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ABSTRACT 

We reconsider the neutrino tra-Fp^rt probZer ir. cense stellar \_ 

ratter which has a variety c f £.prli ct. . icns amcnc which the participa

tion of neutrinos to the cynarr.ics cf type II supernova explosions. V.'c 

describe the position of the problem a:.à make seme critiscism of p-'̂ -

viojsly used approximation methods. We then propose a method v;hich is 

capable of hac ling simultaneously the optically th: ck, opt i c.. lly 

thin, and intermediate regimes, which is of crucial importance in 

si ch problems. The method consists in a simulation of i ,e tr^r.çport 

process and can be considered exact within numerical accuracy. U'e, 

finally exhibit some sample calculations which show the efficiency of 

the method , and present interest inç c:.a 1 i r at ive phyricsl features. 
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I - INTRODUCTION 
There is a general consensus on the fact that neutrinos play an 

important rôle in astrophysical processes [1-13] r and in particular 
in the evolution of massive stars at the end of their thermonuclear 
burning. First, the neutrinos constitute the main energy sink of such 
systems, because they can flow away freely owing to their small cross 
sections. But in addition, since the discovery of neutral currents, 
the fact that elastic neutrino-nucleus scattering s allowed has pro
voked a radical change in our understanding {or tr ny to understand) 
the mechanism of type II supernova explosions for ii.stance. Indeed, 
at high enough nuclear densities, the macroscopic nt trino cross-
sections become large (or, equivalently their mean free paths become 
very small), and therefore the neutrinos can efficiently participate 
in the dynamics of such star evolution processes. 

In order to construct reliable and conclusive mo- -Is of massive 
star evolution and/or related procepses, it has therefc e become com
pulsory to possess a correct treatment of the interactions between 
neutrinos and stellar matter, and, in particular of neutrino trans
port in dense stellar matter. 

V 
For definiteness we shall refer to the specific question of 

Type II Supernova and related problems. Hov.-ever, rest of our discus
sion can easily be extended to other cases of interest. In such pro
blems, neutrino transport has been treated up to now using techniques 
which have proven to be efficient in other fieds (neutron transport, 
electron transport in plasmas etc.). However, the neutrino transport 
problem in stellar matter has characteristics which make it a field 
on its own. Some typical problems one must address are : 

a) Transport theory is well handled in an optically thick, 
or opaque, nc-dium (hereafter cal 1 ec the ci f ; usi ve rc-ci^e) , or in an 
optically thin, or transparent, medium (hereafter cal led the quasi-
free-strearring regime). However, the transition regime of intermedia
te opacities, is of crucial iirrortance in stellar dynamics. It is a 
necessity to treat this case 01 the same footing, and equally accura
tely, as the two extrene si t'jat i on s . A si r.p] e interpolation f crru- " a 
val id for quasi stationnary processes will lead to erroneous ccnclu-
sior.s, given that infall velocities are considerable in F.up'- •.-.•.•ovas 
(a si /.r-ab] e fract i on of the volcci ty of 1 ight) . 
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b) At densities greater than, say, 0 *J 10 g/cm , neutri

nos are trapped in the nuclear matter. Both the mean free path is 

much smaller than the radius, and the diffusion time much larger than 

the free fall time. The (degenerate) neutrino gas is then compressed 

by the infalling matter. This takes place during the crucial phase 

(of a few m.s.} before and during the the bounce. A careful analysis 

of the ensuing dynamical effects must be performed. 

We have reconsidered the neutrino transport problem from the 

start, and the purpose of this paper is to give a brief account of 

the problematics, to give a description of our method, which, we 

believe*provides a correct and "exact" treatment of neutrino trans

port, and, finally, to illustrate by some sample ca]culations both 

the efficiency of the method and some typical physical ef f e ~:ts one 

can encounter. A more complete account of the work, including the 

treatment of actual physical situations, will be given in further 

publications. 

We think it is useful to first give a brief account of some 

basic well-known facts, or beliefs, about type II Supernova physics. 

We refer to the review of Burrows 114] for further references and 

more complete dttails, and apoiogi ze for not quoti..g all authors who 

have made decisive contributions to the field. 

Consider a massive star (m ;> J0m~), near the end of its thermo

nuclear burning. It has an onion-peal structure, i.e. successive 

shells of H, He, etc. dcwn to the Si group, and a dense iron core. 

The core, of mass m w 1.4 - 2 m_ depending on the total mass of the 

star, has completely exhausted its nuclear fuel and collapses gravi-

tationnally, the density increasing from ç M 10 g/cm to nuclear 
14 3 

densi-.ies o ̂ , 10 a/cm . The infèll of the cere is halted and re

versed owing to the compression of nuclear matter at nuclear densitic-s. 

This leads to a bounce and to the f orr.ati on of a shock wave which 

gains energy through various hydrodynamic mechanisms. 

Actually, the i ir.pl orîing i ron core separates in a homologous ly 

collapsing inner core (m w 0.9 m_) end a supersonic infalling owter 

core. Thei r ex ter: si or: s are delimited by the "sonic point" , i.e. the 

nislsrice where the free-fall velocity is equal to the sound velocity 

in the ':,-•. r;-.l L^^'.:S ini.tr cere. At this sonic point, ;.î:0 l'i.ocv. v;̂ \ e 

http://ir.pl


4 

forms and starts accumulating energy. This mechanism is independent 
of the outer shells. 

Once the shock wave is formed and energetic enough, it moves 
out through the infailing outer material. If it wert? to proceed 
throughout the star, this would lead to an explosion. However the 
shock starts loosing energy in particular by nuclear dissociation 
and neutrino loss, and stalls at v 150-200 km. Therefore, one of the 
outstanding questions in supernova model-building, is to find a me
chanism capanle of reviving the shock and/or preventing it from 
stalling. The neutrino interactions are good candidates for this, but 
the complete quantitative explanation is still lacking. 

Since the energy loss of the shock increases with the amount of 
iron present in the outer core, it appears that a least three diffe
rent types of mechanisms, and therefore of supernovas, must be dis
tinguished according to the total mass of the star. In the range 
8 < m < 12m , no appreciable iron core appears, the bounce-shock 
mechanism arises from the equation of state of nuclear matter [12,13]. 
For 12 < m < 1Bn the revival of the stalled shock by neutrinos may 
be the dominant effect : the core mass m *v 1.35 m p leaves m 0.55 m 
in the outer core, a reasonable amount to avoid total dismantling of 
the shock. Finally, for larger stars i.e. m > I8m0 , Bowers and 
Wilson [11] have discovered that a delayed, lcng-term revival of the 
shock (i.e. m Is after bounce instead of *y 10ms) could be provided 
by steady energy deposition of the neutrinos escaping the inner core 
(where they were trapped during the bounce). This necessitates a 
high, hot neutrino flux, for a long period of time. 

It seems clear, from this very brief and incomplete account, 
that an accuratec cM culatior. scheme of neutrino transport in dense 
stellar matter is a! olutely necessary in order to draw any definite 
conclusions on supernova models. 

II - NEUTRINO PROCESSES 
Since the discovery of neutral currents, the importance of neu

tral cur rent-induced elementary processes in as trophy si cal ?hc:,or^:>a 
has been constantly stressed [3,14]. 



There are many processes of interest. For instance, pair produc

tion of light neutrinos of all flavours ; fermi gases of ^t >>e ^ 

3 y> 5_ are copiously produced in hot and/or dense stellar matter. 

Hereafter we shall be concerned mainly with the dominant pro

cess, i.e. elastic scattering of neutrinos on nucléons and nuclei. 

Such reactions are due solely to the existence of neutral currents. 

Furthermore, they are coherent [3] over the nucléons in the nucleus 

and therefore enhanced. In the now accepted standard model, this 

leads to a cm. differential cross-section for neutrino-nucleus elas

tic scattering 

J 5 _ , _ « 1 [ N •a(*e- ,V-!)]&*(* , 4 » ) (2.)) 

Where E and ft are the cm. energy and scattering angle, G is the 

Fermi constant, N and Z the number of neutrons and protons in the nu

cleus, and 6,. the Weinberg angle. In Eq.(2.1) only the vector cur

rent contribution is considered, the axial-current leads to small 

calculable incoherent additional terms. The above cross section is 

independent of neutrino flavours. 

2 
The experimental value of Sin © , being close to 0.25 [15], it 

is convenient to assume this value (all corrections can easily be 
2 

made) which leads to a coherent cress-section proportionnai to N , the 

total cross section is then 

6(c.**)* O.lc* ̂ '"V^/l HtV)* (2.2) 

In a medium of mass density £ , formed by a nuclear species 1A,Z,NJ 

(A : atomic number), this leads to a neutrino mean free path A of 

XC«0 s k.it 4 ( — T f-I *' I (2.3) 
,« 

The following remarks are in order : 

a) Coherence always exists in a given solid angle around 

the forward direction. Total coherence irripl-'es qR < 1 -.here R is 

the nuclear radius and q is the neutrino nionentum transfer q = ( K '-k [, 

k ïr.à y. ' being the initial and final c.rr.. norr.erta of the neutrino. 
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Typical figures [16] are : : R (60 MeV) - 1 and P. : R (30 MeVJ - 1 . 

This sets a limit on the incident neutrino energy in order to bene

fit from full coherence. Above these energies, damping factors of the 

form 

no* «K-Ki*) ( 2-4 ) 

should be introduced as done by Tubbs and Schramm [17] and Bowers 

and Wilson [10]. 

b) For neutrino energies of a few tens of MeV, one can 

safely neglect the recoil of the nucleus, and consider Eqs.(2.1 and 

2.2) as giving the "laboratory" system cross sections. In particular, 

neutrino scattering on nuclear stellar matter can be considered elas

tic (the small recoil corrections can be added perturbatively). 

However, in a moving medium, and in particular during the and of the 

infall, matter velocities are very high (typically c/3) and Dcppler-

£.hift corrections must be incorporated. 

Ill - NEUTRINO TRANSPORT EQUATION 

a) General considerations 

"We start with the Boltzirann transport equation, by introducing a 

density distribution f(r,E,£l,t) for neutrinos of energy E, at posi

tion T, with direction of velocity h and at time t. The distribution 

function f can equivalently be considered as a number cer.sity or an 

energy density. The Boltzrr.ann equation reads []8] for each neutrino 

species. 

± i | . + ô.^./f(r,£' 1â; i)Z lu
,-,c.â ,^n) <i c'ja' 

.(IU) tl(t)){ t SCE,?,-fc) (3-n 

where £ and ^ a. a r e t^ i e macroscopic (respectively elastic and 

absorptive) cross sections, i.e. the product of the elementary cross-

sections by the number density of scaUerers in the medium 

I = I e^u) \ ( j \ ^ ) (3-2) 

N. (r,t) being the number density of species k in the medium. 



£ is the macroscopic differential elastic scattering cross section, 

c the velocity of light, and S(E,r,t) a neutrino source term (e.g. 

production of neutrinos by e e annihilation, or /S processes). 

Hereafter, we shall be mainly concerned with neutrino 

transport in absence of absorption or source terms. Furthermore, as 

justified in section II, we assume neutrino scattering on the set of 

centers (nuclei) to be elastic, i.e. H **> S ( £ - £ ) • 

The situation is in many respects analogous to that of neutron 

transport and we first recall some usual treatments of the Boltzmann 

equation in order to clarify our ensuing analysis. 

The integrodifferential equation (3.1) is usually treated by 

polynomial interpolation techniques in fl , the most direct of which 

is to make use of the fact that the cross section £ s has a rapidly 

converging Legendre expansion. 

z - i ^ «. 0 & ) (3-3) 

Incorporating (3.3) in (3.1), expanding f in spherical harmonics, 

and truncating above a certain order N, i.e. setting \ . ~ 0 for t>N 

leads to the so-called P„ approximation. For neutrino transport only 

two moments are present : ST = T. and 5» = — £ s (see Eq. 2.1). 

In P, approximation, defining a total flux density 4> a n d a 

current density J as 

*>(?, E , ± ) = / f <*& ; J(", E . O * u n. <\à , 

one obtains 

( 3 . 4 ) 

(3 .5a ) 

21 + i-v.* = - [ r , - z : ] j 

Introducing the diffusion coefficient D{E,r,t) as 

.4 

*= (n^-zDY 



yields 

7 .. -D[v4> • i - H I (3.7) 

If D is constant {i.e. uniform, homogeneous, time-independent medium), 
Eqs. (3.5) and (3.7) may be diagonalized to yield the "telegrapher's 
equation" (W here we have omitted absorption and source ferms) 

» IL + ± 21 = D A 4 > (3.B) 

Another approximation, i.e. neglecting the second term on the r.h.s. 
of (3.7) (or taking D/c —"0) leads to the diffusion equation 

i }t s V B H (3.9) 
t at T 

where, now, D need not be constant in r and t. 
Equations (3.4) to (3.9) are all approximation to the exact Boltzmann 
equation, each one has its own domain of validity. 

b) §pherical__syinmetrY 
In a spherically symmetric problem, which concerns us here, the 

distribution function f(r,E,z,t) depends on the two variables r, dis-
tance from the center, and i = r.Xl/r i.e. the cosine of the angle 
between the radius vector r and the velocity direct •• on SI . Equation 
(3.1) reads 

df = B (r,E, a, i ) (3.10) 

where the differential operator d is 

J : i l t i i t ^ i (3.11, 
t Ot V r ot 

and B , the right-hand side of (3.1), is a functional of f, of the 
macroscopic cross-sections £. and of the source term S. 

Performing, for instance, a Legendre expansion of (3.]0) and 
of f, i.e. introducing the Legendre moments $• as 

|Cr.E.,.A)s C^llyr.E.i)^.) (3.12, 



One obtains the (infinite) set of coupled equations 

± — Î U* t> 1 * 1 
i.d ie.1 

e.i 
'..« - \ (3.13) 

Where B* is the partial wave projection of B. 

The "P., approximation" consists in truncating this set of equations 

by setting | x D for 8 > tJ . 

In an optically thick, or "opaque", medium, i.e. D << R where 

D is the diffusion coefficient (3.6) and R the size of the medium, 

the P,, or diffusion approximation, is valid. Higher order approxi

mations may deal with smaller opacities. 

However, there are many ways to see that the Legendre expansion 

(or any equivalent polynomial approximation in z) will fail in the 

limit of a transparent, or optically thin medium. Consider the ex

treme case of free-streaming particles, i.e. B=0. Firstly, as wel] 

neutrino velocity c. We have, in various approximations, P, : v/c = 

0.58, P 2 : v/c = 0.78 etc. P,. : v/c = 0.96, with very slow convergen

ce. Furthermore, the fres-streaming case can be solved analytically : 

introducing the variables u = t - r cos 8 , v = t + r cos 6 

w = r sin 0 , {z = cos 8 ) , df 

written as 

0 implies -— = 0 so that f can be 
3v 

| = (f> (A - r Cos 6 / r siK &) (3.14) 

the dependence on u reflecting the propagation, and on w the struc

ture of the initial (t=0) neutrino distribution. Assuming for ins

tance that the initial neutrinc distribution is restricted to a 

finite reaion of soace : r £ r , it is eesv to see that for laroe *- 0 

times the angular distribution of f will be peaked and restricted) 

close to the forward direction : 

| : 0 fr S.v'e >y (3.]5) 

Therefore, lie I.egendre expansion, as any polynomial approximation, 

is bound to fail at large distances, whrn the neutrinos reach trans

parent regions. 



Although there exist many methods to treat individually (and 
efficiently) both regimes : the "opaque" as well as the "transparent" 
one, it is quite clear from physical considerations that in a stellar 
medium such as encountered in a supernova, a great deal, if not most 
of the action taXes place at the transition between these two regimes. 
It is therefore compulsory to devise a method capable of dealing si
multaneously with both regimes and therefore yielding precise and 
reliable information on the intermediate transition 2one. In short : 
in opaque regions', neutrinos diffuse in a "normal" way, in transpa
rent regions they escape, in intermediate regions they can partici
pate in the dynamics by transfering energy and momentum. 

In the specific, academic but fundamental, case we consider 
here, i.e. elastic scattering of neutrinos on a given fixed medium 
(of variable density), with a given initial neutrino distribution 
function, and no absorption or source term, the macroscopic neutrino 
differential cross section (see Eqs. (3.2) and (2.1)) is 

T = E 0 + 3 L^ Ces e (3.i6) 

these are related to the total (macroscopic) elastic cress-section 
r T by 

T.c = SE, = T r (3.17, 

They depend on r (and eventually t) owing to the density profile of 
the medium. The diffusion coefficient D of Eq.(3.6) is thus 

D - A. > wltrt X = — Z„ (3.1 8) 

Under t he se assu~.pt ior . s , t he terir.s on the r i g h t hand s i c e of (3.13} 
a r e 

ft -Q ft - - i J E P> = 0 ( 3 . 1 9 ) 

(the i =0 equation merely exprc-rscs conservation of the total num
ber of neutrinos). 

http://assu~.pt


Since we assume elastic scattering, the equations are diagonal in the 

energy (no redistribution of the neutrino energies takes place , and 

multigroup theory is unnecessary at this stage). 

c) Flux-liinited_diffusion_approximation 

Most, if not all neutrino transport calculation in supernova 

models have been carried out by using the flux limited diffusion 

approximation (10-13]. 

We take the example of the calculation of Bowers and Wilson 

[10] where the evolution of the neutrino density distribution is go

verned by 

>r ± 2 U o ï l +(i F-) (3.20) 

Here, f is actually the neutrino energy distribution, the second 

term on the r.h.s. represents all relevant physical processes as : 

capture on nuclei, pair production, emission and absorption on free 

nucléons, momentum transfer (i.e. radiation pressure acceleration of 

the matter) etc. Only the first r.h.s. term is of interest to us 

here since it is devised to treat neutrino transport on the nuclear 

matter. (There is . of course, or.e equation of this form for each 

neutrino species) . 

In this respect, Eq. (3.20) is similar to the diffusion equa

tion (3.9). However, to circumvent the difficulties encountered in 

passing from the diffusion regime to the free-streaming one, the 

diffusion coefficient is now written in flux-limited form 

3^,M 
where X has been defined above in (3.18), and where 

— Ml 
be choser 

r) or 

(3.21) 

(3.22) 

and | can be chosen in various ways, for instance Ç - 1 (nlnimal 

flux limiter) or 
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The motivation for a choice such as (3.21) is quite transparent. If 
\ X << 1 , then J> *» X-. /^ and we recover a diffusion equation (see 
3.18) ; if, on the contrary X_ X » 4 / then -- simple recasting 
of (3.2D) in spherical coordinates yields, for f H , 

T 7 T T~ * + ••• ( 3 - 2 4 ' 

i.e. a free-streaming wave equation with the actual particle velocity 
v = c. Thus the flux-limited diffusion coefficient (3.21) is devised 
to reproduce the correct equations in the two limits of optically 
thick and thin media. It can furthermore be seen to be a computatio
nal necessity in order to avoid numerical problems whenever steep 
gradients are encountered. 

However, although the nonlinear radial form (3.20 - 3.23) is 
appealing and well suited for various transport phenomena, it is not 
obvious that it will yield a proper and accurate interpolation in 
the transiticr. regime which is of interest in the present problem 
(in particular that it accounts for effects due to thf anisotropy of 
the exact distribution function). We have actually veriried numeri
cally that the agreement with exact solutions to the transport equa
tion is qualitatively acceptable but quantitatively poor when the 
matter though which the neutrinos diffuse is at rest. Furthermore 
there is absolutely no guarantee that when the matter is in motion, 
the effects of time derivatives which would emerge in other appro
ximations to the exact transport equation (see for instance (3.S)) 
will actually be taken into account (or simulated) by (3.21). Since 
the velocity of the infalling matter during the crucial period be."""re 
the rebound in supernovas reaches values of order c/3, and varies 
considerably in an interval of a few ms., this may be of serious 
concern. 

d) Radiation^pressure i._transfer_of momentum 
A similar'criticism can be made about the estimation of (he 

neutrino radiation pressure. Stellar matter will be accelerated 
when the neutrinos transfer part of their momentum to it. 

It is straight-forward to ca Î cul ate the net r.eutrino IT:C 7c-"f-." 
d-'-iJ-ît ion inside a vclune dV = r dr 6SL du.'ing a ti-.e ct, for T.-.J.-
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trinos of energy E and momentum k=|t| = E/c. , given the neutrino 

distribution function f(r,E,z,t). For obvious symmetry reasons, the 

resulting momentum is radial. This will provoke the acceleration of 

stellar matter of density p and (radial) velocity v. The net re

sult is 

0 .1 

where, of course kc ~ E. The foilowing remarks are in order : 

a) One recognizes inside the energy integral in the r.h.s. of 

(3.25) the first moment, in z, of the left hand side of the Boltzmann . 

equation as it should be.Naturally, this vanishes identically in ab

sence of stellar matter (and sources). 

b) Among the three terms that enter this r.h.s., the first is 

the expected contribution of the radial gradient of f, the s :cond is 

due to the variation of the number of neutrinos and vanishes in a 

stationary process. Its presence is obviously necessary if one consi

ders free-streaming neutrinos {no mon.entum transfer) . 

c) The third term originates from the spherical geometry of the V 

problem : The pressure tensor produces a transverse pinching effect 

whose racial projection is non vanishing. It decreases with the ra

dius, and disappears in the plane-parallel case. This term is expec

ted to be important for large anisotrcpies and "smal1" radii, i.e. 

curvatures of the order of the inverse mean free path. 

In the cal cult..ion of Bowers and Wi lson [10] the correspon

ding term used is 

oil =_ ftJE -L 51 (3.26) 

Owing to the form of the diffusion coefficient D (see Eq. (3.21)), 

this does vanish in the limit oï a transparent medium. However this 

is no longer an identity which follows from the structure of the 

transport equation, but rather a consequence of the educated guess 

for D. 
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In the diffusion limit X^X « 4 ; (3.26) reduces to the first 

term of (3.25). This is a good approximation since f is then quasi-

isotropic (only f and f. are important) and varies slowly with time. 

However, the term in df/Si is absent, as is the tensor term. 

Therefore, it is quite unclear that (3.26) should give a cor

rect account of the momentum deposition of neutrinos in stellar 

matter away from regions where the diffusion approximation is relia

ble. 

IV - SIMULATION OF THE TRANSPORT PROCESS 

As an alternative to the above mentioned methods, we adopt a 

radically different point of view. Instead of treating the problem 

as a partial-differential (and integral) equation, we directly simu

late the neutrino transport process. 

The full path of a given neutrino with velocity c through the 

region of interest is discretized as a broken line. The line is made 

up of elementary segments of equal length £ = c dt where dt is the 

time-step of the calculation. This time step is chosen so that t= cot 

be smaller than the smallest mean free path in the problem (this is 

the most time-consuming constraint, and therefore the only technical 

drawback of the method at present). 

The endpoints of each elementary segment are located on a fi

nite number of equal-spaced concentric spherical shells S. of radii 

r. (O^r. ^ R ) . The elementary segment length £ s c «At is chosen to 

be a definite integer multiple of the shell-spacing Ar s f. , - r. . Con

sequently, the set of elementary segments which can originate from 

(or end .at) point r*. on shell S., connect this shell to its neighbou

ring shells (including i tsel f ) in such a v.-a y that their polar c-.ngïes 

with respect to the radius vector r. are in finite number 10 + d 

where 0 s t/Ar . They are obtained by intersecting the sphere of 

radius L z. cdX centered on r. with the various shells. Owina to 
l 

the spherical symmetry of the problem, and for brevity, we sha]1 say 

that each shell S. is connected to its neighbours by ZO-fi outgoing 

directions j 1". < H ... iîO+4 £nd i^+4 incoming ones. Notice that 

the set of incoming directions does not coincide with the set of 

cjtgoing ones except asyrrpiot i cal ly as r —» eu (or in p- ;;ne ct-cr ---t ry) . 
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As an illustration, the outgoing directions are depicted on Fig.(l). 

Because of spherical symmetry, all points on shell S- are 

equivalent, and the neutrino distribution function is defined and 

evaluated on a two-dimentional array Jr. t z *" i . J r. I is a set of 

equal-spaced radial mesh-points to each of which corresponds i-p + d 

directions i*" [ K : ^ . . , l ^ l ) . The directions î' change from one 

point to another due to spherical geometry. 

îhe simulation goes a= follows : 

1) In the time interval dt, any shell is fed in by free 

streaming neutrinos which originate from neighbouring shells and 

have the appropriate incoming directions, as defined above. 

2) At the time it reaches its destination shell, the 

flow of neutrinos incoming from direction Z *" , is redistributed 

in outgoing directions 2 t l ... * . according to a probability 

law which is directly obtained from the macroscopic differential 

cross-section averaged along their incoming path. This is where the 

(spherical) matter distribution inside the star is taken into account. 

In particular, when matter is absent (free streaming) the "redistri- V 

bution" takes place only in the forward direction relative to the 

incident one. The redistribution will, in turn, populate the shells 

at the next time-step dt. 

The following remarks are in order : 

a) The array 1 r. , I \ defines the characterisitc 

network adapted to the problem. The neutrino distribution function 

evolves according to the flow on this network as given by the Boltz-

mann equation. 

b) It can accomodate any value of the cress-section, in

cluding £ = 0 (free streaming) . It treats equally well and on the 

same footing the opaque and the transparent regimes, and therefore 

the transition between these two regimes. Both the highly isotropic 

diffusion limit and the anisotropic free streaming one can be handled 

with the same technique and with perfectly similar accuracies. 

c) The method conserves the total number of neutrinos by 

construct ion. 



dj Discontinuities in the matter density, therefore in 
the macroscopic cross-sections, do not constitute any special diffi
culties, as opposed to what is encountered in partial differential 
equations. Hence there is no need whatsoever to introduce f ax limi
tation . 

e) The method is particularly well suited for calculating 
physical quantities which result from the elementary scattering pro
cesses, such as energy or momentum deposition. The evaluation of the 
momentum balance, for instance, is directly available at each »tep, 
as is obvious from the procedure described above. 

f) Finally, it can easily be adapted to rnultigroup techni
ques if energy exchanges require their use. 

V - SAMPLE CALCULATIONS 

Our first concern has been to check the accuracy of the code 
in cases where analytic solutions are available and can be compared 
with. These comparisons have been conclusive and positive both in the 
case of a vanishing cross-section, i.e. a freely expanding neutrino 
gas, and in the diffusive limit of an infinite medium. 

We shall report on these results elsewhere and we present here V 
a few sample calculation which are only of qualitative interest in
sofar as they display the efficiency of the method and exhibit qua
litative physical effects. 

The first case, shown on fig. (2), represents the outward flow 
(or escape) of a neutrino gas initially contained in a homogeneous 
star of radius R . The initial neutrino distribution is taken to be 
homogeneous and isotropic within a sphere of radius R ., . The density 
profile of the star is represented by a dashed line. It is assumed 
to be fixed in time (frozen gas). We plot the local density distri
bution of neutrinos 

F(r,Jt) = j I (r,i,i) il (5.D 
As a function of the radius r for successive increasing values of 
the time t. The numbers are in arbitrary units, R =0.6, R̂ , =0.33, 
and the mean free path of the neutrinos inside the star is taken to 
be X=0.25, i.e. R /A =2.4, and the diffusion time of a neutrino 
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inside the star r^ is "C^ = 40 dt. Outside star, r > R , the neu
trinos escape freely : X : PO . The time step dt has been chosen so 
that c dt = X/5 inside the star. There are 300 mesh points within 
r £ 1, therefore, to each mesh point is associated a set of 31 direc
tions. We notice that the central density F(0,t) starts decreasing 
from its initial value F(0,U)=1 after 5 time steps. Similarly, cuter 
neutrinos start escaping from the star after 6 time steps. The case 
considered is neither diffusive neither "transparent" inside the star. 
A good deal of anisotropy develops already within the stellar medium. 
One notes Lhe regularity of the curves, except perhaps near the ori
gin , but this defect can be corrected for (note that near r=0 the 
number of directions does not have the "standard value" ZJ + A , 
it is smaller, e.g. at r=0 there is only one direction, this causes 
some minor numerical stability problems in this very central region, 
i.e. r < l5Ar . 

The seccid case, presented in Fig. (3), is intended to mimic in 
a very naive way a situation where the neutrinos encounter a shock 
wave. The density profile of the stellar matter is similar to that 
of Fig. (2) except for the presence of a high density barrier in its 
outer region. The "core", which extends to r=0.4 has a density of 0.2, 
while the barrier lies in the region 0.4 ^ r ̂  0.6 and has a density 
of 0.8. Consequently, the neutrino mean free path is 4 times smaller 
in the barrier than in the core. Again, the star density profile is 
depicted by a dashed line. The initial neutrino distribution is the 
same as before, as are the radial mesh, nuriiber of direction, and 
time step. During a dozen of time steps, the neutrinos try to escape 
from the core which is not very opaque, or diffusive. Those which 
have escaped from the core are caught in a waiting line inside the 
more opaque and diffusive barrier where the higher value of the cross 
section provokes an isctropisatior. of f (r,t,z) cnc causes some neu
trinos to "turn around" and drive back to the core. This, in turn, 
causes a retention of neutrinos in the core for a few time steps du
ring which F(r,t) does not vary significantly in the core. After that 
period, a more steady mode turns on when both barrier neutrinos and 
core neutrinos escape slowly (more slowly than in Fig.(2)). 

It is particularly instructive to examine the momentum trans-
fered from the neutrinos to the stellar matter in this latter "barrier 
case. Of course, in the present case of a frozen gas, this does not 
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provogue any true acceleration of stellar matter, but the momentum 
deposition can nevertheless be calculated. The "fictitious" accele
ration of stellar matter is shown on Fig. (4). The effect of this 
transfer of momentum is of course to push the barrier outwards, but 
we also rema. !.. that the neutrinos which bounce on the barrier acce
lerate the edge of the core inwards. As a consequence, the density 
contrast in the shock profile will be enhanced,as the "shock" itself. 

We finally remark that our code is efficient in handling high 
density gradients. 

We have compared our "exact" solutions of the transport equa
tion with the flux-limited diffusion approximation method (3.20-23), 
One case is depicted in Fig. (5), The star density profile is now 
varying with the radius. We plot the neutrino distribution F(r,t) at 
a time where the central density has dropped by a factor of «t 20 in 
the exact solution. Although there is some qualitative resemblance 
between the two methods, there are definite quantitative discrepan
cies. The central neutrino density is <y 3 times too high in the 
flux-limited approximation, which has retained, at that time 3 times 
too many neutrinos within the star. Furthermore the number of neu
trinos which have escaped from the star at that time, is much larger 
in the exact solution. We must acd that these results depend on the 
time considered : there is a "cross-over" time when both (integrated) 
distributions coincide to good accuracy. At times closer to the ori
gin, the flux limited approximation retains too few neutrinos within 
the star. 

VI - CONCLUDING REMARKS 
Although we believe that we now possess a simple, efficient, 

and accurate method for treating neutrino transport in stellar media 
as exactly as can be done, it is clear that we are still a long way 
from home as far as the actual physics implied by neutrino transport 
phenomena is concerned. 

We are capable of handling what we believe is the dominant 
phenomenon i.e. neutrino transport on spherically symmetric nuclear 
matter. In this respect we can give well defined answers to all pro
blems which consist ir. starting from given neutrino and matter di s-
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tributions. Among these : energy losses due to escaping neutrinos 

from any stellar medium ; energy and momentum transfer to the stellar 

matter ; physical characteristics of ncutri^"" losst- by the remnant 

after the rebound, i.e. formation of a neutron star, lifetime of a 

heavy (m > 1.8nu ) neutron star before it collapses into a black hole ; 

mechanical effects of a flow of neutrinos through a moderately-

dense region, effect on a shock-wave, etc. 

What remains to be done can be put in several categories of 

di fferent physical nat ure. 

1) Setting the matter in motion is by itself quite trivial 

within our approach. However, taking into account energy and momen

tum exchanges, the Dopper shift etc. requires the use of multigroup 

methods, which will slightly increase the technical complexity of the 

code. More complicated is the coupling of the transport equation to 

the hydrodynamic code, in order to elicit the mechanical effect of 

neutrinos on the matter and on the formation of the shock wave. One 

obvious crucial problem will be to incorporate the Pauli principle 

correctly. As far as j5 neutrinos, i.e. neutrinos produced within 

the compressed nuclear matter by j& reactions, are concerned, their 

effect is, by definition, incorporated in the equation of state of 

nuclear matter. But pair-produced neutrinos, once they are trapped, 

form quasi degenerate fermi gases whose compression by the infailing 

matter must be properly treated. Their diffusion out of the core 

after the rebound will also be con-rolled by Fermi blocking factors ; 

only the surface of the Fermi sea will truly be active at any instant. 

2) The second type of problem to be tackled is the actual 

physics of the intermediate region R*100 to 200 km. In particular 

the physical (as opposed to mechanical) reactivation of the shock 

wave by neutrinos : nuclear dissociation, emission anâ absorption on 

free nucléons. One must determine the efficiency of such mechanisms, 

where and when to they operate ? 

3) The effects due to scattering on electrons should not 

cause unsurmountable difficulties. The evaluation of the production 

rates of neutrino pairs via e e annihilation or plasma photons seems 

well understood. Some attention should nevertheless be given to exo

tic processes such as nn —» nn 0̂ ) , e." 2 — 1 " £ -v -0^ or «."Ï—»e~-J$. 
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4) Finally,, considering the supernova explosion problem 
as a whole, undoubtedly the knowledge of the equation of state of 
nuclear matter, the precise determination of the conditions of a 
type II presupernova (composition versus mass, etc.) and many other 
more or less open questions remain to be setted before any really 
conclusive claim can be made. 
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FIGURE CAPTIONS 

Figure 1. A set outgoing directions associated to a point r. on a shell 
S., and which link this shell to neighbouring ones The case 
considered corresponds to t : cat =2Ar. Therefore thtre are five 
directions : z. to z^ , shown as full arrows, which correspond 
to the intersection of the circle of radius I with shells 
S, . to S.,2. Also shown, on the right hand part of the figure, 
in dashed arrows are other directions which linK shells S- and 
S. , , and shells S. .. and S.,-. The outcoino direction z., for 
1-HJ 1 + 1 1 + ̂  - - 4 

instance, becomes at time t •+ dt an incoming direction for shell S. ,, this is depicted by a dashed arrow ; note that 8 ^Z 6. . l-l out in 

Figure 2. Time evolution of the integrated radial distribution of 
neutrinos. Each curve corresponds to the neutrino density versus 
radius at a given time t . For obvious reasons, at a given ra
dius r the set of curves correspond to increasing values of the 
times t as one goes frorr the top to the bottom of the figure 
to the left of Ro , the initial radius of the neutrino distri
bution indicated by to and R . (i.e. decreasing densities as 
time increases, owing to the outward neutrino flow). The case 
considered here is that of an initially homogeneous isotropic 
monoenergetic neutrino gas of radius Ro = 0.33, diffusing through 
a homogenecvs star of radius R = 0.6, whose density profile is 
represented by a dashed line. Beyond R , the neutrinos escape 
freely, {arbitrary units) 

Figuré 3. Same as Figure 2 but with a star density profile which con
tains a barrier in its outer region, and an inner core of lower 
density. 

Fig .re 4. Acceleration of the stellar rr.atter by transfer of the neu
trino momentum in the case shown on Fig. 3. The dotted curve 
corresponds to the acceleration of the outer edge of the inner 
core, as function of the radius, when the first neutrinos will 
arrive on the bar.ier. Other curves, which can be followed by 
continuity from this first one, correspond to succesive time 
steps, and show the acceleration of the stellar matter versus 
radius (all units arbitrary). 



Figure 5. Comparison of the neutrino density profiles obtained at a 
certain time t. described in text through the exact solution of 
the present method {small-dashed curve) and in the flux limited 
approximation (full line). The large dashed curve represents the 
density profile of the star. 
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