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ABSTRACT

Consideration of the pathlength which radiation traverses in a cell is cen-

tral to algorithms for estimating energy deposition on a cellular level. Dis-

tinct pathlength distributions occur for radionuclides: (1) uniformly distri-

buted in space about the cell (referred to as (i-randomness); (2) uniformly dis-

tributed on the surface of the cell (S-randomness); and (3) uniformly distri-

buted within the cell volume (I-randomness). For a spherical cell of diameter

2 1 3

d, the mean pathlengths are ~d, ~i, and 'rd, respectively, for these distribu-

tions. Algorithms for simulating the path of radiation through a cell are

presented and the absorbed fraction in the cell and its nucleus are tabulated

for low energy electrons and alpha particles emitted on the surface of spherical

cells. The algorithms and absorbed fraction data should be of interest to those

concerned with the dosimetry of radionuclide-labeled monoclonal antibodies.

INTRODUCTION

In the dosimetry schema of the Medical Internal Radiation Dose (MIRD) Com-

mittee (1) and the dosimetry system of the International Commission on Radiolog-

ical Protection (2) it is assumed that: 1. the nuclear transformations (decay

events) occur uniformly within the geometric regions (generally organs) serving

as source regions in the body, and 2. the absorbed dose in the radiosensitive

sites of the target region can be approximated by the mean absorbed dose to the

target. These assumptions allow the tabulation of so-called S-factors

representing the absorbed dose in the target region per unit cumulated activity



in the source region for the anatomical odel of the adult (3.4). The assump-

tions are not particularly limiting for ^netrating radiations (photons); how-

ever, for particulate radiations it becomes necessary to consider the micro-

scopic distribution of the radionuclide and the absorbed dose.

The amount of energy deposited within a cell depends on the path'of the

particulate radiation through the cell. Consideration of the distribution of

p th-lengths or chord-lengths in a convex body arises in a variety of disci-

plines and applications, for example, in estimating the energy deposition within

the sensitive volume of a proportional counter. Chords are formed by the inter-

sections of the convex body with straight lines, each of which is defined by a

point and direction chosen at random from independent distributions. Distinct

chord distributions occur for a point isotropic source of lines uniformly dis-

tributed in space about the convex body, on the surface of the body, and within

the interior of the body. Failure to note the distinct nature of these distri-

butions can result in misunderstanding of some aspects of the radiation trans-

port processes.

DISTRIBUTION OF CHORD-LENGTHS

An excellent discussion of random traversal of convex bodies, including

citations to the original literature, has been presented by Kellerer (5).

Although there are many ways in which randomness of chords may arise in convex

bodies, only three are of interest here:

1. Mean-free-path randomness (or u-randomness). A chord of a convex body
is defined by a point in space and a direction. The point and the
direction are chosen randomly from independent uniform distributions.
This kind of randomness results, for example, if the convex body is
exposed to a uniform, isotropic field of straight lines.

2. Interior radiator randomness (or I-randomness). A chord is defined by
a point in the interior of the convex body and a direction. The point
and the direction are chosen randomly from independent uniform distri-
butions. This kind of randomness results, for example, if the convex
body contains a uniform distribution of point sources, each of which
emits radiation isotropically.

3. Surface radiator randomness (or S-randomness). A chord is defined by
a point on the surface of the convex body and a direction. The point
and the direction are chosen randomly from independent uniform distri-
butions. This kind of randomness results, for example, if the surface
of a convex body contains a uniform distribution of point sources,
each of which emits radiation isotropically.

The distribution of chords in a sphere associated with the various types of ran-

domness is illustrated in Fig. 1.
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Figure 1. For a sphere of unit diameter the chord-length distribution for u-randonmcss (a), S-rtndomness

(b), and I-randomnoss (c) are illustrated. Hie rny-length distribution for I~randomness is shown in (d).



If radiation (electron or alpha particle) is emitted from radionuclides

uniformly distributed in the space about a cell (convex body) then one is deal-

ing with ^-randomness. However, if the emissions originate within ox on the

surface of the convex body then the chord distributions are determined by I- and

S-randomness, respectively. The chord distributions for |i- and I-randosiness in

a convex body are related, in general, as (4):

where

f_(x) and f (x) denote the probability density functions for chord-lengths

under I- and ^-randomness, respectively,

<x> denotes the mean value of the f (x) distribution.

According to Kellerer (5), it remains an open question as to whether there

exists a unique relationship between the chord distributions under |i- and S-

randomness.

Equation 1 refers to the full chord; however, for radiations emitted within

the convex body one is interested in the "half" chord or ray which defines the

potential path of the particle. A chord of length s will give rise to an uni-

form distribution of rays of length x. That is, the conditional probability

density function for ray-length x, given chord-length s, f.(xls), is

fi(xls) = "J , 0 < x <. s . (2)

The probability density function for the ray-length distribution, f.(x). is then

f.(x) = /"f.CxIs) fT(s) ds, (3)

i x i I

which yields, after substitution of Eq. 1 and 2,

(4)

f.(x) = - ^ - 1 - B (s)

< X V L "
where F (x) is the cumulative distribution function defined as

F (x) = fX f (s) ds . (5)

H o M



The probability density functions defining the chord-length distributions

in a sphere can be expressed in analytical form. For a sphere of diameter d

under (i-randomness the probability density function is simple and well-known,

y x ) = 2 f with <x>ji = § d . , (6)

For S-randomness the density is constant:

f (x) = 7 with'<x> = J d . (7)
s a s i

From Eq. 1, the distribution for I-randomness is then

fj(x) = ̂ T with <x>! = f d ' (8)

which from Eq. 4 results in the ray—length distribution

f.U) = ~ 1 - (x/d) with <x>. = | d .

The various distributions of chord- and ray-lengths in a sphere are depicted in

graphic form in Fig. 1.

Note that the mean chord-length under (i-randomness, <x> , is related to the

volume, V, and surface area, S, of a convex body by Cauchy's theorem;
y

<:«> = 4 TT . Frequently Cauchy's theorem is applied incorrectly to S—

randomness. As noted above the mean chord under ji-randonness exceeds that for

S-randomness.

ABSORBED FRACTION ESTIMATES FOR CELLS

The fraction of the emitted energy which is deposited within the cell and

within the cell's nucleus by alpha particles and electrons has been calculated

assuming the particles originated on the cell surface (S-randomness) or were

incident on the cell in an isotropic manner (ji-randomness). The energy deposi-

tion was estimated as the difference in energy of the particle on entrance to

and exit from the region of interest. The range-energy relationships of Berger

(6) for electrons in water and of Taner and Eckerman (7) for alpha particles in

water were used in the calculations. The cell is represented as a sphere of

diameter 20 fun with a concentric nucleus of 10 um diameter. The mean chord

through the cell under S-randomness is 10 |im and 13 am for u—randomness. We use

Monte Carlo methods to simulate the flight of the particles. Some aspects of

the simulation are discussed in Appendix A. _ ... .. - .



EMITTER ON CELL SURFACE

Because of spherical symmetry we need only consider a point i

source at a single location on the cell surface, e.g., (0, -V3 d0, 0), where d0

denotes the diameter of the cell. From this location particles are considered

to be emitted in a isotropic manner with direction cosines (u,v,w) outlined in

Section A-4 of the Appendix. The parametric equation of the line passing

through the point (0, -% d0, 0) with direction cosines (u,v,w) is

x = ut (10a)

y = ^, d0 + vt (10b)

z = wt . (10c)

Following the discussion in the Appendix, we note that the line intersects the

cell at t = 0 (trivial solution) and at t =lvld0; the pathlength through the

cell is lvld0.

The particle will pass through the cell nucleus (diameter of dx) if the

roots of the quadratic equation At* + Bt + C = 0 are real, where

A = 1 , (lla)

B = -r^v , (lib)

C = 7(d2 - d1) . (lie)

The pathlength through the nucleus is given by it2 - taI, where ta and t3 denote

the smaller and larger real roots, respectively, of the quadratic equation. The

particle travels a distance t1 prior to entering the nucleus and because of the

symmetry travels the same distance to leave the cell after traversing the

nucleus.

Let the initial energy and range of the particle be denoted as Eo and Ro,

respectively. If Ro is less than the available path-length t through the cell,

then the particle will deposit all of its energy within the cell. However, if

Ro > t then the deposited energy is given as Eo - E(t), where E(t) denotes the

energy of the particle after traveling a distance t. Particles traversing the

nucleus must travel a distance tx to reach the nucleus. At this point the par-

ticle will be of energy E(tx) with a residual range of Ro - tt. In traversing

the nucleus along the pathlength t, - tx the particle will deposit energy E(t&)

- E(t») provided ta - tx is less that the residual range of the particle. If



the path in the nucleus exceeds the residual range, then the remaining energy

would be deposited. The absorbed fraction is computed as the ratio of the total

energy deposited and the total energy of all particles simulated.

CELL WITHIN AN ISOTROPIC FIELD

For an isotropic field (^-randomness) the angle, 0, between the incident

radiation and the normal to the surface element at the point of incidence is

distributed on the region 0 i_ 0 i_ %n according to the density function

f (0) = 2 sin 0 cos 0 . (12)

To sample this probability density function we equate the random number %, to the

cumulative distribution F which represents the probability that the angle of

incidence is less that 0, namely F (0) = sin* 0 . The resulting angle is

y **
0 = sin-1(4a) and thus the direction cosine (w) with respect to the normal is

y

w = cos 0 = (1. - %) *. The angle p is assumed to be uniform over the region

0 i i <_ 2n and the direction cosines u and v are obtained as discussed in

Section A-4 and A-5 of Appendix A.

Evaluation of the pathlengths through the cell and its nucleus, as well as

estimation of the energy deposition and the absorbed fraction follow the pro-

cedures discussed above.

RESULTS

The computed absorbed fraction data are presented in Tables 1 and 2 and are

shown graphically in Figs. 2 and 3 for electrons and alpha particles, respec-

tively. At the lower energies the absorbed fractions for the whole cell

approach the values expected from geometric considerations, namely 1.0 for par-

ticles incident on the cell under [i-randomn.ess and O.S under S-randomness (one-

half the emitted particles enter the cell). The absorbed fraction in the cell

nucleus is maximum in the region of 20 to 30 iceV for elctrons and at about 2 MeV

for alpha particles. The energy dependence of the absorbed fractions for the

low energy electrons and alpha particles are qualitatively similar.

The basic concepts applicable to the random traversal of convex bodies and

Monte Carlo simulation have been outlined. The algorithms and absorbed fraction

data should be of interest to those concerned with the dosinetry of

radionuclide-labeled monoclonal antibodies.
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Figure 2. Absorbed fraction for monoenergetic electrons incident

on cells under fi- and S-randomness.
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Figure 3 . Absorbed fraction for monoenergetic alpha part ic les

incident on ce l l s under u- and S-randomness.



Table 1. Absorbed fraction in cell for monoenergetic electrons

Energy
(MeV)

Absorbed fraction

Cell. Nucleus

Emitter on snrface

0.015
0.020
0.030
0.040
0.050
0.060
0.080
0.100

Isotropic field

0.015
0.020
0.030
0.040
0.050
0.060
0.080
0.100

0.420
0.369
0.227
0.114
0.075
0.052
0.034
0.022

0.970
0.918
0.647
0.315
0.196
0.142
0,097
0.064

5.46E-5
3.18E-2
2.11E-2
1.01E-2
6.52E-3
4.49E-3
2.99E-3
1.93E-3

2.68E-4
1.17E-1
7.S7E-2
3.86E-2
2.25E-2
1.80E-2
1.17E-2
8.20E-3



Table 2. Absorbed fraction in cell for monoe&ergetic alpha particles

Energy
(Jl'eV)

Absorbed fraction

Cell Nucleus

Emitter on surface

0.8
1.0
1.5
2.0
3.0
4.0
5.0
6.0
7.0
8.0
10

Isotropic field

0.444
0.435
0.400
0.356
0.247
0.143
0.094
0.069
0.052
0.042
0.029

0.8
1.0
1.5
2.0
3.0
4.0
5.0
6.0
7.0
8.0

10

0.985
0.976
0.947
0.893
0.674
0.389
0.352
0.222
0.141
0.124
0.086

1.94E-4
2.31E-3
1.51E-2
3.36E-2
2.41E-2
1.34E-2
8.24E-3
6.10E-3
4.46E-3
3.72E-3
2.52E-3

6.66E-4
S.55E-3
6.06E-2
1.13E-1
8.89E-2
4.97E-2
4.54E-2
2.72E-2
1.78E-2
1.49E-2
1.10E-2
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APPENDIX A

MONTE CARLO TECHNIQUES FOR SIMULATION OF PARTICLES

Many of the Monte Carlo methods needed to simulate the flight of particn-

late radiations were developed in applications to neutron and photon radiation

transport. Because present day micro- and minicomputers rival the computing ;

power that was available during the developmental period, Monte Carlo methods

can be widely applied to dosimetric problems. The algorithms present in this j

Appendix are of general utility in applying Monte Carlo methods. We assume the

reader has a general knowledge of Monte Carlo methods. For those who do not, we

recoamend the review article &y Turner, Wright and Hamm (8) as a primer. We

assuse the existence of a random number generator yielding random numbers, §,

unifom on the region 0 < £ <1.

A-l. EQUATIONS OF LINE AND SPHERE

The parametric equation of the line passing through the point (x0,y0,z0) is

given as

x = x0 + ut (A-l)

y = y0 + vt

z = z0 + wt

where the triplet (u,v,w) denote the direction cosines of the line. The equa-

tion of a sphere of diameter d centered at the origin is

x 2 + y2 + zi = *± . (A_2)

The intersections of the line and sphere can be found by substituting Eq. A—1

into Eq. A-2 and solving the resultant quadratic equation for t, i.e.,

A t 2 + B t + C = O , (A-3)



wnere,
« A = u1 + v* + w2 ,

B = 2(xou + yov + zow)

Note that the sum of the squares of the direction cosines is one. i.e., A = 1.

If B - 4C < 0 the line does not intersect the sphere; however, if B - 4C > 0,

then intersections occur at the points

(x0 + uta, y0 + vta, z0 + wtĵ )

and

(x0 + ut3, y0 + vt2, z0 + wt2) ,

where ix and t2 denote the smaller and larger solutions, respectively, of the

quadratic equation. The length of the line segment (chord) defined by the above

points is tj - tx since u
2 + v2 + w2 = 1.

A-2. SAMPLING POINTS WITHIN A SPIIERE

To randonly select points uniformly within a sphere we pick a point at ran-

dom in the volune of a box enclosing the sphere. The sphere of radius Y3 d is

enclosed by a box defined by the planes x = +_ Y2 d, y = +
 ?/2 d, and z = + Vj d. A

point (x,y,z) is selected at random as

x = % d

y - V2 d (2?2 - 1)

z = % d

where %x,%2,... denote random numbers uniform on the region 0 < c, <1. A test is

performed to see if the point (x,y,z) lies within the sphere. If not, the point

is rejected and a new point is selected. This method of sampling is referred to

as the rejection method. The efficiency of the method in selecting points

within a sphere is given by the ratio of the volume of the sphere to that of the

box, i.e., — or 52%.
o



A-3. SINE AND COSINE OF A UNIFORMLY DISTRIBUTED ANGLE

Frequently in Monte Carlo simulations one needs the sine and cosine of an

angle uniforialy distributed on the interval 0 to 2it. A random value for the

angle 6 can be obtained as o = 2« § a n d tlie sine and cosine computed directly.

It is often useful, however, to avoid evaluating these functions if possible.

It can be shown that if o is uniformly distributed over the interval 0 to 2JI

then

COS

s i n

0

6

xi ~

~ *x +

2xx:

A +

xz
i

A
where xx = 2%x - 1, x2 - %2, and we reject the values if x| + i* > 1.

A-4. DIRECTION COSINES FOR ISOTROPIC SOURCE

An isotropic source emits radiation equally in all directions, i.e., each

solid angle element receives the fraction dfi/47r. In spherical coordinates the

fraction can be expressed as

dfi _ sin 0 dO do
An 2 2JI

which is of the form p(G,ji ) = p (0) p.((S ). Thus 9 and p are independent ran-

dom variables which can be sampled separately from their respective functions.

The probability density function p. is uniform over the region 0 <_ i> <. 2n and

thus a random value is given by f$ = lit c,. The probability density function for

8 is p1(G) = y2 sin 9 d9 which yields 0 = cos~
1(2^ - 1). The direction cosines

(u,v,w) are related to the spherical coordinate system as

u = sin 0 cos o

v = sin G sin 6

v = cos 0

Note that we obtain the sine and cosine of 6 directly from the algorithm dis—

cussed above. If we denote cos 0 = x = 2£ - 1 then sin 0 = [1 - cos^G] and



u = [1 - x,f2 x L + xi

2 2
X, + X,

A-5. DIRECTION COSINES FOR ISOTROPIC FIELD

The procedure to obtain the direction cosines for particles incident on the

surface from an isotropic field was discussed in the text. For completeness we

present the algorithm here. As noted in the text the direction cosine relative

to the surface normal at the point of incidence is given as cos 0 = (1. - 5X)
y

and thus sin9 = sx
 a. We have

v =

w = (1. - g 1)
7' .

Note that the z-asis, direction cosine w, of the Cartesian coordinate system is

aligned along the normal to the surface. Appropriate rotation and translation

of the coordinate system must be made as required by the problem.
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