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Abstract 

We present, in the framework of relativistic quantum 
mechanics of two interacting particles, a general model for 
quarkonium systems satisfying the following four requirements : 
confinement, spontaneous breakdown of chiral symmetry, soft 
explicit chiral symmetry breaking, short distance interactions 
of the vector type. The model is characterized by two arbitrary 
scalar functions entering in the large and short distance 
interaction .potentials, respectively. Using relationships with 
corresponding quantities of the Bethe-Salpeter equation, we also 
present the normalisation condition of the wave functions, as 
well as the expressions of the meson decay coupling constants. 
The quark masses appear in this model as free parameters. 
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I. Introduction 

This paper is devoted to the study and determination 
of the structure of the relativistic wave equations which might 
govern, in relativistic instantaneous approximations, the dynamics 
of quarkoniura systems. The formalism which is used here is that 
of covariant relativistic quantum mechanics of two interacting 
particles and was presented by the author in a previous article . 

In this formalism the fermion-antifermion wave 
function satisfies two independent wave equations which are 
generalizations of the Dirac equations relative to particles 1 
and 2. They are of the form : 

(1.1a) 

H«ts[j.^N l +(| f V k t)V]-v|r Sfl , (i.ib) 

where the wave function ¥ is a 4x4 matrix function : 

and the matrices y and n are the Dirac matrices acting on the 
fermion and antifermion spinor indices, respectively, (labeled 
by sub-indices 1 and 2) : 
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<1.3) 

The potential V is a Poincaré invariant function o£ the coordinates, 

momenta and Oirac matrices. The compatibility condition of the 

two wave equations requires that V depend on the relative 

coordinates x through the transverse components x T, with respect 

to the total momentum p : 

with s 

*SK*\ > " = i^-V , 
x •=. x.* — x i- ~z i 

(1.5) 

Eqs.(l.l) completely determine the longitudinal 

relative coordinate -xj,- dependence of the wave function through 

the equation 

U4-£*)•+• «6"£-*ÎJ-+~ , ( 1- 6 ) 



which is e consequence of Eqs.(l.l), and the solution of which 
is, for eigonfunctions of the total momentum p : 

-irx -iCM*-**)i*/af) 

(1.7) 

The dynamics of the relative motion is therefore three-dimensional 

through the coordinates x T. 

It was o-.i. lined in Ref.l that the wave function y 
and the potential V are in direct connection with the wave function 
* and the kernel D of the Bethe-Salpeter equation, for the sector 
of "normal" solutions of the latter. When a relativistic 
instantaneous approximation is made for the icernel D, taken in 
the ladder approximation, then the above relationships become 
completely explicit and take the following form, in the equal-
mass case mi = iri2 " m : 

V = - L K »c*. *t± * jgjgLrfwwlLi-r 

( 1 . 8 ) 

( 1 . 9 ) 
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The more general relation between * and 1 for any x.̂  is, presented 
in Ref.l (formula (6.27)). It allows one to obtain the normalization 
condition of * from that of * (in the C M . frame) : 

(1.10) 

where p 2 independent kernels have been assumed. 

In order to get for the potential a local expression 
in x T, it is necessary to approximate the operator (m2 - v T )"* 
by some local function. For instance one might replace the operator 
v T by its mean value in the state t, or simply by a common constant 
for all the states : 

Furthermore, in order to work in the usual free scalar product of st< 
(in the C M . frame) 

(X, +) = JVif TtfxV; , (I.") 
it is necessary to apply on y the additional transormation 

-+-- l*-(vtyvnl] •*- , (1.13) 
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valid in the local approximation (1.11) and for hermitian p 2 

independent potentials V (and also in the unequal mass case) ; 
the normalization condition of 41 then becomes (in the C M . frame 
and in the equal-mass case) : 

J L */»*-<**'>)«* J 

L '' (1.14) 

We notice that in order transformation (1.13) 
to be finite for finite values of x it is necessary that 

which shows that the potential V must be appropriately bounded and 
in particular regularized at finite values of x. Confining 
interactions may occur when the upper bound 1 of (1,15) is reached 
for some particular value of lx T | (in general when |x T I->•»). 

The relationship (1.8) between the potential 
V and the Bethe-Salpeter kernel permits one to classify the 
former according to its tensor structure in the momenta and 
the Dirac matrices in a parallel way with that of an interaction 
-Lagrangian. If V is chosen arbitrarily, then the Bether-Salpeter 
kernel will be that of an effective field theory with effective 
propagators. 
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Finally, the physical Hilbert space is defined 
by the subspace of solutions of Egs.(l.l) which correspond to 
positive eigenvalues of both p.pi and P.P2» the latter being 
also related by Eq.(1.6). 

In the present work we consider potentials V 
which are local functions of x T (not involving integral 
operators). 

It is the aim of this paper to exhibit the tensor 
structure of the interaction potentials which are necessarily 
present for the description of quarkonium systems. This is 
achieved by imposing on them the following four theoretical 
requirements! which are expected to be true in QCD : 
i) Confinement ; 

ii) Spontaneous breakdown of chiral symmetry, in the sense 
that, when the quark masses tend to zero, the bound state 
mass spectrum displays a massless pseudoscalar meson, with 
a non-zero value of its decay coupling constant ; 

iii) Soft explicit chiral symmetry breaking, in the sense 
that the bound state spectrum remains stable under small 
variations of the quark masses, in particular around the 
value zero of the latter ; 

iv) Short distance interactions of the vector type. 

We shall show that these conditions restrict 
enough the ' tensor structure of the interaction potentials V 
in the wave equations (1.1). In particular it turns out that 
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the general cl >MS of potentials which are relevant for the first 
three conditions is of the pseudoscalar type. The above conditions 
leave still fi • the precise (xT)2 dependences of the potent<als. 
The latter c tld be determined only after some additional 
theoretical r< .uirements are imposed on the properties of the 
potentials or ifter a more detailed analysis of the bound state 
mass spectra and transition amplitudes is done. Furthermore, 
there also reruns some freedom in the choice of the structure 
of the potentials in the intermediate distance region. The study 
of these aspect of the problem is left for f̂ tt'.re work. 
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II. Confinement and chiral syaaetry breaking 

In this section « we study the implications of 
confinement and spontaneous breakdown of chiral symmetry on 
the structure of the interaction potentials. 

In quantum field theory the phenomenon of 
spontaneous breakdown of chiral symmetry manifests itself by 
the non-invariance of the vacuum under the action of the 
corresponding axial charge, while the equations of motion remain 
invariant under the chiral transformations, except for the mass 
terms. In quantum mechanics we do not have an explicit equivalent 
state of the field theory vacuum, and therefore the non-invariance 
of the latter has to be expressed through the non-invariance 
of the wave equations themselves. However, one has also to 
guarantee that the matrix elements of the axial vector current 
divergences are still proportional to the masses of the 
constituent particles. 

Among the scalar, pseudoscalar and vector, 
interactions we considered in fief.l (Sec.VII) only the first 
two satisfy the requirements of non-invariance of the wave 
equations under chiral transformations. He therefore have to 
search for the confining potentials within these two types 
of interactions. 
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The scalar interactions correspond to the case 
where V is independent of the Dirac matrices and of the relative 
momenta : 

V* VCr'.'fl • (a.1} 

(Since it is the function V which appears in 
the wave equations and not the kernel D (1.8) itself, we have 
preferred to classify the interactions according to the tensor 
structure of the former ; in this case the tensor structure 
of D will be more complicated than that of V). 

After bringing the operators n-P2 a n d Y-PI in 
Eqs .(1.1) on the right of V and using again the equations of 
motion, the wave equations become, after the change of function 
(1.13) : 

Kir m fr-ft-n - ^ ^ K V + ^ V V -i V>.rj}-^„ , 
(2.2a) 

(2.2b) 
where 

V_ 2YL ( 2 , 3 ) 

" it*-
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The pseudoscalar interactions correspond to 
the case where V is proportional to the matrices tsns : 

v = w ^ , P ^ r r 9 r / (2.4) 

theY5 type matrices being defined by : 

'r="W ' I'M- • î+--hUr, 

The wave equations become after the change of 
function (1.13) : 

(2.6a) 

(2.6b) 

A ^--^™ , (2.7a) 

• S 

(2.7b) VCrV= * -1 r- • 

(Notice that the effective potential A determines 
the original potential W up to an integration constant). 
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III. Pseudoscalar potentials as prototypes of 

confining interactions 

For the pseudoscalar type potentials the wave 

equation operators Hi and H2- Eqs.(2.6)-satisfy the compatibility 

condition in the strong sense : 

/>. , «t 1 = ° (3.1) 

The "square" of Eqs.(2.6) yields the generalized Klein-Gordon type 

equation : 

H - ^ s ( H t f ^ i ) H i - t - - f H < t - i - j H i W - t (3.2, 

(3.3) \ 

where Wj s and W2 S are the Pauli-Lubanski spin operators of particles 

1 and 2, respectively : 

^•c = -ÊW*V"", r «..„-*;, 

'**= tfy'Ki , £A„ = . £ f . w j , (3-4) 
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and the transverse components v T are defined as in (1.5) for x T. 

A particular feature of Eq.(3.3) is that the 
AS 

operator H commutes with the longitudinal matrices y P and n-Pi 

and therefore its solutions can be classified according to the 

eigenvalues of these matrices ; the positive energy solutions, 

both in p .p and p .$, will correspond to the eigenvalues +1 

of Y -P and of ~ n«P-

If Ç' is an eigenfunction of P y, of Eq.(3.3) 

and of y P and n-P. then the solution of Eqs.(2.6) is given 

by an inverse Foldy-Wouthuysen transformation of * : 

(3.S) 

This is a direct consequence of the fact that the operators Hj and 

H2 commute strongly -Eq.(3.1)- and of the definition of H -

(3.2). 

The wave function ¥ above, satisfies, like v , 

condition (1.6)-(1.7) ; let 4> (r) represent the corresponding 

internal wave function : 
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(3.6) 

In terms of • , Eq. (3.3) becomes : 

(3.7) 

where we have introduced the total spin operator (3.4). 

The problem now is very similar to that of 
non-relativistic quantum mechanics with two spin-I particles. 
The eigenfunctions of Eq.(3.7) can be expanded on the basis 
of the eigenfunctions of the internal angular momentum operators 
2 2 2 

W- (total spin), W, (orbital angular momentum), W (total angular 
momentum) and W.P/IPI (helicity) : 

We designate byV?'_J the (r2 independent) 
eigenfunctiont of these operators and of y.p and -n-p; they satisfy 
the eigenvalue equations : 
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w; ** 
V I H + + 

K' 4 
• 

w-7 2/*«+ + 
IP V 

.lk|-f 4-,i , . . If"*"**-

(3.9) 

In !>e CM. frame^** reduces essentially to the 
well known func' j n V ™ s ^ : 

0/HI + + 

is-C 

(3.10) 

where the repre: .tation in which v, is diagonal has been used. 



-17-

The eigenstates of p 2 have definite values of 
2 j, s, m but may not be eigenstates of W,. If in Eq.(3.7) the 

term (W s.r) 2 were absent, then they would also have a definite 
value of t. In this case for a given t , • one would have four 
kinds of states (putting aside the helicity and the radial quantum 
numbers ) : s *= 0, j = £ ; s = 1, j = * and j * m l . in the 
presence of the term (W s.r) 2, the states characterized by s = o, 
j = l and s = 1, j = I are still eigenstates of p 2, but the 
two other types of states get mixed. The parity and charge 
conjugation (for the equal mass case mi - R12) quantum numbers 
are given by P « (-1) and C • (-1) s

r respectively. 

2 2 For confining interactions it is the term A r 
which dominates at large space-like distances in the potential 
of Eq. (3.7), and the condition on A to yield confinement is 
that 

- A r — > co (3.11) 

He now show that for confining potentials the 
2 ground state of the spectrum of p (with positive p .p and p .p) 

is a massless particle when the quark masses m^ and ni2 go to zero. 
We expect that such a state will have the quantum numbers s 
" * • j ™ 0 and n = 0 (no nodes in the radial wave function) ; 
these are precisely the quantum numbers of a pseudoscalar meson. 
Writing the wave function * as : 
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(3.12) 

we get from Eg. (3.7) the following equation for the radial wave 

function F : 

*Vr*+3**A +<i'Âv*i.r « o 
(3.13) 

This equation is of the same type as the one 

obtained by Witten in his quantum mechanical one-dimensional 
2 

supersymmetric model . It can be checked that the function 

I.* 

£... = c **/>[$! A <*r*l , 
(3.14) 

where C is a constant and the asymptotic sign of A has been chosen 
2 

positive (r is negative), is a solution of Eg. (3.13) with the 
.mass eigenvalue : 

(r*)% •*-,.•«• «•** ' ( 3 ' 1 5 ) 

which gcjs to zero when m^ and m2 go to zero. 
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One has also to check whether the other 
eigenstates -jf p 2 have masses greater than the value (3.15). 
This can be established with a wide class of potentials A. One 
has first to notice that the state s * 1 • j - u = 0 is indeed 
the ground state of the sector s * £ = j = 0 (its radial wave 
function has no nodes ). Then the radial wave functions of the 
other sectors ( M 0, s » 0,1, or I = 0, s = 1) can be expanded 
on the basis of radial functions of the sector s = I = 0 and 
the positivity of the additional terms appeari.ng in the potential 
(due to * j 0 and/or s j* 0) noticed. (For this a sufficient 
condition is that A + 2r 2A> 0, with A satisfying (3.11)). 
Therefore the state (3.12), (3.14), (3.15) is actually the ground 
state of the spectrum of p 2. 

This spectrum can be exactly calculated in the 
particular case where A is a constant A . Eq.(3.7) becomes : 

••A^H**'**->}+ = (3.16) 

which corresponds to the harmonic oscillator case. Here the 

«I eigenstates of p 2 are also eigenstates of W. and one has : 

** (3.17) 



- 2 0 -

Th*-- spectrum OJ ' i s given by : 

>*s (***+ ) -t ¥* A (•f+tf •***•) 

+ {! i•* ̂ 1 ) •+ * ** o*+ **•* **iï - (*£-*£ ) *} 
*M 

(3.18) 

Thi.; spectrum v. • also obtained in Ref.3 and a similar one, differing 

only in the d. ; ondence on the spin quantum number, was given 

in Kef.4. 

'he solution (3.12), (3.14), (3.6) for the ground 

state of Eg. .7) can also be expressed in the Dirac 

representation y the inverse Foldy-Wouthuysen transformation 

(3.'). It turn.' <ut that also in this representation the ground 

stn :.e wave fu; h.ion is an eigenfunction of the matrices Y-P 

anc - o-ê, and • s given by the same function * as above (this 

can also be che: ' od directly on Eqs.(2.6)) : 

I * 7 * 
(3.19) 
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IV. Quark masse* as parameters of explicit chiial 
symmetry breaking 

At this stage we have to check that the quark 
masses m,, m. play the same role as in quantum field theory, 
in order to be able to interpret the limits m,, nu + 0 as corres
ponding to the conservation of an axial vector current. 

The field theory (or Bethe-Salpeter) wave function 
is defined as ' : 

*** 1 Hi. *** (4.1) 

where |p> is the bound state with total momentum p. One then gets 
the following relations for the- matrix elements of the axial 
vector current : 

(4.2a) 

<.!>£/•'/*«- &i+ K^^Mh^^o 
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In order to evaluate the right-hand sides of 
Eqs.(4.2) we have to replace • in terms of the quantum mechanical 
wave function * and use the corresponding wave equations in 
(4.2b). Since in the latter equation it is the derivatives with 
respect to the total variables X which enter and since the 
dependence of ¥ on the relative longitudinal variable xg, is 
trivial -Eq. (1.7)- we can immediately put xj, » 0 and use the 
relationships (1.9), (1.11) between • and ¥ at XL • 0. One also 
has to make the additional transformation (1.13) on ¥. For 
simplicity we shall limit ourselves to the equal-mass case 
m, = nu=m, but the results which will be obtained remain qualitati
vely the same for the unequal-mass case. 

We consider for |p> a pseudoscalar meson state, 
for which the decay coupling constant F p is defined as : 

<°'i>'f> - f£ yr T r ~ t rt> (4.3) 

We then get 

( 4 . 4 ) 

<0V'> —A^Af^h) *(w+>», 
( 4 . 5 ) 
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f ± J. "Wej i — 

(4.6) 

(In getting Eq.(4.5), we have used the fact that 

Tr(YuY *(0)) is proportional to p according to (4.3)). 

The last relation shows that the quark masses 
m play the same role, up to the multiplicative factor 
(1+W(0))/(l-W(0))r as the quark masses of the field theory with 
vector interactions. 

Comparing Eqs.(4.5) and (4.3) for the case of 
the Goldstone boson and using the expression (3.12), (3.19) 
of the corresponding wave function, we get : 

Recalling that the wav* function * is normalized 
according to the condition (1.14), we deduce that FQQQQ(O) and 
hence F p do not vanish in the limit m-»-0. (We emphasize that 
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the mean value <vT'> remains different from zero in that limit, 
because it is essentially given by the mass scale of the confining 
interaction rather than by m). This result completes the 
indication that the pseudoscalar type interactions reproduce 
the main effects of spontaneous breakdown of chiral symmetry, 
that are the existence, when ra+0, of a massless pseudoscalar 
meson in the bound state mass spectrum, with a non-zero value 
of the corresponding decay coupling constant. 

We end this section with the following remarks : 
i) The value of F p depends on W(0) which cannot be determined 

from the mass spectrum of the bound states. Indeed, the 
relationships (2.7) between the potential W and the effective 
potential A, which governs the wave equations (2.6), show 
that the latter does not fix completely W. 

ii) The fact that the almost -Goldstone boson mass depends 
linearly on the quark masses -Eq.(3.15)- shows that the 
order parameter of chiral symmetry breaking is given by 
a quantity like fd*x<0|Tf<;(x)<i (x)?(0)*(0})| 0> rather than 
by <0I*>|0>, which should vanish in the 1. mit m + 0 . This 
is seen by expanding (in field theory) the pseudoscalar 
meson masses in perturbation series in the quark masses 
and using low energy theorems, 

iii) It may seem puzzling that Rel.(4.6) is obtained with the 
use of pseudoscalar type interactions. One would expect 
that the right-hand side of (4.6) make also appear a zeroth 
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order term in m, which is typical for scalar and pseudoscalar 
interactions in quantum field theory. The result (4.6) 
is however qualitatively general and can be understood 
in the following way. 

In order that the right-hand side of (4.6), defined 
by (4.2b), contain zeroth order terms in m it is necessary that 
the potential V of the wave equations (1.1) contain terms which 
are odd in the Dirac matrices. This is easily seen by starting 
from the expression Tr(y.py5*(0)) which is proportional to the 
right-hand side of (4.2 b) and then using the wave equations 
(1.1). In the limits m, » m, « 0, one gets the relation : 

(4.8) 

V(0) is a scalar function of the matrices y and 
n and of p. If V contains only terms which are even in the Oirac 
matrices, then it can be seen that the left-hand side of (4.8) 
is again proportional to Try.p y5<p(0), which establishes the 
result. 

In the ladder approximation of the Bethe-Salpeter 
kernel, the latter will always contain an equal number of y 

and n matrices, and therefore the result (4.6) will remain 
qualitatively true for any kind of interaction (in its local 
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approximation). It is only when vertex corrections (in local 
approximations) are taken into account that V may contain odd num
bers of Dirac matrices. It is through such terms that the scalar 
and pseudoscalar interactions of quantum field theory could 
qualitatively modify the result (4.6). 

Therefore if we wish to preserve the chiral symmetry 
properties of the presently considered confining interactions, 
we have to admit that they are equivalent to effective 
pseudoscalar theories only at the level of ladder type 
approximations. 
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V. Inclusion of short distance vector interactions 

Vector type interactions correspond to potentials 
V which are proportional to the matrices yunv : 

Ml? 

V^Xh\C cxT

l(>) . (5.D 

The choice for CpV of the Feynman type gauge 

" (5.2) 

leads to interactions possesing the structure of relativistic 
Coulomb like potentials, which are required to be present in 
short distance dominating vector interactions. 

It was however pointed out in Ref.l (Sec. VII.4) 
that V, as chosen in the form (5.1), leads to a rather complicated 
structure of the wave equations, after the operators n-P2

 a n d 

Y.p. are brought on the right of V in Eqs.(l.l) and transformation 
(1.13) is used. The wave equations considerably simplify if 
one adds to the potentials (5.1) a second term, of the axial 
vector type, which is of third order in C and which serves to 
cancel several terns of the resulting effective potential. Such 
a term can be thought of as representing some effective local 
approximation of high order diagrams cf the Bethe-Salperter 
kernel. 
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The expression of V is then : 

v= r-;Cm(*irv + f.ïZm(r\rv , ,5.3, 

c0 = - ci -(• occ^i . ( 5 . 4 ) 

The corresponding wave equations are, after the 

change of function (1.13) : 

(5.5a) 

(5.5b) 

where 

and ç defined in (3.4) and K as in (2.3). 

Because of condition (1.15), ICI is bounded by 4 : 
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/C/<J. . (5.7) 
V 

For attractive interactions C is positive. 

Eqs.(5.5) satisfy the compatibility condition 

in the strong sense (3.1). 

We have now to include this vector interaction 
into the previously considered pseudoscalar type confining 
interaction. The simplest way would correspond of course to 
adding the two potentials (2.4) and (5.3). But again the resulting 
wave equations appear to possess a rather complicated structure. 
By adding to the previous two potentials an interference term 
of the tensor type, which is of second order in C, one can, 
however, simplify the structure of the corresponding wave 
equations. Their effective potential turns out to be the sum, 
up to redefinition of functions, of the effective potentials 
of Eqs.(2.6) and (5.5). The result is : 

(5.8) 

-^[^B/^-f Kv%*kÉ f"V„ -v.'-kk^]j.-^- 0̂ / 

(5.9a) 
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(5.9b) 

where B and K have the same definitions as in (5.6) and : 

D. = C*-WU--WZ) H- OCc.3) 

(5.10) 

Eqs.(5.9) satisfy the compatibility condition 
in the strong sense (3.1). 

A further remark concerns the notion of short 
distances. We recall that the potential V is not equal to a 
propagator, but rather to its relativistic instantaneous 
approximation, essentially given by its integral over x ¥ (see 

ii 

formula (1.8)). While in field theory the notion of short 
distances is usually understood as the limit x-<-0, the above 
feature of the potential V shows that it always feels some part 
of large distance effects coming from the large values of Ix.l 
in the integral. This means that in the present framework, where 
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T 
it is the variables x which appear in the dynamical quantities, 

rather than x, we cannot straightforwardly transpose the short 

distance results of field theory into the potentials or the 

wave equations. In particular we cannot state that the 

T pseudoscalar potential W should vanish in the limit x -» 0 (as 

one would naively expect from asymptotic freedom), because this 

limit is not equivalent to x + 0. 

We could, however, impose a weak form of short distance 

dominance of vector interactions, by demanding, for instance, 

T that in the limit x -» 0 the pseudoscalar interactions disappear 

from the wave equations. If the effective potential A satisfies 

the property 

^tVC-r^A =< 
(5.11) 

then such a condition could be fulfilled. 

Finally, the inequality (1.15) is satisfied, to 

second order in C-, by the following sufficient conditions : 

*• <- c . c * 
9U--VJ) V ' ' Ï(d+'W) ' ( 5- 1 2 ) 
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We now turn to the study of the properties of 
l is.(5.9). We first note that by calculating the "square" of 
the operators H, and !U -Eq. (3.2)- one finds that the total 
i • teract.i on still remains confining provided A satisfies condition 
(J. 11) and ICQI remair.ô bounded by 1.. 

Secondly, the fact that vector interactions are 
explicitly chiral invariant means that Rel.(4.6) remains 
qualitatively unchanged (up to multiplicative zeroth order factors 
in m). 

Next we check whether the Gold s tone boson survives 
to the inclusion of vector interactions. Contrary to the pure 
pseudoscalar case, the "square" (3.2) of the operators H, and 
I'.., does no longer commute with the matrices Y.p" and D-P and 
therefore the passage to the Poldy-Wouthuysen representation 
is less interesting here. Furthermore, Eqs.(5.9) cannot be solved 
e plicitly for the ground state for arbitrary potentials K(B). 
However, we can expand these equations in the masses m, and 

m ? (with respect to their explicit dependences on these 
o parameters, but not for the kinematic tern p present in r„) 

and calculate the ground state solution to lowest order in m 

ar.-l the corresponding mass to first order in m. We again find 
a zero-mass bound state. 
Tu'?, solution is : 
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(4-k)* * * - * ' 

SATF* -** A - f J d * F 1 

(5.13) 

where a and b are constants and m designates a linear combination 
of m. and m,. Notice that the - calculation of the ratio 
b/a necessitates the knowledge of the mass formula to first 
order in m in order to pick up by the limiting procedure m -<• 0 the 
solution which corresponds to the positive energy values of 
£>.p. and ̂ -p^' 

In case one replaces the potential K(B) by a 
i value (K 

be calculated exactly : 
constant mean value (K - K_, B » Bn'' then the solution can 
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• 1 

(5.14) 

It is crucial to observe that |K| must be bounded 
by 1 in order to have a normalizable solution. This is actually 
a consequence of the general inequality (1.15) imposed on the 
potentials, some aspects of which were met in formulae (5.7) 
and (5.12). 

We end this section by calculating the expressions 
of the decay coupling constants of pseudoscalar and vector mesons. 
The relationship (1.9) becomes now with the potential (5.8), 
after transformation (1.13) is used and to second order in C. 
(for the equal-mass case m. « m_ « m) : 

$ (x=o,*t=°, *TJ = — ^ — i — 
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For the pseudoscalar meson states one gets : 

(5.16) 

(5.17) 

For the Goldstone boson ( 5 . 1 3 ) , one ge t s for F_(4 .3 ) 

£ ~ \ JL- WO ' frntC*-*-- < v-rx>Yft ' 

(5.18) 
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(The altaneous use of formulae (5.16)-<5.17) gives nothing but 
a cons tency relation identically satisfied by solution (5.13)). 

For the vector meson states one has : 

< 0 , V P' A > = <° ' *£(o^ %C)lh,\>a l*G> *\r5r 

[d * * C,CoW c/f.)(i. +4 V ^ j j T t f t ^ 0 ) ) 

(5.19) 

Comparing formulae (5.19) and (5.16), we find 
that t'c multiplicative factor contained in the brackets is 
larger for the vector mesons than for the pseudoscalars, due 
to the positive sign of C_ for attractive vector interactions. 
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VI. Su—iry and concluding remarks 

We presented, in the framework of relativistic 
quantum mechanics of two interacting particles, a general model 
for quarkonium systems satisfying the expected four requirements 
of confinement, spontaneous breakdown of chiral symmetry, soft 
explicit chiral symmetry breaking and short distance interactions 
of the vector type. The model thus built up is minimal in the 
sense that only the necessary and simplest pieces for these 
requirements were retained. It is characterized by two arbitrary 
scalar functions entering in the large and short distance 
interaction potentials, respectively. 

Using the relationships of the quantum mechanical 
potential and of the wave function with the corresponding 
quantities of the Bethe-Salpeter equation, as were previously 
established, we also displayed the normalization condition of 
the wave function. This permits us to calculate the decay coupling 
constants and the field theory quark masses in terms of the 
quantum mechanical quantities. 

The quark masses appear in this model as free 
parameters and therefore could be adjusted according to the 
quark flavors. In .. order the model to be universal, that is 
applicable for any quark flavors with the only modification 
of the quark «ass values, it is necessary to exhibit in an 
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explicit way the quark mass dependences of the interaction 
potentials. This question was not studied in this work and merits 
a seperate analysis. The only hypothesis, we made about it is 
that the potentials do not vanish when the quark masses tend 
to zero. When the interaction is perturbât!ve, the relationship 
(1.8) between the potential and the Bethe-Salpeter kernel gives 
us a first answer to this question. To lowest order of the 
interaction the kernel D is the one particle exchange propagator 
and is independent of the quark masses . and therefore the mass 
dependence of V comes from the explicit mass factors in Rel.(1.8). 
This should be the case for instance for the short distance 
vector potential. 

For non-perturbative interactions, such as the 
confining ones, the above feature is no longer true. The kernel 
D is not a one particle exchange propagator but rather should 
be understood as a local approximation of a series of high order 
diagrams. In this case it may display a complicated quark mass 
dependence. In order to have a rough idea about such a dependence 
it seems indicated to study the non-relativistic behavior of 
the interaction potentials. Since in this limit the mass terms 
become dominant, then from the knowledge or the expected behavior 
of the confining potential in the non-relativistic limit one 
could guess, at least partly, the types of mass terms present 
in it. 

Finally the forms of the potentials themselves 
should be fixed by a more detailed analysis of the spectroscopic 
and decay properties of meson bound states as well as with the 
help of other theoretical constraints. 
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