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Abstract 
We apply the bifurcation theory for compact operators to 

the problem of the nonlinear solutions of the 3-dimeasional 
incompressible visco-resistive MKD equations. For the plane 
plasma slab model we compute branches of nonlinear tearing 
modes, which are stationary for the range of parameters 
investigated up to now. 

1. INTRODUCTION 
In laboratory experiments on plasmas or on fluids, the 

system often reaches a time-asymptotic state, which may be 
stationary, periodic in time, or even turbulent. la order to 
describe such states oae has to investigate the time-asymp
totic solutions of nonlinear equations. A systematic investi
gation of the structure of the set of nonlinear solutions 
is possible in the framework of bifurcation theory. 

In the present paper we give general results on bifur
cation for the incompressible visco-resiative magneto-
hydrodynamic equations (Section 2) and particular numerical 
solutions for a plane plasma slab model (Section 3). 

2. THEORETICAL RESULTS OH BIFURCATION FOR 
3-BIMENSIONAL INCOMPRESSIBLE MHS. 
Let ft be a torus with smooth boundary 3ft, n the cut-

ward normal to that boundary, Z. a section of the torus by 
a meridian plane and S the normal to X. (see Fig.1). 

Let be given a static (zero velocity) equilibrium of the 
plasma characterized by a magnetic field 3 e q and a pressure 
F eq which we assume to be smooth solutions of the usual 
incompressible KHB equations with viscosity y and resisti
vity n . For simplicity we assume y and n to be constant. 
* Chargé de Recherche au C.3.R.S. 
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Denoting the scales of length, magnetic field and mass 
density by d, B 0 and ». , respectively, we define as 
usual the resistive time scale T„ , the hydromagnetic time 
scale Tu and the corresponding characteristic velocities by 

T„ » *ty , \ ' d % * - ̂  , * -. l/rH ( 1 ) 
We normalize time and velocity with respect to vA and 
</n , respectively, and introduce as usual the Lundquist 
number S • r R /vH and the magnetic Prandtl number ^ » v/i» 

Making the change of unknowns 

B ~Be^ +B , V = S V (2) 

we obtain the following set of equations, where we have 
omitted the notation Î : 

^ - 1* àv + 7 P 
at * (3) 

«-S JV.ÏV - 3tr7B - B.7Be, - 3.7S J 

fltw V = 0 (4) 

11 + 7xFxB = S Vx[vx& + /xB« f] (5) 

dtiv B - 0 <6> 
ïor the unknowns of eqs. (3)-(6) we choose the following 
boundary conditions: 

V = 0 on IS 1 
B.n * P *«* ( 7 x S ) x n s Q on IS. J ( 7 ) 

Thus, 1& is considered as a conducting wall. Ve also 
require 

[ B.S dZ = 0 (8) 
•X 

and we choose appropriate initial conditions for the 
unknowns B , v . 

We define an operator I by the following prescription: 
VIth each a - (B, v ) we associate the right hand sides 
of eqs. (3),(5) for S«1 , denoting these expressions by 
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f. (u) and f 2(u), respectively. We then define U » (B,V ) 

Ty - ^ A v ' + 7 P ' = f ^ u l , iiv v' * 0 , 

V*7*B' = £(u) , iivB' = 0 . 

with the boundary conditions (7), (8) for u' . She operator T 

is then defined by u' • ï(u) . 
In terms of the operator I , u • (B., v) is a stationary 

solution of eqs. (3)-(8) if and only if it verifies 

u - S T(u) - 0 «> 
Using the Sobolev imbedding theorems we can prove fl] that 
X is a compact operator on a functional space E , if we 
choose for instance 

E = {B € ( H W , 1 *»*•*; Ĵ S.» «I *0 , 3.n «0 on Ifl } 

x { v e (Ufa))* j «V»vfl, *=0 ••*&} 
where H*(J2) is the classical Sobolev space, that is 

We have now to solve the functional equation (9) for 
u » (B , v) belonging to the space E of eq.(10), where I 
is compact on E . 

Using the results of ref. 2-4 we can prove ft J the 
following 

PROPOSITION 
There exists S*> 0 such that the solution u - 0 is 
the only stationary solution of eq.(9) for 0£S<£S* . 
Furthermore, let A be the Prechet derivative of T at 0, 
and let S, be a simple characteristic value of A which 
verifies condition d) of theorem 1.7 of ref.2 (this 
condition means that the equilibrium solution u • 0 
looses its stability when S crosses S, ). Then a non
linear solution branch of eq.(9) bifurcates from the 
equilibrium solution at S - S, with exchange of stabi
lity between the two branches. 

If the equilibrium depends only on one coordinate, the 
bifurcating branch obtained according to the above proposition 
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is generally of parabolic type due to the periodicity of 
the domain Z , as is shown in ref.1 . 

Por some particular types of equilibria, as for instance 
that studied in Section 3, we can prove as in ref.4 that the 
first strictly positive characteristic value of the linearized 
operator is simple, so that one of the hypotheses of the above 
proposition is verified. Furthermore, we can directly apply 
global results of ref.3 (theorem 1.3) to the different branches 
of nonlinear solutions bifurcating from characteristic values 
of odd multiplicity. 

The results of this section are graphically represented 
in Pig.2 . 

Ihe technics described here are also applicable to 
- other boundary conditions (such as those of Section 3); 
- equilibria with nonzero velocity v eq ; 
- other bifurcation parameters. 

finally, for the evolution problem defined by eqs.(l)-(8) with 
given initial conditions, all the mathematical results known 
about Havier-Stokes equations and Maxwell's equations can be 
generalized to the coupled system (1)-(8), like for instance 
in ref.5 . 

3. BlgimCATIOW OP STATIONARY SOIPTIOITS IS THE 
PMNE PLASMA SIAB MODEL 

3.1. Physical model 
We now consider a plane plasma layer of (normalized) 

thickness 1 in the x-direction and of length I in the 
y-direction (Fig. 3 ) . The z-direetion can be ignored. She 
equilibrium field Beq is chosen as follows (see Pig.3): 

B e ( )^(x) = tank («X) (11) 
The parameter « represents the ratio of layer thickness to 
equilibrium scale length. 

In the following, we shall use either S or « as a 
bifurcation parameter. Varying S nay be interpreted as 
varying the resistivity, whereas varying o( corresronds 



physically to changing the position of conducting walls (the 
boundaries x = Î 1/2 ) while keeping the profile of the 
equilibrium magnetic field fixed in space. 

We introduce stream functions f, fet, and <j> by putting 

I (12) 

(ïfote that B and v represent the modified unknowns defined 
in eq.(2); the notation " is omitted). The equations of 
Section 2 may then be written as follows. 

¥ - Af s s?4iï+ %*% 1 ( u ) 

We use the following boundary conditions 
£ * Af = 0 ; y- ^<f= 0 at x»±1/2 1 ,^>. 
periodicity in y (period L) J 

Conditions (15) at z = Î1/2 correspond to free-slip boundary 
conditions for the velocity; they are different from the con
ditions (7) for v assumed in Section 2. In the nucjrical 
calculations we sometimes also impose symmetry in the x- and 
y-directions. 

In order to have a consistent equilibrium solution of the 
resistive KHD equations, we should either use a nonzero equi
librium velocity v 6q(x) (if tf » const.) or assuce an appro
priate space variation of the resistivity, n(x). In the first 
case, the equations for the stream functions f and f Srould 
contain v eq. In the present calculations we have assumed 
>} » const, and arbitrarily put v eq » 0 in the equations fer f 

and Y » t a" a s «staining eqs.(l3),(H) . 

3.2. Eigenvalues of the linearized équations 
Linearizing eqs.(l3), ( H ) and assuming f and y to have the 

form f(x) exp(iky + ft) , ye obtain for each wave number k 
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and given 1J , S and oc an eigenvalue problem for y. Since 
we wish to know for what values of S or « (our Bifurcation 
parameters) the equilibrium solution looses its stability, 
we look for the conditions of marginal stability of the 
equilibrium by putting Jf= 0 . If we fix % and « we thus 
obtain for each k an eigenvalue S(k) ; similarly, fixing 
\ and S we obtain for each k an eigenvalue «(k) . In 
Pig. 4 we show typical curves S(k) and «(k) , which 
have been obtained by numerically solving the linearized 
eqs.(l3),(H) with jf= 0 . 

3.3. Bifurcation of stable stationary solutions 
Numerical examples of parabolic solution branches (see 

Pig.2) have been presented in a preceding paper [6] for the 
case « • \ » 10 , k » 2.5 .In Pig.5 we show for the 
same parameters the variation of the vorticity density and of 
the width of the magnetic island along the nonlinear branch. 
We also show the form of the stream functions near the bifur
cation point (Pig.6) and far from that point (Pig.7). 

3.4. A stationary solution for small viscosity 
In Pig.S we show a case where T^ •&• i . Choosing <x«.5, 

S » 10 , \ * 0.2 we obtain a stable stationary nonlinear 
solution whose velocity field is strongly concentrated near 
the separatrix of the magnetic island. As a consequence, the 
vorticity density £ is highly localized about the sepa
ratrix. 

4. OONCLPSIOK 
We have shown that in the case of the incompressible 

visco-resistive KH3 equations we can apply bifurcation 
technics for compact operators to obtain a number of general 
theoretical results. 

Tor the case of a tearing-unstable plane plasma slab, 
choosing either the lundçuist nunber S cr the wall distance 
parameter oe as bifurcation parameter, 've have obtained 
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numerical examples of nonlinear solution tranches representing 

stationary tearing states of the plasma. 
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PIOUBJE CAPTIONS 

Pig. 1 • Torcidal domain Si with boundary "iîi ; n is the 
outward normal to ÎR , 21 is a meridian section 
wJ'.'h normal «" . 

Pig. 2. Schematic "Bifurcation diagram for the bifurcation 
parameter S . S* and S, are defined in the text; 
at S > S, a nonlinear solution branch bifurcates 
from the equilibrium solution. 

Pig. 3. The plasma slab model. 
Pig. 4. (a) Marginal eigenvalues S(k) for ^ = 1 0 , <x= 4 . 

(b) Marginal eigenvalues «(k) for several values 
of S/v^. 

Pig. 5. (a) Maximum of the vortieity density a3 a function 
of S . 

(b) Width of magnetic island as a function of S . 
Pig. 6. level curves of the stream functions ytat - Via + Y > 

f , and of the perturbed current density u-Ay 
and the vorticity density fl2«4p for a value 
of S near the bifurcation point S 4 . The curves 
are represented in the domain 0<x-£l/2, O-sy^L/2. 
(S - 200, 1^-10, «- 10, 1 « 0.87T) 

Pig. 7. level curves as in Pig.6 for a value of S far from 
the bifurcation point Sf . (S » 10* , Î » !C , 
« . 1 0 , L « C.Srr ) 

Pig. 8. Level curves as in Pig.6 for small viscosity 
( ?% - 0.2 , S - lO* , ex- 5 , I - 0.81T ). 
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