.4.3 The Extended Simpson Method

If the exponential factor of H is peaked enough to give trouble to the
basic Simpson method, but not steeply enough for the 'constant source'
approximation, an extended version of Simpson's method is applied.

Each time interval is divided into twenty steps, and H is evaluated.
Corresponding values are needed for G, but since it has come from the
preceeding layer they have not been calculated. They are obtained by three-
point Lagrange interpolation, which is valid because G is varying much more
slowly than H. Simpson's method is then applied to the narrow intervals in
the usual way.

If the exponential falls by less than forty times in each original time
step, it will fall by less than twenty percent in each of the new small
intervals ana, by the arguments of the Appendix, Simpson's method should be
applicable to the new finer mesh.

The original Simpson's method is allowed to operate if the exponential
falls by less than thirty percent in one original interval. This is well
within the criteria of the Appendix.

It remains to decide how far it is necessary to carry the finer
intervals in the peak. For the method to be called, the exponential must be
falling by more than thirty percent in one original interval. Hence, if ten



original intervals are taken on either side of the peak the exponential will
have fallen by a factor of at least thirty-five, and this should be
sufficient to reduce contributions to the integral to much less than one
percent, for H intervals furthest from the peak.

Sharp peaks in H are most likely to occur in the outermost layer, where
x values are larger and a non-zero water velocity is probable.

6.5 Introduction of the Alternative Routines

Figure 3 shows the changes to the fl&w diagram to bring in the modified
integration routines when necessary. The appropriate choices were made by
the following successive tests in the calculation of the convolution
integral.

(i) Test for a 'sharp' peak in G.
If the G peak falls by a factor greater than 3 in one interval -
use the 'sharp source' method.

(ii) Test for a 'very sharp' peak in H.
If the exponential peak falls by a factor greater than 10 in one
interval - use the ' -onstant source' method.

(iii) Test for a 'moderately sharp' peak in H.
If the exponential peak falls to a fraction of 0.7 or less in one
interval - use the 'extended Simpson' method.

(iv) Otherwise use the original Simpson method.

7. Code Testing

Two questions are to be satisfied: whether the mathematics is correct;
whether the code has implemented the mathematics properly.

(i) The mathematics
The solutions of Equation 2.1, under the given assumptions, are
well proven and established. The remaining question is the
truncation of infinite region solutions. This has been discussed
in Section U, and the strategem, in similar conditions, has been
investigated both numerically and experimentally by Shamir and
Harleman, in Reference 1.

(ii) The coding
In a few special circumstances, the convolution integral can be
evaluated analytically. The answers from the code, for one region,
checke: perfectly against the analytical results for a constant
source, and also for a very sharp source.

One may show mathematically that the order of the layers does not affect
the nuclide concentration leaving the outermost layer. The code performed
properly when three different layers were 'shuffled'. The mechanics of the
code, and the truncations, were tested by first making a calculation for a
single region and then repeating the calculation with the region divided into



three regions of equal parameters. The concentrations at the outermost face
were in good agreement.

Finally, the numerical convergence was tested against the size of the
time intervals, and the test showed that the chosen time structure is
satisfactory.

8. h Sample Problem

The example is a very simple modelling of a shallow repository. The
vault is supposed to be flooded and nuclides are migrating vertically through
a floor of clay/sand mixture, and vertically through a thin sandy layer, to
horizontal transport in an aquifer in surrounding sandy ground. The
diffusion parameter values are idealized in that they do not allow for
problems such as variations in buffer density, or uncertainties in the
compositions of the ground. The source was supplied by another code, LIXY
(3) " to represent leaching from bituminized waste. The parameters are fairly
representative of Cs-137,('4). They are listed, along with the geometry, in Table
1. The variation of the source concentration with time is shown in Figure 4,
and the variation in time of the concentrations at the outer faces of the
buffer (Region 1), and the surrounding ground (Region 3), are shown in
Figures 5 and 6. The times at which their peak values occur are given in
Table 2.

9. The Use of HADES in Assessment Codes

The code can be used by itself if a sub-routine is called to provide an
appropriate source for the innermost region.

It is also being used as a sub-model in two codes that perform safety
assessments; COSMOS-D for deterministic calculations; and COSMOS-S for
stochastic assessments where parameters are varied.
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CALCULATE G ARRAY FOR ALL TIME POINTS
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FIGURE 1 MAIN FLOW FOR HADES
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FIGURE 3 FLOW FOR CONVOLUTION CALCULATION
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Table 1 Geometry and Parameters

1 R — 3

Initial source concentration: 8.1 10 nuclides.m

Radioactive half-life 30.17 a

Buffer: clay/sand; 0.5 m thick; no water flow.

D = 3-9 10~2 m2 a"*1; R = 2.2 10^

Vertical sand layer: 1 m thick; no water flow

D = 6.8 10~2 m2 a""1; R = 1

Surrounding sand: 350 m wide; water velocity 100 m a

D = 6.8 10"2 m2 a""1; R = 3.6 102

Table 2 Peak Concentrations

5 -3
Source: 7.1 10 nuclides.m , at 3 a

—1 n — ̂
Region 1: 2.2 10 nuclides.m , at 1250 a

Region 2: 1.2 10 nuclides.m J, at 1260 a

Region 3: 3.2 10~23 nuclides.nf3, at 2520 a

Note that the parameters in Table 1 are 'idealized', and hence the
attenuations in Figures 5, and 6, and Table 2 are correspondingly 'unreal'.
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APPENDIX

Accuracy of Simpson's Method for Exponential Type Functions

If a function falls (rises) very sharply, but raonotonically, over the
interval to be used for Simpson's method, in the implicit quadratic fit of
the method a completely erroneous minimum (maximum) may be implied within the
interval.

As a general criterion, the method provides a good solution for the area
under the curve if the quadratic function by which it approximates the curve
has its extremum outside the region of integration.

Consider an exponential-type function that falls to a fraction f in each
of two consecutive intervals, where f < 1. With sufficient generality, the x
values can be taken to be 0, 1, 2. The function has values y , fy and f-'2

at these points respectively.

The quadratic function through these points is,

y = y0 [1- 1/2 (3-f) (1-f) x + (1/2) n-f)
2 x2]

The extremum point x is found by differentiating with respect to x.

If the extremum is to be beyond the third point, that is x > 2, then f
must be greater than 1/3. m

In other words, the function must fall by a factor of less than 3 in
order for its extremum to be outside the region of integration. A similar
result applies for increasing exponential-type functions.
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