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ABSTRACT 

A theory describing the influence of energetic trapped particles 
on resistive interchange-ballooning modes in tokamaks is pre
sented. It is shown that a population of hot particles trapped 
in the region of adverse curvature can resonantly interact with 
and destabilize the resistive interchange mode, which is stable in 
their absence because of favorable average curvature. The mode 
is different from the usual resistive interchange mode not only 
in its destabilization mechanism, but also in that it has a real 
component to its frequency comparable to the precessional drift 
frequency of the rapidly circulating energetic species. Corre
sponding growth rate and threshold conditions for this trapped-
particle-driven instability are derived and finite banana width 
effects are shown to have a stabilizing effect on the mode. Fi
nally, the ballooning/tearing dispersion relation is generalized 
to include hot particles, so that both the ideal and the resistive 

.modes are derivable in the appropriate limits. 

« * * 



I. INTRODUCTION AND MOTIVATION 

The gross magnetohydrodynamic (MHD) stability of plasma systems 
containing a high-energy component has received considerable attention 
from the plasma physics community over the years. This is only appropri
ate since many of the experimental devices proposed for containing plasmas 
rely on an auxiliary energetic source for either heating or stability enhance
ment. The earliest of these investigations concerned themselves with hot 
particle compressional stabilization of plasma systems which would other
wise be magnetohydrodynamically unstable. Examples of such systems can 
be drawn from simple mirror machines,1 field-reversed hot electron rings,2 

ion rings, 3 astron configurations,4 and the Elmo Bumpy Torus. 5 Harnessing 
hot particles in a stabilizing capacity has only recently been taken under 
advisement by the tokamak fusion community. 

Connor et aA6 have found that in the nonadiabatic, nonresonant limit 
where the hot particles precess much faster than any other time scale of 
interest in the system, i.e., uiih > l ^ u a / , , ^ , where uijh is the precessional 
drift frequency of the hot ions and wih and w(h are their bounce and transit 
frequencies, respectively, an isotropic population of energetic ions (equal 
trapped and circulating components) would have a significant stabilizing 
effect on localized ballooning modes. This is because the energetic ions, 
on the one hand, just move too fast on the time scale of the instability 
to be able to interact with it (i.e., by rapidly averaging the potential over 
many spatial oscillations, the hot particles effectively "see" a much weaker 
perturbation), while on the other, they dig a diamagnetic well in the equi
librium profile. More recently, Rosenbhtth et a.1.7 inspired by these previous 
studies, examined energetic particle stabilization of high to moderate-^ bal
looning modes in the opposite adiabatic limit where the trapped hot particle 
bounce and precessional motion dominates mode growth, i.e., w w k. w^ » 
|wj. They were able to show that an anisotropic population of super-hot 
(~ MeV) particles, deeply trapped on the bad curvature side of the toka
mak (so that curvature and diamagnetic drifts are in the same direction), 
compressionally stabilize ballooning modes and hence, provide direct stable 
access from the low-/? first stability regime to the high-/? second stability 
regime of confinement in tokamaks. 

The first indication of a destabilizing influence of energetic particles 
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came in connection with high-power, near-perpendicular neutral beam in
jection experiments on the Poloidal Divertor Experiment (PDX) at Prince
ton. In these experiments, "fishbone oscillations," so-cailed because of 
their characteristic skeletal signature on the soft X-ray imaging system, 
were observed to rotate toroidally with a frequency comparable to the 
precessional drift frequency of the energetic trapped beam ions (\u\ ~ 
100 kHz). 8 These fluctuations were theoretically explained as energetic 
trapped particle-induced ideal internal kink modes,9 while their high-freq
uency (|w[ ~ 500 kHz), MHD-type precursors were identified as energetic 
trapped particle-induced ideal ballooning modes. 1 0 , 1 1 The emergent physi
cal picture then, is that while suprathermal particles can have a stabilizing 
influence on normal MHD modes when the mode frequency is strongly off-
resonant with the hot particle precessional drift frequency (|w| ^ &dh), they 
become destabilizing when the wave structure begins to resonate with the 
precessional drift motion of the hot particle banana center [\UJ\ ~ udk). 

All the calculations listed above are subject to the ideal MKD con
straint. More quantitatively, it will be shown later in this paper that they 
are restricted in their regime of validity to u>jm 3> S M ^A-, where u!^m is 
a measure pf the bounce-averaged precessional drift frequency, SM is the 
magnetic Reynolds number, and uA is the Alfven frequency. However, it 
is not necessarily the case, especially as one goes to larger machines and 
higher magnetic field strengths, that this condition can be accommodated. 
For typical parameters, i.e., SM = 10 6, ux = 10 MHz, the condition is 
at best only marginally satisfied for PDX [uim ~ 100 kHz). Already for 
a device like the Joint European Torus (JET) where wj m a 1 kHz, the 
condition breaks down. Thus, it becomes relevant to consider the resis
tive analogues of these energetic trapped particle-induced instabilities, i.e., 
frequency regimes wherein U&, S SM~1^UA- Recently, we reported our 
findings in this regard for the case of the fishbone instability.1 2 This paper 
considers, among other things, the same question in regard to the high-
frequency precursor to the fishbone. 

A second motivation for this work is the universally observed degra
dation in confinement with increasing input power in all auxiliary heat
ing experiments operating in the L-mode regime. A number of recent 
experiments 1 3 have evinced a slow saturation of beta (i.e., the ratio of 
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kinetic to magnetic pressure) at values below those predicted by ideal bal
looning mode theory. Several recent theoretical studies' 4 ' 1 5 on resistive 
interchange-ballooning modes in tokamaks have concluded that, at least 
away from marginal stability, these latter are fairly innocuous and unlikely 
to be a leading cause of pressure saturation. Since among the various al
ternative heating schemes, electron cyclotron resonance heating (ECRH), 
heating in the ion cyclotron range of frequencies (ICRF), electron cyclotron 
heating (ECH), and perpendicular neutral beam injection give rise to a sig
nificant population of trapped energetic particles, we have been motivated 
to investigate their influences on resistive interchange-ballooning modes as 
a possible mechanism responsible for the experimentally-observed soft ,3-
limit. 

A final motivation for this work has been the conclusions drawn from the 
work of Weiland and Chen, 1 0 and more recently, Van Dam and Rosenbluth. 1 1 

These authors have invoked hot particle-induced ideal ballooning modes to 
explain the high-frequency MHD-type precursor oscillations which precede 
the fishbone fluctuations in perpendicular beam-heated PDX discharges. 
While their theory has been largely successful in describing the qualitative 
features of experimental observations, its applicability to distribution func
tions other than the singular type remains questionable. The reason for 
this can be seen from the dispersion relation, which symbolically, can be 
written as an energy balance 1 0 

-i—+6Wc-r6Wk = 0 . (1) 

Here, 6WC is related to the perturbed potential energy of the core plasma, 
6Wk is related to the perturbed energy content of the hot particles, and 
the first term is related to the energy sink inside the inertial layer. For a 
slowing-down distribution function [cf. Eq. (22)], 

\Udm I U 

where {ij3vi,)t is a measure of the trapped particle poloidal beta, e = ajR is 
the inverse aspect ratio, a is the ir.inor radius of the plasma, R is the plasma 
major radius, and cD̂m is the hot particle precessional drift frequency eval
uated at the beam injection energy. It is apparent that due to the unique 
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form of 6Wk, the threshold (efiph}t >s independent of SWe and is obtained by 
balancing the first and last terms of the dispersion relation. The singular 
nature of 6Wk allows one to satisfy the real part of the dispersion relation 
for any value of SWC, so that the latter plays no role in determining the 
instability criterion. For any distribution function other than the singular 
type, however, there will be a hot particle threshold for instability associ
ated with positive-definite 6WC arising from a balance between the last two 
terms in the dispersion relation. For shear values of orde- unity, 6Wt can 
be written as 

^ « ( 1 - A ) , (2) 
where the first term is the large stabilizing contribution from bending field 
lines and the second term is the core pressure drive. It is clear that, at 
least away from marginal stability, the Weiland-Chen theory would predict 
a threshold {£/3p/,)< of order unity wh"ch, for all practical purposes, is too 
stringent a condition to render ballooning modes unstable. It is, however, 
reasonable to expect that if the frozen-in-flux condition were relaxed and 
if the resultant interchange-ballooning mode could be destabilized by hot 
particles, then an instability insensitive to the form of the distribution 
function could be triggered. 

In this paper, we will show that energetic particles can indeed act as a 
destabilizing agent for resistive interchange-ballooning modes. In Sec. II, 
we will derive the governing set of eigenmode equations which describe 
energetic trapped particle-induced resistive interchange-ballooning modes, 
starting with the resistive MHD equations for the core p.'asma and adopting 
a gyrokinetic description for the hot particles. Our result will be the usual 
resistive ballooning mode eigenmode equat ions, 1 4 - 1 7 generalized to include 
the effect of hot particle pressure. In Sec. Ill, we will obtain and analyze 
with the aid of Nyquist diagrammatic techniques the resulting dispersion 
relation. It will be shown there that the resistive interchange mode, which 
is stable in tokamaks because of favorable average curvature effects, can be 
rendered unstable by trapped energetic particles, yielding a threshold for 
instability that scales as tj3pk ~ (e/?p c)2 and that is qualitatively insensitive 
to the form of the distribution function. Here, 0P denotes the ratio of kinetic 
to poloidal magnetic pressure and the subscripts V and 'ft' denote the core 
and hot plasma, respectively. These results are generalized in Sec. IV to 
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incorporate hot particle finite banana width (FBW) effects. These effects 
have not been of great importance in the past. For drift waves, for example, 
which reside in a phase velocity regime intermediate between the electron 
and ion thermal speeds, i.e., v K <S. w/Ay <g vtc, trapped ion effects are typi
cally unimportant as the ions do not have time to complete a bounce motion 
during an instability growth time, and trapped electrons, while important, 
have negligibly small banana widths for FBW effects to become relevant. 
In fact, ion Larmor radii are typically larger than electron banana widths. 
Furthermore, in previous idea] calculations of energetic trapped paiticle-
induced instabilities, 9 , 1 0 the effect of the hot particles inside the narrow 
inner layer was neglected relative to outside the layer, so that there was 
no scale length against which to compare their banana widths. In a recent 
work 1 2 where we examined the resistive analogue of the fishbone instabil
ity, we again legislated hot particle effects inside the resistive layer away 
relative to the outside by arguing that due to the radially global nature of 
the internal kink mode, hot particles had a significantly larger region to 
tap on the outer rather than the inner layer. IK is only in this work that 
the mode is of such a highly localized nature that energetic particle effects 
need to be incorporated inside the resistive layer. Thus, this problem offers 
a rare glimpse at the relevance of FBVV effects which, as one would intu
itively expect from analogy with finite Larmor radius (FLR) effects, have 
a stabilizing effect on the mode. In Sec. V, we give a complete description 
of the mode for all frequencies. Thus, we provide a generalization of the 
usual dispersion relation of resistive interchange-ballooning (twisting) 1 4 , 1* 
and high mode-number tearing m o d e s 1 4 - 1 6 to include energetic particle ef
fects and show how the present theory matches on to that of Weiland and 
Chen 1 0 in the ideal limit. Finally, we provide a summary and discussion of 
our conclusions in Sec. VI. 

II. ANALYTICAL FORMULATION 

In this section, we list the major assumptions and orderings and derive 
the governing set of coupled eigenmode equations describing resistive bal
looning modes that include energetic particles. The plasma is taken to con
sist of two components: a warm core (denoted in the text by a subscript V) 
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which is treated using a resistive MHD description and a highly energetic 
component (denoted by subscript 'ft') which is dealt with using gyrokinetic 
formalism. The core plasma is assumed to be in local thermodynamic equi
librium and weakly interacting with the high-energy component. It is thus 
a seoarate thermodynamic entity with its own density and temperature, 
hence pressure, and obeys an adiabatic equation of state. The energetic 
component, decoupled from the core, behaves in a non-MHD manner and 
is not in thermodynamic equilibrium. It is thus highly anisotropic and 
its pressure must be determined as a velocity moment of its distribution 
function which, in turn, is obtained from gyrokinetic formalism. 

The ordering is carried out using two smallness parameters: the inverse 
aspect ratio c and the inverse magnetic Reynolds number SM~l which rep
resents the ratio of the resistive diffusion time to the ideal Alfven time 
SM = TR/TA. Since we wish to treat resistive ballooning modes, we con
sider the ideally stable 0C operating regime, i.e., 

A ~ o(j) < (&);r ~ o(o , 
and formally order A, •- 0(e3) which, in hindsight, is sufficiently large to 
demonstrate instability. It will be seen that this 0 ordering will make the 
Rosehbluth et aJ.7 stabilization scheme inaccessible from the point of view 
of this theory. We further assume very low density energetic particles, i.e., 
we take nk/ne ~ 0(£3) which, taken together with /?*//?,. ~ 0[i) imp!;es 
Tc/Th ~ 0 ( t 2 ) and uJ.c/Qih ~ O(c). 

The derivation, which parallels that of Glasser for the usual resistive 
ballooning mode, 1 7 proceeds from the resistive MHD equations given below 

£ + * V . r . - . , 
dv J x B „ „ „ 

' * - — - V * - V ' P * • 

V / E = — , 
c dt 

V x B = — J , c 
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E + = i) • J c 

U)-(;i)»-*»+(i)' 
These are, in order of appearance, the continuity equation, the equation 

of motion, the adiabatic equation of state for the core plasma (Ts is the 
adiabatic compressibility), FaTaday's law, Ampere's law, and Ohm's law. 
Note the appearance of anisotropic pressure in the momentum equation and 
anisotropic resistivity in Ohm's law. Linearizing these equations assuming 
an exp(7*) time dependence, we can obtain expressions for the perturbed 
core velocity and the total current 

(3) 

, . 5 E x B . J x f i B „ c ,,.,B2 . 
6vc = [ +r)x( Wpc)}/[-2 +V±Pl) 

c c c 
5B • Vp c + B • VSpc 

pB«i 

6 3 = | ( i 2 L * 5 - V6Vc - V • SPh) x B + P16K±\/{% T n.Pl) 
c c-

+ ^ B . (4) 

In Eq. (3), the first term is the E x B drift, tha second represents cross-
field diffusion and the third is the total perturbed core parallel pressure 
gradient which drives the parallel flow and gives rise to sound waves. In 
Eq. (4), the first term is the diamagnetic current, the second is the polar
ization current (inertia term), while the last is the parallel Spitzer current 
which will come to represent field-line bending in the final set of equations. 
The resistive ballooning mode equations are obtained by using tha sepa
ration between mode rational surfaces, i.e., Ar,, as the maximal ordering 
parameter 

A = - ~ q'Ar, <S I , 
n 

where n is the toroidal mode number, q = rBt/RBp is the safety factor, 
q' = dq/dr, and B; and Bp are the toroidal and poloidal magnetic fields, as 
well as invoking the two-spatial scale nature of the problem, i.e., 

Vi (perturbed quantities) — 0(X'1) 
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and 

V||(perturbed quantities) — ^equilibriumquantities) — 0{l) . 

At this stage the maximal orderirg, is 

A ~ & ~ e ~ - — - O ( l ) , 
uA,s 

5 M " l ~ 0 ( A 2 ) , 

where ws = [TgVc/pt)1'^ /R h the core sound frequency. It is worth re
marking that the use of the separation between mode rational surfaces ss 
an ordering parameter is purely a matter of convenience at this stage. In 
fact, the theory of resistive ballooning modes does not hinge on the high-ra 
assumption at ali. We will have additional comments on this point later. 
Following Glasser, Greene, and Johnson, 1 6 , 1 7 we adopt modified Hamada 
coordinates (V, 9,v) as our working coordinate system. Here, V is the vol
ume inside a given flux tube, 8 is a poioidid-like angle and v = f - q& is an 
ignorable (assuming axisymmetry) toroidal-H>;e angle (f is the true toroidal 
angle). The magnetic field in this representation is given by 

B = * 'Vf x VV , 

where if is the poloidal magnetic flux function. The orthonormal basis in 
this metric is 

* 'B x Vu/B2 , *'VK x B/B" , B/B2 , 

while the Jacobian is J " 1 = -if' IB2 . 
In terms of scalar anc vector potentials 6<t> and <5A, our equations reduce 

in leading order to 

B ' V l ^ 5 5 (B -VStp+l-SA- B)j + c 2 - ^ V * 0 
»7;|ij J C B2 

+ c — = j - • V ± (26pc + 6pllh + 6pxh) = 0 , (5) 
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B . V { i , [ B . V ^ + ^ | ; ( * A . B ) ] } + ^ 7 ^ p c 

-PI {l 6P±h - -^ [B x V P l h + {P±h - Filh)K x B] • V6<t>} = 0 , (6) 

V ^ A • B) = — (B • V6<j> 4- - £ A - B) , (7) 
>j||C e 

where prime denotes d/dV . 
Equation (6) is the quasineutrality or vorticity equation which is just 

the statement that the currenx is divergence-free. The first term, which 
is the divergence of the parallel current, is the so-called field-line bending 
term. The second term represents finite inertial effects associated with 
the di'ergence of the polarization current. The last term, which is the 
divergence of the diamagnetk current, represents the interaction of core and 
hot particle pressure with curvatu' (it = eg • Ve||) which, in turn, acts to 
drive interchange-ballooning modes. Equation (7) is the adiabatic pressure 
law for the core plasma. The first term represents parallel compression, 
the second perpendicular compression due to cross-field resistive diffusion, 
the third perpendicular compression due to the E x B drift, the fourth 
E x B convection and compression of the core by itself and finally, the last 
term represents the E x B compression of the core by the hot particles. In 
deriving Eqs. (6) and (7), use has been made of the quasistatic condition 
for perturbed pressure balance 

6BU = - 4 * ^ . 

Finally, Eq. (8) is the parallel Ampere's law, where the right-hand side is 
the parallel Spitzer current obtained from Ohm's law. 

Turning our attention to hot particle dynamics, we start from the lin
earized gyrokinetic equation 1 8 1 9 ignoring finite Larmor radius effects 

*A = M « * £ - ^ f )/•» + «& , dE cilh dfi 
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where 
Qh = (u— +ui,h)F0h , 

.en x V l n F 0 A 

W.A = - i - a — V , 

W,jA t V d h ' V — - t V . 

Here, p. = vx

3/2B is the magnetic moment, E - v 2 /2 is the energy, F0h 
and SFh are the unperturbed and perturbed parts of the hot particle dis
tribution function, f!/, — ^hBjm^c is the cyclotron frequency, and e/, and 
rrifc are the hot particle charge and mass. Since the parallel wave number 
vanishes nowhere for circulating particles, their response is, to dominant 
order, adiabatic. Neglecting finite-/?/, effects (which due to the ordering 
adopted for fih!0c will not enter our final set of eigenmode equations), the 
untrapped response is given by 

6Fk,u = i*- \(6* - H) ~ ~ ^ Fah H) , 

where ej • V6\j> = iwSAy/c. The trapped particles, on the other hand, have 
vanishing wave numbers at the turning points, so that they have both an 
adiabatic and a nonadiabatic Tesponse to the field perturbation. As we shall 
see, it is the latter contribution that gives rise to the instability. Thus. 

TKfc Cf£, W U UJ — Wit, 

where an overhead bar denotes bounce-averaging 

and the closed line integral is between the turning points. 
Two important assumptions have been made in deriving the expressions 

for the hot particle distribution function. First, the analysis has been car
ried out in the zero banana width limit. This restriction on the theory will 
be removed in Sec. IV, More importantly, our beta ordering, 0h/pt *- 0(e), 
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0C ~ 0 (e 2 ) , has not only allowed us to ignore finite-/?;., effects here, but also 
finite-/? effects in the equilibrium pressure balance relation 

VlnB = n + 0(ffeJt) . 

This, in turn, makes it impossible for the VB-drift to compressionally sta
bilize and anchor any ballooning action. It is for this reason that the hot 
particle stabilization scheme of Rosenbluth et a/.7 cannot be recovered from 
this theory. 

Taking velocity moments of the perturbed distribution function, we ob
tain expressions for the hot particle pressure components 

where the 'B ' subscript means that the V-differentiation should be per
formed at fixed B, Jlr denotes an integration over the trapped particle 
population alor *, and 2 ± implies a summatior over the two legs of the 
banana. 

Taken together, Eqs. (5) through (8) form a set of four coupled partial 
differential equations which are analytically intractable to solve. Analytic 
progress is made possible by utilizing the two disparate parallel and per
pendicular spatial scales, which come about due to the inhomogeneity of 
the magnetic field, to reduce the system of partial differential equations 
to a set of ordinary differential equations in the slow variable. The longer 
(parallel) length scale is the connection length which, in turn, reflects the 
toroidal periodicity, while the shorter length scale is related to the width of 
the resistive layer. The usual representation adopted is the well-known bal
looning mode eikonal description for the perturbed quantities, 1 7 , 2 0 where an 
appropriate linear superposition of aperiodic eigenfunctions simulates the 
physically periodic behavior: 

H \ „ (H\ 
SK B \{V,x,v) = £ *a,| \(V,x- 2*1) e-»("+toi«l , 
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Note that the pressure stream function is not quite the same as the real 
pressure because of the v-derivative out in front. Here, \ >s 'he (poloidal) 
ballooning coordinate which forms a Fourier conjugate pair with the dis
tance away from a mode rational surface in (real) configuration space, i.e., 
m - nq. Henceforth, all discussions about length scales will refer to bal
looning space, which by the definition just given, should be thought of as 
real space turned inside out. 

The two-length scale nature of the equations arising from the secular
l y of Vf makes feasible a systematic averaging procedure whereby, using 
X = (re2/'SM)XI3 <S 1, the short equilibrium length scale (denoted by \0) is 
removed and averaged eigenmode equations defined on the longer resistive 
scale length (denoted by X-i) can be derived. Moreover, in looking for 
the least painful way to obtain the influence of energetic trapped particles 
on resistive interchange-ballooning modes, we are led to a subsidiary or
dering in terms of the inverse aspect ratio K l which formally sets the 
frequencies to be of order t*^ and the long resistive length scale to be of 
order e - 1 / 3 . Then, taking /?c ~ 0(c z ) and fa ~ 0(e 3 ) , an optimal order
ing which brings in hot particles only to leading order into the final set of 
eigenmode equations requires A — 0(e3). Normalizing all field quantities to 
the electrostatic potential and all frequencies to the Alfven time as follows 

A,, = A - V 1 ' ' 3 ( 7 / C # , ) < S Q | | $ = H n e , f c = - ( T * 7 C P « ' K J 5 « A 

£ = \t1"x-l TA

2=pMjV2 Pl±, = Pt±JPc' , 
(9) 

we can write Eqs. (S)-(8) in the ballooning representation: 

(10) 
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-X'—rKw-t-X — [Tl±h-(<l;—- -Vv «l i r)* ] 

| i T ( A , , + ^ | V H ! ) A l = 0 , ( u ) 

g - - A « " » A , , (.3, 

H i * / \P±h/Bp' ± P c n c T A J t r V 2 / w - w , a B,P.' 
(14) 

where 

T,/c x B _ T , d . g . 

g=27r* ' f iB c , 
W = - x « ' W + Vf - 9 V x , (15) 

pt 

Qk = {^n—+Cl.h)F0ll , 

mhc dlnFoh 
eft*1 oV 

Here, ics is the geodesic (i.e., surface) component and KV the normal compo
nent of the iield curvature. The averaging strategy discussed above entails 
an expansion of field quantities in powers of X and e, with the final eigen-
mode equations for the leading order DC quantities redeemed as solubility 
conditions on the higher order AC terms. Thus, for example, to leading 
order, Eq. (12) expresses the fact that the fluid perturbation endeavors to 
localize itself in a region where it can effectively decouple its motion from 
that of field lines in order to render communication between the regions 
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of good and bad curvature ineffective. Equation (11), to leading order, 
expresses the excitation of sound waves which propagate ballooning infor
mation along a parallel wavelength of the mode. This seeks to dampen the 
perturbation, but fails to do so on account of the fact that the mode has so 
localized itself that it manages to grow faster than the time it takes for the 
acoustic waves to carry the signal. Note that since we are in a frequency 
regime where 

K|jcs < w ~ k\\vA tx SM~1/3uA <£. cs[qR , 

ion Landau damping effects are negligible. Carrying out the tedious algebra 
associated with the averaging scheme, we finally arrive at the following set 
of eigenmode equations 

n ^ - + (n + £- sa{A|i ( 0 ))-e- 2i?en c

(°' = o , (ie) 

d ,3*<°> 
(inik(-i>r'(Ai|(0,>) + { E + • F ) n ° t 0 ) + H ^ 0 ) ) 

-e 2(n*e 2-:Tft)*(°) - « 2 y V „ ^ = 0 . (17) 

^ ( ^ + (V 5 1)) + <HrG(P -n7>) - ^ n ^ n J 5 1 

-t7n2K{E&U -r FnJ°i + #e(A| | ( 0 ) )) = 0 . (18) 

where 

j rc 2 7; | | 9 2 (B 2 ) 

g - *wP< 51 B 2 \ , <i/iwr> i , n ( a ) 

q< ¥<**\|VVf'1{BV|W|*> ( f l 2 r~ l ^ J ' 
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x En(Kv - q'xKs)Qh I ^ ^ J ~ 0(/3 p h) . 

In these equations, the superscript zero refers to the zeroth-order term in 
the A-expansion and the angular brackets denote flux- surface averages 

f(dl/B)(--) 

To elucidate the physical significance of the various terms in Eq. (17), 
i.e., the averaged vorticity equation, the first term represents field line bend
ing, the second and third represent coupling to sound waves, the fourth 
represents inertia! effects (polarization term), while the last two terms rep
resent hot particle effects. In the adiabatic pressure law, Eq. (18), the 
first term represents parallel compression, the next two terms represent the 
E x B convection of the c >re plasma (as can be seen by taking the limit of 
large G or Tj —• 0), the fourth term represents cross-field resistive diffu
sion, and the remaining terms represent perpendicular compression due to 
the E x B drift. Note how our judicious ordering of /? has minimized alge
braic pollution due to hot particles in the final set of equations. We remark 
in passing on a point that does not seem to have been widely appreciated. 
WiJle the analytic theory of ideal ballooning mcdes 2 0 is restricted to high-n 
mode numbers (since n is the only large expansion parameter), the resistive 
theory, in utilizing A = (n2/Sm)l^s as the expansion parameter, does not 
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suffer from this heindicap since SM is typically large enough to ensure the 
smallness of A even for low-n modes. The eikonal ballooning assumption, 
on the other hand, which again relied on large n in the ideal theory, still 
survives for low-n in the resistive theory because we are looking at highly 
localized modes for which x 3" !• 

The limit of TQ, JV"ft -+ 0 recovers the usual resistive ballooning mode 
equations. 1 , 4 ' 1 5 , 1 7 These are well-known as Fourier transforms of the tearing 
layer equations in tokamaks as presented in the classic work of Glasser, 
Greene, and Johnson. 1 6 We are primarily interested in the most virulent 
instability that can be promoted by energetic trapped particles in the re
sistive layer; hence, we focus attention on the deeply resistive regime, i.e., 
on short wavelength modes, £ ~ 1, where any perturbation in the mag
netic field is heavily dissipated by resistivity. As is clear from Ampere's 
law, Eq. (16), this is equivalent to an electrostatic assumption whereby we 
can neglect \A||'D') and hence, 0'°' in the quasineutrality equation and the 
adiabatic pressure law. Equations (17) and (18) then become 

- (en 2 + ru 2)n = -n2{c - ki)Rc)t> 
(is) 

a? 
where we have simplified notation in an obvious way and normalized co
efficients to order unity. In Eqs. (19), DRc = DRe/e2 = (E + F)jt2 is the 
usual resistive MHD quantity whose sign determines resistive stability,1 6 

C = (G 4- KF)t2, K ~ ilK, and we have specialized to 77 _ = J?| SO that 
M± = M for simplicity. Before proceeding to obtain the dispersion rela
tion, we digress to evaluate T^, which contains all hot particle information 
in Eqs. (19), for two special cases of interest. 

First, we rewrite Tf, more explicitly as 

J uj - u>4hE Wdh dh\E dIn a t 

where a. = ti/E is the pitch angle, && = w^j'E is the energy-independent 
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part of the precessional drift frequency, 

h = f dxo (1 - aB)-1'2 

is proportional to the bounce time, and the energy integral over the Tesonant 
denominator should be interpreted in a principal value sense. In writing 
down Eq. (20), we have dropped a term proportional to nh/nc ~ 0(e 3 ) 
which is negligible in our ordering. 

For realistic distribution functions, 7^ can only be evaluated numeri
cally. However, in order to gain insight into the action of energetic trapped 
particles, it is instructive to evaluate TQ for some model distribution func
tions. The most obvious candidate for beam-heated discharges is, of course, 
a slowing-down distribution function. Thus, the energetic beam is injected 
at an energy £„,, slows down due to frictional drag on core plasma electrons 
and finally, at some critical energy, changes its slowing-down character to 
interact primarily with the background ions and rapicliy isotropizes due to 
pitch-angle scattering. It is the earlier phase that corresponds to our as
sumption of hot particle pressure anisotropy and the energy dependence in 
that phase obeys an inverse three-halves power law. Thus, the distribution 
function can well be modelled by 

Foh(V,E.a) = - n ( V l E-VHia-ao) E < Em , (21) 

where Ph(V) is an arbitrary function of V with dimensions of pressure. 
T» = Tb{o — «o), Qo is related to the injection angle, and 6(- ••) is the Dirac 
delta function. It is then straightforward to show that 

T " = ^ S : i ^ / M f i l n [ 1 - 5 1 ' ( 2 2 ) 

where 

£ , 0»bsiao,V) = 8 . ™&l , - " W (£f) 

x [1 - ' ^ ^ — I n ^ o ^ c 2 ) ! ~ 0 ( ^ / 5 * ) . 
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n=w/|w r f m | , 
|l5rfm| •" U4h{E = Em) . 

A second case of interest arises in connection with energetic particle 
populations created by radio-frequency (FtF) resonance heating. Motivated 
by the fact that these particles undergo something akin to a random walk 
process wherein they suffer a kick after every excursion close to the banana 
tips and that this kick may be in either direction, we model the energy 
dependence of this RF-generated distribution by a Maxweliian 

where Em denotes the thermal energy of the hot particles, a0 = 1/Bt, and 
Bt is the magnitude of the field at the banana tip where the hot particles 
are initially born. Using this distribution function in Eq. (20) we arrive at 

where 
a r PphloS 
PphlOM - 5 / 2 . 

and Z{- • •) is the plasma dispersion function21 

Z[x) = -=f dv . 
VV J-aa V - X 

Our choices for these two mode] distribution functions are motivated by 
the comments made in the introduction, namely, that stability needs to be 
investigated for regular as well as singular-type distribution functions. 

III. DISPERSION RELATION 

We are now prepared to derive the dispersion relation governing en
ergetic trapped particle-driven resistive interchange modes. Noting that 
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the left-hand sides of Eqs. (19) are Hermite operators, we define a new 
independent variable z = ft''4£ to cast the equations in the form 

* +t-^--z7)$ = - — II 
* " + l f i 3 / : Z >V f } 3 / 2 U ' (24) 

n„ - (en3'* + z3) n = -n3"{6 - KDRC) * . 
Expanding $ and II in an even basis of Hermite polynomials 

($)-?(£Kw-
where the Hermite polynomial obeys 2 2 

[ ^ + { 4 m + l - 2 2 ) ] e - ^ J m ^ ) = 0 , 

Hlm(z) = H2m(-2) , 

and substituting into Eqs. (24), we get the following dispersion relation 

-(4m^l)6n3'^(4m+\)1+DRc(C-KDRc) + (C + 4-?^)Tft = 0. (25) 

The first term represents finite inertial effects, the second, coupling to 
sound waves, which in turn, includes a (de)stabilizing contribution due 
to (unfavorable average curvature and a stabilizing one due to perpendic
ular compression, while finally, the last term represents hot particle effects. 
Note from the behavior of the eigenfunctions that in the deeply resistive 
regime, £ ~ ft-1'4, which taken together with the electrostatic approx
imation £ S> eft 1 ' 2, yields the validity criterion for our deeply resistive 
approximation 

UR » \Gdm\ , (26) 

where as in Ref. 18, we have found it convenient to define a resistive 
interchange time scale given by WH = Aŵ i (the reader will recall that 
A = (re 2 /S A f) ' ' 3 is our expansion parameter). 

In the interest of readability, we will continue our analysis in the incom
pressible limit. Inclusion of compressibility is trivially performed and our 
final conclusions will not be hampered in any significant way by its absence. 
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For the remainder of this section then, wt .11 examine the dispersion re
lation in the limit of C » I and m — 0, i.e., 

-it3'2 + Dru + T f i = 0 . (27) 

The one-to-one correspondence between the terms in this resistive disper
sion relation and the corresponding ideal one, i.e., Eq. (1), is worthy of the 
reader's attention at this point. 

A. No Hot Particles (T n = 0) 
In the absence of energetic particles anri also in the adiabatic limit where 

the hot particles precess much faster thau time scales of interest, the usual 
resistive interchange mode is driven by adverse curvature, i.e., DRC > 0 : 

1 = i£-Yi3DRc*/s • (28) 

Since tokamaks benefit from favorable average curvature, i.e., DRC < 0, 
this mode is suppressed and as a result, attention is shifted to the more 
benign resistive ballooning modes for which, except for very close marginal 
stability, the free energy source comes from the ideal region and the unstable 
mode has a tearing-like SM~3'5 growth rate scaling. What we shall show 
here is that the more dangerous resistive interchange mode can in fact be 
destabilized by a population of energetic particles trapped in a rtgion of 
adverse curvature in spite of favorable DRC effects. 

B . F l u i d L i m i t ( |w| » \CJdm\) 

In the limit where the mode grows much faster than the time it takes 
for the hot particle banana center to precess once around the torus, T^ 
simplifies and we get a hot particle modified resistive interchange mode 
driven by both DRc and 0pk : 

- > = ( # ) , / 3 ( i ! T L f t ^ o S 4 - J D R c ) 2 / 3 • (29) 

Already it is clear that for trapped particles undergoing unfavorable drift, 
i.e., hot species trapped on the outside so that i . ^ / ( i« > 0, the resistive 
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interchange mode will be promoted even if the system has average favorable 
curvature, i.e., DRc < 0, with a threshold for instability given by 

W-fc 

or (t0ph)cT ~ (e/?PC)2 which is an order of magnitude lower than the corre
sponding threshold for the core plasma. 

C. Resonant Destabilization (|u>| ~ \^dm\) 
The most interesting case occurs when the mode frequency just res

onates with the precessional drift frequency of the hot particles. Consider, 
for the sake of illustration, the model slowing-down distribution function. 
The dispersion relation is given by 

O(ft) = ^ ^ - U ln(l - i ) + (J2*-i)*/» e-*-M &/* -DRc = 0 , (31) 

where tu f l = e4|f3wj?, and noting Eq. (26), \tidm\/&R ~ 0(\). We will 
illustrate the stability properties of this dispersion relation using Nyqiiist 
diagrammatic techniques. In Fig. 1, we show a contour encircling the entire 
unstable half of the complex frequency plane. The number of times that the 
image path in the complex D plane encircles the origin equals the number of 
unstable roots of D[ft) = 0. The real and imaginary parts of the dispersion 
relation, when 1 > ft > 0, are roughly given by 

I m 2 , = ^ ^ T n r - - U ^ ) 8 / J f t ? / 1 = o , 

R e D = %± ^ ° £ rVnli- - ll - J-^fftfiW -DRc = 0 , 

where Re and Im denote the real and imaginary parts, respectively. 
To touch base with previous results, Erst consider the case of no hot 

particles. Noting that for 
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and 
n r -> 0 =• ImD - tO and RtD = -DRc , 

we can easily sketch the Nyquict plot in Fig. 2. Note that we get ore 
unstable root depending on whether DRC is positive or not. This is just the 
well-known resistive stability criterion of Glasstr, Greene, and Johnson. 1 6 

The same Nyquisi diagram would be obtained for the dispersion relation 
with hot particles included but in the fluid limit, i.e., case B. 

Now, include a hot particle population and assume favorable average 
curvature, i.e., DKt < 0. This time, two conditions have to be met for 
resonant destabilization to occur: first, ImZ) has to change sign for some 
flc such that 0 < n„ < 1 and second, Re/>(n c) < 0 in order for the origin 
to be encircled. These two conditions impose upper a/id lower bounds on 
the critical 0ph, respectively. Moreover, the Nyquist analysis reveals that 
there will be a hot particle-induced instability only for these latter trapped 
in the region of adverse curvature, so that they undergo unfavorable drifts, 
i.e., Ci.h/Cjdh > 0 (cf. Figs, 3 and 4j. Since trapped particles spend 
the greater fraction of their time near the banana tips, it follows that a 
sloshing (i.e., marginally trapped or trapped on the good curvature side) 
distribution of trapped particles will not foster instability. Finally, if the 
system has unfavorable average curvp.ture, the Nyquist diagram manifests 
two unstable roots, one driven by the deeply trapped particles ana the other 
by unfavorable average curvature. 

More quantitatively, we can calculate threshold conditions near marginal 
stability, i.e., n = ficr + i"0+ : 

q2s2 uJh \wdn 

[PphlasUr - -7=— T~ (— ) " « 

i ( ! ^ » ! ) » / * n 3 / » | , l D ( J _ - i ) - i | = bRc . (32) 
V27T tnH Vlct 

A rough estimation of the instability window alluded to aoove reveals that 

We note two things: first, that the threshold is lower than the corre
sponding one for resistive ballooning modes, i.e., 

(£/? p ,)or~0(e 2) < ( £ /? p c ) c r ~ O(l) , (33) 
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and second, that the instability criterion depends only on the dissipation, 
i.e., (u><jm/u>vf)3'f2, and retains independence from the source term, i.e., DRc. 
As advertised in the introduction, this is due to the singular nature of our 
chosen distribution function. 

Turning our attention to the second model hot particle distribution 
function, namely, a Mrvxwellian, we remark that despite its very differ
ent analytic properties, it can be shown to manifest qualitatively similar 
Nyquist and stability properties as the slowing-down case just described, 
albeit at a higher cost of algebra. Hence, we will forgo presenting the anal
ysis here. What is much more of interest, however, is that there is now a 
threshold associated with negative-definite Dgc. In other words, for plasma 
systems such as tokamaks which possess favorable average curvature, the 
trapped hot particle population will have to overcome this stabilizing influ
ence before it can render the resistive interchange mode unstable. To see 
this, consider again the dispersion relation near marginal stability: 

-J75- — (ffphloMhr n c r e x p ( - n „ ) = ( ) " , 

i^(^/oM) C r{J + n„ + n^[ReZ(ncV2)-^exp(-ncr)i} =nRc . 

By examining the limiting cases of weak (i.e., DRC <§; 1) and strong (i.e., 
-DRC » 1) sources, it is easy to show that instability will occur only if the 
hot particle drive exceeds the greater of either the source or the dissipation 

c0Tk> ? m a x ( | J D f i c | , ( ^ J ) ^ ) . (34) 

We see that unlike the ideal case, 1 0 the resistive instability criterion, Eq. (34), 
is magnitude-wise insensitive to the form of the distribution function. 

We conclude this section by calculating the growth rate just above 
marginal stability: 

T = | W * - I I T | E 7 = - - I | • (35) 

Equation (35) has a universal form for all energetic trapped particle-induced 
instabilities. 9 ' 1 0- 1 2 
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IV. FINITE B A N A N A WIDTH (FBW) EFFECTS 

All of the calculations carried out so far have been in the zero banana 
width limit, i.e., it has been assumed throughout that kj_pt >C 1, where 
k± is the inverse radial extent of the mode and pj is the width of the hot 
particle banana orbits. However, the highly localized nature of the mode 
under consideration makes it relevant to consider situations where the finite 
banana width of the high-energy particles exceeds the extent of the mode. 
Since the bounce frequency of the energetic species is assumed to exceed 
greatly the mode growth rate, it can be expected that FBW averaging 
effects will mitigate the threshold results of the preceding section. 

To estimate FBW effects, we take account of the variation of r with x 
in the fast-varying eikonal 

» = t - q{*o)x ~ Xq'{ra}fir , 

where r0 is the radial location of the symmetry flux surface and cV is the 
deviation of tae banana orbit from it. The approximation dr ~ ±Rqdx'v\\, 
where dr is the differential period of bounce motion, easily leads to 

X = ±-v /2w 6(cosx - c o s x i ) 1 / 2 , 

where wj = [epBoy!I/Roq is the bounce frequency, Xt = cos~l(l-E//j.B<t)/e 
is the poloidal location of the turning point, and the overhead dot signifies 
a bounce time derivative. For deeply trapped particles, we find harmonic 
oscillation between turning points x '- ^Xt at a frequency w = Ljt : 

X = XfCOsa/ 6 r , 

and radial excursions given by 

6T = r-r0 = TPbXt sin utT , 

where pt, = qopijt1^ is the banana width and pL is the Larmor radius. The 
leading order corrected eikonal for deeply trapped particles then becomes 

f = f - ?oX ± qoXPbXt sin w*r . 
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The net effect of the correction is to introduce Bessel functions modulat
ing the field quantities when we bounce-average the gy.ukinettc equation, 
i.e., when we transform from guiding center to banana center coordinates 

dr 6<t> exp(m(f - g 0 X ±<3oXPbXtsmuJtT)] - 6ij> J0(—) exp[in(c - g 0 x ) ] , 
Xb 

where Xd = (nQoPbXt)'1- Putting this expression back into the vorticity 
equation and carrying out the various manipulations necessary to get the 
flux surface-averaged set of eigenmode equations, we note that all field 
quantities excluding those in the hot particle pressure term have phase 
at the exact particle position, whereas those in the latter have phase at 
the location of the banana center. Thus, another Bessel function appears 
when we transform back from banana-center coordinates to exact parti
cle coordinates. Finally, the relevant eigenmode equation in the large-C, 
incompressible limit can be written as 

where & = (nqo'pi6t)~iXe1^. The limit f/ft, <S 1, which corresponds to 
k+Pb *S 1, recovers the results of Sec. II. Changing variables to z = (2n) 1 | , 4 £ 
and introducing N = DRJ^^2 and A = - T ( 5 ^ / 7 r 2 1 ^ n 5 / 4 , we finally 
obtain 

* « + ( N - y ) * = — J 0

2 ( f ) * • (36) 
4 Zb 2h 

Using well-known analytical techniques, 2 3 we can solve Eq. (36) via 
asymptotic matching in two regions (cf. Fig. 5): an outer region, z ~ 1 s> zb, 
where the Bessel function may be expanded to give 

Zb 7TZ 2* 

and an inner region, 1 » z ~ £j, where the full Bessel function is kept. 

A. Region I (1 ~ z » z^) 
The eigenmode equation reduces to 

* „ + ( « - — ) * = - * • (37) 

26 



Taking out the exponential dependence $ = 0 e x p ( - s ' / 4 ) reduces Eq. (37) 
to 

0 « - e 0 * + ( N - ^ ) 0 = j 0 , 

which, in tum, can be solved perturbatively. Two independent Frobenius 
series will be generated which, in the limit of large z, diverge exponentially 
a s2 -* - 1 / 2 exp( s74 ) : 

,. _ Hi) / r ( | - |) , A 
r ( i - | ) V v ^ r f l - l ) 1 2 

x [ l n 2 - 7 £ + 2 + c J D(N)]})(^) N / ! + 1 / V^ , 

where c is the ratio of the coefficients of the two independent series, ~/E ~ 
.577 is the Euler-Mascheroni constant, and 

1 '"SSC + W - I + !) ' 
In order to ensure causality, the coefficient of the divergent term must 

vanish 

1 + ^ r ( r % ( f ( i n 2 - 7 E + 2 ) + e'1 + f g ^ " } ~ ° • (38> 
The ratio c is obtained by matching the inner and outer solutions to

gether. To obtain matching, we need the small-2 behavior of $ 

,. <*ln* lim— ; c-Alnez . (39) 
*<ci dz 

B . Region II (1 » * ~ zb) 
In this region, the eigenmode Eq. (36) reduces to 

* ~ = - . / o 2 ( - ) * • 
Zb Zb 

Using a constant-^ approximation, 

d i n * . / " /" 
dz = irA dEj£(Z) , 

JQ 

27 



which can be evaluated asymptotically to give 

] i m ^ l i = A ( l n - + 7£ :+3m2) . (40) 

Matching Eqs. (39) and (40), we obtain the expression for c which, whoi 
substituted into Eq. (38), yielus the dispersion relation 

where 

4 TOR 

wR 

From Eq. (41), it can be shown that qualitatively the threshold for 
instability is raised by a factor {pt,/pjt) \n(pi/pR), where px is the width of 
the resistive mode. 

V. C O N N E C T I O N TO IDEAL R E G I M E 

The theory that has been expounded in the previous sections has been 
restricted in its regime of validity to the deeply resistive zone. As we showed 
in Sec. II], the validity criterion for the deeply resistive approximation is 
\&dm\ <S u>fl. The ideal ballooning mode calculation1 0 is valid in exactly 
the opposite limit of [G^] » WR. One might therefore expect that the 
\&dm\ ~ <*>R limit of the two theories must match together. In fact, however, 
the thresholds predicted by the two theories in this limit are far apart, as 
can be seen upon comparing Eq. (32) of this paper with Eq. (34a) of Ref. 10 

i- (/V»)cr c -1/3 ^ , 

28 



This suggests the existence of an intermediate frequency regime between 
the two theories which acts to bridge them together. In this section, we 
will expand the deeply resistive dispersion relation to describe energetic 
trapped particle-induced resistive interchange-ballooning modes. In so do
ing, we generalize the results of Connor et al.1* and Antonsen and Drake 1 5 

to include hot particle effects. We will then derive a dispersion relation 
in the intermediate regime which will bridge the two theories together and 
show how these three dispersion relations match up to cover the entire 
frequency spectrum. 

A. Energetic Trapped Particle-Induced Resistive Bal
looning/Tearing Modes 

To obtain the dispersion relation governing energetic trapped particle-
induced resistive ballooning and tearing modes requires a three-region match
ing of the solutions to Eqs. (16) to (18), as illustrated in Fig. 6. Region I is 
the ideal region x ~ 1> where resistivity and inertia are negligible. Region 
II is the intermediate region 1 » £ ~ eft 1/ 2 or A _ ) e 1 / S » x ~ A _ I e 2 / 3 » 1 
[recall that A ~ 0(« s)], where field-line bending and parallel compressional 
effects dominate over other terms in Eqs. (16) and (18). Finally, region III 
is the deeply resistive (electrostatic) regime where hot particle effects come 
in. Matching the small-£ values of $ and II of region III to the respective 
large-£ quantities in region II, and the small-f results of the intermediate 
region to the large-£ values of the ideal region and solving all these together, 
we obtain the dispersion relations: 
twisting parity 

2 e 5 / 3 {(cn 3 ' 2 - T n /n 3 / 2 ) 2 + 4[DRC(C - y.bRc) + C T ^ 
A B = wJ~4 ic(i - Tfi/Dnc) - KbRc\(i + r f l / n w o ( i + 7yn 3/v_y 

rr[(i + <7.)/4j r f ( i + g + ) / 4 l r ' ,.,. 
t r [3 + i7_)/4] r[3 + .*+)/4iJ ' { ' 
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tearing parity 

•>,5/3r>S/4 / \ -1 /S 
*'T = " { ( g " 3 / 2 - r r , / n 3 / 2 ) 2 + 4 [D J h (C - KDKe) + CTa}j 

where 

2a± = cn 3 / 2 -T f t /n 3 / 2 ±{(cn 3 / 2 -r f i /n 3 / 2 ) 2 +4[£> / J C (C'-A'i) f l c )+cr n i} I / 2 , 

and the factor A = (n2jSM}~1^ <K 1 that occurs in these equations reflects 
the ratio of the resistive to the ideal spatial extents. 

In Eqs. (42) and (43), the left-hand side is the usual A' quantity which 
reflects the ratio of the coefficients of the small to large ideal region so
lutions, and has been analytically evaluated without hot particles by An-
tonsen and Drake. 1 5 An interesting point is that within our present beta 
ordering, hot particle effects do not enter A', since their Mercier-like con
tribution is of higher order [i.e., ~ 0(e 3)] than the core pressure terms 

Digressing momentarily to make contact and comment on previous cal
culations of the usual resistive ballooning mode, we look at the limit of 
Eqs. (42) and (43) in the absence of hot particle effects 

_ 2e 5 ' 3 l c V + 4 ^ f l e ( C ? - A - J B c ) ] 1 / ' 
B Afi'/* " (C - KDKc) 

v f r [ ( l + g - ) / 4 ] r | ( l + a + ) / 4 ] r ' 
l r | ( 3 + a_)/4] r[3 + a + ) / 4 ] J ' ^ 

A'r = ^ - [ C V + 4DRc(C - KDRe)]-l>* 

x | K + D H = / n ) + - (a.+£>wn ) r [ ( 1 + £ T + ) / 4 l ) ' ^ 
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where 
2(7± = cn3/1 ±\c*n3 + 4DRc{6- KDRC)\1/2 . 

Noting that the averaged resistive equations of Drake and Antonsen 1 5 

ignore the stabilizing influence of perpendicular compression, Eqs. (44) and 
(45) can be seen to recover their results as well as that of Connor et al.u in 
the appropriate large-C* incompressible limit. Our Eq. (45), in fact, is iden
tical to that derived by Glasser, Greene, and Johnson 1 6 for tearing modes in 
a low-/?, large aspect ratio tokamak. As is well-known. 1 5 , 1 6 usual resistive 
ballooning (tearing) modes are driven unstable whenever the free-energy 
source in the ideal region, denoted by A' s (A7.) exceeds a threshold (A ' e ) c r 

\(A'T)cr\. This critical value can be analytically evaluated near marginal 
stability in the limit of large average favorable curvature, i.e., -pRC ^ 1 
to be 

(A' B ) c r = ^ C 1 / 6 | 2 ! i J & [ ( C + A - | ^ c | ) ] 2 / 3 ~ 5 M

! ' 3 » l . (46) 

(Note an algebraic error in the corresponding calculation of Drake and 
Antonsen. 1 5) This critical value is high er sugh that except for proximity 
to marginal stability, we are led to conclude that usual resistive ballooning 
modes are unlikely to be a cause of poor confinement in tokamaks. A similar 
conclusion follows for tearing modes. 

Returning to Eqs. (42) and (43), we recognize that the dispersion rela
tion of Sec. Ill is recovered in the limit of A' <£ 1, since then, 

-o± - 4m + 1 , (47) 

which after some manipulation, can be shown to be identical to Eq. (25). 
The large-ft, small-Tn, DRC limit of Eq. (44), namely 

feA,«=-£wn'/€ • ( 4 8 ) 

must match the small-Si limit of some intermediate region which, in turn, 
acts to bridge the gap between the deeply resistive region and the Weiland-
Chen theory. 1 0 

31 



B. Intermediate Region 
We proceed as before to tlie exclusion only of the subsidiary t-ordering 

of 0 and £ 
n = -t/XuA , i? = Ax . 

Then, to leading order, the averaged resistive equations reduce to 

d , t?2 9 * , . (— i—^ ^ ) - nH2$ = o 

whose solution is 

where WKill[z) is Whittaker's function.". The small-i? limit of*, given by 

I*I«I r [ (n 3 / ! -1)/4] l 8jtf| ri(n3/2 + 5)/4ji ' l ' 
must match onto the ideal solution. The question as to which solution 
dominates as one approaches the ideal limit, i.e., x ~ 1, depends on the 
relative magnitude of the two coefficients 

1 : - ^ - - S M ' - J - . (»0) 

Thus, for example, if luWl/u,, > SM'l/3 3> S \ T 3 / 5 , the i?"1 term is the 
large solution and would dominate the constant $ term. Then, matching is 
more easily performed in terms of the new variable V = Q& since now, one 
can invoke a constant-t/> approximation. This is precisely what was done by 
Weiland and Chen. 1 0 To see that we can indeed recover the Weiland-Chen 
theory in the limit of jd.'| 3> u//j, i.e., |fi| » 1, we make a large argument 
expansion of the gamma function to obtain 

Jim * a H —— , (51) 
d«i«inj 8i'n rx 
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where fir = W/WA, which is the same as the small-? limit of Eq. (20) in 
Ref. 10. Hence, the intermediate region dispersion relation in the notation 
of Weiland and Chen becomes 

^ + ^ = -AH-V<Il<El±i)/ll . ( 5 2J 
rj(n3/2 -1)/4] l ' 

Given that the dispersion relation of Ref. 10, which can be recovered in 
the large-!! limit of Eq. (52), i.e., 

SW,+6tirt=i— , (53) 

has precisely the same form as that governing fishbone instabilities9 (i.e., 
energetic trapped particle induced ideal internal kink modes), it is not too 
surprising to find that the present dispersion relation is identical in form 
to that governing hot particle-induced resistive internal kink modes. 1 2 On 
the other hand, the dispersion relation in the deeply resistive limit, i.e., 
Jfi| <£ 1, becomes 

SWc + 6W^x\I^\(^iy'\^n-^ , (54) 
II [-1/4)1 V ujjf / 

where ft = wl\udm\. Equation (54) has been analyzed exhaustively in 
Ref. 12. In particular, it is shown there that for a slowing-down distribution 
function, the threshold is given by 

_s in3? r /8 | r(S/4) l f t o ^ K - » / < _ , „ . / i ^ m ! \ - 5 / 4 

(55) 
so that 

for \Qdm\ — UR- Note, moreover, that in this same limit, the constant term 
in * is the large solution, as is clear from Eqs. (49) and (50). Then, A' is 
given by 

HmA, = - j r

r , S " 1 / J t ) n ^ , (57)' 
n«i 8A T(5/4) v ' 

which precisely matches the large-fl limit of the deeply resistive regime, 
i.e., Eq. (48). 
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VI. CONCLUSION 
By adopting a maximal ordering scheme, we have systematically devel

oped a general theory to investigate the influence of energetic particles on 
resistive interchange-ballooning modes. In the resistive limit where the hot 
particle precessional drift frequency is weaker than the characteristic in
verse resistive interchange time scale (i.e., wim < u)R), we have shown that 
a population of deeply trapped suprathermal particles, such as those that 
are created during auxiliary heating in the region of adverse curvature in 
tokamaks, can resonantly interact with and destabilize resistive interchange 
modes. It should be remarked that this trapped-particle-driven mode is a 
new and separate branch of the resistive interchange mode. In particular, 
it will assert itself even if the resistive MHD branch is stable, as is the case 
in tokamaks because of favorable average curvature. The destabilization 
mechanism is closely akin to the beam-plasma variety and as such, has 
the character of a negative energy/dissipation trapped particle precession 
mode which becomes positively dissipated at the resistive layer. The mode 
is triggered when the hot particle beta exceeds a threshold value given by 

( e /W„ - ^ m a x ( | X > R c i , ( ^ V 2 ) - 0(< 2) . 

Noting that unlike the ideal theory of energetic trapped particle-induced 
ballooning modes as propounded by Weiland and Chen, 1 0 the threshold 
condition is magnitude-wise insensitive to the choice of the hot particle dis
tribution function; we feel that the present theory provides a more adequate 
explanation for the high-frequency precursors to the so-called fishbone os
cillations as observed on PDX. Needless to say, all the positive features of 
the Weiland-Chen theory, as enumerated in the concluding remarks to their 
paper, are preserved in the resistive theory. 

The highly localized nature of the mode has necessitated an assessment 
of hot particle banana width (pj)' effects. We have shown that when the 
latter exceeds in extent the width of the resistive layer {PR), the threshold 
for instability is raised by a factor {pblPii) hi(Pb/pjt)< a fact which has intu
itive appeal since the fatter the hot particle banana, the less likely mat it 
will "see" and thus interact with the localized resistive mode. Finally, the 
resistive interchange-ballooning dispersion re la t ion 1 4 - 1 6 was generalized to 
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include the influence of hot trapped particles and the connection between 
dispersion relations in various regions of ballooning space established. 

The linear picture having thus emerged, it becomes relevant to enquire 
as to the implications of this mode for anomalous transport. Such a study 
neccessitates a nonlinear calculation which is currently under way and will 
be reported in a future publication. 
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FIGURE CAPTIONS 

Fig. 1 Contour encircling the upper half complex frequency plane, used in 
the Nyquist analysis. 

Fig. 2 Nyquist contour in the image D plane Tor the case of no Hot particles. 

Fig. 3 Nyquist contour for the case of deeply tiapped energetic particles and 
favorable average curvature {DRC < 0). 

Fig. 4 Nyquist contour for the case of deeply trapped particles and unfavor
able average curvature. : 

Fig. 5 Nyquist diagram for the case of sloshing energetic particles. 

Fig. 6 Separation of regions for the case of the finite banana width calcula
tion. 

Fig. 7 Separation of regions for the energetic trapped particle-induced resis
tive interchange-ballooning mode calculation. 
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