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ABSTRACT

Non-circular, Z-pinch discharges, generated in the Extrap
experiments, exhibit stability against global, fluid instabilities. In this
paper we describe how marginally stable equilibria might develop in the
Evtrap configuration because of the unique boundary conditions in this
Å ̂ figuration. An Extrap Z-pinch is a pinch discharge where the current
r innel has a characteristic non-circular cross-section achieved by
ending the discharge by a magnetic separetrix produced when a vacuum
%% .upole magnetic field, generated by currents in external conductors,

or mbines with the self-magnetic field produced by the discharge current.
The pinch boundary is changed from a free (plasma-vacuum) boundary to an
interface between a high-beta pinch plesma and a low-beta plasma
contained in the vacuum magnetic field. During the build-up of the
discharge, unstable equilibria are initially produced. Fluctuations
associated with these instabilities con lead to increased mass transport
thus altering the equilibrium. The presence of the warm, low-beta plasma,
scrape-off layer, which provides a boundary condition on the pinch, can
make i t possible for equilibrium profiles to evolve that are marginally
stable against global fluid modes



MARGINAL STABILITY EFFECTS AND PRESSURE
PROFILE EVOLUTION IN AN EXTRAP Z-PINCH

1. DESCRIPTION OF EXTRAP

Extrap is the collective name given to a series of Z-pinch discharge
experiments which are distinguished by the fact that the cross-section of
the discharge current channel is non-circular.1"* The cross-section
deformation is achieved by bounding the discharge by a magnetic
separathx which results when an additional magnetic field, generated by
currents in external conductors, combines with the self-magnetic field
produced by the discharge current. The separathx acts as a magnetic
limiter which can both deform the pinch cross-section and alter the
equilibrium pressure profile in a manner which improves the stability of
the configuration. In this paper we discuss a linear Extrap configuration
where the additional magnetic field is a linear octupole field produced by
currents in four parallel conductors. The configuration is schemctically
represented in Fig. 1. The discharge current is antiparallel to the current
in the rod conductors and there is no axial magnetic field. In such linear
Extrap experiments, it has been shown that pinch equilibria can be
sustained for up to 50 Alfvén transit times. These equilibria exhibit
Bennett scaling; the square of the discharge current is proportional to
pressure integrated over the discharge cross-section. ^

We shall discuss the effects that marginal stability might have in the
Extrap configuration in conjunction with the evolution of stable
equilibria.4 According to the energy principle,5'6 for a marginally stable
profile, the change in energy associated with a perturbation is zero
whereas for a stable profile, the change in energy is positive. Because the
equilibrium of this high-beta Extrap discharge is predominantly a pinch
equilibrium, the boundary of the pinch current channel is froe to move and
the associated pressure profile can change as the pinch discharge
develops. In an idealized case where stability is assumed, the pinch radius
is a parameter determined by the fluid equations. However the idealized
free-boundary equilibrium Is unstable, and instabilities lead to
fluctuations. The resulting anomalous diffusion could reduce the pressure
gradient giving a larger pinch radius. The free boundary of this larger pinch
would then extend into regions where the octupole field strength is
greater. The boundary becomes more deformed and the pressure gradient is
reduced. These effects can be stabilizing so that a marginally stable
profile can evolve. As mentioned above, the observed scaling of plasma
pressure with discharge current is described by the Bennett



relation which is an integrated form öf thé equHibrtum-p" inch,
balance. The scaling is not altered by non-classical or anomalous
diffusion

We consider it suitable to use a fluid model when examining the
conditions for marginal stability in the Extrap configuration although it is
clear that kinetic effects would be important for a comprehensive study of
the equilibrium and stability. The fluid model is appropriate however in an
initial discussion. Fluid modes that grow on the Alfvén time scale destroy
classical, circular Z-pinches so these instabilities represent a first
barrier that must be surpassed when producing a non-circular Z-pinch
that can be sustained for many Alfvén times. Since ideal MHD fluid theory
is applicable when analyzing these fast growing modes in classic circular
Z-pinchs,5'** it is appropriate to start the analysis of the Extrap
configuration using a fluid model.

in the experiments, the formation of the discharge starts with
breakdown occurring on the axis where the octupole field is zero. This
Initial discharge has a very small diameter and is observed to be unstable
to MHD fluid modes. As the discharge current increases, the diameter of
the pinch also inscreases and the amplitudes of the MHD fluctuations
decrease. This build-up phase is followed by a steady current period where
the discharge is relatively quiet. The formation of the discharge is
described in Reference 3. This observed evolution of the discharge
suggests that a marginal stability analysis is appropriate. Initially the
discharge has a sharp boundary and 1$ nearly circular and therefore MHO
unstable. As the pinch current and pinch radius increase, marginally stable
equilibria resuit.

It is important to note that this Extrap discharge formation as
described above differs significantly from the formation of a classical
Z-pinch where initial breakdown occurs at some large radius and the
current channel then pinches. The equilibria for the classical Z-pinch thus
characteristically have large surface currents where the Kadomtsev
critical pressure factor given by (r/p)(dp/dr), is large.5 In the Extrap
configuration, the current channel builds up radially outward. Plasma lost
from the discharge current channel passes into a region where the
octupole magnetic field produced by the current in the fixed conductors is
dominant. Thus the Extrap discharge is bounded by a low beta MHD stable
plasma. As a result the profiles that evolve can be quite different from
classic Z-pinch profiles and the Kadomtsev term can indeed be small or
even zero at the discharge boundary.7 These differences are important and
they can play as significant a role in the realization of sustained pinch
discharges as the stabilizing influence of the noncircularity effects itself.
For a marginally stable equilibrium to evolve, the initial formation of the
discharge must be such that stable profiles ere accessible in the
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laboratory.

If a configuration is achieved where the most pathological MHD modes
are suppressed so that a pinch discharge can be sustained, then further
questions arise. Experimental observations of fluctuations become
important. On the one hand, there are observed fluctuation spectra that are
identifiable as internal kink modes.3'7 These fluctuations probably
produce enhanced transport and this path thus leads to studies of the
containment properties of the Extrap configuration. On the other hand,
there are predicted fluid modes that are not observed and this is equally
interesting. It is in this area that ideal MHD theory must be complimented.
It must be pointed out that we are still considering fast growing modes
where the ideal theory could be in principle applicable. Kinetic effects can
be important in suppressing these modes.8'9

The marginal stability analysis pursued in this paper incorporates
ideal MHD theory which implies that the modes being discussed grow on a
time scale faster than the resistive diffusion time scale. We justify
applying this theory by again pointing out that the theory successfully
describes instabilities in the circular Z-pinch configuration and it is this
configuration that is modified and stabilized to form the Extrap
configuration. After overcoming these fast-growing instabilities, the
Extrap configuration may be vulnerable to resistive modes as discussed by
Tendler.10 However our goal here is to discuss anomalous transport, in
conjunction with marginal stability, with a characteristic time scale
which is faster than the resistive diffusion time scale. For this
application it is reasonable to assume that these ideal MHD fast growing
modes are the most important source of fluctuations which generate
profile modifying transport.

2. FLUID MODEL

For our purposes, the basic equilibrium fluid equations are Ampere's
law,

* J v ) (1)

and the force balance,

(2)



where B is the magnetic field, J is the plasma current density, J v is the

current density in the solid, supported conductors and p is the plasma
pressure.

A cylindrical form of the flux coordinates is used and a fluid position
is described by the coordinates (A,z,x) where A, the flux function, is the
axial component of the vector potential, z is the axial position, and x is a
poloidol coordinate completing the orthogonal system. In this linear
system, A is then given by the relation

B = - é 2 xVA. (3)

The volume element in this system is given by

d3r = J»dAdzdx (4)

where the Joe obi an, given by J * = hAh z ly defines the scale factors.

In this linear system, hz = 1. For A to be the flux function, we require

6 = dA /(dr • éA). Then from the relation dr • éA = hA dA it follows that

hA = B"1. Finally this means hy = BJ* where J * is dependent on the

specific equilibrium for this high beta pinch.

In this configuration we have only z-directed currents so Eq. (2)
becomes

P'=J, (5)

where the prime notation indicates differentiation with respect to A.
In this high-beta system the volume element is dependent on the plasma
pressure and this is seen in the expression for J * derived from the above
equations6

(J»B2)7J» = -

Eq. (6) Is an equilibrium relation and we can pick a pressure profile and
calculate J*B2 so that Eq (6) is satisfied. It is important to note that the
presence of the current in the rod conductors establishes boundary
conditions on the calculation of J # B 2 . For this reason J v is explicitly

Included in the above expressions although it is zero in the region of the
discharge where p' is not zero.



We shall incorporate the ideal, MHD-fluid, energy principle as described by
Bernstein et al.^ This work was expanded by Johnson gt aj ' * where
marginally stable pressure profile cases were discussed. The energy
principle involves minimizing the change in energy 5W associated with a
perturbation \. If 5W is negative, then the mode is unstable. The modes are
described by taking the components of \ in the directions of the of the
coordinates (A,z,x). First, % is Fourier transformed in the axial
coordinate thus defining the axial mode number k for the Fourier
component ^(A,x) exp (ikz). it is sufficient to examine the fastest

growing modes and it can be shown that the growth rate increases with
increasing k. Furthermore the stability of each flux surface can be
examined separately.

The stability analysis then reduces to the determination of the sign of
SW in the expression"

O

8W = • {(dX/dx)2(J»B"2)} + u0p'{DX2} (7)
( V - YM0PL')

where X is the component of % in the VA direction and D, which is related
to the inverse curvature, is given by

D = - ( 2 u 0 P * B 2 ) ' / B 2 , (8)

The brackets { } refer to an integration over J*d* so that, for example,

{DX} = J J*DX dx (9)

Furthermore in Eq. (7) we have used V'= {1} and 1/ = {B~2} and y which is
the ratio of the specific heats.

The % dependence of the perturbation X is important in the stability
analysis. We shall use the following terminology to describe the modes.
The mode number (m) in the % direction indicates the number of nodes in X.
If m s 0 and X is constant, the mode is colled an Interchange mode. If m s
1, the mode is called a kink. Highei m modes are stable if the m = 1 mode
is stable so we do not consider higher mode numbers.



The well known interchange stability criterion follows directly from Eq.
(7) with X constant and is given by

Y U o p ( V " - p * L * ) ( V ' 7 V * p 7 y p )
5W = >O

(V*YJIOPL#)

where

V" = {D * Mop7 B2 } = -{(B2 •|iop)V B2} (11)

In addition Bernstein et al also considered the special case where the
pressure is small. The stability criterion becomes

8W = Y P (V'VV'X V'7 V • p7 Y P ) 2 0. (12)

This is the form of the stability criteria used when considering low beta
multipoles. In these devices, in the private flux regions close to the
conductors where the field lines encircle only one conductor, all the terms
in Eq. (12) are positive so this region is stable. The separatrix in these
devices separates these field lines from the common field lines that
encircle all the conductors. In the common flux region, p' is negative and
V" is also negative in the region between the separatrix and the critical
flux surface where V has a minimum. Thus this common flux region is
stable out to the critical flux surface. In an Extrap discharge, a current
channel is created on the magnetic field null on the axis of an octupole
field. The private and common field lines of this octupole field are pushed
away from the axis to make room for the high beta discharge. The resulting
seperatrix has a new square-like region, defined by four X-point nulls,
with the discharge located inside this region. The private and common flux
regions become the boundary regions of the discharge

Before turning to Extrap, we also give the well known stability criteria
for the circular Z-pinch cose5 since this is the starting point for our
analysis of Extrap equilibria. Kor the interchange mode, the criterion for
stability follows directly from Eq. (7) and Is given by

Y Y Ö * 2 > , (13)

where 0 = 2|i0p/B2. For the m = 1 mode, the criterion becomes

-(r/pXdp/drnir1. (14)
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3. STABILITY CRITERIA APPLIED TO EXTRAP

We begin the discussion of Extrap by presenting equilibria parameters
for an axisymmetric case where the discharge parameters are functions
only of radial position. We assume a current profile of the form

2 / ^ . (15)

where a is given by u.0J0/ (4 a0
N"2) and J o and a0 ere constant

parameters that characterize the pinch current density. With the current
in the negative-z direction so that a is negative, the parameters of
interest become

A = - 8 ^ , (16)

BrflNr ',

(Po " P^o = <8

J* = r /B 2 ,

dx = -aNrN"1

V72* = (-aN

L72fl = (-a3 M

V727J = (2-N

P'L'/2* = (M0«

and

V'7 V = (2-N

2 N3 r2N-2 ) / ( 2N-2)

do = -B do,

VtaNrN- 1 ) 2 ,

)/(-a N rH).

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)

For the constant current density case we have N = 2 which implies that
B-e r, V s constant, V" s 0, and L' is singular at the axis.

It is informative to examine these parameters as a function of A for
the circular case and then include the effects of the octupole field. This Is
easily done for the case of a constant current distribution. Introduction of



the octupole field introduces a modulation in the poloidal coordinate. In
cylindrical coordinates, the flux function has the approximate form

A(r,9) = -a r2 • (b/12)r4cos(49) (26)

where the first term is the contribution from the discharge and the second
term is the octupole contributionThe constants are b = 6uo l v / ( f la v

4 )
where lv is the current in a conductor rod and the rods are located at the

cylindrical coordinates (av,9) and are positioned so that one of the
conductors is at 9 = 0.

Wahlberg et a l 1 2 have formulated a procedure for generating
equilibrium flux functions for arbitrary current profiles. However in the
qualitative discussion carried out here, the constant current equilibrium
approximated by Eq. (26) Is adequate.

In Fig. 2 we show profiles of several of important fluid parameters for
the case with a constant discharge current. For comparison, the changes In
the profiles introduced by bounding the discharge with a separatrix with
four X-points Is also shown. In Fig. 2a, the flux function A(r,0) Is shown at
two poloidal positions; one position passing through a rod ( 9 = 0 ) and the
second position midway between the rods passing through the X-point ( 9 =
TJ/4).

In Fig. 2b, the schematic diagrams of pressure profiles are shown for
the circular case and the deformed Extrap case. For the circular case we
have the well known relation

P = Po * M o 2 r 2 / 4 = Po * J o A ( 2 7 )

For this circular case, the pressure goes to zero at the boundary. However,
for the Extrap cose, the pressure at the boundary does not go to zero. Such
profiles, discussed in Ref. 7, are produced because the discharge is
bounded by a low beta plasma contained by the octupole magnetic field
produced by the rod currents. The current density profiles corresponding to
the these pressure profiles are shown in Fig. 2c.

In order to discuss the stability of these equilibria, we also show
profiles of the quantities B2, V , L', and V" In Figs. 2d through 2g. As seen
in Fig. 2d, the X-point where 6 = 0 defines the separetrix flux surface A8.

This field null produces singularities in V , V" and L' at the
seporotrix. Note that L' is also singular at the axis for this constant
current case.
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We can now qualitatively discuss the MHD stability of Extrap making
use of these equilibria profiles and the expressions for the various
parameters given above. The different cases discussed by Bernstein can be
applied to different regions of the discharge. First we consider the
interchange stability criterion given by Eq. (10) above. In the equilibria
shown in Fig. 2, close to the cxis L' becomes dominant in those terms
where it appears and the interchange stability criterion reduces to
-(p ' ) 2 > 0 which of course implies that this region is unstable.
Examination of the Kadomtsev form of the interchange stability given by
Eq. (13) also indicates that the circular constant current equilibrium is
unstable in this region.

The stability against the m = 0 mode in the axial region is improved
however if the current profiles become more peaked at the axis. Equation
(10) can be considered term by term. The term given by (V" -p' L') is
always positive and is singular at the axis. However the term
(V'VV* + p'/vp) IS positive or negative depending on the value of N.
If 1 < N < 2, then the term is positive and singular at the axis thus
implying stability In this region. However If N < 1, then the p' contribution
dominates and the term is negative. If N > 2 , then the V" term dominates
but now It Is negative so again the term is negative. Thus we must have
1 <N<2 for stability.

We now consider the m = 0 mode in the boundary region. Again, for
stability we must have ( V ' 7 V • p'/yp) 2 0 since all the other
contributions in Eq. (10) are positive. It becomes evident how the octupole
modulation might improve the stability in the region between the axis and
the boundary. Interchange instabilities produce fluctuations which alter
the equilibria so that the current profile is more peaked. Without the
octupole field, the pinch could not be sustained with these excessive
losses. However, with the octupole field a low beta boundary region
develops. The effect of the X-points is to both increase V ' 7 V and
decrease IpVypl. Thus the above term might become positive and
interchange-stable profiles might evolve with a flat pressure profile at
the separatrix boundary.

We now turn to the m = 1 kink mode. In the axial region close to the
O-point, the Kadomtsev criterion given by Eq. (14) and the expressions for
the pressure profiles for the circular discharges give a kink mode stability
requirement with a simple but unfortunate form, N < 1/2. This value falls
outside the range, 1 < N < 2, required for Interchange stability near the
axis. The conclusion is that the configuration is susceptible to internal
kink modes In the axial region.



We consider the m = 1 mode in the boundary region. If this region is
assumed to have a characteristically low plasma pressure, the more
general criterion given as Eq. (12) can be incorporated. Since V*7 V is
positive, Eq. (12) reduces to Eq. (28) which is just the form discussed
above for the Interchange mode. This implies that the boundary region
could in principle be MHD stable. However, close to the X-points, p/B2

becomes large even if the average pressure in this boundary region is low.
The necessary conditions for this low pressure form of the stability
criterion to be valid are therefore not fulfilled. The physical implication
is that the configuration is susceptible to ballooning modes where the
perturbation X is localized in the regions of bad curvature near the
X-points.

These ballooning modes are apparently the most dangerous modes for
Extrap since the energy principle Indicates that these modes are unstable
for most equilibria. The source of the instability is evident in Fig. 2d
which shows B2 as a function of A. If we look at the poloidal position
corresponding to position of the X-point, we see why this region Is
susceptible to baloonfng modes. At this poloidal position, B2(A) is zero at
the axis and zero at the X-point and has a maximum somewhere in between.
Between this maximum and the X-point, B' is negative so, if the
perturbation is highly localized at this poloidol position, all pressure
profiles with negative p' are unstable against this ballooning perturbation.
It must also be note a more peaked current profile gives a larger
magnitude to this maximum IBI at this poloidal position however the peak
is located at a smaller radius.

It has boen proposed that these ballooning modes may be suppressed by
kinetic effects. Since B is small near the x-point where the bad curvature
is strongest, large Larmour radius effects can certainly be important.
Other kinetic effects arising from the nonadiabaticity at the null can also
provide a stabilizing influence.

4. SUMMARY

In summary we can say that the internal region of the discharge can be
stable against interchange modes If the current profile is peaked on axis.
However the configuration is susceptible to internal kinks as is
characteristic of a configuration with an O-point on the discharge axis.13

At the discharge boundary, the configuration can also have good stability
properties against interchange modes and, if the pressure profile Is quite
flat, also against kink modes. The Improvements are the result of two



12

effects. First V " / V becomes positive, due to the presence of the
octupole field, which makes it possible for ( V" / V • p7y p) to be
positive. Second, the pressure profile at the boundary is changed from a
sharp boundary (where p'/yp goes to minus infinity) to a diffuse boundary
(where p'/yp goes to zero).14This second effect is probably most
important. The first effect is dependent on the singularity in V " /V*.
Although positive in the analysis, this singularity is questionable as a
stabilizing mechanism. It must be pointed out that it is inconsistent to
both suggest that ballooning modes might be stabilized by kinetic effects
at the X-points and also rely on the positive singularity in V " caused by
the X-points to provide MHD stability.

This conclusion returns us to our earlier comment that the significant
feature of Extrap is that stable pinch equiliria are accessible for this
configuration due to the way the pinch is formed from the inside outward
as opposed to the more classical case where the pinch is formed from the
outside inward with a sharp boundary. The differences in the MHD stability
between Extrap and a classic circular Z-pinch are then primarily
characterized by the form of the Kadomtsev term, (r/p)(dp/dr), at the
pinch boundary.
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FIGURE CAPTIONS

Fig. 1. A linear Extrap Z- pinch configuration results when a Z-pinch is
generated along the axis of a vacuum octupole magnetic field produced by
currents in four rod conductors. The self-field of the discharge together
with the octupole field give a configuration where the pinch discharge
region is surrounded by a separatrix field line defined by four X-point field
nulls. The high-beta pinch is located inside the region defined by the
X-points and a low-beta plasma, contained by the vacuum field, is located
outside this region.

Fig. 2. Schematic profiles of various fluid parameters. In the figures, the
dashed lines correspond to the circularly symmetric case with a constant
current density and the solid lines correspond to a non-circular Extrap
case, a) The flux function is shown verses radius. For the Extrap case,
two poloidai positions are shown. Note that at 9 = v/4, which is the
poloidal position of the X-point, 6 = dA/dr = 0. b) The pressure is shown
versus the flux function. For the circular case, the pressure goes to zero at
the boundary and (r/p)/(dp/dr) is infinite there. For the Extrep
configuration, this term is zero at the boundary, c) The corresponding
current densities are shown, d) The amplitude of Er is shown since this
term is important in calculating marginally stable profiles. For the Extrap
case B2 has a maximum at the poloidal position of the X-points. e) V
is shown; for the Extrap case V is singular at the separatrix. f) L' is
shown; for both cases L' is singular at the axis and for the Extrap case, L'
is singular at the separatrix. g) V" is shown; for the constant current
circular case V " is zero but for the Extrap case V" can be positive and
singular at the separatrix.
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