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ABSTRACT

An axpHcit aodel allowing a unlflad description of micro and mtcroiyttema

li exhibited. Firstly, a modified quantum dynamics for the description of

macroobjects 1* constructed and It la ahcnm that It forbids tha occurrence of

linear superpositlons of atataa locallted In far away apatlal regions and

Induces an evolution agreeing with elaaalcal mechanics. Thia dynamics alao

allows a description of tha avolutlon In terms of trajectories. To sat up a

unified description of all physical phenomena, a modification of tha dynamics,

with respect to the atandard Hamiltonlan on*, la then poatulatad also for

microscopic systems. It la shown that one can consistently deduce from it the

previously considered dynamics for the centre of mass of macroscopic system*.

Choosing in an appropriate way tha parameters of the ao obtained nodal one can

show that tha atandard quantum theory for mlcroobjects, the quantum mechanical

wave packet reduction with fixed pointer positions, and the classical beha-

viour for maeroobjeets can b« all derived In a consistent way. Moreover, in

the case of a macroscopic system one can obtain, by means of appropriate

approximations, a description of the avolutlon in terms of a phase-space

density distribution obeying a FoVker-Planek diffusion equation-
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1. IHTRODUCTIOS

Despite the success of quantum mechanics In accounting with striking

accuracy for a vast variety of physical phenomena,this theory presents crucial

conceptual difficulties, about which • lively scientific debate Is still

going on. Almost all the difficulties can be traced back to the problem of

accounting for the behaviour of macroscopic objects and for their

Interactions with microscopic ones and are strictly related to the occurrence

(allowed by the theory) of linear superpositions of nacroscoplcally

distinguishable states of a mac rosystem (a typical example being the

macroscopically different pointer positions of a measuring apparatus). This

very fact, I.e. that the linearity of quantum theory unavoidably leads to

consider such superpositions, constitutes a basic difficulty for all trials of

deriving a unified description of the physical reality from microscopic to

macroscopic phenomena . In particular, it Is a source of difficulties when

one tries to describe the dynamics of macros/stems In terms of trajectories,

Which are one of the most immediate data of our experience with this Vind of

objects.

The above statements deserve some clarification. Actually, even

though most features of the behaviour of macroscopic objects are accounted for

by quantum mechanics in a natural way, due to the irrelevant spreads of wave

packets for macroscopic masses, in those cases In which the evolution of the

system leads to a linear superposition of states which are localized in

far-away spatial regions (as it happens, e.g., for the final pointer position

of a measuring instrument), the description in terms of trajectories becomes

problematic. The standard way out Is contained In the reduction postulate,

which hypothesizes the transition from pure states to statistical mixtures.

The clash between these two descriptions, one in terms of linear

superpositions, the other in terms of statistical mixtures, constitutes the

basic difficulty of the quantum theory of measurement.

Various solutions for these difficulties have been proposed. They can

be fitted into one of the following schemes.

a) One accepts two principles of evolution yielding a different dynamical

behaviour for micro and macroobjects. This introduces a dualism in nature

and would require in any case the introduction of a precise criterion allowing

the identification of which objects must be considered as macroscopic.
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b) One limits in principle the set of observables for a macroaystem to an

abelian set. Due to the fact that, as well known , this assumption Implies

the equivalence (for what concerns the physical predictions) of pure states

and appropriate mixtures, It yields a way out from the difficulties of the

quantum theory of measurement . We want to remark that from the literature

it is not always clear if this restriction of the class of the observable* of

a macroobject is assumed to hold for all such objects or only for those which

can be used as measuring apparatuses. The first attitude amounts again to

accept two different categories of physical objects. The second alternative

does not eliminate the difficulties for those objects which cannot be used as

measuring apparata. In fact, if one accepts linear superpositions of

macroscopically distinguishable states, one still meets the difficulty that

the direct perception of these macroscopic differences would "create" the

physical properties of such objects.

c) A solution which Is not based on en a priori partition of all objects in

two classes, but makes appeal to actual experimental limitations, la obtained

by pointing out the extreme difficulty of performing experiments which could

allow to discriminate between linear superpositions and statistical mixtures

for a macroobject. This point of view makes the definition of what has to be

considered as macroscopic dependent on the sklllfulness of the experimenter at

the present time and, as such, could gradually render the set of macroscopic

objects empty. A physically correct attitude within this context is the one

taken by those authors who Investigate whether It might be possible to observe

the effects of quantum mechanical Interference at the macroscopic level and

where to look for them

To conclude this short discussion we want to stress that In our

opinion, to keep the standard quantum dynamics and to abandon or to make

Ineffective the superposition principle for some systems amounts to accepting

(at least to a certain extant) a dualistlc description of natural phenomena.

This means to give up the programme of a unified derivation of the behaviour

of all objects from the basic dynamics of the microscopic world.

We present here an attempt of such a unified description through the

discussion of a dynamical model In which linear superpositions of states

corresponding to the same macroscopic object being localized In far apart

spatial regions are naturally suppressed . This is an essential step in order

to give a description of the evolution of a macroaystem in terns of

-3-



trajectories. This result, If achieved, would yield a formalism satisfying the

general requirements put forward by Ludwig in his basic approach to the

description of physical phenomena . Previous, important contributions along

this line have been given by BarchleLli,•Lanz' and Prosper! .

To get the above said result we start £>y accepting a modification of

the dynamics of macroscopic objects with respect to the standard one Implied

by quantum mechanics, keeping In mind the requirement of suppressing linear

combinations of far apart localized states. To yield this suppression the

dynamical equation must induce transitions from pure states to statistical

mixtures. A way of obtaining this is to add in the dynamical equation a term

corresponding to some measurement process to the one describing the

Hamlltonian evolution . With reference to our programne, we are then naturally

led to consider localization measurements . Aa we are dealing with

macroobjects, the idea of modifying their dynamics in not simply an ad hoc

assumption, but could be justified by making reference to an important remark

put forward by Zeh and strongly supported by Wigner . It consists in the

recognition that the very idee of en isolated system looses its meaning for a

macroobject, since such an object has so closely spaced quantum levels that

almost any interaction, no matter how weak, is sufficient to induce

transitions among them. A macroobject has then to be considered as embedded in

some sort of thermal bath. The equation of motion could then be considered as

describing the reduced dynamics for such a non Isolated system. Whether the

interaction with the rest of the world can be accounted for by measurement

processes is obviously open to debate. Here we are not interested In

discussing this point, since we want to take a very different attitude, i.e.

we will postulate that also the microscopic objects are governed by a

dynamical equation of the same type. This assumption turns out to be sensible

since, as we shall show, one can choose the parameters in the equation in such

a way that the dynamics of microsystems coincides for all practical purposes

with the standard Hamiltonlan quantum dynamics. Moreover the dynamics of a

macroobject can be consistently deduced from that of its microscopic

components and turns out to forbid linear superpositions of far away states

and to yield an evolution compatible with classical mechanics . The quantum

mechanical wave packet reduction with fixed final pointer position is also a

consequence of the modification of the dynamics.

tn Section 2 m make tome preliminary considerations on the
requirement* which muet be taken into account in order to have a satisfactory

description of the dynamic* of • maeroobject and we describe some previous

important work on this subject. In section 3 we explicitly introduce a

dynamical equation for such objects and we study Its consequences on the

evolution of a free macroscopic particle in one dimension. In Section * we

compare the evolution Induced by the dynamical equation with the standard

quantum evolution and with the classical one. In section 5 we show how our

dynamical equation can be used to define particle trajectories. Section & puts >

forward a change of attitude, I.e. a modified dynamics is postulated also for

microscopic systems. It is shown that one can consistently deduce from it the

previously discussed dynamics for the centre of mass of the macroscopic

bodies. Section 7 illustrates how by a proper choice of the parameters of the

theory one can derive a set of remarkable consequences which can be summarized

by stating that standard quantum theory for mlcroobjects, quantum mechanical

wave packet reduction and classical behaviour for macroobjects can be all

consistently deduced from the basic microdynamic*.

In Section 8 we show how, taking advantage of the sodifled dynamics

for macroobjects, one can give a description of the dynamical evolution of

such objects in terms of a phase space density distribution.

2. DYHAMICS FOR KACXOOBJBCTS: FKELIKIVARY COHSIDERATIOBS

If one is interested in understanding the dynamical evolution implied

by quantum mechanics for macrosystems and in comparing it with the one

following from classical mechanics, it is quite natural to look for the

possibility of giving some meaning to the concept of trajectories even in the

quantum case. As already said, the major obstacle to such a possibility comes

from the fact that quantum mechanics allows the occurrence of linear

superpositions of far away atates. It should be clear that to reach the above

aim some modifications of the purely Hamiltonlan quantum dynamics are

necessary .

To better understand the problem and the ideas which can be followed

in developing such a programme. It is useful to discuss first the problem

within classical mechanics. We shall limit our considerations to the case of
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an ensemble of classical systems In one dimension. Such an ensemble la

described by means of the density function in phase space ^(q, p, t)

obeying the Liouville equation

(2-1)

where H is the Haniltonian and the symbol{•..] denotes the Poisson brackets.

Let us choose arbitrary continuous functions q(t) and p(t) and, for fixed

t, let us define the subset of phase-space E as

(2.2)

for two arbitrarily chosen A q and A p . When t Is varied the family E

identifies a "tube" In the <q,p,t) space.

We are now Interested in the following problem: given the density

function £ at time t-0 , What is the probability at time t that a

particle of the ensemble has followed a trajectory which, for all tines up to

t, was contained in the tube? A nice way to tackle this question is the

following. Suppose we test at random times, according to a Poisson process

with mean frequency X , whether the members of the ensemble are within the

tube or not and we discard those members which are found outside. The

ensemble of the surviving systems then becomes poorer as time elapses and will

be described by a density function e[(q,p,t). It is easy to get an equation

governing the evolution of J[(q,p,t). Taking into account that the

probability of having no selection in the interval dt is 1 -Adt we have

{H,5(fc)}dfe]
(2.3)
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where y _ is the characteristic function of the set

get the differential equation

E . From (2.3) we

(2.4)

It la easily seen that eq.(2.4) Implies

o (2.5)

where the integral i» extended to the whole phase space. Sq. (2.4) therefore

implies a possible loss of probability . If one denotes by 2 t the map

SCO) (2.6)

one immediately checks that Z t S L "^t^+tj. f ° C * n y V t 2 > °*

showing that the map Z . yields a representation of the forward time

translation semigroup. Eq.(2.4) is the classical analogue of a quantum

dynamical semigroup equation, rrom the derivation it is obvious that the

integral of g(q,p,t) over the Whole phase apace gives the probability that

a particle of the ensemble Is found within the tube in all tests to which it

has been subjected In the time interval . Oi—<t. Foe X going to infinity

3<q.P.t) tends to a density function ^(q,p,t), such that Its integral over

the whole phasa space gives the probability that a trajectory lias within the

tube. In view of the arbitrariness of A q and A p in «q.(2.2). this

procedure can be used to define the probability of occurrence of a given

trajectory with any preasslgned accuracy. It is obvious that one could have

identified the same probability by testing Whether the particles are within

the tube or not at fixed, equally spaced times and taking then the limit for

vanishing spacing. In Appendix A we discuss a simple case where the semigroup

equation (2.4) is explicitly solved.

-7-



Whan trying to Identify trajectories in the quantum case, ana mint

first of all take Into mccount that localization* In position and momentum ara

subjected to the limitation* earning from tha Heitenbers principle. Moreover,

It ha* to be *tra***d that, while in the classleal case the process of

ascertaining whether or not the member* of the ensemble lie within a given

phase space region E influences the ensemble only by discarding some of

it* members but does not change the dynamics of the surviving members, in the

quantum case the situation is quite different. In fact, any action aimed to

ascertain Which lysterna possess some definite properties, induces a drastic

change in the statistical operator, *o that also the subsequent evolution of

the systems which have survived the test la completely different from the on*

they would have followed in the case of no test. Due to thl* essential role

of the selection mechanics (Which cannot be considered simply as a tool to

get a formal equation for the identification of the systems whose

trajectories lie within the tube), in the quantum case it becomes important to

specify precisely the modalities of the measurement process. We will describe

in general the changes induced on the statistical operator by thl* process

through the map 3—*>Ttfi]. This aap accounts for some type of measurement

process on the system. It is then useful to make reference to the formalism

based on projection valued measures, which has been Introduced to generalize

the ordinary description of measurement processes . Such a generalized

formalism makes use of the ideas of effect valued measures <EVH) and

operation valued measures (OVH). This framework turns out to be more

satisfactory and richer than the standard one, allowing for instance the

description of approximate measurements and of measurements performed by

apparatuses which do not work with efficiency one. For the sake of

completeness in Appendix B we have briefly sketched this generalized

description of measurement processes.

We now describe briefly the interesting approach to macrodynamics of

Barchielli, Lanz and Prosper! . These authors ara Interested in identifying

a dynamical evolution equation for a macrosystem allowing to define a

functional probability distribution on an appropriate < -algebra of the

subsets of the space of the continuous functions of t (trajectories). They

deal with a macroscopic particle in one dimension and they are interested in

studying the dynamics of such an object when it is subjected to appropriate,

obviously approximate, position measurements. If one wants to introduce such
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process**, one either uses projection operator* on definite tpaee Interval!
(and introduce* therefore an arbitrary discretisation of apace) or niorti to

th* more general formalism mentioned above, baied on tha concept of operation
valued measures. The author* of ref.6) have considered the following

= J= dx e. £2.7)

where I is a Borel *et In R and q 1* the position operator. T [f]

describe* (including its appropriate weight) the subensembla of those systems

Which In the measurement have been found in I. Accordingly, the probability

P(qCI/f) that in the measurement the position is found within the Borel

set I, when the state of the system is 9 , 1*

(2.8)

If no selection is performed according to the result* of the measurement, the

ensemble is represented by the statistical operator

TW - TBW - J| s e. (2.9)

In th* coordinate r«pres«ntatlon one has

(2.10)

Vote that (2.10) 1* probably the simplest expression having the desired

meaning, in spite of the fact that in order to Introduce it one has to resort

to th* generalized formalism Involving O.V.M.. We shall make reference to

(2.9) a* the localization process.



In ref. 6) the macroscopic system was considered as evolving by pure

Hamiltonian dynamics and to be subjected to the localization process at

definite, equally spaced Instants. The discretization of the tine axis was

then eliminated by taking in a suitable way the infinite frequency limit. To

be more specific, if the time Interval between two measurements is denoted

by 1/X, one takes X-*eo ,aX.const.

The infinite frequency limit raises some problems, in particular It

forbids the direct use of the process T^t- 3 to perform selections on the

statistical ensemble in order to define the probability distributions on the

space of trajectories . This point will become clear In what follows. The way

used in ref. 6) to overcome this difficulty consists in keeping the modified

dynamics obtained under the limit as the basic dynamics of the system, and

then adding a purely selective process, the selection being performed on the

basis of the mean values of the results of the measurements occurring between

two selections. In this way one is accepting particles which have been found

outside the "tube" which we are considering, provided the mean value of the

obtained results fall within the tube.

In the next section, we generalize the dynamical description of a

macroobject given in ref. 6.

(3.1)

Since, owing to (2.10),

(3.2)

eq. (3.1) is obviously trace preserving. Moreover, using eq.(3.1), it can be

easily proved that

(3.3)

This implies that under the dynamical evolution pure states are necessarily

transformed into statistical mixtures.

Let us consider the non-Hamlltonlan term X ( g - TtSl) In eq.(3.1).

According to (2.10), in the coordinate representation It beco

3. DYSAMICS FOR MACROOBJECTS: EVOLUTION EQUATION AHD DETAILED STUDY OF

THE FREE MACROSCOPIC PARTICLE.

As in Ref. 6), we deal with a macroscopic particle in one dimension.

To eliminate the arbitrary discretization of time, we follow a different way,

i.e. we assume that the localization process C2.9) occurs at random

times . In this way there is no need to take the infinite frequency limit

in order to have a continuous evolution of the statistical ensemble and, as we

shall see, the dynamical equation itself can be used to perform selections on

the ensemble itself. If no selection on the basis of the result of the

measurement is performed and the probability of occurrence of a localization

process in the Interval dt is Xdt, the evolution for the state of the

system is

If one takes the limit >.—»oo,i-<* . const. - Jf the right hand side of

ft2 <q'|Sl q"> which is the matrix aia.ient lr>
-Iq, tq .31)• Under the

eq.(3.4) becomes Jftq'-q

the coordinate representation of the operator

limit eq.(3.1) becomes

. sco]- (3.5)

which is the basic equation considered in ref. 6).

Let us now consider eq.O.l) in the case in which H is the

Hamlltonian for a free particle. In the coordinate representation we get

-10- -11-



JL
(3.4)

One can express the solution of the above equation satisfying given Initial

conditions In terms of the solution <q'I g (t)| q"> of the pure SchrSdlnger

equation ( X . 0) satisfying the sane Initial conditions, according to

Where

(3.8)

The Heraitian symmetry of ̂ (t) follows from th« property F(lc,q.t)-F(-k,-q,t).

In Appendix C we have shown how this solution can be obtained.

For X - 0 one has r(k,q,t)-l, implying <q'|S<t)|q">-<q'| $,Ct) |q">,

as it must be. Let us list some properties of the function F which will be

useful In what follows; one easily finds

F(o,o,t) = (3.9a)

(o.o.t) * o , F, (o.o.fc) = O (3.9b)

(oot)=«A b*
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To understand the dynaadeal evolution described by •q.CS.S) we

evaluate now, by making use of the explicit solution given by eqs.{3.7) and

C3.8), the tteon values and spreads of the position and nonentua operators for

all tines. One has, using eqs.(3.9)

set)) =

s F(opo(b)

(3.10)

= <9>s

In deriving this result, as well as those which follow in this sactlon, we

have assumed appropriate regularity propertiea of <q'l£ (t)| q">- In

eq.(3.10) we have denoted by <q> the mean value associated to the pure

Schrodinger evolution. In a conpletely analogous way we get

F<o,o,t)

«»(o.o.t) =

(3-11)

-13-



where we have used the fact that the pure Schro'dlnger evolution la trace

preserving. With an analogous procedure one gets for the mean value* of p,

and $2:

<p>g - L

<P>s

(3.12)

and

<p"> =

(3.13)

It is also useful to evaluate tr(qp£<t)). Using eqs. (3.4) and proceeding as

above we get

tot [̂ p sCO]

» (3.14)

Sumnarlzing, In the case of the free particle the evolution Induced

by equation (3.1) gives rlae to mean values, spreads and correlation for the

position and momentum variables Which are related to those of the pure

Schr&dinger evolution by

-14-

<3.15a)

<3.15b)

(3.16a)

(3.16c)

In eq.O.Ub) we have denoted by I(q-<q>)(p"-<P>> 1 the Hermittan part of

the quantity in square brackets. The shorthands {qj , \VP\ > [p] have been

Introduced to simplify the notation of the formal development* of the

following sections. Ue note that the nean values are not affected by the

non-tiatniltonian term In eq.(3.1).For what concerns spread* and correlation,

the corrections depend only on the combination stX of the parameters o< and X

4. DISCUSSION OF THE •OB-HAMILTOmAH DYIUIICS AMD COMPARISON

WITH THE CLASSICAL EVOLUTIOH.

The dynamical equation we have discussed In the previous section has

been introduced as referring to a macroscopic system. From this point of view,

the first problem which is interesting to discuss i* how this dynamics Is

related to the classical one. Ue remark that the standard quantum dynamics, In

the case of a free particle. Induces for the mean values <Cq>B and <CP]>

exactly the classical evolution. Moreover, for any reasonable choice of the

initial spreads of the position A q • J\§] and of the momentum Ap • J\v] >

the increase of Aq When tla« elapses, in virtue of the smallness of the

Planck constant and of the large value of the mass for a macroobject, can

-15-



This in turn Implies

be completely disregarded for all interesting times. However, u already

discussed, the recognition of thl« fact does not exhaust the problem of tha

derivation of the classical bahavlour of a macroobject from quantum

principles, tinea problems remain open whan linear superpositions of

microscopically distinguishable state* can occur. In such eases a satisfactory

classical description would require that the statistical ensemble decomposes

into a statistical mixture of macroscoplcally distinguishable states. Let ua

discuss the above points within the framework of the non-Hstnlltonian dynamics

of section 3.

First of all we can observe that Ehrenfest's theorem holds true also

for the modified dynamics. In fact, for any dynamical variable X which is a

function of the operator q only It is easily shorn) that

(4.1)

(4.2)

(4.3)

(4.*)

(4.5)

In accordance with this property eqs.O.lS) show that in the case of a free

particle the mean values of position and momentum are not affected by the non-

Haniltonlan terms. On tha contrary, in the expression for the spreads

additional terns appear. These terms Increase with time, so that one can

identify a characteristic time interval T during which they remain smaller

as it happens for the Schrddlneer evolution. There follows

» A.

Eq.(4.1) also holds for the operator p:

3*Then, if H "jjj-j-MKq) , we have

-16-

than those exposeinj tha Schrodln|«c •volution. T l i than of tha order of the
aller of the two tines and xt given by

TA fk
(4.6)

for tha tlaa interval T tha mean values and spreads given by «q*. (3.15) and

<3.16) colnclda practically with tha Schrodingar values which In turn agree

with classical evolution. Ua will discuss below tha explicit values taken by

T when the parameters of tha model are appropriately chosen.

The fact that A q2 and A p 2 are vary cloaa to the Sehrodinger

values for an appropriate time Interval is strictly related to tha •mall

influence of the non-Hamiltonlan term on tha matrix elements of the

statistical operator <q'|sk«> when ( q L q - j ^ , on the contrary, we

will see that tha non-Hamiltonlan dynamics has a drastic affect on tha

off-diagonal elements when I q ^ f J ^ i . T h U can be easily understood by

observing that tha properties of tha function FCk.q.t) are remarkably

different In the two cases q . 0 and q / 0. In fact, whan q - 0 the

integral at the exponent In eq.(3.8) for sufficiently small t behaves like t,

yielding the cancellation of tha factor e " V t and making r(k,O.t) very

near to 1. Since P-l implies <q'H<t)Jq-> - <q*IS,(l)| q">, this shows

that tha almost diagonal matrix alaments of tha statistical operator in the

coordinate representation are practically unaffected for an appropriate time

Interval by tha non-Hamlltonlan term In the evolution aquation. On tha

contrary, for q/ 0. tha Integral In eq.(3.8) cannot cancel, even for small

times, the damping factor a~Xt, so that tha non diagonal elements arm

rapidly suppressed.

To make these statements more precise we derive two inequalities for

the function F<k,q,t) for the two casaa q - 0 and q > 0.

a) q - 0

Since

r- dz irm.
>

-̂m.1
<*.7)

-17-



it follow* that

F(ft,o,t) > e
i- & «•>•& t t (*.8)

tha last Inequality being meaningful foroO.K tZ/4m < 1. Ha then have

A - FCfe,O,b) ^ (4.9)

b) q > 0

The function F can be written as

-Xt
= e

(4.10)

Where

J-Y

-Z'
The function h(x,y) is the mean value of a" on the interval (-y,x-y).

Clearly one has

(4.12)

for x < y, and

C*.13)

for x >2y. For y < x < 2y on* finds

fy x1 fy k.14)

-IS-

•o that, on tha whole.

(4.15)

In turn tha function F obeys the inequality

where

Coning back to the discussion of the diagonal elements of the

statistical operator, we gat from eq. (3.7)

(4.16)

(4.17)

(4.18)

To illustrate the implications of this equation, we discuss • Simple

example. Suppose that < q|$ (t)lq> is • mixture of Gaussian terms whose

spreads are A. with minimum A . Than the Fourier transfer*! appearing In

eq.(4.18) yields tern* containing Gaussian factors G , whose

maxlnum width is A / A * , so that the integral in K 1* concentrated in a

region 1*1< ft/A. . Inequality (4.9) shows then that tha Integrand in

aq.(4.18) contains a factor smaller than (<x\jt/4nnA.) t . The condition

t « T r the time ^ bains Blven by eq. (4.6), implies <^l$(OI<i> a <q|«»(OI<)>.

Obviously this result holds for those matrix elements which are appreciably

different from zero.

For tha off-diagonal element* we consider the case q'>q". Obviously

tha same results are valid for q'<q" due to tha Hermitian symmetry of <J(t).

Inequality (4.16) gives, for q'-q" > 2J1, a significant bound on F

independent of k. This shows that the expression (3.7) for <q'IS<t)|q">

contains an exponentially damped factor whose lifetime Is T • l/\{&, so that

in • time Interval of the order of "C the linear superpositions of states

separated by distances larger than the characteristic localization distance
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13)
are transformed into statistical mixtures

As we shall see, one can choose the para

that the tine T

that we can conclude that the modified dynamics agrees with the classical

description for a macroobject and overcomes the problems arising from linear

superpositions of states localized in far apart regions.

stars X and <* In such a way

wind., T.) ia very large and t extremely null, so

5. PARTICLE TRAJECTORIES

As extensively discussed in the introduction, one of the most

attractive results which should follow from the suppression of the

superposition of far away localized states would be the possibility of

accounting for the dynamics of macrosystems in terms of trajectories without

encountering the difficulties one has to face whan dealing with the same

problem within the standard theory. In section 2 we have pointed out that

within.the framework of ref.(6) one cannot use directly the localization

process T[>) to perform selections on the statistical ensemble in order to

define the probability distribution for appropriate sets of trajectories. The

reason for this impossibility arises from the fact that, as <*->O, tn (

for any finite I even when the support of <q |5| q> Is entirely contained In

I.

Within our scheme, since we keep X finite, we can Identify

trajectories by using the selective form of eq.(3.1)

£sc« = - £ [ H ,*<«>]- sit) a 2 (5.1)

where I(t), for any fixed t, is an interval in F . The fraction of the
members of the ensemble which up to time t have always been found within I(t),

0 j t s t. Is the probability associated with the set of trajectories l(t); In

terms of the solution of eq. <5.1) it is given by tr (j(tj). Since the

localization process, as discussed In the previous Beetion, decomposes the

statistical ensemble In subensembles corresponding to systems localized on

-20-

distances of the order -jL , eq. (5.1) selects in a natural way those
vw

•ubensemMes whose lumbers lie within I(t). obviously, the use of *q.(S.l)

to define trajectories ia meaningful only If the amplitude of the interval

I(t) Is always significantly larger than the localization distance -=s .

Moreover, in the time Interval in Which we are interested, many test* must

occur, otherwise the trajectory would not be identified with meaningful

accuracy.

Eq.(S.l) induces a loss of particles. One can derive from eq.(S.l) an

upper bound for the fraction of particle* which survives, the Localization
test*. In fact, taking the trace of eq.(5.1) we get

r5 <** e. < 5 i>

If we call H the maximum extent of the Interval ICt) and we observe that

» (5.3)

we obtain from eq.(5.2)

Taking Into account that tr <J(O)»1 we then get

s(t)
-xrt

(5.5)

Since C remains finite for Ot—*0, one gets that in the Halt X — » M > (even
when CX.X is kept constant) Tr g(t)—+0 for any t, whatever family of
intervals ICt) ha* been chosen, provided I(t> Is not the whole real line.
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which amounts to no selection. This explains Why In ref.(6) one cannot use the

process Itself to select sets of trajectories. Also In our case, for t-*oo,

trg(t)-»O for any choice of I(t), This gives rise to a disagreement with the

classical case, in Which the probability of having the particles in a given

tube remains constant if the tube Is made of possible physical trajectories.

The reason for this Is that tr(T (S)) < tr(S) for any finite I, even when

the support of <q]$|q > is entirely contained in I. However, as already

remarked, eq.(S.l) is physically meaningful only if « » j=". This

condition shows that the damping factor is ineffective up to times extremely

long with respect to 1/X . For example if M is chosen in such a way that

M'iCslS, so t h a t T s lcT26, the damping factor becomes effective for times

of the order of 102/^. .

6 . MACRODYBAHICS FROM MICRODYNAMICS

Up to now we have introduced a non-purely-Hamiltonian dynamics to

describe the motion of a macroscopic particle and we have outlined how this

modification can be used to overcome some of the difficulties in the

description of such objects. He will make our considerations quantitatively

more precise in the following sections. However, macroscopic objects are

composite systems and the standard quantum mechanics gives definite

prescriptions for their description. It is an Important feature of quantum

mechanics that, under suitable conditions, the internal and the centre-of-maBS

motions of the composite systems decouple and, moreover, that the equation of

motion for the centre of mass is formally identical to the equation prescribed

by the theory for the description of a single particle . Here we want to

investigate Whether it is possible to obtain the non-purely-Hamlltonlan

dynamics for macroscopic particles described in the previous sections from a

modification of the standard quantum dynamics for their microscopic

constituents . If such a modification leaves practically unaltered the

behaviour of microscopic systems as accounted for by quantum mechanics w« can

say we have laid the foundations of a possible unified description able to

account for both the quantum and the classical behaviours of microscopic and

macroscopic systems, respectively.

In this spirit, let us tentatively assume that the approximate

measurement proe«s« ![•] occurs Individually for each constituent of • w*ny

particle system. We consider a systea of « particles in one dimension.

Denoting by ^1 the frequency of the process suffered by constituent 1 and

assuming that the accuracy of the localizations is the same for all

constituents, the evolution equation for the composite system is

where

= J£ <&* e 3 e

(6.1)

C&.2)

q being the position operator for the 1-th particle of the system. To

discuss eq.(6.1) we introduce the centre-of-mass and relative motion position

operators $ and r. (j-1,2,... H-l), related to the operators q^ by - -

A

= Q + ICj (6.3)

Eq.(6.1), when the Hamlltonian H can be split into the sum of the centre-of-

mass and internal motion part* H

spaces, reads

and B r acting In the respective state

(6.4)

where the operation T l«,] can now be written as:

-22-
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The dynamical evolution of the centra of mass of the ay*ten ia

described by the statistical operator

S, = (6.6)

obtained by taking the partial trace on the Internal degrees of freedom of the

statistical operator S for the complete I-particle system. Taking the

r-trace of the operation T^ISI ona geta

so that, by shifting the integration variable x by the amount ,Z e^r,,

one finds

(6.8)

where

(6.9)

Taking the r-trace of eq. (4.4) one then gets

the equation describing the reduced dynamics of the centre of maas has exactly

the sane font of eq.O.l), the parameter X being substituted by the sum of

the 'a for the individual constituents of the many body system. This is

due to the fact that, according to eq.(6.6)t when the internal degrees of
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frMdom ace disregarded, any localization of a single constituent Induces a
corresponding localisation of the centre of Dai*.

This result destrvas tome eoanentt. First, It Is worthwhile stressing

that the non hamiltonian tana In eq.(6.10) it directly generated by the

analogous terms of eq.(6.1) and Is not due to the elimination of the internal

degrees of freedom. In fact, if one starts with a composite system with

Hamiltonlan dynamics for which H-H+ Hr> the reduced dynamics for the

centre-of-mas* motion is necessarily Hamiltonlan, and therefore allows the

occurrence of linear superpositions of far away states of the centre of mass.

To avoid this, one could couple the system to some other system whose dynamics

ia then eliminated . This, however, gives rise to a chain procedure when

larger and larger external parts are Included. If one wants to reach a point

where linear superpositions of far away states cannot occur, ona has to break

this chain in an arbitrary way .In our approach the non-Haailtonian dynamics

for a macroobject Is induced by a basic non-Hamiltonian dynamics for Its

microscopic constituents. Secondly, even when the localization processes occur

extremely seldom for the constituents, their effects sum up for the centre of

mass. This makes the suppression of the off-diagonal elements of"the

operator J in the coordinate representation more and more rapid-with

Increasing number of constituents. To properly appreciate that this effect

emerges only for variables which express a collective property of many

constituent!, one can observe that In the reduced dynamical equation derived

from (6.1) for a single constituent, such a constituent is localized with its

own frequency.

From a physical point of view it Is particularly simple and

Interesting the case in which the internal motion Hamiltonlan gives rise to a

sharp (with respect to H//ct ) localisation of the internal coordinates, as it

happens, for an appropriate choice of « ,in an insulating solid. In such a

case It is evident that localizing with an accuracy ̂ /<JS any one of the

points of the almost rigid structure of the solid induces a corresponding

localization of the centre of mass. In this situation something more can be

proved, i.e. that the internal and the centre of mass motion decouple almost

exactly and the internal motion is not affected by the non-Hamiltonian terms

in aq.(6.1). To be precise, we assume that the matrix elements <Q',r* ISlQ*\r">

are non-negligible only whan the conditions
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±

are satisfied, a, being the equilibrium position of constituent 1 relative

to the centre of mass. Since conditions (6.11) imply

— , I a A.... N , (6.12)

< Q'.f*|g|Q".r" > is negligibly small unless condition U.12) is satisfied.

From the definition (6.2) one sets

The exponential factor appearing in the last line of eq.(6.13) is a Gaussian

in the variable Q1 - Q" displaced by the amount £.1^,.(r".-r",). Due

to eq.16.12) the displacement of the Gaussian can be neglected with respect to

Its width, so that in this approximation

(6.14)

Since the whole system la rigid, the physical meaning of eq.<6.14) is that, as

foreseen, a localization of a single constituent is equivalent to a

localization of the centre of mass. tq.(6.4) then shows that, if the initial

statistical operator has the fora of a direct product £ § r > it remains

of the same type, and the statistical operators g and 5 obey the

equations

-26-

dfc
= ~ % ^(6.15)

and (6.10), respectively. We conclude that in the considered case the Internal

and the centre-of-masa notions decouple, the internal motion of the solid

remaining unaffected by the localization process introduced In eq.(6.1) and

the centre of mass motion being affected by such a process with a

characteristic frequency equal to the sum of the frequencies for all single

constituents. In the case of a system with loosely bound components the

general conclusion about the reduced dynamics for the eentre-of-mass motion,

expressed by eq. (6.10), still holds. However, to • certain extent the

internal motion is also affected by the reduction processes for the components.

To conclude this section we observe that, if one assumes that the

test frequencies X, of all microscopic (e.g. atomic) constituents of a

nacroobject are of the same magnitude ( X. • X ), the centre of mass
1 micro

is affected by the sane process with a frequency A. • Jf\ , ,
macro micro

Where </f is of the order of Avogadro'* number. As we shall see, this will

allow us to choose the parameters X , and ot In such a way that

standard quantum mechanics holds exactly for extremely long times for

microscopic systems, while for macrosystems possible linear superpositions of

far away states are almost immediately suppressed by the dynamical equation.
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7. POSSIBLE NUMERICAL CHOICE OF THE PARAMETERS OF THE MODEL AND ITS

CONSEQUENCES

A nice feature of the point of view Which has been adopted in Sect.6,

i.e. that of considering ail constituents of any system a* subjected to the

approximate localization measurements, consists In the fact that one can
choose the parameters of the elementary processes in such a tray that

i) The quantum mechanical predictions for microsystems are valid for

extremely long tines.

11) The dynamics of a macroobject, when It Is consistently derived from

that of Its microconstltuents, turns out to coincide with the

classical one for a sufficiently long time interval.

ill) In the interaction of a microsystem with a measuring apparatus the

dynamics induces naturally the quantum mechanical wave packet

reduction with well defined positions of the macroscopic pointer.

To give orientative indications on the numerical values of the

parameters appearing in our model, we take the attitude that the localization

distance A/'JfZ is of the order of magnitude of the precision attainable In the

determination of the position of a macroobject. We also assume that the mean

time H / X elapsing between two successive localizations for a macroobject is

such that the transition to statistical mixtures for states spreading over

distances larger than the localization distance takes place in a very small

fraction of a second. A further requirement which has to be taken into account

is that, when one is trying to identify particle trajectories for a

macrosystem using the selective form of our equation, the disagreement with

the classical predictions which, as shown In Section 5, unavoidably arises

for large times, be unimportant for times which are long with respect to those

during which one can keep the macrosystem isolated.

These considerations lead us to discuss the following choice for the

order of magnitude of the parameters. For the test frequency for microsystems

we choose

This means that such a system Is localized once every 10 8~10* years. For

the parameter <X we choose

1/VoT * 1O~5 cm.

i

The fact that a microsystem la practically never tasted, allows us to

conclude that standard quantum mechanics remains fully valid for this typa of

systems.

Moreover, for a composite systesj for which the relative coordinates

are confined within a spatial range such Mailer than the localization

distance 1/i/ot ,as it happens for atoms and molecules, the process T[-] is

almost uneffectiva even when it takes place, a fact that strengthens the above

conclusion.

For what concerns aacroobjeet* (containing a number of constituents

of the order of Avogadro's number), according to the considerations of Sect •-.

6 showing that the individual tests on the constituents add for the centre of

mass dynamics, we get as characteristic test frequency

aero 107 sec'1

If we take, for the sake of definiteness, the mass of such an object to be of

the order of Ig, and the initial spread of the position A a , again of the

order of 10 cm, we know that the quantum Increase of the spread In the

position is negligible for extremely long times (~10 y), so that the

quantum evolution is practically the sane as the classical one. In such a case

(compare «qa.(4.6)), the additional term appearing in A q equals A q 4

at the time Tj. which is of the order of 100 years. This is a vary long tine

for keeping isolated a macroobject. A much longer time T is required in

order that the additional term In A p has an appreciable effect for any

reasonably chosen initial spread of the momentum. As far as the occurrence of

linear superpositions of far away states is concerned, as w* have seen, the

off-diagonal elements of the statistical operator are exponentially suppressed

with the lifetime V - l/*-(& . Porlq-q'(- 4 10~S em w« have T . 10"S sec

(see eq.(4.17b)). Therefore after times of this order linear superpositions of

states separated by distances larger than 10~4 ca ara transformed into

statistical mixtures. For what concerns the identification of particle

trajectories through the selective form of our equation, we remark that, as

already stressed in Section 5, if the cross section of the tube defining the

trajectory is kept of the order indicated there (KjST Kis, which means

H>10~ cm), the damping
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factor becomes effective after 10 Uy. At this time all members of the

ensemble have left any presssigned tube of the chosen size. The previous

considerations, showing that In about 100 y we have a doubling of the Initial

spread, mean that for times larger than this value a disagreement with

classical predictions about trajectories starts to appear . However, w« stress

that the time which one has to wait in order that A<| becomes of the order of

lmm, which is a more realistic value for a macroobjeet of the everyday life,

is 105 y. It is also worthwhile to observe that the mass enters in the

expression of T as a proportionality factor with the power 2/3.

We note that all effects originating from the presence of the

non-Kamiltonlan term in the evolution equation depend essentially on the

product a X . Therefore there is a large freedom in the choice of the separate

values of these two parameters. However, choosing a value of I/-/* smaller

than the atomic dimensions would make it impossible to get the decoupling of

the internal and centre of mass motion for a solid body, discussed in sect.6.

On the other hand 1/>/<X cannot be too large in order that trajectories can be

identitified according to the procedure sketched in sect. S.

Considerations of this type are important for the quantum theory of

measurement . In fact, at least in the case in which the interaction leading

to the triggering of the apparatus takes place in a very short time, we can

apply our treatment to the macroscopic parts of the apparatus Itself,

obtaining in this way a consistent solution of the difficulties related to the

quantum theory of measurement for what concerns the wave packet reduction and

the definite final position of the pointer.

It has to be remarked that the basic evolution equation <3.1), due to

the appearance of the non-Hamlltonian terms, implies a non conservation of

energy. Let us give an estimate of this effect in the case of the free

particle on the basis of the choice for the parameters we have just made. From

eqs. (3.13) we see that in our case:

(7.1)

where <E> la the conserved energy for free Schrodinger evolution

Energy non conservation is then expressed by the term

19)
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(7.2)

Let u* evaluate this term for the case of a microsystem. Since
-16 -1 -23

o . 1 0 sec . a S 10 g

eV V.4

.18which means that to have an Increase of 1 eV it takes a time of 10 years.

In the case of the centre-of-mass equation for a macrosystem , since both the

frequency X and the mass increase proportionally to the number of

constituents, the energy nan conservation is of the same amount. However this

argument applies only to the increase of the energy of the centre of mass.

There is also an Increase of energy in the Internal motion which, as can be

easily understood considering a system of free particles, is the sane for all

constituents. When this fact is taken into account one can conclude that the

estimated energy increase for • system of (batons is

-A

Referring to an ideal monoatomic gas the increase in temperature with time is
-15 o

then of the order of 10 K per year.

To conclude this part w* point out that we have introduced a model in

which the basic dynamics is a generalization of quantum dynamics. Such a model

reproduces in a consistent way quantum mechanics for microsystems, classical

mechanics for macrosystems and the behaviour of measuring apparata as

phenomenologically described in quantum theory by the wave packet reduction.

As we shall see below the model exhibits another nice feature: it allows a

description of the evolution of macroobjects in terms of a classical

phase-space density obeying a Markov diffusion process.
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8. PHASE-SPACE OEUSITY

In the foregoing Beetlong we hava aeon that, at least in the free

macroscopic particle case and for suitable choices of the parameter*,

<q" l3<t) |q"> undergoes a rapid suppression of the element* not nearly

diagonal and <4'|S<t)|q'> moves in space obeying essentially the classical

laws.. In this sense we have already obtained for macroscopic particles the

classical mechanics from the modified quantum dynamics. However the comparison

between the two descriptions will be more satisfactory from the formal point

of view and more precise from the quantitative point of view if, starting from

the modified quantum dynamics, through suitable approximations, ws are able to

Introduce a phase space density and write an evolution equation for it.

to this purpose we again limit ourselves to the free particle case

and we consider the normalized state vectors |/~(A,B)>, A,B£ C, ReA> 0, whose

coordinate representation has the Gaussian fora

= ^ e (8.1)

Given a wave function of the type (8.1) we Indicate by q, p the corresponding

values of the means <q>r, <p>r and by Q,P the values of the square spreads

\i} t {p\. • Ifc I s also useful to introduce the symbol S for the q-p

correlation {qp} defined as in eq.(3.16b). For a wave function of the type

(B.I), R is not an independent quantity but is related to Q and P by the

relation

(8.2)

Obviously, the quantities q, p, Q, P are functions of A and B. They are given

in Appendix D. Conversely, A and B are determined by q, p, Q, F provided the

additional condition Im A<0 is imposed. This choice corresponds to a wave

packet of minimum spread (la A-0) or to a wave packet whose spread increases

by Schrbdinger evolution (Im A<0). The other choice would correspond to a wave

packet which initially contracts, goes through the minimum-spread packet and

then starts to enlarge. The reasons for our choice will become apparent

later. A and 8 as functions of q, p, Q, P are also given in Appendix D.
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A wave function of the fora (8.1) is transformed Into a wave function

of the same type by the pure Schrodinger evolution. The values of q, p, Q, p

•t the time r are given In terms of the value* of the same quantities at the

tiae 0 by

(8.3a)

(8.3b)

(8.4a)

(8.4b)

= Q(o) +

POO = PCo) .

One also finds

. R(o)
(8.S)

When the localization process described by eq. (2.9) is applied to the pure

state (8.1), this is transformed into • mixture of states of the sane type.

PttiPutting

it is easily shown (see Appendix D) that

where

=-3 . (8.6a)
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p* - Pi
/«(^+a.«QO

(B.Bb)

(8.9a)

(8.9b)

One also finds

(8.10)

On the whole, the process described by the free particle version of eq.(3.1)

transforms any mixture of states -3/- into a mixture of the sane type. We note

that the equations (8.A) and (8.9) giving the transformations of the variables

Q, p do not Involve the variables q, p or the mixing parameter % . Therefore

one can introduce a distribution with respect to the variables Q, P and study

it separately.

In order to understand the properties of the distribution of the

variables Q, P we first suppose that the localization process takes place for

all systems of the ensemble at the same equally spaced times as In ref. 6).

The time interval between two successive localization processes is C -1/X.

The evolution of the ensemble is a succession of cycles consisting of a

localization process followed by a Schrodln&er evolution during the time "E .

For the variables in which we are Interested we write

Q - Q.

process (2-9) Schrodlnger ev. (6.11)

= P .
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Using eqs. (B.9), (8.4) and (8.10) we find

J

(8.12)

It It convenient to Introduce the dlmentionleas variables

oCQ (8.13)

e = (8.14)

In terms of such variables the map (8.12) Is written as

i
(S.lSa)

y y (8.15b)

For a macroscopic mass and for any reasonable choice of o( and X , e la a

small number. In the numerical example of sect.7, £ is of the order of 10

The first question about the map (8.12) or (8.15) is whether it has a

fixed point. Physically such a fixed point corresponds to the existence of a

regime condition in the evolution of Q and P. Eq.(8.15b) with the condition

y'.y gives

y - (8.16)
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Inserting this value Into eq. (8.15a) with x'»x gives

(8.17)

It Is easily seen that this equation has a positive solution given by

*• •
(8.18a)

In turn, eq.(8.16) gives

(8.18b)

The corresponding values of the square spreads are

<8.19a)

The next question about (8.12) is whether the regime condition we

have found is stable, i.e. Whether a small deviation from the values (8.18) or

(8.19) tends to vanish when the map is iterated. We consider small deviations

<£„. t£, defined by

x
y (8.20)

and look for the corresponding deviations S , <S of x*, y1. In the

linear approximation, using matrix notation, one writes
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To the first order In t , H is found to be

Where

(8.21)

(8.22)

(8.23)

Indicating by A the transpose of A, one has A + A - -21 . The squared norm

of^'i* then

We conclude that the squared norm of a small enough deviation tends to zero by

Iteration of the nap, so that the regime condition is stable.

Finally, we would like to know what happens when on* starts with a

pair of Q, P values far from Q., P. . The map (8.12) Is complicated enough to

prevent giving an analytic answer to such a question, numerical

experiments are being performed. So far we did not find any initial pair

which does not converge to the regime values for repeated applications of the

map.

The value of P is not changed by the Scnrodinger evolution. In the

regime condition it remains constant also under the action of the localization

process (2.9). On the other hand,the value of Q it decreased by the

localization process and enlarged by the Schrodlnger evolution. In the regime

condition the two effects compensate each other. Kq. (8.19a) gives the maximum

of Q during the cycle. It Is easily found that the minimum Is

(8.25)
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The relative change of Q due to its breathing durlne the cycle is of the

order of E .

So far the localization process (2.9) was supposed to occur at times

equally spaced by the amount •£ • 1/X . In our treatment, however, the

localization process occurs at random times according to a Poisson process.

The values of 'c are then distributed around the mean value 1/X with

root-mean-square deviation also equal to IV X . This circumstance Introduces

fluctuations in the values at the end of the cycle of Q and P.

We suppose to start a cycle of time length

(8.26)

Where <5 Is of the order of 1, with the regime values (8.19). One finds at the

end of the cycle

Q' = Qo("1 + Vi£<S + OC6.1)) »

P'
(8.27)

In the next cycle the values (8.27) have to be used as Initial values instead

of Q , P.,- This fact Introduces at the end of the new cycle a deviation

from the values Q , P which is again of the order £ for Q and is of

order ft* for F. Since the regime condition is stable, these deviations do

not increase by Iteration of the cycle.

The Poisson process which runs the times of the localization process

takes place independently for each member of the statistical ensemble.

Therefore, at a given tine, each member of the ensemble is in a certain

position within a cycle of a certain length inserted in a certain sequence of

cyciss. As a consequence the values of the Q,P pair mix. According to the

tfore'^'ig discussion the distribution of the variables Q and P converges to a

distribution centered around the mean values

Q = (8.28a)
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t ' l l - *

(8.28b)

The ratio of the width in Q of the distribution to the mean value of Q is of

the order of & and the ratio of the width in P to the mean value of P is of

the order of 6*. The value of K corresponding to (6.28) la

R = Sc/% (8.29)

It is worth noting that the values of Q and F given by (8.28) are

very small on a macroscopic scale . The product QP-A72 is twice the minimum

allowed by the uncertainty principle. In the numerical example of sect. 7 one

finds JQ at lo~ en., Jp" si 10~ g ca s~ .

The above considerations show that one can reasonably take the

approximation of neglecting thawidths of the distribution of <J and F, i.e. of

assuming

(8.30)

Where Q and P are understood to have the values (8.28) . To find the evolution

equation for the phase space density S(q,p,t), we write eq.O.l) in the form

(8.31)

dLf*>
where ~r^ indicates the time variation rate induced by the Schrodlnger

evolution of £r(q,p,Q,F), the values of Q and P being kept fixed . From

eqs.(8.3) one gets
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>P,Q,pH

(8.32)

Similarly, Q and P being again kept fixed , eqs.(8.8) give

T

,Q, P) =

(8.33)

where

a, = (8.34a)

b = (8.34b)

From eq. <8.31), taking into account eqs.<8.32> and (8.33), va find that tha

phase space density G(q,p,t) obeys the evolution equation
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A significant check of tha approximation introducad with assumption (8.30) Is

glvan In Appendix E.

The first tern on the r.h.«. of «q.(8.35), alone, would give rice to

pure classical notion. In fact, - (p/1™-) £r i* the classical Liouvllle

operator for the free particle.

The second tern on the r.h.a. of eq.(8.35) gives rise to diffusion,

as one can see by noting that Its presence amounts to substituting with M a n

frequency X the density function 6(q.P.t) vith it* "diffused" fora "

represented by the integral. Tha parameters a and b are given by aqs.(8.34)

and are vary snail . For example, with the numerical choices of sect. 7, they

ara of the orders IO~ en and 10~ | a i " , respectively. It is

possible to give the diffusion tern a more familiar form which also allows to

batter evaluate tha size of the diffusion effects. Since the function<3(q,p,t)

has the meaning of a phase space density for an ensemble of macroscopic

particles , It changes slightly over distances of the order of a and b.

Therefore it is a very good approximation replacing £(q-a£, p-b£,t) by a

truncated expansion in powers of a£ and b j . The odd tanas do not

contribute to the integral . Keeping the even terns up to second order we get

<8.36)

Equation (B.36) is of the FoMter-Planck type, with two independent diffusion

coefficients for position and momentum. Tha position diffusion coefficient
•

according to eq. (8.34a), is equal to X/m. This la tha saoe value aa the
20)

diffusion coefficient appearing in Kelson's stochastic mechanics ,
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There.however, the position diffusion is simply an interpretation of the

spread of th« wave packet . Here, wave packets do not spread, their width

being blocked by the localization process at the value ,/5 given by eq.

(8.28a), but the quantum spread Is substituted by a sound stochastic spread

of the tame amount. On the other hand, the localization process Introduces a

stochastic spread of momentum. This effect Is represented by the momentum

diffusion coef fie lent Ak?/j2 which, according to eq.(8.34b), is equal

This value Is very small, as shown by the numerical example of sect. 7,

where It is of the order 10 (g cm a ) •

9. COHCLUSIOHS

In this paper we have shown that one can consistently introduce a

modification of standard quantum mechanics which leaves things unchanged for

microobjects, while, for macro-objects, transforms quantum mechanics Into a

stochastic mechanics in phase-space exhibiting the classical features. Of

course, uncertainty is not eliminated, but it is, in a sense, Increased.

However the amount of stochasticity is quite small and Is compatible with our

experience of the behaviour of macroscopic bodies. Also the phenomenological

wave packet reduction of the quantum theory of measurement Is accounted for In

a consistent way.

APPENDIX A

With reference to eq.(2.4) let us choose an ensemble of free

particles of MISSEL in one dimension with an Initial uniform distribution over

the position interval lq , q ] and with a sharp momentum p . For

E we choose the tube delimited by the lines q • q +(pQ/>i.)t and

q • q.. +fp_/2u.)t with <

We can disregard the p dependence due to the linear momentum conservation.

The solution of eq.(2.4) In this case and for the stated initial conditions

is, as easily checked

<A2)

• 1
We remark that the third term on the r.h.a. of eq.(A2) describes trajectories

which are for all times outside the tube defined by eq.(M). The factor
- Xt
e expresses the probability that no selection has been done up to t.

The second term describes particles Whose trajectories crossed the boundary of

the tube before t and therefore they are still present If they have not been

tested from the time in whlcti they have left the tube up to t. Since these

particles cross the boundary at timu t- * 2jlXqM- q +{po/n.A)/pc

the probability of hruing not been discarded is e~ x <*•-*<>, which is just

the factor atta W to the second term. The first tern describes particles

which are always wit.,.-- the tube up to U * > t and so have never been

discarded. The probability r ( | mat the particles have always been within the

tube I. Is evaluated, as already stated, by taking the limit of S

for X — » « and then integrating over the Whole phase space. The

exponential terms vanish and we jet
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p.. - ̂ '%'- f^ n

Which Is the correct result.

(A3)

APPENDIX B

The standard description of measurement processes goes as follows.

The observables of the system are associated to self adjoint operators in the

Hilbert space $t of the system. The states of the system are described by

statistical operators Which are a subset of the set %£> C ^ O of the

non-negative trace-class operators on *i!L . To any observable A one can

relejte a spectral family of projection operators E(A), X £ R in terms of

which one can exprBss the operator A associated to A by

•A

A tBl)

Definition 1 A projection valued measure CP.V.H.) is a mapping

from the G -algebra $<R) of the Borel sets of It into the set <$£(&) of the

bounded operators on W , , such that

1) E(T) is a projection operator for any Borel set T

ii) E(;U(Ti) £ for ^fl T. » 0, 1

iii) E(«) - 1

Remark : given the spectral family E(X) associated to A the map

I (B2>

is a projection valued measure.

Denoting by P(A«TJs) the probability that in a measurement of A a

result belonging to the Borel set T is obtained when the state of the system

-44-

it g , one has

P(A«T Is) = be(E(T)g) (83)

If the measurement ascertaining whether A « T Is used to select the members

of the ensemble for which an answer ye* has been obtained, the statistical

operator after the measurement 1*

ECO

In the case of a ncm selective measurement ascertaining which systems have

given the answer A

operator after the measurement Is

(jj Tfc > B, T^n T, - 0) the statistical

s = (B5)

In virtue of the above considerations, in the standard description one can

Identify observables with projection valued measures.

There are several reasons which make appropriate to enlarge the above

scheme. For Instance one would like to Incorporate non sharp measurements

(i.e. measurements which do not correspond to yes-no experiments) or

measurements for which the efficiency of the apparatus is less than one.

Moreover, one would like to Include in the description the modifications of

the statistical opera«-^~ of a composite system when a measurement ii performed

on one of its constituents. It is enlightening to consider the following case.

Suppose we subjer the system to two successive measurements of two

observables A and B at times t^ and t , aimed to ascertain whether A c t

and B C S, respectively. The probability of getting the answer yes for both

questions, given the initial state of the system 3(0), is
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P(AsT(, b4 ;

ECT)e ECOe. (B6)

where £(S) Is the F.V.H. related to B. If one wants to express this

probability in a form similar to (B3) writing

P(AeT,hH; (B7)

one finds that F satisfies F - F ,

We can now formulate the generalized description of observables and

measurement process.

Definition 2 An effect is a non negative bounded (and therefore self-adjoint)

operator F satisfying O ^ F J J I .

Definition 3 An effect valued roesurt (E.V.H.) is a map F from BCR) Into

&JL'9Q «uch that

1) F(T) is an effect

il) F< 0 T.) - £FCT.) for T.riT, > 0, 1 / j

ill) FtR) - 1

Observables are then associated to E.V.H, and the probabiltiy P(A*T|£) is

given by

CB8)

To generalize eqs.(B4) and (BS) describing the modifications Induced by

measurement processes on the statistical operator one proceeds as follows.

De fin It on A An operation is a map 4> : ISC1**-) » feCSO of the set

of trace -class operators into itself which is linear, positive and bounded

with respect to the trace norm with bound less or equal to one, I.e.

-46-

ID VA >O

Taking advantage of the fact that the dual of the Banach space t?(ttt) with the

trace norm is c£(3E), on* can define the adjoint 'P of the map s ty

Remark. Given an operation "^ , If on* defines an operator F by requiring

bc{ct.[A]} = b c ( F A ) (BIO)

then F is an effect and from (B9) F -<$> M ) , He can then associate an

effect to any operation by (BIO). The converse is not true, since different

operations can give rise to the same effect. As an example one can remark that

for a given effect F the nap <plk] « F A F"* is an operation whose asso-

ciated effect Is F. However, if one writes F « Zyf^, F k ^ ° a n d considers

arbitrary unitary operators V^, the map $ (Al-^O^AT^U* is

an operation whose associated effect is F. Physically the fact that different

operations can be related to the same effect is interpreted as accounting for

the possibility of setting up different experimental procedures to measure the

•ame observable.

Definition 5 An operation valued measure (O.V.M.) is a nap from Si(R) into

the family of operations such that

The generalization of ordinary quantum rules mentioned in Section 2

can now be formulated.

cOTo any experimental procedure for measuring an observable A a O.V.H.4> (T)

is associated.
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/DTha probability for finding A t T in the measurement when the itata of the

system Is 3 is given by

P(A«Tls) (BID

where F (T) is the unique effect corresponding to the operation VAX).

jf) If in the measurement the value of A Is found to belong to the set T and

the systems giving thla answer are selected, their ensemble is described by

(B12)

Remark. Usually one also requires for the tup 4" (T), besides the properties

appearing in Definition 5, the complete positlvity. To clarify thi* point let

us consider the system S. we are interested in, together with another

system S. whose Hilbert space is B-dimenslonal, and which is uncoupled with

S . Let us consider an operation <£> on fe(5G and extend it to the

statistical operators of JS€»'St11 of the form

£ * (B13)

by putting

(B14)

Eq.(B14) induces then a unique extension of 4" on the whole space I5(^f&e)$(, ).

He say that the original operator <$> is completely positive if this extension

is a positive operation for all H. If the complete positlvity requirement Is

made for operations the following theorem holds.

Theorem For any completely positive operation & on G(3E) there exist

operators k^ on 3t , with k e K (where K is a finite or countable set)

satisfying JL A^*^

that for any XCje'sC) and B e

for all finite subsets Ko of K, such

- 4 8 -

••*<;

(B15a)

<B15b)

Moreover the effect F determined by <P is

F = X AtA» .

The aeries In (BlSa) converges In the trace norm topology, the othir two

aeries converge ultreweakly.

APPENDIX C

To solve eq.O.S) we put

-it Ate

'> = e a ^\t) ,.. (CD

getting

"3b

(C2)

Under the change of variables

Y =

and calling ^(it.y.t)

(C3)

, we obtain
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(C4)

This equation can be solved by the method of separation of variables putting

Wa geL

> o

<C7)

Where jx 1B an arbitrary Integration constant. With the change of variables

(CB)

one solves eq.(C7). Using (C6), (C5) and (C3) one finally gets that

<C9)

is a solution of eq.(C2) for any choice of the function h having obvious

regularity properties. Talcing into account the arbitrariness and the linearity

of eq.{3.6) one then has that

(CIO)
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is a solution of eq.C3.il. Putting t>0 and using the inverse Fourier

transform to express h in terns of ^(q.q'.O) on* gets the solution

•atiafying the given initial conditions. Expressing the solution of eq.(3.6)

with X -0 at time t in terms of the Initial condition 5(q,q',0) and inverting

it we can make appear 3 (<t,q*,t) in the expression of itq.q'.t), obtaining

eq. (3.7) of the text.

APPENDIX D

Let |/"(A,B)>, A . B c C , ReA > 0 be the normalized state vector whose

coordinate representative has the form

The normalization factor is given by

(D.2)

For the Mean values, square spreads and q-p correlation relative to the

particular wave function (D.I) we use the symbols q.p.Q.P and R. We find

p 5 ReB -

(D.385

(D.3b)

(D.+a)

(D.*b)

(0.5)
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Eqs.(D.3) and (D.4) can be solved for A and B giving, with the condition IoA<0,

> (D.Sa)

ReB

(D.6b)

(D.7a)

(0.7b)

Substituting •qs.(D.e) Into (D.S) one obtains the relation (8.2) between S and

Q.P.

The state vector evolved from |AA,B)> according to the Schrodlnger

equation in the time interval (0,*3, apart from an unsignifleant phase factor,

Is |r(A(c),BCT))>, where

(D.8)

BCc)

Prom eqs.(D.3), (D.*),<D.8),<D.6) and (D.7) one easily gets eqs.(8.3) and

(8.4).

We now put

J§r(A,B)

The operation (2.9) can then be written as

where

CD.9)

(D.ll)

-S2--

and

(D.12)

Translating these equations from the variables A,B to the variables q,p,Q,P

and performing a trivial change of the integration variable, one gets

eqs.(8.7),(B.8) and (8.9).

APPENDIX E

Let us consider the initial density operator

(E.I)

We want to compare the values of the means <q>, <p>, of the square spreads

i 4}' \p} "nd of th* q~F c"rrelaticm |q p] given by the exact density operator

at the time t with the values of the corresponding quantities given by the

approximate density operator (8.30) where 6(q>P,t) has evolved from <S(q,p,0)

according to eq. (8.35). He shall label by a superscript a the approximate

density and the related quantities.

Consider a density operator of the form

(E.Z)

For classical dynamical variables A(q,p), B(q,p) we define

A =

A =

AB s

A}-A} <E.3)
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One can then show that

= F(Q,P)

If f has the form f(q,p)= Jq + f»p, one has further

2,502

We recall here the exact results (3.15) and (3.16)

where

S * otXrvn.it

(E.5)

(E.6)

(E.7)

The density operator evolved from (E.I) according to the SchrSdlnger equation

can be written as

-54-

so that we can apply eqs.(E.4) and (E.5) with £<q,p)-3(q.P,O), £«1+Pj ,

F-Q«2S^4F^i to the evaluation of <q> , Iq} , .We find than
n m* s L Jg

R

P

[P + pco)] i + A Jj >

The approximate density operator £ (t) has the form(

(E.9b)

, { l l 0.,

».icb)

S vw - («s/"-r3 ̂ w.Pitj ̂ _(o.w.o P) . CE.ii)

Using again eqs.(E.O and (E.5), with CCq,p)>Ctq.P.t), f.q, r=Q, one has

CE.12a)

<E.12b)

P +

In turn, one gets from eq. (8.35) that the quantities q(t), q(t),.

equations

(E.13b)

<E.13c)

. obey the
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System (E.14) is easily solved, giving

System (E.15) is also easily solved, giving

(E.14)

(E.15)

(E.16)

(E.17)

Uaing eqs.(E.U) in aqB. (E.12) and eonparing with «qs. (K.9), w» find

CE.19)

innrtina, «q>.«.I7) and CE.X8) into .,..(6.13),

values

«, g. t th« • r p r adii *.a

!.2O)

to be compared with the exact values (E.10). The comparison shows precisely

the Vind of result which was expected on tha basis of the arguments which led

in sect .t to the introduction of approximation (8.30).

Prom eqs.(8.34). recailinR eqa. (B.Z8), (8.29) and CE.7), •» get

OCO) •

(E.18)
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