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A COUPLED HEAT CONDUCTION AND THERMAL STRESS
FORMULATION USING EXPLICIT INTEGRATION

by

A. H. Marchertas
R. F. Kulak

ABSTRACT

The formulation needed for the conductance of heat by means
of explicit integration is presented. The implementation of these
expressions into a transient structural code, which is also based
on explicit temporal integration, is described. Comparisons of
theoretical results with code predictions are given both for one-
dimensional and two-dimensional problems. The coupled thermal and
structural solution of a concrete crucible, when subjected to a
sudden temperature increase, shows the history of cracking. The
extent of cracking is compared with experimental data.

I. INTRODUCTION

The first requirements of thermal stress analysis is an accurate descrip-
tion of the temperature distribution within the given structure. Thus the
computation of temperatures is an essential part of a code intended for ther-
mal stress analysis.

The explicit time Integration scheme has been adopted in our codes for
stress analysis of concrete under high temperatures. This has been primarily
dictated by the highly non-linear concrete behavior and the relative ease of
accounting for non-linearity in this type of programming. Although explicit
time Integration has been used mostly for transient problems, we found it also
very convenient to use for static problems by incorporating the dynamic relax-
ation technique.

The procedure of determining the temperature field in the structure
should be an integral part of a computer code designed for thermal stress
analysis. Since currently available heat conduction calculation procedures
are based on iterative-type procedures, we have developed our own explicit
technique.



The objective of this report Is to outline the formulation used in the
thermal calculations and their implementation into the structural code.
Furthermore, comparisons of theoretical and analytical solutions are shown
which attest to the validity of the thermal conduction calculations. Example
solutions are then given illustrating the coupled thermal and structural
aspects of concrete cracking. The results show that the developed code can
apply well to both transient and steady state problems.

The equations required for the explicit temperature calculations are
derived for the axisymmetric quadrilateral four-node continuum element, which
reduce to the corresponding plane element. The expressions are generalized
for numerical calculations using the Gaussian integration procedure. Because
we found from previous experience that one-point integration per element is
usually sufficient in thermal calculations, the general expressions are sim-
plified for this case and presented in the report. Stability of the thermal
explicit solution is evaluated and the stability of the time step is pre-
sented.

Numerical results of transient and steady state problems are shown for
several examples. These results are compared with known theoretical solu-
tions. The theoretical and code-generated results are in very good agree-
ment. The analytical results of a test crucible subjected to hot temperature
are also compared with experimental data as far as the extent of cracking is
concerned. The code results are shown to be in close correspondence to the
test observations.

II. ANALYTICAL APPROACH

A. Finite-Element Equations

The transient heat conduction equation is given by

pc-|-= V.(kvT) + Q , (1)

in which pis the density, c is the specific heat, k is the thermal conducti-
vity, t is the time, T is the temperature and Q is the internal heat source
per unit volume. Following a Galerkin approach, the following finite element
form for Eq. (1) is obtained

2



(2)

where [C] is the capacitance matrix, [K] is the conductance matrix, [B] is the
surface matrix, {T} a column matrix of nodal temperatures, {Q} a column matrix
of nodal internal-heat source,q is the surface heat flux vector, and n 1s the
surface normal. The following definitions are used for [C], [K] and [B] in
terms of the element shape function:

[C f J]- PC I

[̂ . ] = k / >4 ]<«V ,

(3)

(4)

(5)

where ^ is the shape function and p, c, and k are assumed to be constant
within an element.

Equation (2) is adapted here for quadrilateral continuum elements which
will be used for modeling temperature variations in concrete structures. A
diagram of the element chosen for this study is shown in Fig. 1 along with the
local coordinate system U , n ) . The following shape functions {$} are used for.
the element:

(6)

An explicit-type integration

scheme for a f i n i t e element formula-

t ion of heat conduction was previ-

ously developed.1 The modified

expression for the governing equa-

tion in terms of the definitions in
Eqs. (3) through (5) 1s as follows: F i g . 1 . Global and Local Coor-

dinates of the Quadri-
lateral Element.



= CC]{T}P - At([K3{T}P - - CB]{n.q}) , (7)

where at Is the time step and p is the time step number. This Is the form
that we have adopted for our work.

B. Lumped Capacitance Matrix

The integrand function [«j>.<|>,] of Eq. (3) is given in terms of the shape

function; when the individual terms are evaluated for a rectangular element*

the capacitance matrix becomes as follows:1

! 1 2

where V is the volume of the element. By assuming a lumped capacitance matrix

we thus get

"l 0 0 (

pcV
4

0

0

(8)

where the total magnitude is equally divided to the four associated element
nodes. It should be noted that the lumped capacitance matrix is equivalent to
the structural mass matrix when multiplied by the constant specific heat, c,
i.e.,

[Cj (9)

where fimj is the lumped mass matrix as used In the structural codes with
explicit integration schemes. The Incorporation of the capacitance matrix
Into a structural cods becomes, therefore, self explanatory.



C. Conductance Matrix

The conductance matrix [K] for an arbitrary quadrilateral element is to
be evaluated numerically; thus, the volume of the element for cylindrical
coordinates is dV = r dr dz. Converting to local coordinates, we have

dV = r dr dz = U|r d? dn ,

where 5 and n are the local coordinates and |J| 1s the Jacobian and the con-
stant 2IT has been dropped from the expression. The conductance matrix of Eq.
(4) in terms of the local coordinates then becomes

1 1 T
[K] = kr / / [B] [ B ] | J | d ? d n . (10)

-1 -1

An approximate value of the Integral In Eq. (10) is obtained by the Gaussian
integration; i.e., by finding the summation of the values of the function at a
number of points multiplied by a weighting function at each point. For the
integral in Eq. (10) we thus have

m n
[K] -kr I I [BU.,n.)] [BU,,n.)3U(5.,n.)IW W , (11)

a _ 1 • _ « I J ' J ' J ' J

where m and n are the number of integration points in the two coordinate
directions K and n, and Wj and Wj are the corresponding weights. The coeffi-
cients of [B] were derived before2 and are given as follows:

It should be noted that the constant 2n is absent here and also In the
mass matrix [m] of Eq. (9). This constant will also be deleted from all
the individual terms of the heat conduction expression of Eq. (7). The
advantage of doing It Is that the same expression then holds also for the
plane geometry, provided the axisymmetric parameter r assumes the meaning
of width In the case of the plane geometry.



12 8| JI L 13 34^ 14 n j *

P13 = liTT ^"Z24 + Z12 5 ' Z14 n^ •

B14 = 81JT (Z13 " Z12 5 + Z 2 3 n ) •

(12)

B22 = 8|JT

B23 = 8IJT

B24 = 8TJT

(13)

where r\jj = r̂  - r.- and ẑ 4 = z* - Zj. If we introduce a new matrix for the
matrix multiplication as [D] = [B]T[B], we find that these coefficients
become:



(14)

°11 = B11B11 + B21B21 •

D12 = B11B12 + B21822 •

D13 = B11B13 + B21B23 •

°14 = B11B14 + B21B24 '

D22 = B12B12 + B22B22 '

D23 = B12B13 + B22B23 •

D24 = B12B14 + B22B24 •

D33 = B13B13 + B23B23 •

D34 = 813B14 + B23B24 •

D44 = B14B14 + B24B24 ' ^

and due to symmetry,

D21 = D12» D41 = D14»

D31 = °13» D42 = D24»

D 3 2 = D 2 3, D 4 3 = D 3 4,

In many applications only one Integration per element 1s required. This
simplifies the above expressions considerably, because then s * n = 0. For
this case the components of the [D] matrix of Eqs. (14) become



= "D13 = "D31 = °33 •

( i 3 2 4 1324^ 14 21 23
64|J|2 " (15)

"°32 = °34 = -°41 = °43 •

°22 = -rrr: ^13rU + Z13Z13^ = "D24 = "D42 = °44 •64|J1z

and IJI = 3 ( r 1 3 z 2 4 - r 2 4 z 1 3 ) .

The matrix multiplication of conductance and temperature as needed in Eq. (7)

for this case becomes

DOfT} - 4kr|J| {F^ , (16)

where

Fi - W V+ VT2 - V •
F2 • V T 1 - T3' + D

22^T2 " V '
(17)

F3 ' " F l '

F4 " -F2 •

For the quadrilateral element the average radius r can be approximated by

r = 7 ^rl + r2 + r3 + r4> * (18)

The same formulation also applies to a plane quadrilateral element, except
then r takes the meaning of width of the plane element.

8



D. Surface Heat Flux Matrfx

The surface heat flux may also
be expressed In terms of element
variables similar as has been done
in the case of the conductance
matrfx. It is much more efficient
numerically, however, to regard the
surface heat flux as a boundary
phenomenon and treat it the same way
as pressure is generally accounted
for in structural codes.

In Fig. 2 the flux vector q 1s
shown to act at an angle e counter-
clockwise from the r-axis. As it
impinges on a distance ld| of two
successive boundary nodes, j and
j+1, the length of the flux normal to the surface becomes Iq dz - q d l/|d|
where qr = q cose and qz = q sine. The effective flux on the surface area
r|d| is equally subdivided to the two nodes j and j+1 and become

Fig. 2. Flux Applied at the
Boundary of the Model.

v q d - q d
r z z rl

(19)

where

Note that this same expression also holds for the plane boundary, except r Is
then substituted by the width of the plane element.

III. SUMMARY OF THERMAL CALCULATJ-NS

If the lumped capacitance matrix of Eq. (9) Is substituted by the mass
matrix in Eq. (7) and the flux term separated, we have

(20)



where

= I [m]{Q}P
+ [B]{n.q}P . (21)

Equation (20) provides the means of calculating the nodal temperatures in

an explicit manner. Once the nodal temperatures are known, the temperature at

any point in the element can be interpolated in terms of the four nodal point

values {T} as

T - {4>}T{T} . (22)

Equation (20) can thus be coupled with the structural calculation so that
the temperature 1s updated in the same way as the displacements, velocities
and accelerations are in the structural code. The stability of Eq. (20),
which provides a guide for the maximum At, is considered in Section IV.

IV. STABILITY OF THERMAL SOLUTION

A. System Eigenvalue Approach

The aim in the numerical integration of the heat conduction equations is
to obtain a good approximation to the thermal response of the structure. The
numerical integration is successful If it is stable arid accurate. Here we
used an explicit-type of temporal Integrator, and 1t is known that explicit
integrators become unstable when the calculational time step Atc, exceeds the
critical time step, Atcr (I.e., the stability limit). In contrast, the
accuracy of an explicit computation is not of concern because the
computational time step 1s, usually by necessity, small enough to accurately
integrate the system equations. In this section, we perform a stability
analysis and present methods for estimating the stability limit.

The associated eigenproblem for Eq. (2) expressed in the basis of thermal
mode vectors Is given by

(CK3 - A^CIMX1} « {0} , (23)

10



where A* Is the 1th eigenvalue or thermal frequency of the discretized system

and {X } the corresponding mode vector. We transform our equilibrium equa-

tions by applying the following transformation to the nodal temperatures

{ T } = [ P ] { e } , (24)

where [P] is the modal matrix whose columns are the eigenvectors and {e} Is a
generalized temperature vector. Using the above transformation and appro-
priate orthogonality conditions, the thermal equilibrium equations are recast
In the following form

{6} + [A]{9} = [P]T{R} = {R} , (25)

where [A] IS a diagonal matrix of the eigenvalues and {R} Is the right-hand
side of Eq. (2). It should be noted that Eq. (25) represents a set of MOOF
uncoupled equations where NDOF is the number of degrees of freedom of the
discretized model. A typical equation from Eq. (25) may be written as

9 + X9 = R (26)

To numerically integrate Eq. (26) we used trie forward difference formulation

d9(t) 9(t + At) - 9(t)
dt At (27)

to obtain the following difference equation for updating the temperature by
one time step

9(t + At) = (1 - XAt) 9(t) + R(t) At . (28)

To investigate the stability of this recursion relation we study the solution
after n time-steps for the case of zero thermal load. The solution is

9(t + nAt) = (1 - XAt)n 9(t). (29)

To assure that e(t + nAt) remains bounded as n Increases, At must satisfy the
relation

11



II - XAtl < 1 (30)

and this is achieved i f

At <\ . (31)
A

The critical time step is obtained when the largest eigenvalue is used in Eq.
(31).

B. Element Eigenvalue Approach

With the above approach, it is necessary to form the conductance and
capacitance matrices for the assembled finite element model and then solve the
eigenproblem [Eq. (23)]. This has the following drawbacks: (1) the assembly
of the matrices is time consuming, (2) the matrices can require a large amount
of core storage, and (3) the solution of a large eigenproblem can he time
consuming. For these reasons we use an alternate approach to estimate the
computational time-step. Hughes et al.3 have shown that the maximum eigen-
value of the mesh is bounded by the largest of the element eigenvalues when
the element is considered unassembled and unloaded, that is

X < max fxe ) , (32)
max e *• max;

where x!L is the maximum eigenvalue of each element. Our task now changes
from that of finding the eigenvalues of the entire system to that of finding
the eigenvalues of each element in the system. Furthermore, when the model is
composed of identical elements or it is obvious which element has the largest
eigenvalue, all that is required is to compute the eigenvalues for a single
element. The provision has been incorporated into the code to compute the
eigenvalues of selected elements. Thus, the user can make an initial run to
obtain the critical time step for use in subsequent computational runs.

C. Equivalent One-Dimensional Element Approach

Another approach that can be used to estimate the critical time step Is
to compute the largest eigenvalue of an equivalent two node, one-dimenstenal

12



element. For this element the capacitance and conductance matrices are

respectively given by

2 [O l j . (33)

[K] -" I : -: i. O4)
eq

When the highest thermal mode eigenvector, which is given by

{T}T = [l -lj , (35)

is used in the Rayleigh quotient we obtain the following estimate for the

eigenvalue

4k
x = — — , (36)

* eq

where L e q is taken to be the shortest distance between the nodes of the quad-

rilateral. An estimate for the critical time step is given by

(37>

Sample problem A of Section VI has shown that Eq. (37) provides a good

estimate.

V. TIME PARAMETER USED IN STRUCTURAL COMPUTATIONS

When the explicit Integration technique 1s applied to solve a transient

problem, the time parameter used there pertains to the actual time of the

physcial process. In quasi-steady state and steady state problems the time

parameter In explicit Integration loses Its original meaning; it does not

necessarily mean time, but rather becomes an ordinary Integration parameter.

13



In fact, the explicit integration procedure when applied to steady-state
problems is usually referred to as the dynamic relaxation technique.

In all explicit integration procedures the maximum time step is limited
by the stability criterion of the structural problem. The duration of a given
solution, for sake of efficiency, should then be as short as possible. In
other than transient problems this can be accomplished by adjusting the "time"
parameter used in the explicit integration; the real time of the problem can
be reduced to the solution time. The extent of this reduction 1s limited on
the other hand to a duration of time such that no Inertia! effects are intro-
duced where none exist.

The dynamics of a given problem

can be estimated by the f i r s t mode

of v ib ra t ion of the structure under

considerat ion. The derivat ion of

REAL

the reduction factor used i s sche- 'REAL
SOLUTION f

matically illustrated in Fig. 3. 'SOLUTION

The maximum rate of temperature
increase at the surface U used to »»• 3" « £ * £ & ™ » e U
estimate an effective highest fre- Integration.
quency of oscillation — from which
the period is calculated. The duration of the solution is made about five
times larger than the period of the first mode of vibration. Note that the
reduction factor calculated in this way must also be used to increase the
diffusivity in the same proportion.

VI . SAMPLE SOLUTIONS

The approximation involved in assuming a lumped capacitance matrix [C] i s

evaluated here by comparing the analyt ical code resul ts with some known theor-

e t i ca l so lut ions. F i r s t comparisons are made of simple one-dimensional and

two-dimensional problems. F ina l l y , the thermal calculat ions are coupled wi th

s t ruc tura l calculat ions to y i e l d a cracking h is tory of a concrete crucib le

in to which l i q u i d sodium is suddenly dumped.

14



A. Transient Response of a Semi-Infinite Solid

The problem considered here represents a semi-infinite solid which is

subjected to a sudden heat flux applied on the surface. The analytical

solution may be simulated by a one-dimens1onal model. Here we use quadri-

lateral elements (with one Gaussian integration per element) spanning a 3 cm

distance into the solid, the cross-section of which is one square cm. In the

0.8

0.3

UJ

r

So.4
i£

0.2

I ! 1

- /jr
— / > ^ i EXACT

^ 1 1 i

5^^To.2

—

SOLUTION —

1
O.I 0.2 0.3 0.4 0.5

TIME, s

Fig. 4. Surface Temperature Simu-
lation Using a Three-
Element Model.
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0.6

0.4

0.2

—
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^ 0 . 0 6

|
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1 1

r

At • 0.14

—

SOLUTION —

1
O.I 0.2 0.3

TIME, s
0.4 0.5

Fig. 5. Surface Temperature Simu-
lation Using a Six Ele-
ment Model.

v.o
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0.4

0.2
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L
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1
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^ /
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|
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0.04

• EXACT SOLUTION

1 1

1

—

—

0.8

O.I 0.2 0.3 0.4 0.5

' TIME, >

Fig. 6. Surface Temperature Simu-
lation Using a Nine-
Element Model.

Fig. 7. Surface Temperature Simu-
lation Using a 12-Element
Model.
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example we take thermal conductance k of 1 J/cm*s*°C, thermal capacity c as 1
J/kg»°C, mass density p of 1 kg/cm3, and a unit heat flux per unit area. A
series of solutions were obtained using different size elements. All of these
runs are given in Figs. 4 through 8, which show the analytical and theoretical
results of surface temperature history using different element sizes. These
solutions provide a good check on the critical At as predicted by the stabi-
lity criterion (Eq. 37). They also show that reasonable analytical results
are obtained using even only a very small number of elements.

O.I 0.2 0.3 0.4 0.5

Fig. 8. Surface Temperature Simu-
lat ion Using a 15-Element
Model.

I 2
X-DISTANCE, cm

Fig. 9. Temperature Distributions
in a Semi-infinite Solid.

For example, the 12 element analytical results using time incremsnts At
of 0.01, 0.02, 0.25, 0.30, and 0.35 s are shown in Fig. 7. It is observed
that with At = 0.35 s the solution is unstable, while with At = 0.30 s it is
still stable. At lower time steps deviations from the theoretical results
occur at the beginning of the solution (during the first two or three time
steps). Subsequent time steps yield analytical results very close to the
theoretical values. This agreement is further illustrated in Fig. 9 which
gives the temperature profiles within the body at different times for the 12-
element model. The agreement of the theoretical and analytical results is
very good.

16



B. Two-Dimensional Steady State Solution

The analytical results for a two-dimensional temperature field can be

tested with the theoretical solution of a rectangular plate problem. Here, a

sinusoidal temperature distribution i s prescribed at one side, and zero

temperature on the remaining sides. The theoretical steady-state temperature

distribution along the l ine of symmetry i s shown in Fig. 10. This figure also

shows the analytical result, where the model uses one-half of the plate

area. Four meshes were used to model this problem: 2 x 4 elements, 3 x 6

elements, 4 x 8 elements and 5 x 10 elements. A plot of contour isotherms for

the four models are shown in Fig.

11. The case of 2 x 4 elements in

the analytical model provides

maximum deviation from the

theoretical predictions, and the

finer mesh models provide closer

agreement. The overall agreement,

however, appears very good.

C. A Coupled Solution of a

Concrete Test Crucible

The analysis here pertains to a

basalt concrete crucible for which

experiment results are available. ,*

Dimensions of the test crucible are

shown in Fig. 12 . 5 Liquid sodium of

600°C was dumped into the base

cavity of the crucible resulting In

a 13.2 cm deep pool. Measurements

of temperature through the depth of

the concrete slab were recorded and

are reproduced in Fig. 13 indicating

the temperature histories at different depths from the Initial sodium-concrete

Interface. Posttest examination revealed an average surface erosion of

approximately 5 cm deep In the crucible, as shown 1n F1g. 12. Furthermore,

al l the sodium had reacted with concrete leaving a cinder-like bed of reaction

products. The cracking pattern of the crucible after the test Is shown in

NO. OF TIME NO. OF

ELEM. STER s STEPS

0.3333 25
O.I5OO 50
00833 100
0.0533 !50

Fig. 10.Temperature Variation
Along the Line of
Symmetry.
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Fig. 11. Contour Plots of Temperature Distribution.

Fig. 14. It was also observed after this test that sodium had preferentially
attacked the concrete along the cracks.

1. Analytical Model.

The crucible model discretization, as used 1n the analysis, is given
in Fig. 15. Quadrilateral velocity-strain continuum elements were utilized
with four Gaussian Integration points per element. This model possesses a
certain unusual feature in the use of the four-point quadrilateral elements

18
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RADIUS, cm

F1g. 12. Test Crucible Config-
uration. (Courtesy of
SANDIA National
Laboratories).

F1g. 13. Measured Crucible Temper-
atures. (Courtesy of
SANDIA National
Laboratories.)

B. SlOf. VIEW

EROSION
ON TOP SURFACE

T^
F1g. 14. Crucible Cracking

Pattern. (Courtesy
of SANDIA National
Laboratories.)

38 CM

• 61 cm

HOT POOL

68 cm

- 9 9 cm •

Fig. 15. Analytical Model

requiring some explanation. The joining of smaller-size elements with larger-
size elements here results 1n some nodes of the smaller elements to be
positioned on the mid-sides of the larger elements. In order to make such a
discretization of elements work, we have modified the standard solution
procedure for this example as follows. The resulting Internal forces and the
flux contribution from thermal effects at the mid-side nodes are divided

19



42

35

1 i I r i
28 MPo (AT NORMAL TEMPERATURE}

CONCRETE TESTED HOT I THUS GIVING
LOWER BOUND RELATIONS FOR I AND E)

equally between the two adjoining nodes. In addition, the accelerations of
these nodes are assumed to be the average accelerations of the respective two
adjoining nodes.

The time scale of the temperature history shown In Fig. 13 was increased
by a factor 6 x 105 for calculational purposes. Consequently, with the time
step of 5 us, 6,000 increments were required to reach the 300 min. temperature
conditions on the actual time scale. The dynamic relaxation technique, in-
volving a mass-proportional damping of 3%, was used.

Figure 16 gives the stress-
strain relations of concrete in
compression at different tempera-
tures.6 A bilinear approximation is
used for each temperature in which a
linear elastic response was assigned
up to the maximum stress, followed
by a purely plastic resonse. The
tensile limit was taken to be 0.1 of
the corresponding compressive limit
for each temperature. In addition,
the stress beyond the tensile limit
was reduced to zero linearly after a
strain of 0.0005 m/m. A Poisson's
ratio of 0.15 was assumed. The
cracking model used is based on the
maximum principal stress criterion
and is described elsewhere.7,8

0.001 0.002 0.003 0.004 0.005

STRAIN, m/m
0.006

Fig. 16. Basalt Concrete Stress-
Strain Compression
Curves.

For thermal analysis the density of concrete was assumed to be 2.326
g/cm3, effective specific heat was 0.929 J/g°C and thermal conductivity was
0.0182 J/cm s °C. These properties were assumed to be constant through the
entire range of temperatures. Temperature calculations involve only one
integration point per element [m = n - 1 1n Eq. (22)].

The Imposed temperature on the initial surface of the sodium-concrete
interface was taken to be the same as the experimentally recorded temperature
1 cm deep from the surface (see Fig. 13). During the test the surface 1s
eroded, and the 1 cm deep temperature data seems to be a reasonable value to
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60 min.

Fig. 17. Calculated Temperature Contour Plots.

21



p ^ :51

use. The same temperature history Is assumed for the entire wetted surface,
while the remaining surface area of the crucible is taken to be ideally Insu-
lated.

2. Solution and Results

The numerical solution computes the temperature distribution from
the "hot" surface through the crucible body, and yields the corresponding
stress distribution within the discretized model. Sample temperature distri-
butions at one, three and five hours from the introduction of sodium are given
by the contour In Fig. 17 which
compares quite well with
temperatures derived using the MARK
code,5 shown in Fig. 18. The
corresponding crack development due

to the temperature gradients is T=60.

discussed below.

The cracking history is m'c

depicted in Figs. 19 and 20. We
observe the first crack appearing at
about 70 min at the bottom center of
the crucible; two minutes later
radial cracks begin to form at the
top inside corner of the wall and
propagate downward, as shown by the
crack patterns at 75 min and 80
min. Several minutes later radial
cracks continue propagating down the
cylindrical wall a.<d new cracks are
shown to have originated: conical-
circumferential cracking is observed
in two locations, (a) close to the
inside corner of the crucible and

(b) In the mid-region of the bottom slab. It Is Interesting that these
conical-circumferential cracks Initiate Internally—not at the surface of the
crucible. Since the temperature Is uniform In the bottom slab and is

400 *C I
K»*C

mm

Fig. 18. Calculated Temperature
Plots Using the MARC
Code. (Courtesy of
SANDIA National
Laboratories.)
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Fig. 20. Crack Distribution Patterns from 110 min through 240 min.

substantiated by the analytical model in Figs. 17 and 18, rather small
temperature gradients must initiate cracking as observed in Fig. 19. The
specific location in the slab at which cracks initiate thus seems to be rather
arbitrary. From this time on cracks continue to form and propagate until they
join other cracks. This cracking rate decreases, however, as indicated by the
crack distributions at 180 and 240 min, respectively. It is also observed
that in the bottom slab the cracks closest to the "hot" surface tend to be
normal to the temperature gradient.

The surface cracks at 240 min correspond to the experimentally observed
cracking shown 1n F1g. 14: complete radial cracking on the top of the cylin-
drical wall and partial cracking on the sides. Analysis also predicts some
conical-circumferential cracks on the bottom of the crucible, but this could
not be substantiated from data given in Ref. [4].
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Although some steel reinforcement was used In the experiment,5 It was not
taken Into account here. The effect of the reinforcement was considered
showing that reinforcement attributed little to the external cracking pattern.

VII. CONCLUSIONS

Lumped mass-capadtance calculations coupled with explicit Integration
provide a very convenient way of calculating thermal stress. The provision of
dynamic relaxation and damping make the technique quite efficient not only for
transient but also for steady state problems. Computations are also economi-
cal, because the thermal part consumes only about 11% of the total time. This
figure is based on four integrations per element for structural calculations
and one integration per element for conductance calculations. We found one
integration per element to be sufficient in the thermal calculations; all the
examples given in this report are based on one integraton per element. For
reference, however, if the same number of integrations 1s used in thermal and
structural calculations, then the thermal part of the calculations would take
about 30% of the total time. It should be noted that these numbers depend
also on the constitutive algorithm used in the structural computations. The
crucible calculations contained in this report were used to derive the figures
quoted here. These coupled thermo-structural problem ran at about 3 x 10"5

seconds per element per time step. Accuracy of the thermal solutions is also
quite satisfactory. Although some questions as to the effect of modeling
variables still remain, we feel confident that these can be resolved without
much difficulty.

We would like to stress that accuracy of our structural results should
not be the main point of this Illustration. The analytical cracking model
used has several drawbacks which need to be improved. Rather, the capability
and versatility of the coupled thermo-structural code used as an analytical
tool needs to be emphasized. Even these results, however, reveal several
points which should be mentioned.

One Important observation of the crucible analysis is the very close
proximity of cracks to the "hot" surface. With the erosion of the surface In
sodium-concrete Interactions these cracks would provide pathways for sodium
penetration. Under these conditions deterioration of concrete could continue
until all of the sodium would be consumed by the reaction.
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Another feature that would enhance sodium-concrete interaction is the
phenomenon, called spelling, where layers of the concrete surface peel off
when subjected to Intense heating. Spelling of the concrete would provide
added concrete surface for sodium to react with. An indication of such spel-
ling is the presence of cracks close and parallel to the "hot" surface.
Although spelling is undoubtedly a very complex phenomenon, thermal stress may
well be one of the more important contributors causing it.

With the objective of better understanding of concrete behavior under
high temperature and ultimately under sodium-concrete reaction, we plan to
incorporate other relevent variables Into our models. Some of those consi-
dered are creep, a provision for moisture transport and pore pressure, just to
name a few. Since the architecture of the code is rather simple, the incor-
poration of other relevant parameters should not be too difficult. The formu-
lation based on the explicit time integration, therefore, is promising in
further investigations of concrete structures under high temperatures.
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