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i - DnyoDgçnpM 

The homogenization problem occurred in the early times of reactor theory. 

As a matter ;•£ fact, as soon as a heterogeneous periodical reactor had to be 

calculated, Mie need of a homogenization procedure appeared, in order to replace a 

periodical lattice by an equivalent homogeneous medium. Diffusion theory is indeed 

unable to treat correctly the fine heterogeneity of a lattice, which requires the 

use of transport theory. On the contrary, diffusion theory is adequate to treat a 

whole reactor composed of several large homogenized zones. 

It is easy to understand where the main difficulty of the problem lies : 

how the parameters of the diffusion equation in each homogenized zone are to be 

defined ? By homogenized parameters we mean first the homogenized cross-sections 

corresponding to each physical event - absorption, scattering, energy transfer, 

fission -, secondly the parameter corresponding to the neutron leakage t rmof the 

diffusion equation, that is the diffusion coefficient. These homogenized parameters 

are to be determined by tne mean of transport theory. Intuitive arguments led early 

to a satisfying expression of the homogenized cross-sections, by weighting the unit 

cell cross-sections by the transport theory cell flux. But the determination of the 

homogenized parameter corresponding to the neutron leakage event appeared quickly 

to be a more difficult problem. This is the reason of the works on diffusion coeffi

cient which appear from the first times of reactor theory. One of the first impor

tant works about the theory of diffusion coefficient in a lattice was published as 

soon at 1949 by Behrens [Ref. l]; it concerned a particularly severe type of 

lattice, composed of a homogeneous material medium pierced with cavities of any 

shape. En spite of several drawbacks and limitations, this first work has been the 

starting point of several theories of the diffusion coefficient : Benoist (1959, 

1964) [Refs. 2-5], Deniz (1967, 1978) [Refs. 6-10], Bonalumi (1971) [Réf. il], 

Williams (1971) [Ref. 12], Gelbard (1974) [Ref. 13], Kohler (1975) [Ref. 14], Larsen 

(1976) [Ref. 15], Duracz (1980) [Ref. 16] and others. The question does not seem to 

be closed since specialists are still, at the time being, discussing about the 

various merits of the différents theories. 
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The hoaogenization theory, and particularly the diffusion coefficient 
theory, is probably among the most difficult ones in reactor theory. That is why we 
shall strive in this presentation to be as simple as possible, even if we mist loose 
some generality and pass over certain difficulties. In the same mind, we do not 
intend here to give a detailed presentation of all the theories proposed for the 
homogenization or the diffusion coefficient, in order to give a clear understanding 
of the honogenization problem, it seemed to us that the best way was not to follow 
the historical development of the ideas on hoaogenization, but rather to follow the 
unitary presentation proposed scae years ago by Deniz [Refs. 8-10], which includes 
in a general scheme the various definitions given by several authors for the 
homogenized parameters. We shall even, for the sake of simplicity, present this 
approach in a simplified manner. The reader wishing to have a deeper understanding 
of the problem shall consult the literature published about this subject and given 
in the references ; he shall also consult particularly the comparative studies of 
Hughes [Ref. 17], and of Geibard [Kef. 18]. 

In this outline we consider only the theory of homogenization of regular 
lattices (each zone of ths reactor forms a regular periodic lattice). The case of 
irregular lattices is relevant of other types of methods. 

B - IHTERACTIOH OF MACROSCOPIC AMD MICROSCOPIC FLUXES 

B.l. The infinite periodical lattice 

Let us assume first that the reactor is an infinite periodical lattice. The 
transport equation governing the flux in the reactor is, assuming a steady state, a 
one-group theory and isotropic scattering, for the sake of simplicity 

eZ 
2.^ 4» + Z 4> » — (Z + — - ) 0 (l) 

a» 

where 
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X (r) is the (•acroscopic) total cross-section at point r 

X (r) the scattering cross-section 

Z (r) the fission cross-section 

r(r) the nuaber of neutrons per fission 

k the infinite anxltiplication factor 

and «here 

*o ( l> = •Q(r,2) dO 
4R 

is the angle-integrated flux, + (r,3) being the angular flux at point r and in 
direction a. These fluxes have already been considered in Hef. 19 (Section II). 

The integration of the transport equation Sq. (1) over the solid angle ,ir. 
and over the volume of an individual cell leads to the equality of reaction rates 

V ? ) fo(?) d3r = ±-
V 

Flf(r) f ( J(r) d 3r 
V eel eel 

where 

Z a(r) = Z t(r) - Z s(r) 

1» the absorption cross-section. This equality expresses the conservation of 
neutrons. 

In a homogeneous medium the equality of reaction rates is, calling £ and 
~vZ. the parameters and 4> the flux in the homogenous medium, and assuming that Jc is r o • 
the same 
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* •.«ri 
a 0 k 0 

Since the level of the flux •. is arbitrary we can choose 

f 0(r) d r 

eel 

which leads iaaediately to the definition of the paraaeters of the equivalent aedium 
equivalent to the lattice 

E a(r) f Q(r) d Jr 

£ a * 
eel 

• 0<?) d 3r 

eel 

plf(r) f Q(r) d 3r 

rtf-T 
eel 

f0(r) d r 

eel 

This definition of the homogeneous parameters can be immediately extended 
to the energy-dependent scheme. The energy-dependent transport equation in the 
lattice is 

T0 t T0 4n 
rt U,E») 

Xg<r,E'-»E) + — ^ x(B) f0(r,Ef)dE» (2) 

where Z depends on r and E, where if depends on r, 3 and E, and where x(E) is the 
fission spectrum. 
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Defining the flux •;: in the group g in the homogeneous nediun as 

• 2 -
g-i 

d£ •n(r> d r 

v 
eel 

«here S . and E are the liaits of the group, and integrating Eq. (2) over the cell 
g-1 g 

voluee and the energy range of group g leads to the balance equation 

*Z / X 9 

^^-LrT-'V-K 
g'=l 

wrere the homogenized cross-sections are 

"g-i 

dE 

'E 
^ S _ S 
t E 

d 3r Zt(r,E) *Q(r,E) 

eel 

g-i 

dE d3r »0(r,E) 

eel 

m q» 

The fe;spression of vZl is analogous. As far as the group transfer cross-section 

X' is concerned 
s 

E E ,9-1 , V-l 
dE dE' 

Ê»'"* «_2-1- - * 
S E 

<S r I (E'-»E) f0(r,E') 

eel 

, g'-i 

dE' d 3r t0(r,E») 

9* 
'v 
eel 



Moreover 

x g = 
Vi 

dE X(E) 
E 
g 

We see that the knowledge of the homogenized parameters needs the 
a of the fine structure flux • (r,E). This explains th« 

earlier (see Ref. 19, Section II) to the calculation of this flux. 
knowledge of the fine structure flux • (r,E). This explains the importance given 

B.2. B w finite reactor with several zone» 

An infinite periodical lattice is of course only a view of the mind. In 
practice the reactor has a finite size. It can be, either composed of an unique 
periodical lattice, or composed of several zones, each of them forming a given type 
of periodical lattice. Since the calculation of such a reactor fry transport theory 
romains, at least at the time being, out of the possibilities of computer codes, it 
is necessary to replace the actual reactor by a simplified one, in which each of the 
zones, composed of a given type of lattice, is replaced by a homogenized zone having 
properties which are équivalent to those of the original lattice. Then the reactor, 
composed now of homogenized zones, can be treated by diffusion theory, which is pos
sible with a one, two or three-dimensional code. It is easy to understand that the 
main difficulty of the problem lies in the definition of the word "equivalent". 

Let us first consider the behaviour of the diffusion theory flux in a given 
homogenized zone. In a one-group scheme, the diffusion equation may be written 

D T F + (-r̂  - I.) F 

where D is the diffusion coefficient and where k is the effective multiplication 
factor, equal to l in the critical state. The equation may also be written 
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V 2 F + B 2 F = 0 (3) 

where, assuming new k =l, 

B 2 = - ^ - * 

is the material buckling of the zone. The solution of this equation in a zone is 
linked to the solution of the equation in an adjacent zone by the condition of 
continuity of the flux *(r) and of the normal component of the current vector J(r) 
related to the flux gradient by the Fick * s relation 

J = - D $ F 

2 . In a non multiplying zone, B is negative. 

The solution of Eq. ( 3 ) can be expanded in a sum of modes of the type 

exp (iB.R) 

where, u being a unit vector 

B = B u 

For example, in plane geometry 

* [ • F(r) » cos Bx » f lexp (i8x) + exp (-iBx) 

If the zone is a parallelepiped, the solution of Eq. (3) can also be 
expanded in a sum of >des 
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exp (iBw.r) 

corresponding to various orientations of the unit vector u. 

If the zone is a cylinder, the flux is a Bessel function of the radial 
coordinate r 

But Jn(Br) can be expanded as 

*(r) = J Q(Br) 

J Q(Br) 1_ 
2« 

2JC 
exp (iBr cos ?) fl? 

which is also a sum of modes exp (iB ur ). 

In the case of a multigroup scheme, it is well Known that there exists (at 
least in a multiplying medium) a fundamental mode having the same behaviour, with B 
independent of the group, but that there exists also additional transients in the 
vicinity of the boundary of the zone. These transient modes seem to be very 
difficult to take into account in homogenization theory. That is why, in the 
following, we shall deal only with the homogenized parameters corresponding to the 
fundamental mode. Since this mode can be decomposed as a sum of terms exp (iB.r ), we 
shall restrict ourselves to the consideration of such a term, for a given orien
tation of the vector B. 

B.3. The infinité lattice with IUDTJ«OO^»« jucxline 

Since we consider that the flux in the homogenized zone is exp (iB.r), it 
is normal to consider also that the flux in the corresponding heterogeneous lattice 
has a Mcroiooplc hehaviour in exp (iS.r). In order to avoid difficulties at the 
boundary of the zone, w<* shall assume that the zone can be extended to the whole 
space, the function exp (il.^) being analytically extended to the whole space (it is 
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the so-called iaaga-pils hypothesis). The problem is nov to find the homogenized 
parameters corresponding to an infinite lattice having a macroscopic behaviour in 
exp (iB.r). 

In such a lattice, the elementary physical intuition leads to think that 
the flux snail have, in addition to its macroscopic behaviour exp (iB.r), a 
superimposed microscopic dependence (fine structure), which reflects the 
periodicity of the lattice, as in the infinite lattice without buckling (S B.1). In 
other terms, we can expect that the flux shall be the product of a macroscopic flux 
exp (iB.r) and of a microscopic one, which we shall try to determine. 

Let us write that the physical angular flux *(r,3) is the product of the 
macroscopic flux exp (iB.r) and of a microscopic angular flux t|»(r,2) and let us put 
this flux in the integro-differential transport equation, in a one-group theory 
with isotropic scattering, for the sake of simplicity 

a.v exp(iB.r) 4> .-» •+ vZ. 
+ I. exp(iB.r) il» » — (I + -r^) exp(iB.r) <p t T 4ÎI s k (4) 

where ?(r) is the microscopic angle-integrated flux 

?(r) = 4-(r,2) ac 
4* 

and where the cross-sections 1 , 1 , vZ have the periodi»-.;.." of the lattice. 
w 5 s 

Let us remark that 

exp (iS.r) 
.•2 -» 

= e 1 B , r 3 4» + iS exp (iS.r) * 

in such a way that the first term of the transport equation Eg. (l) becomes 
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2.$ exp(il.r) + = exp(iB.r) 3.$ + + iB.^ 

Let us now multiply each term by of Eq. (4) exp (- iB.r). The factor exp 
(iB.r) cancels and there remains*,7,1» 

vZ. 2.fy + (zt + iS.2) + - ̂  (\ + -/) f (5) 

This is the transport equation govering the microscopic flux. It is easy 
to see, from this equation, that this flux has the same period than the lattice. It 
differs from the flux in an infinite lattice without buckling since it depends on 
the vector B, due to the presence of the term il.fl in Eq. (5) above. This term can be 
considered as a very particular type of absorption, since the corresponding 
cross-section should be imaginary and moreover should depend on the orientation of 
the vector 2. 

It is possible to separate the angular flux t|>(r,Q) into a real and an 
imaginary part 

vj»(r,3) = g(r,2) + ih(r,2) 

The corresponding angle-integrated flux is 

f(r) = 0(r) + iH(r) 

Thon the complex transport equation Eq. (5) may be replaced by a system of 
two real equations 

2.9g + I t g - B.2h = ij (I $ • -£•) G 

vZ 
2.vn + Z t h + S.2g » 7- (I + -rr) H 

t 4ft S K 

(6a) 

(5b) 
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The fluxes g(r,2) and h(r,2) are of course buckling-dependent. 

B.4. ^ t m}] h'ekliiw liait. Classical and direction»! fluxes 

Let us consider Eq. (6a).At the limit B •* 0 (we mean when - becomes great 
JS 

compared to the size of an individual cell), we have k -» k^ and this equation 
becomes, calling <|» (r,2) the limit of g(r,u) 

2-*V + zt *o - 5 ( Zs + ^ *o ( 7 ) 

which is exactly the Eq. 1 obtained in S B.l for an infinite lattice without 
buckling. 

In an individual cell, having normal symmetry conditions, the angle 
integrated flux ?„(r) is symmetrical. Let us call the flux ?„(r) the "classical 
flux". This is the flux that we have already encountered in Ref. 19 (section II), and 
which can be calculated for instance by the collision probability method. We shall 
consider now that this flux, and the corresponding angular flux ij» (r,a), are known 
by a previous calculation. 

Let us now consider Eq. 6b. If B is assumed to be small (in the same sense 
as above), we can replace in this equation g(r,2) by the classical angular flux 
i|r (r,2). We obtain 

vZ 
2.$ h + 1 h * — (Z + —-) H - B.2 & 

1 t 1 4n v s k ' 1 VC 

we nave now an equation with a source term 

- B.2 t|»n(r,2) » - I B a 
k k k»x,y,z 

- 12 -
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since ̂  (r,3) is assumed to be known. The fact that this equation admits a solution 

is guaranteed by the Fredholm theorem, since it is possible to show that the source 

term is orthogonal to the eigenf unctions of the equation without source. 

This equation being linear, it is possible to write the angular flux 

h (r,3) under the form 

hx(r,2) = - ) B k •^(r'J) 

k=x,y,z 

where the angular flux 4> (r,3) is defined as the solution of the equation 

3.3 t + I * = — (I + —-) • + O i> (8) 
*lk t *lk 4* v s k ' Tlk nt *0 v ' 

where ? (r)is the angle-integrated flux associated to i|> (r,a). 

fundamental flux of the lattice, as well as the classical flux 4> (r,3). Let us call 

Contrary to h (r,3), this flux 4> (r,2) is buckling-independent. It is a 

tal flux of the lattice, as well as the classical flu 

it the directional flux in the direction k, with k = x, y or z. 

Hence, at the limit S -» 0, we have 

+(r,3) = +Q(r,3) + i h1(r,3) 

* +o ( ?' 2 ) " i ) Bk *ik ( ?' 2 ) 

k=x,y,z 

- +Q(r,3) - ii.fyrj) 

(9) 

introducing the vector flux |(r,£) having the components ij» (r,3), 4» (r,3)( ^ 1 ix iy 

20]. 

if Ir,Û). Such an expansion was obtained by Benoist [Refs. 2,5] and by Leslie [Ref. 

- 12 -



The physical angular flux *(r,fl) is now, considering the real part, which 

is the only one having a physical meaning 

Be t(r,2) = Re [ e T *(r,2)] = cos(B.r) )Q(r,U) + sin(B.r) B.fyr.S) 

(10) 

The first term represents simply the product of the macroscopic Jlux 

cos (B.r) and of the microscopic Duckling-independent flux (classical flux) ; the 

existence of such a term is conform to the intuition. As far as the second term is 

concerned, let us remark that 

B sin (B.r) * - $ cos (B.r) 

Thus the second term of Eq. (10) is proportional to the gradient of the 

macroscopic flux, and the directional flux if (r,2) reflects the change in the 

microscopic flux induced by the presence of a gradient of the macroscopic flux. 

Let us see now what is the behaviour of the directional flux + (r,fl), 

which is the k-component of the vector flux if (r,2). 
Ik' 

According to its definition by the transport equation Eq. (8), we see that 

t|> (r,2) is a flux produced by a very particular source, Û i|> (r,u). The classical 

flux 4-n(r,Û), in a lattice, is not isotropic, but is t.eldom very far from isotropy. 

On the contrary, the factor 8 leads to a extremly anisotropic source since it sends 

positive neutrons in the directions Q forming an acute angle with the direction 

k (k = x, y or z), and negative neutrons in the directions Q forming an obtuse angle 

with the direction k. 
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•* k 

o k > o o k < o 

Changs of sign of 0. versus direction a . 

Thus the source tt 4» (r,5), producing the directional flux 2+ (r,8), is 

very strongly anisotropic and one is not familiar, in classical problems, with this 

type of source. 

Let us consider first the particular case where the lattice is simply a 

homogeneous raediur. The classical flux is uniform and isotropic (with an arbitrary 

level ) and it is easy to see that the strongly anisotropic flux 

•u.< ?- 2> • °* rt 

satisfies the transport equation Eq. (8) with the source Û 4- . The corresponding 

angle integrated flux 

*1K< ? ) - 4-1]c(r,2) dQ 

4* 

is consequently zero. 

Let us now consider the case of a bidimensional lattice, where the 

cross-sections do not depend on the z variable, but only on x and y. Consequently the 

axial flux i|i (r,2) does not depend on the z variable, due to Eq. . The equation for 

+lz(x,y,3) is 
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2.$ * + £ t = — (£ + —-) • + Q 4. *lz t T l z 4* V S k ' T l z z *0 

Elementary 
ce l l 

o o o 
o o o 
o o o •* x 

Square lattice. 
Replacing 11 by - 0 does net change the classical flux 4» (x,y,5) ; then it 

is easy to see that the directional flux d>, (x,y,2) is changed into - +, (x,y,2 
12 1Z when Q is changed into - Q z z 

angle-integrated flux <p „(x,y) is zero. 
it is antisynaetric in Q Consequently the 

Let us consider now the transverse case k - x (or y). The equation for 

* l x ( x , y ' ^ i s 

vZ. 
2.$ * + z a. = — (Z + —-) o + O 0 . ** *ix t *ix 4* v s x ; *ix x * 

Here the situation is not so simple as in the case k = z. The directional angular 
flux tk^x,y,2) is fynwtric in 0 , as the classical flux 4. (x,y,3) is, but the 
transverse dependence is more complicated. It is possible to show that the 
angle-integrated flux a (x,y) is, at the scale of an elementary cell, symmetric in 
y, but but antisyoMtric in x ; in other terms, its sign changes when x is changed in 
- x. 
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e 
d X » 0 d 

X ' 2 

•+ x 

Antlsyawtrle behaviour of U» directional angle-integrated 
flux fj-Otty) In an elemntary square cell. 

As a consequence, we have 

< p l x ( 0 ' y ) " ° 

and, d being the lattice pitch 

f t t(± 5. yi - o 

This behaviour differs from the behaviour of the classical flux <pn(x,y), 
for which the x-derivativee are zero for x = 0 and x = ± r • 

As a consequence of the antisymmetrical character of the flux « (x,y), 
the integral, over the cell volume, of f^-ixry) weighted by any symmetrical function 
S(x,y) is zero 

S(x,y) ̂ ( x ^ ) dx dy = 0 

eel 
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This important property shall be used later. 

All these remarks about the antisymmetrical character of the flux * (x,y) 

are also valid in a hexagonal cell. 

B.5. Determination of the Multiplication factor k 

An important problem is the determination of the change in the eigenvalue k 

produced by tne existence of a macroscopic dependence exp dB.r) in an infinite 

lattice. This problem was solved by Deniz [Refs. 6, 7] making a perturbation 

between the buckled lattice and the unbuckled lattice. Let us recall that, for 

anyvalue of B, tne microscopic angular flux 4>(r,3) satisfies Eg. (5) 

vZ 
2.$ 4. • (z t + i3.û) * - ^ z s * = ^ -jf- ? U D 

Let us consider the same equation for B = 0 Eq.(7) and take its adjoint 

vZ 
- 2$ 4>+ + Z J,"1" - i- z « + s i - — i » + (i2) 

*0 t *0 4* s *0 4 K k *0 K ' 

where 4. (r,2) is the adjoint of the classical flux and ? the corresponding 

angle-integrated flux. 

Let us multiply Eq. (11) by 4» , Eq. (12) by 4>, substract the two equations 

and integrate over the solid angle 4n and over the volume of an individual cell. 

Taking into account the fact that 

[4.J 2.fy + »#.$ 4.J] d 3r 1 ( 2 4,* 4,) d 3r = 0 

eel eel 
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since the fluxes 4* and <|> are periodic, we obtain 

d3r dQ(B.2) * + * = — ( - - — ) v ' T0 ¥ 4n vk k ' 

eel 
4n 

d 3r **f fj ? (13) 

'V 
eel 

which determines - - — . The migration araa M 2(B) is defined 

by 
1 _ l_ 
ic k 

M^B) B 2 

At the limit of small buddings, we can replace in Eq. (13) the flux 4> by 

its expansion Eq. (9). For reasons of symmetry » only the second term of Eq. (9) shall 

appear in the integral at the LHS of Eq. (13), and only the first term of *:q. (9) 

shall appear in the integral at the RHS 

d3r dQ(B.2) ̂ (B.fy 
4rt vx k ' 

eel 4* 

d3r *I f fJ fQ 

eel 

Arguments of symmetry eliminate also the cross-terms in B B , with 

ic' * k, in such a way that 

i - i- - i- V ~ M 2 B k k k /_ \ B 

introducing the buckllng-lndapanâant directional migration araa 

d 3r dQ a. it. k,. 
k T 0 T1X 

«2 „ „ eel M. » 4rt k k • 

eel 

4n 

d 3 r „Zf 9

+

Q ? 0 

(14) 
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These expressions can be generalized immediately to the energy-dependent 
case. The only difference is that, both at the numerator and at the dénominateur, 
the integrations shall run over the volume of the cell, over the solid angle 4* and 

2 -* 2 ovar tha «Dole anargy ranga. Thus the migration area M (B), or M , remains in any 
case an energy-integrated quantity, independent of the group index g. It measures 
the reactivity change due to all the buckling-dependent effects, that is neutron 
leakage, but also modification of the fine structure and of the spectrum due to the 
macroscopic curvature. 

In a homogeneous medium, tj* is uniform and isotropic and, as seen earlier 
(Section B.4), we have, in a one-group theory 

°k*C 
rik 

Since 

we have 

2 ^ _ 4_n 
3 <<* = 

4K 

or, since k 

V 3 » Z f Z t 

k 3 I a 2 t 

which is the well-known formula of M_. 
k 
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C - THE HOMOGEMIZATIOM PMBLBM 

c i . cnoica of a irrmnlniU?" rr?irTfrrt 

Up to now we have determined the eigenvalue of a lattice with buckling, but 
we have not at all approached the problem of the homogenization of a lattice. When 
the solution of the first problem is unique, we shall see that the solution of the 
second one, that ia the determination of the homogenized parameters, has a certain 
degree of arbitrariness. We shall determine the homogenized parameters through an 
equivalence between each term of the transport equation and the corresponding term 
of the diffusion equation for the homogenized medium Having tSm sane buckling vactor 
1 and tna aaae Multiplication factor k. This presentation of the problem was 
proposed in a general form in Refs. 8-10. 

The problem should be treated in a multigroup scheme since, contrary to the 
migration area which is a quantity independent on the group index g, the homogenized 
parameters which appear in the multigroup diffusion equation, are to be defined in 
each group ; moreover there is an intergroup coupling. However, in order to make the 
presentation as simple as possible, we shall restrict ourselves to a one-group 
scheme. 

Let us consider the physical angular flux *(r,2) in the lattice 

¥(r,2) = exp (iB.r) +(r,2) 

where i|»(r,2) is the complex microscopic flux defined earlier. At this step we do not 
make any expansion in powers of the buckling. 

The flux ¥(r ,2) satisfies the transport equation 

2 . $ ¥ + Z t? * ̂  ( z
s
 + _ 5 T ) * ( 1 5 ) 

(leakage) <removal) (scattering) (production 
by fission) 
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where #(r) is the physical angle-integrate J flux associated with 9(r,Q). 

Let us now write the diffusion equation for the homogenized medium, having 
the sane eigenvalue k and the same buckling vector B . Calling F(r) the flux in this 
homogenized medium, this equation can be put under the form 

_2 — " Zf - D T ? + ẑ  ? = (i + — - ) ? (i6) t s k 

The solution is the flux 

*/ \ iB.r (17) 
F(r) = e 

The quantities Z , Z , cZ are the homogenized cross-sections, corresponding to 
each type of event appearing in the transport equation Eq. (15), and D is the diffu
sion coefficient, related to the leakage event. The homogenized cross-sections and 
the diffusion coefficient are parameters to be defined. 

As a matter of fact, as we shall see later, the diffusion coefficient 
depends on the direction k = x, y or z chosen ; in other terms, the homogenized 
medium is anisotropic. The term - D v f of Eq. (16) is to be replaced by 

X 3x 2 y 3y Z Z dz 2 £ * * k=x,y,z 

According to Eq. (17) we have 

2 J.? V? f - - £ e k k 

in such a way that the diffusion equation becomes 
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L _ _2 lB.r _,_ = 13.r 
DK \ 6 + Zt 6 

oZ 
= (2. 

f, iB.r 
-) e 

or 

z 2 - - Vh 
k k t s le 

(19) 

The diffusion parameters are of course independent on r and Q . We may 

define homogenized cross-sections through an integration of each term of the trans

port equation Eq. (15) over the volume of an elementary cell and over the solid 

angle 4n. If Z is anyone of these cross-sections, we have 

d3r dû Z(r) f(r,2) 

I = 
V , '4* eel 

d3r dfl ¥(r,2) 

eel 
4ft 

(20) 

since it is allowable to choose 

d 3r ?(?) d3r dQ *(r,3) 

eel eel 4n 

As far as the term 

L k k 
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of Eq. (19) is concerned, it can be considered as a leakage cross-section and shall 
be defined by the same integration 
of the transport equation Eq. (15) 
be defined by the sane integration as for the £ , but operating over the leakage term 

L°* 
d3r 

V 
dQ 3.$ »(r,2) 

'4n 

d3r 
V 

(21) 
dfi *(r,2) 

eel 4ft 

This definition of the homogenized £ and of D corresponds to an 
equivalence between. the true cell reaction rates and leakage rate of the lattice and 
those of a cell of the homogenized medium respectively. It gives the M M laportance 
to all the neutrons of tin cell. As far as D is concerned, it leads (at the limit of 
a small buckling) to the "Benoist corrected" definition [Refs. 4, 5] of the diffu
sion coefficient, its drawback lies in the fact that, due to the weighting of the 
cross-sections in Eq. (20) by a flux which has not the periodicity of the lattice 
(i.e. the physical flux V(t,2) of Eq. (15)), the values of the £'s defined in such a 
way depend on how the cell is defined. In other terms, if the cell is shifted by half 

_ i 
a pitch, the values of the £ will change, although physically nothing has changed. 

s 
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3d T 
Shift of Half a pitch of the unit cell 

The same phenomenon happens for the diffusion coefficient defined by Eq. 
(21), as pointed out by Gelbard [Ref. 12]. This drawback makes that this definition 
is not very convenient in the practice, although there is no fundamental objection 
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against it, since the terms of Eq. (19) combine themselves in such a way that the 

eigenvalue k is conserved when the cell is translated. 

But, as pointed out by Deniz [Refs. 8-10], there is no reason to give the 

same importance to all the neutrons in the cell. It is perfectly allowable to weight 

the numerator of the homogenized parameters by any complex function W (r,2) and the 

denominator by any complex function N (r,2). 

2 = 

d3r 

'v 
eel 

dfi w"(?,2) I(r> ?(r\2) 

4* 

d3r dQ N*(r,2) *(r,2) 

v , '4n 
eel 

(22) 

I 
d3r 

n n 2 C e l 

D B = 

dQ w"(r,2) 2.$* (r,2) 
J4n 

- d 3r 

eel 

dû n'(r,2) ¥(r,2) 

4* 

(23)-

since it is allowable to choose 

d 3r ?(r) dQ N*(r,2) = 

eel 
4n 

d3r dQ N*(r,2) ¥(r,2) 

eel 
'4K 

Theoretically there is a total arbitrariness in the choice of the 

weighting functions w (r,2) and N*(r,2). Of course some choices seem to be more 

logical than others. Several authors presented theories leading to various 

definitions of the homogenized cross-sections and of the diffusion coefficient. We 

shall not enter here in the detail of each of them. For a detailed presentation of 

each of these theories the reader will refer to the literature. He can also refer to 

the comparative studies of Hughes [Bef. 17] and of Gelbard [Ref. 18]. 
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Vie have seen that the so-called "corrected diffusion coefficient" of 

Benoist was obtained by the choice 

W » 1 M = 1 

that is by an equivalence between the true cell reaction rates and leakage rate in 

the lattice cell and in the homogenized cell. 

- In* "uncorrected diffusion coefficient" of Benoist [Refs. 2,3] results 

from the choice 

W = exp (- iB.r) M = exp (- iB.r) (24) 

According to Sqs. (22) and (23), and noting that exp (iB.r) cancels with 

exp (- iB.r), this leads to the following definitions 

d3r dO I(r) <M?,3) 

Z = eel 4n 

d3r 

(25) 

dQ +(r,5) 

eel 4n 

L 
d3r dQ exp (-iB.r) 5.$ [exp (iB.r) ̂ (r,2)] 

k k 
eel 4n 

d3r dO +(r,2) 

eel 
J4n 

d3r dQ ii.2 +(r,2) 

eel 
#« 

d3r 

V , '4 
eel 

(26) 

dû *(r,8) 
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taking advantage of the fact that, t(r,3) having the periodicity of the lattice 

V.[3+(r,2)] d3r = 0 

eel 

Introducing the angle-integrated flux ?(r) and the current vector 

3(r) = 4-(r,2) 3 dQ 
4ft 

allows to write Eqs. (25) and (26) as 

Z(?) •<?) d3r 

2 = 7 eel 
f(r) d3r 

eel 

1(?> - 3 d r 

V ~ « «2 .•* eel 
2 _ D K B k • 1 B • ? ; ?(r) d r 

eel 

(27) 

(28) 

This definition corresponds to the weighting of the cross-sections by the 
aicrotcopic fit» (fine structure flux). This flux having the periodicity of the 
lattice, the homogenized cross-sections and the diffusion coefficient become 
independent of how the cell is defined. 

- TU* diffusion coefficient of Bonalual [Réf. il] is near from the 
"corrected Benoist coefficient". It is obtained with the choice 

* w = l 
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but, at the denominator of Eq. (21), a cell-edge unweighted flux for the 
normaiization is used. As the correci-ed Benoist coefficient, this coefficient has 
the double-value character when the definition of the cell is changed since the 
weighting flux ?(r,2) has not the periodicity of the cell. 

- II» diffusion coefficient of DsnLE-GsObard [Hef. 13] results from a 
dimensional transformation at the small buckling limit, of the expression Eq. (14) 
of the migration area IT in order to use it as a diffusion coefficient D . Its 
advantage lies in the fact that all the buckling-dependent terms appear in the term 

2 D B , and that the homogenized cross-sections are bucklmg-independent and are 
weighted by the classical flux f n(r). Gelbard extended this diffusion coefficient 
to a multigroup theory. 

Tbm diffusion coefficient of Larsen [Ref. 15] results from an entirely 
different approach, which does not use, at least explicitely, the concept of 
buckling. Larsen develops an asymptotic tnsory based on the existence of two very 
different unit scales in the problem : a microscopic scale, of the order of the size 
of the cell, and a macroscopic scale, of the order of tne size of the reactor {Z - ) . 

These two last diffusion coefficients are rather similar and differ only 
by a multiplication factor. They were obtained at the limit of small bucklings. Both 
do not depend on how the cell is defined. 

- The Dsnlz diffusion coefficient [Refs. 8-io] (different from the 
Deniz-Gelbard coefficient) results from a perturbational equivalence (earlier 
suggested by Marcnuk [ttef. 22]) between the buckled lattice and the equivalent 
boaogsneous asdlua having the same eigenvalue k and the same buckling vector B. This 
equivalence will allow us to define the "unknown" operators of the homogenized 
medium from the known operators of the lattice. It may be written, recalling Eqs. 
(16) and (18) 
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d3r 

eel 

dQ f~ [ S.v* • I t * - ± (Xt + ̂ ) • ] 
4* 

d3r 

eel 4* 
[^^'•Ç'-Ç'-T*] 

a 3r "[XS^Ç-Ç-T»] 
eel 

dO F 

4* k 

where the sign + means adjoint and the sign « complexe conjugate. Since 

¥(r,5) = *(r,Û*) exp (iB.r) 

and 

?(r) = exp (iB.r) 

we have, according to Eqs. (5) and (17), cancelling the exponentials a ..d taking the 

real part 

Re d 3r dQ 

V , '4n 
eel 

i2.* • x t * - i- (if • l£> f ] 

Re d3r 

eel 
4* k 

[£^-VV$] 

Rigorously speaking, this perturbational equivalence is valid as a whole. 

But it seems logical to extend this equivalence separately to each of the operators 

appearing in the equation, and corresponding respectively to a given physical 

event. This leads to Eqs. (25) and (26), that is to Eqs. (27) and (28) for of the 
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homogenized parameters, that is to the weighting given by Eq. (24), which is 
equivalent to the Benoist uncorrected diffusion coefficient. The advantage of the 
Oeniz derivation is to give a more solid basis to this type of weighting. 

This equivalence between the Deniz parameters and the uncorrected Benoist 
ones still remains if the energy is introduced as a continuous variable, but there 
is a difference if the energy is treated by a multigroup scheme ( in this case there 
is a weighting in each group by the adjoint spectrum of the homogenized medium in the 
Deniz definition). 

In the following we shall choose, in order to go further in the one-group 
calculations, the "uncorrected Benoist " or Deniz homogenized parameters. 

C.2. T H T Pi? 1 ?T«*li"g appro-j-i^ffl - '^» "MCO " " » "*• 

The homogenized cross-sections and the diffusion coefficient depend on the 
vector B . An approximation frequently used consists in retaining only the leading 
terms of the expansion of these homogenized parameters in powers of B . Let us men
tion that there exists particular types of lattice in which such an expansion is not 
possible ; we consider here the cases where it is possible. 

Retaining only the leading term of the expansion in B leads to a 
buckling-independent diffusion coefficient. As far as the homogenized 
cross-sections are concerned, one should be tempted hereagain to retain only the 
buckling independent part of these cross-sections, that is 

I(r) f o(r) d 3r 

Î - f^ (29) 
? 0(?) 3 3r 

eel 

where ? Q(r) is the classical flux, that is the buckling-independent part of the 
angle-integrated flux (see Eq. (7)). 
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As a matter of fact, the buckling-independent £ <~* Eq. (29) are not 

absolutely consistent with a buckling-independent diffusion coefficient. In Eq. 
2 2 

(19), the leakage term D B is indeed of order B and, in order to conserve, in the 

homogenization operation, the value of the multiplication factor k at the order B , 
2 

it should be necessary to push the expansion of the £ up to the same order B . This 
2 S 2 

B term of the £ requires the knowledge of the migration area îLof Eq. (14). Let us 

say that this term, which is probably very weak, has, at our knowledge, never been 

calculated in practice. 

Let us mention that the only diffusion coefficients which are consistent 

buckling-indep 

and of Larsen [Ref. 15]. 

with the buckling-independent £ of Eq. (29) are those of Deniz-Gelbard [Ref. 13] 

For a more detailed analysis of the difficulties related to this 

truncation problem, see Hughes [Ref. 17] and Deniz [Refs. 8-10]. 

Let us now consider the buckling-independent diffusion coefficient, 

starting from Eq. (28) ("uncorrected Benoist" or Deniz coefficient) 

D(r) d r 

with 

V~ « =2 .3 eel 

Z _ D)c B k • l B • ] ; 
<p(r) d r 

eel 

(30) 

!<?> iKr,3) 3 dQ 

'4ft 

Let us recall the expansion Eq. (9) and write the it-component of the 

current vector 3(r) associated to the angvlar flux i|>(r,2) 
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\ { t ) • V ? ) " i L Bk- 3 i t t« ( ? ) (31) 

It is easy to see that, in the numerator of Eq. (30), the quantity 

eel 

cancels, due to the antisymmetry of D 0 k(r). There remains only the contribution of 
the second term of Eq. (31), which gives 

L^-LL 
/••» ..3 w ( r ) a r 

B B * It' 
eel 

fc *' f 0(?) d 3r 
'v eel 

Due to the symmetry of the cell, it is easy tc show that the non-diagonal 
terms, corresponding to Jc * K •, cancel, in such a way that 

W ? ) *3r 

\ * 
eel (32) 

f 0(?) d 3r 
eel 

we recall that f Q(r) is the classical microscopic lattice flux and that 
] ( r ) is the k-component of the current produced Dy the strongly anisotropic sour
ce 

\ +0(r,2) 
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where 4» (r,Q) is the classical microscopic infinite lattice flux. 

The determination of the homogenized cross-sections by Eq. (29), and of 
the denominator of the diffusion coefficient by Eq. (32), requires the knowledge of 
the classical flux fJr). In Ref. 19, we have shown that the collision probability 
technique was well-suited to treat this cell problem. There exists several 
two-dimensional codes able to determine this flux in square or hexagonal cells. In 
the Wigner-Seitz cylindricali zation approximation, the problem is reduced to a 
one-dimensional calculation, which can be made for instance by the ALCOLL code 
[Ref. 22] ; we have seen in Ref. 19 that there exists also codes able to take into 
account a linearly anisotropic scattering law. 

As far as the numerator of the diffusion coefficient D is concerned, Eq. 
(32) shows that we have to integrate over the volume of the cell, no more a flux, but 
the k-component of a current produced by a strongly anisotropic source. Hereagain 
this problem can be solved by the collision probability technique. The MARCO POLO 
code (Tang and Benoist [Ref. 23]), using sophisticated collision probabilities, 
allows to calculate the radial and axial diffusion coefficients in a multigroup 
theory, assuming the Wigner-Seitz cylindrical i zation approximation with 
appropriate boundary conditions ; moreover, this code allows to take into account a 
linearly anisotropic scattering law. 

Let us mention that Monte-Carlo calculations of the diffusion coefficients 
have been made by Gelbard [Ref. 18]. 

C.3. Diffusion coefficient and transport probabilities 

The use of the transport probabilities, which shall be defined later, 
allows to give a physical insight of the problem of the diffusion coefficient and to 
lead to simple expressions of these coefficients. 

Let us first consider the simple case of a homogeneous medium. It is well 
known that, in this case, the buckling-independent diffusion coefficient is equal 
to the third of the total mean free path, or of the transport mean free path if the 
scattering is anisotropic ; let us assume that the scattering is isotropic for the 
sake of simplicity ; we have 
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D . | * 

In a regular lattice, one feels intuitively that the diffusion coefficient 

shall be a weighted average of the total Bean free paths cf the media composing the 

lattice. Two simple types of averaging procedures cone immediately to the mind : 

1) Averaging the cross-sections, weighted by the volumes and the flux 

D = — (33) 
3 Î 

with 

l_ i Ti i 

ï = x 

L^ 

where v. is the volume of the medium i in the cell, ?, the mean classical flux in this 

volume, Z. the tota 

media i of the cell. 

volume, Z. the total cross-section of medium i ; the summation is extended to all the 

This formula applies obviously (with •. independent on i) to the case of a 

homogeneous mixture of several media, that is to an imbrication of grains, eacn of 

which being small compared to its own mean free path. 

2) Averaging the mean free paths, weighted by the volumes and the fluxes 

Yl vi f i *i 
D « i -=- (34) 

'i 

where X. * =- is the total mean free path of the medium i, the summation 
i 
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being extended again to all the media of the cell. 

Each of chese two averaging procedures, by cross-sections or by mean free 
paths, may have its own range of validity but it is obvious that the use of one or the 
other procedures for the treatment of a general regular lattice is wrong. In 
particular, these processes ignore the shape of the media composing the cell, which 
excludes any anisotropy of the diffusion coefficient. Moreover, the use of the mean 
free path weighting in the case of a lattice containing voids leads to an infinite 
diffusion coefficient, which has no meaning. 

We shall give some importance to the case where the lattice contains voids 
because it is a particularly severe test, the lattice being in this case far from 
homogeneity. Moreover the case where the lattice contains voids occurs effectively 
in certain types of lattices (gas-cooled reactors, fast reactors where sodium is 
voided) ; in addition, some media such as the sodium are not very far from void since 
their mean free path is great. 

Thus we feel the need for a mode of averaging the mean free paths lying upon 
a more solid basis. This basis shall be given by Eq. (32). It is possible to write 
this equation under another form. Let us define the Green's function of the lattice 

G(r,2;r',2') 

as the angular flux at point r and in direction 2 produced by a neutron born at point 
-»' a' 
r and in direction a . The expression Eq. (32) of D may be written 

d3r 
'v eel 

dQ 
4* 'V~ 

d3r dO' G(r,2;r',2») 0^ fl£ 4-0(r',2') 
4K 

f0(r) a 3r 

eel 

where tne integration over r is extended to the volume v of the infinite lattice. 
This expression can be written 
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d'l* X. P.. „ 

\-i 
L ^ 

(35) 

where V is the volume of medium i in a cell, f. the average classical flux in the 

medium i and X. the total mean free path in medium j ; the summations run over all the 

media of the cell. The quantity P is defined as 
ij r* 

ij,Jc V. <p. X . 
l T l 3 • 

d3r dQ 

4* 

d3r-

V. 
1 

dû- G(rr2;r
,,2')ÛJt Û^ ^(r'J') 

4* 

(36) 

where the integration over r is extended to the reunion V. of the homologous media i 

of all the cells of the lattice. 

The quantity P.. is called the transport probability from medium i to 
1] ,K 

medium j, in the direction k. 

The expression Eq. (35) of D , obtained by Benoist [Refs. 2-5], appears 

clearly as a generalization of the simple modes of averaging the X. considered in 

Eqs. (33) (34). It allows to treat the case where the lattice contains void media. In 

this case indeed, if a medium j is void, its total mean free path X. tends to 

infinity, but the product X. P. . remains finite1 and so the diffusion coefficient 

V 

Moreover Eq. (35) for D puts into evidence the anisotropy of the lattice. 

The diffusion coefficient D is indeed not the same in the directions fc * x, y, z. 

A simple approximation often admitted for the calculation of the transport 
* - » • * ' 

probabilities P consists in assuming that the classical angular flux iMr,u ) 'ij,* 

Except for some very particular geometries involving infinite planar voids (see 

Ref. l) ; in this case, the use of a buckling-dependent expression of 0 is 

necessary (see for instance Refs. 24, 25 - M0BID7C code). 
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appearing in Eg. (36) is isotropic and uniform in e..cn medium i of the cell 

• o ( ? , ' 2 , ) = ^ 4rt 
-» CD 

r' t v. 
i 

So Eq. (36) for P. . becomes 
ID »K 

* 
P. . ij.k V.A. J 

d3r dQ 

4n V. 
l 

d3r- dû' G(r,ÛÎT' ,Û' ) ft O" 

'4* 

(37) 

The transport probabilities defined by Eq. (37) are closely related to tne 

absorption probajilitie» P. . used in "classical" problems (Ref. 19, Section II.O, 

and defined as the probability for a neutron born uniformly and isotropically in a 

medium i of the lattice to be absorbed in the medium j. This absorption probability 

may oe written, 

P* - 1 

ij v ± x a j 

d3r 00 

4« 

dV dû' G(r\2;r',2') 

4n 

(38) 

calling A = = — the absorption mean free path of the medium j. 
a j aj 

Wa see that the transport probabilities P ., differ from the absorption 

probabilities P.. only by tne presence cf the factor 3 Q Q in Eq. (37) and by the 

replacement of the absorption mean free path A . by the total mean fret path A.. 
«J j 

1. i3 well known that there exists between the absorption probabilities 

w.ff relations ; first thi reciprocity relation, resulting fror zhe 

recipro :.v.,y th-orem (see Ref. 19, Section l.D.i) 

P H a s e 

Vi Aaj Pij * V j >ai Pji 
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secondly the conservation relation, which expresses that a neutron born in medium i 
is necessarily absorbed somewhere 

the summation running over all the media of the cell. 

In an analogous manner, the interest of introducing the transport 
Lties P. in the calculation of D lies in t 

lj »K K 
between them a set of relations, the reciprocity relation 

probabilities V.. in the calculation of D lies in the fact that there exists 

V. X. P* „ = V. X. P*. . (39) 

and the conservation relation 

Ew (40) 

This set of relations allows to reduce the number of independent 
probabilities to be calculated. 

C.4. First flight eolliiicn probabilities - Angular correlation ten» 

The transport probabilities P. , can be decomposed as a sum of 
lj ,K 

probabilities corresponding to neutrons suffering their first collision, P. , and 
of probabilities corresponding to neutrons suffering their (1 + l) collision, 
p(D 
ij,* 

p = p ij,* ?ij + f"p ( 1 ) 

1*1 
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assuming isotropic scattering for the sake of simplicity. 

The probabilities P. . are the directional first flight collision 
X j jit 

probabilities, very close from the classical first flight collision probabilities 
P. . 
ID 

W ^ V . A j j d3r d3 r, exp (-m m ( 3 ^ ( 4 1 ) 

4* R 

The differ from the P. . only by the presence of the factor 3 Q . Since 

I 2 2 2 2 
or * a + a + c = i 
)c x y z k=x,y,z 

we have 

'13 • i l 
k=x,y,z 

"ij,k 

The directional first flight probabilities P.. play a particularly 
ij fit 

important part in diffusion coefficient calculations. In a plane or in a 
Wigner-Seitz cylindricalized cell, they can by calculated by the cod2 ALCOLK, which 
is a modified version of the ALCOLL code [Ref. 22] calculating the classical 
probabilities P. .. The contribution of the P. . . often represents the most impor
tant part of D , as we shall see. Let us call it the principal tara. 

The contribution of the sum of the probabilities P] shall be called the 
takes account indeed of the secondary or angular corralatlon tars. Each term P (l) ij,k 

angular correlation between two neutron straight paths separated by 1 collisions. 

- 39 



If tut) lattice is sisply a homogeneous •ediui, it is easy to stow that the 
angular correlation tern vanishes identically, if the scattering is isotropic 
( D - | x ) . 
If the scattering is anisotropic, the angular correlation ten does not vanish, 
and its presence changes the total mean free path into the transport seam free 
p s t h C D - i x ^ ) . 

In a lattice, it is possible to show that Eq. (35) for D is equivalent to 
2 the representation of the diffusion area L by the sixth of the mean free square of 

the distance as the crow flies from the point source of the neutron to its absorption 
(in projection over the direction K). This mean square is composed of the sum of the 

I-»I2 mean squares of the elementary paths | r | , plus the sum of the mean scalar products 
-• -• r .r of two paths separated by 1 = m - n collisions m n 

m m 
Irl2 = ) \r_\- + 2 > > r_ . r. m m+l 

The sum of the mean squares of the elementary paths corresponds to the 
contribution of the principal term P. , , and the sum of the mean scalar products of 

lj ,K 
two paths separated by 1 collisions corresponds to the contribution of the angular 
correlation term P . , . 

In a homogeneous medium, if the scattering is isotropic, only the mean 
squares contributes to the diffusion area ; the mean scalar products cancel 
identically, because the mean value of the cosine angle is zero. In other terms, 
after one collision, the neutron looses the memory of the direction of its earlier 
path. This is no more true if the scattering is anisotropic, in which case the mean 
scalar products introduce the transport cross-section. This is no more true either 
in a lattice, where, even if the scattering is isotropic, the angular correlation 
terms do not cancel. Thus, in a lattice, the neutron keeps, after un certain number 
of collisions, the memory of its earlier paths. 
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The first general theory on the transport of neutrons in a lattice 
containing voids was presented by Behrens>, and published in 1949. tfiis theory 
assumed that the diffusion area could Se calculated from the sum of the mean squares 
of elementary path, that is by using in a lattice a property valid only in a 
homogeneous medium (with isotropic scattering). In other terms the Behrens theory, 
in spite of its great merit at the time of its issue, is incorrect since it does not 
take into account the angular correlation terms. 

In order to understand the meaning of those angular correlation terms on a 
simple example, let us say that, in a lattice composed of voids rather spaced with 
respect to the mean free path of the material medium, a neutron having just crossed a 
cavity has more chances to travel a long distance after a collision if it is 
scattered backwards than if it is scattered forwards. This will tend to decrease the 
diffusion coefficient. The Behrens theory, which does not take into account this 
effect, overestimates the diffusion coefficient, the bigger the cavity is, 
relatively to the mean free path of the material medium. 

Angular correlation of neutron paths after crossing a cavity 

The importance of the angular correlation terms P; . , compared to the 
1J ,k 

principal terra P. . , depends on the degree of heterogeneity of the lattice. This 
lj ,K 

degree of heterogeneity influences also the velocity of convergence of the series of 
P:. . If the lattice is not too far from a homogeneous medium, such as in a light 
water or in a fast reactor, the angular correlation terms are not very important or 
even often negligible. This does not happen in more heterogeneous lattices, such as 
in HTR, graphite or heavy water reactors, where the angular correlation terms can 
take a considerable importance and where the series of these terms may converge very 
slowly. 
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C.5. Two di—mional lattices 

Let us consider a lattice having a two-dimensional structure, the 
cross-sections of which depending only on x and y, but not on z. Assuming isotropic 
scattering, let us consider the axial diffusion coefficient D . We must solve a 

z 
problea with a source proportional to Q , which is positive for the directions Q 
oriented upwards, and negative in the directions u oriented downwards. The current 
j (x,y) of uncollided neutrons is not zero, but the angle-integrated flux lzz 
9. (x,y) of such neutrons is identically zero due to the antisymmetry of the angular Tiz 
flux in Q . Consequently the source of neutrons emitted at the first collision is z 
identically zero, and so the flux and the current after one collision. Thus the 
current j. (x,y) is composed only of uncollided neutrons. As a consequence, the lzz 4 

transport probabilities ?. . reduce to the directional first flight probabilities, 
13 iZ 

which are much easier to calculate, since they require only a purely geometrical 
calculation. 

P.. = P. . i},z 13,z 

This is untrue if the scattering is anisotropic. 

The same phenomenon occurs in a one-dimensional lattice of parallel slabs, 
if k is any direction parallel to the slabs. It occurs also, as a particular case, in 
a homogeneous medium. 

So, if the scattering is isotropic, the angular correlation term appears 
only in the transverse diffusion coefficient. Thus the basis of the Behrens theory 
is correct for the calculation of the axial diffusion coefficient D , but not for 

z 
the calculation of the transverse diffusion coefficient D or D . 

x y 
In a multigroup scheme, the angular correlation term introduces a 

mtergroup correlation. So the calculation of the transverse diffusion coefficient 
in group g requires the use of the cross-sections in the other groups. On the 
contrary, if the scattering law is isotropic, the axial diffusion coefficient in 
group g can be determined independently, and its calculation requires only the use 
of the cross-sections in group g. 
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C.6. Reduction to a practical formula 

The reciprocity relation Eq. (39) and the conservation relation Eq. (40) 
allow to reduce the number of independent probabilities to be calculated. So the 
expression Eq. (34) of D may be transformed in the following practical form [Refs. 
2,5]. Let m be the subscript of a particular medium of the cell (it may be for ins
tance the moderator in a thermal reactor or the coolant in a fast reactor ). Let us m 
define also the reduced probabilities p ij,k 

where 

X. * i * p. . = — P. . rij,k r. l},Jc 

2 V 

r ' ~ 

V * volume of medium j 

S. - surface of medium j 

is the hydraulic radius of the medium j. The advantage of the introduction of the 
p, . is that they keep a non-zero value if the medium j is void. 

So Eq. (35) for D may be transformed into the practical formula 

D, « 

3 m •«. i*m 

vi \ — (1 - — ) 
V X ' 
vt Ai 

i#ra j£i*m 

v r 

« v t \ 

f . X X •. X X 

Tm ij,K 

(42) 

where • i is the average classical flux in the medium i, where • is the average flux 
in the cell, where V. V is the cell volume and where 
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e i j = 

I if i - j 

if i * j 

M(N ~ I) The expression Eq. (32) involves only independent probabilities, 

insteed of r in Eq. (35), if N is the number of media in the cell. 

C.7. Case of a lattice cf cavities 

A classical problem concerns a lattice of voids, subscripted c, in a medium 
m having a multiplication factor equal to one. In this case, Eq. (42) becomes 

D V r 

•z X t m 3 m 

where v is the volume of the cavity in the cell and where c 

X « * c * O s P = — P 
nt rcc,)c r cc,k 

c 

Let us consider first the principal term Q. and let us assume that the 
cavities are spaced enough one from each other (in units X ) to Drevent that a 

m 
neutron leaving a cavity could have any chance to reach another cavity without 
suffering any collision. 

It is possible to show that Q. is the ratio of the mean square of the 
K-component of the chord X in the cavity to the square of the mean chord 

^ X 2 
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The factor Q is the Behrens shape factor [Hef. l]. It is related to the 
factor Q used in Ref. 19, Section II.D-5 by the relation 

•il 
)c=x,y,z 

For instance, in the particular case where the cavity is an infinite 
cylindrical channel, we have 

= 1 2r = 

Q 2 = 2 

( Q r = S x o r V 

If the cavity is bounded by two infinite parallel planes, we have 

* • § 

fl„ « 

In the direction parallel to the planes, the bucKling-independent approxi
mations fails (see note page 34). 

The Eq. (44) with a * a is the Behrens formula [Ref. l] ; it is correct 
cal 

isotropic). 
for the calculation of the axial diffusion coefficient D (if the scattering is 

z 

For the radial diffusion coefficient D of a lattice of cylindrical 
channels (spaced enough versus X ), Carter [Ref. 26] obtained the following formula 

m 
( taking implicitely into account the angular correlation terms ) 
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1 

5 X. 

1 + b« — 
Vt 

1 — b* —-
Vt 

Carter and Jarvis [Bef. 27] proposed, for the parameter b*, the following 
expression, obtained by interpolation 

b« « 
c + f \ 
c • X 

where c is the radius of the channel. Others calculations of the radial coefficient 
D were proposed in Refs. 4, 5, out the Carter's formula is the most convenient. 

C.8. Case of » lattice with two material — d i * 

Let us consider a lattice of fuel elements, subscripted u, regularly 
placed in a moderator (or in a coolant), subscripted m. Eq. (42) becomes 

it m m , m. 
— — » l + — — (1 - T 2) 
•z A t Tt u 3 m 

r • A 
u u n. * 
m Tm u 

(44) 

where r is the hydraulic radius of a fuel element and where1 

* a T a P Jc *uu,Jc 

Hereagain we have just one transport probability to calculate. As far as the prin' 
cipal term T is concerned, a purely geometrical calculation is needed (Eq. (41)). 

1 The term a" of Eq. 43 is the limit of T when the total cross-section of the fuel 
element tends to zerc. 
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The expression of T is given in Refs. 2-5 in tnc general case and also in the 
particular case of spaced enough cylindrical fuel eleaents ; in tnis last case, ? 
depends only on one parameter, the radius of the cylinder divided by the total aean 
free path A ; the quantity T is given by curves versus this parameter in Refs. 2-5. 
The distance between two fuel eleaents is supposed to be at least several A in order 

• 
to prevent that a neutron leaving a fuel eleaent could have any chance to reach 
another fuel eleaent without suffering any collision ; if this condition is not 
funfilled, additional terms taking into account the first flight interaction 
between fuel eleaents are to be considered (this is analogous to the Dancoff effect 
for classical first-flight probabilities). The axial diffusion coefficient needs 
only the knowledge of T . 

z 
As far as the angular correlation tent is concerned, in the case of the 

radial diffusion coefficient of a lattice of spaced enough rods, a siaple and 
approxiaate aethod was proposed by 3enoist in Refs. 4 (Section D) and 5 (Section 
IV). This aethod uses up to a certain extent an analogy with the ABH method for the 
calculation of the theraal utilization factor (see Ref. 19, Section II.C). This 
factor aay indeed be written P , where P_ is the absorption probability defined by 

au au 
Eq. (38). It is possible, using a new type of conservation relation, to calculate 
the transport probabilities P. appearing in tne expression Eq. 35 of D by a 
procedure somewhat analogous to the one used in the ABH method for the calculation of the P. ., by introducing probabilities P,. and I*. very similar to the absorp-13 U,k lfk 
tion probabilities P.. and I*. used in Ref. 20 (Section II.C). The main difference 
concerns the fact that, instead of adjusting the calculation upon the particular 
case of a black rod, the adjustment is made nere upon the case of a void rod (see S 
C-8). The final formula needs only the knowledge of T . 

The saae siaple method is used for the case where there exists an annular 
cavity between the fuel rod and the moderator. The results are in good agreenent 
with those o£t^r.«ci by more complicated methods taken as a reference, such as the 
KAROO POLO code [Ref. 23], able to calculate 0. in any type of wigner-seitz 
cylindricalized cell ; other comparisons are given in Refs. 4, 5 with a variational 
method. 

In the case where the lattice is tight (light water of fast reactor 
lattices), the angular correlation tern becomes weak and often negligible [Refs. 
23, 25]. Only first flight collision probabilities are to be calculated, provided 
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that the first flight interaction between the different rods is taken into account. 

Let us aention that the diffusion coefficients in a hexagonal fast reactor 
assembly of rods iabedded in sodiua or in void are calculated by 5q. 42 in Ref. 28 
(ASDIC code) ; the assembly can be surrrounded by a steel tube. 
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