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Abstract 

We attempt to predict the consequences of adding an inductive current 

transformer (OH Transformer) to the present S-l Spherornak experiment. 

Axisymmetric modeling with only classical dissipation shows an increase of 

toroidal current and a shrinking and hollowing of the current channel, 

conserving toroidal flux. These unstable profiles will undergo helical 

reconnection, conserving helicity K = JA-B dr while increasing the toroidal 

flux and decreasing the poloidal flux so that the plasma relaxes toward the 

Taylor state. This flux rearrangement is modeled by a new current viscosity 

term in the mean-field Ohm's law which conserves helicity and dissipates 
energy. 
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I. Introduction 

It is now an established experimental fact tb?t flux conversion between 

poloidal and toroidal fields plays an important role in compact torus (CT) and 

reversed-field pinch (RFP) laboratory experiments. The dynamo action in the 

RFP is probably the most familiar manifestation of this phenomena. Flux 
2 3 

conversion also occurs in the CT sustainment experiments ' and, in general, 

occurs during any plasma relaxation in which unstable plasma profiles evolve 

toward a stable minimum energy state. 

It has been found that the present plasma formation phase ' in the S-l 

Spheromak makes use of flux conversion in that detailed programming of the 

relative voltages and the timing of the capacitor bank discharges into the 

toroidal and poloidal windings of the flux core is not necessary. The 

forming plasma is observed to adjust itself to stay near a stable minimum-

energy equilibrium state. 

It has further been found that this equilibrium state is nearly 

characterized by a single internal parameter, the plasma helicity K. The 

helicity has been observed to decay on a time scale much longer than the time 

scale over which the individual poloidal or toroidal fluxes change, or over 

which the plasma magnetic energy decays. This observation is consistent with 

and is, in fact, the basis of the TayLor theory1 of plasma relaxation. The 

important quantity characterizing the formation or sustainment of the 

ipheromak plasma in S-l, then, is the amount or rate of helicity injected into 

the plasma by the flux core and the other external circuits. 

In this note we demonstrate that supplementary helicity can be injected 

into the S-l plasma by way of an ohraic heating (OH) transformer, very much 

like what is done in an air core tokamak. The OH transformer provides a 

relatively ea3y and inexpensive means of approximately doubling the toroidaL 

current in the S-l device. 
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In the following sections, we derive the appropriate expressions for 

helicity and helicity injection rates in axisynraietric geometry. We then apply 

these to calculate the helicity injection rates of the existing flux core and 

the proposed OH transformer in the S-l experiment. 

If «e regard the axi9ymmetric magnetic fields as "mean fields," about 

which there are small amplitude nonaxisymmetric fluctuaticns, the turbulent 

relaxation processes can be modeled by a new term in the mean-field Ohms 

law which allows flux conversion but conserves global helicity and always 

dissipates energy. We have implemented this ne« term in an existing 2-D 

computer code that simulates the formation phase of the S-l Spheromak 

experiment. This term then allows quantitative estimates of the actual effect 

of the proposed OH transformer and includes both flux conversion snd 3-D 

relaxation effects. 

II. Helicity in Axisymmetric System 

The magnetic helicity associated with a simply connected volime o£ 

plasma V is defined by 

Ksc = 'v h i d T ' ( 1 ) 

where A is the vector potential associated with the magnetic field 7 * B * A 

having the property that the line integral of jS-dil around any closed curve 

is equal to the magnetic flux contained by that curve. When the domain of 

interest is not simply connected, the definition of helicity must change to 

remain physically meaningful. In particular, when a toroidal plasma is 

wrapped around an axisymmetric flu:; core witi\ toroidal flux * c and poloidal 

flux % , fig- 1» and is bounded by a limiter with poloidal flux Xr> and plasma 
1? toroidal flux *., Fig. 2, th° correct definition of helicity is 
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K = ; v t-i dt - x c * c - x a * i * da) 

Hera the integral is over the plasma region only. This definition will be 

shown to lead to expressions for helicity and helicity injection rates that 

are independent of the initial values of the toroidal flux in the flux core 

and the poloidal flux at the limiter. 

In an axisymmetric system, we can construct an explicit form for the 

vector potential A having the line integral property as well as the gauge 

condition V-A = 0 as follows: 

£ = T- X'* + V*xVa . (2) 

Here (R, $, Z) form a cylindrical coordinate system, x î  the poloidal 

magnetic flux, and a is a stream function associated with the toroidal 

magnetic field. In terras of these functions, we can calculate the magnetic 

field as the sum of a poloidal piece B an. a toroidal piece B-. 

— Sx*V<t> + g V* , (3) 

the poloidal magnetic flux 

X = J" §-n dS = — J" Vx*V*-Z 2nH dR , (4) 

and the toroidal magnetic flux 

~ J" 6-V* dx = j ^ J -^ g dT = $ di i n-Va . (5) 
K 
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Here, g = fl~a = R2V-R Va, the area of integration in Eq. (4) is an 

axisymmetric disk extending from the symmetry axis R = 0 to the magnetic 

surface with label \t and the line of integration in Sq. (5) is a loop around 

the minor cross section within the surface with label x-

The helicity can now be calculated using Eqs. (la) through (5): 

2(f X d* " Xj »£> (6) 

where the integral is over the plasma volume, d* = (2iR2) , A*a di is the 

toroidal flux associated with the volume element dr, and, as before, x» and $* 

are the values of poloidal and toroidal magnetic flux at the plasma limiter. 

This agrees with the corrected form of Eq. (13) in Ref. 12, and it clearly has 

the properties that the helicity is invariant under the transformation x -* X + 

constant and K = 0 when *„ = j d* = 0. 

III. Time Rate of the Change of Helicity 

The induction equation for the magnetic field evolution 

|f = -**£ . (7) 

and a general form of Ohm's law, 

£ + 5 x 6 = 5 . , (8) 
0 

where R, contains all the dissipative or nonideal terms, imply an evolution 

equation for the helicity density 
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f- !•$ = v-[lx£ - 8 ?) - 2 5rf-5 , (9) 

where f is the single-valued potential associated with the electric field E, 

e = - | £ - v* . d o 

Integrating Eq. (9) over the plasma volume and using Eq. (la) yields an 

expression for the time rate of the change of helicity in the plasma volume 

3* 3v 

where the term involving x c
 a°d * c ^ s only present if the plasma encloses the 

flux core as in Fig. 1(a). The term in parentheses in Eq. (11) describes 

helicity injection or helicity extraction from the system, while the volume 

integral normally describes helicity decay due to dissipation. 

IV. Helicity Injection With Flux Core 

We now use Eqs. (6) and (11) to calculate the helicity injected into 

the S-l plasma via the flux core. The initial configuration, immediately 

after preionization and before the flux core suing, is shown in Fig. 1(a). 

The flux core contains initial toroidal flux 9 (0) and has initial poloidal 

flux xc(0)» but the plasma contains no toroidal flux. From Eq. (6), the 

initial helicity associated with the plasma volume bounded by the flux core 

boundary x = Xc and the separatrix surface Xg = 0 is given by 

K. = 0 . (12) 
I 
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After the flux swing, Xn remains zero so that the final helicity is 

K f = 2 j" x <i« , (13) 

where the integral is inside the volume in Fig. K b ) which is bounded by the 
surface x = Xo = 0. Ignoring the dissipative term, we can calculate the 
helicity injection race of che flux core by evaluating Eq. (11) during the 
flux suing. Since Xo = 0, this yields 

If = "2*c aT ' ( 1 4> 

Integrating Eq. (14) from the initial time tj = 0 to che final time t- yields 

K £ - K. = -2 / f
 x ( t) |j. » (t) dt . (15) 
o 

Combining Eq. (15) with Eq. (12) yields an expression foe the final helicity 

Kf = J^ *IW d t ' ( 1 6 ) 

O 

where the heiicity Injection rate is 

% 8-V t )afV t ) • ( 1 7 ) 

We see that expressions (12) and (13) for the initial and final heLicity and 
that expression (17) for the helicity injection rate are independent of the 
initial value of toroidal Elujt in the flux core « (0) as required. 



V. Helicity Injection With Ohmic Heating Transformer 

We next calculate the helicity injection rate af:er the initial plasma 

has been fully Eormed and is separated from the flux core, and the plasma is 

limited on its small major radius side by an OH transformer that undergoes a 

flux suing (see Fig. 2). If we again assume dissipative processes to be 

negligible, the helicity injection rate from Eq. (11) is given by 

Sf- - " , i r • ( 1 8 ) 

Since the total plasma toroidal flux «„ regains approximately conserved during 

the transformer swing, Eq. (18) can be integrated to yield the incremental 

gain in helicily 

AK = - 2 9 ^ , (19) 

where -AXo is the total flux swing (in volt-sec) for the transformer. The 

total helicity in the plasma after the transformer swing is gi\en by 

K = 2(/ x d« " X a* £j , (20) 

where the integral is over the plasma volume, and Xn and *„ are the values of 

the poloidal and toroidal flux at the limiter after the flux swing. 

VI. Mean-Field Description of Turbulent Relaxation 

If one assumes only classical axisymmetric processes, the plasma 

profiles obtained after the transformer flux swing are generally found to be 
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unstable to nonaxisymmetric perturbations of the tearing mode type. We 

postulate that the effect of these instabilities is to induce small amplitude 

HHD fluctuations which allow magnetic reconnection while conserving the global 

helicity. The axisymmetric magnetic field is then interpreted as a "mean-

field," averagfed over these fluctuations. 

The 2-D MHD equations for the evolution of the mean fields are very 

similar to those for the axisymmetric fields, with the important exception of 

a new term appearing in Che mean-field Ohm's law. We take the dissipative 
-*• -j 

term R d appealing in the Ohm's law, Eq. (8), to be of the form 

i = „ j * „. \ x v [ill]] , ( 2 1 ) 
a B B 

wher; the first term on the right-hand side of Eq. (21), n J, i9 the classical 

ohmio Hiaslpation term, while the second term, containing the coefficient \ , 

describes tne effect of 3-D turbulent relaxation on the mean fields. By 

substituting Eq. (21) into the helicity conservation Eq. '11), «« see Chat the 

new term containing \ can be integrated to become a surface term and, thus, 

only transports and does not dissipate helicity. It can also be shown that 

for X > 0 this terra will always dissipate energy and, thus, will not violate 

any thermodynamic inequalities. Physically, the parameter X is the 
9 

coefficient of electric current viscosity. 

What is the effect of the new terra containing X on the plasma 

profiles? Clearly, since this term multiplies the highest derivatives of the 

current, it will tend to smooth out current distributions into more stable 

profiles. But since the OH transformer adds only poloidal flux and does not 

directly increase the toroidal flux, we ask whether this term can increase the 

global toroidal flux in the plasma. 
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From Eqs. (5) and (7), we have for the time rate of the change of 

toroidal flux in the plasma 

|i = i_ J" d-r <7- ($««£) = - £ £-da (22) 
at ill 

= - 2nng'<F dl B p • f- $ |i X Vx-V (^) , (23) 
P B 

where Eqs. (8) and (21) were used in obtaining Eq. (23) and B = (2TT) _ 1 tfx 

xVQ.. If we use the force iree condition that p' = 0 at the plasma boundary, 

Eqs. (22) and (23) simplify to 

|£ = - 2*ng'| dl B + 2if f- (x g" £ dl R 2B ) 
OL p a x p 

(24) 

where the right-hand side is evaluated at the plasaa/vacuum boundary and 

primes denote derivatives with respect to the poloidal flux x-

We note here that if the current viscosity term X goes smoothly to -ero 

at the boundary so that X and X' = 0 there, a? '~e assume, then the second term 

on the right in Eq. (24) will not contribute to net toroidal flux increase in 

the plasma. Instead, the first term on the right, which normally tends to 

decrease the toroidal flux in & paramagnetic plasma, must change sign due to X 

being nonzero in the plasma interior. For tliis tn happen, the plasma muse 

become locally diamagnetic near the boundary. 



VII. Computational Results 

Here we describe the results of several simulations performed using the 

Princeton Toroidal Simulation Code 3 {PTSC) in which we model the current 

amplification caused by the proposed OH transformer flux swing in the S-1 

device. The PTSC is a free-boundary axisymmetricj or mean-field, time 

dependent resistive MUD code. We befeir. the simulations after the flux-core 

formation process is complete, and just ai the OH transformer flux swing is to 

start. 

The initial configuration is illustrated in Fig. 3. A spheromak 

plasma, fully separated from the flux core, sits at a major radius t,t R = 0.5b 

m and rests on an inside lircifcer at R = 0,25 m. The plasma has an initial 

toroidal current of 500 kA and an initial toroidal flux of 4 = 0.0773 

webers* The initial current distribution is described by J = JIB with p 

constant. The initial temperature in the plasma decreases linearly in x from 

350 eV in the center to 0.2 eV at the edg3, with a constant -^sity of 0.7 * 

10 . This corresponds to ar initial plasma 3 of 0.52, The resistivity is 

taken to be classical Spitzer so that the initial plasma resistance is 5 x 

10" 6 Ohm-m. The initial plasma helicity, calculated from Eq. (6), is 0.0236. 

At time t = 0, the OH transformer and the fast equilibrium field coils 

are ramped to their final values of current over a time per:od of I0~ sec as 

indicated in Table I. In case I, we model the plasma with a classical Ohm's 

law, i.e*, we set X = 0 in Eq. (21) ao that no flux conversion will occur. In 

cases II—IV, we repeat the identical calculation but with X * 0 to model 

turbulent relaxation during the transformer flux swing. The specific form of 

A(x) used is 

A(X) = \ (1 - J 4) , (25) 
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where x is a linear function of the poloidal flux x which goes to zero at the 

magnetic axis and to 1.0 at the plasma flux surface containing 0.9 of the 

poloidal flu:: between the ludgnecic axis and the plasma limicar surface. 

Beyond this 0.9 surface and into ihe vacuum we have X = 0, This assures that 

both \ and \' = 0 at the limiting x = X a surface and, thus, flux conversion is 

confined to the interior of the plasma. We find the actual results to be 

relatively insensitive to this value of 0.9. In the calculation reported 

here, \ = 0.06, 0.12, 0.24 and 0.96 times HCQ was used, where 115Q is the 

Spitzer resistivity associated with a 50 eV plasma. 

In ™ig. 4 we plot the final contours and midplane profiles oi (a) the 

poloidal flux function ij> = -x/2u, (b) the toroidal current, and (c) the 

toroidal field function g = RB™. We see, in Fig. 4(a), that a separatrix 

moves in from the top and bottom small major radius 3ide and limits the 

ylasma, acting as a netural divertor. Figures 4(b) and 4(c) show that with 

only classical processes the current channel shrinks while forming a skin with 

steep gradients around the initial x = X»(0) surface. From Fig. 4(c) we see 

that the plasma volume with nonzero toroidal field also shrinks with the 

toroidal field strength being amplified in the center. The total plasma 

toroidal flux is exactly conserved during the flux swing, while the poloidal 

flux at the limiter decreases by 0.45 webers. The toroidal plasma current has 

increased from 500 kA to 975 kA while the internal inductance 2-̂ /2 5 / B^ 

cV/RIp* has increased from 0.432 to 0.825. .Thus, from Eq. (19), the plasma 

helicity increases by an amount flK = -2 *„ flXj = 0.07. In Fig. 5(a) we again 

illustrate the current peaking and skin effect that occurs by plotting the 

toroidal current midplane profiles at several times. Similar profile plots of 

the safety factor q versus the poloidal flux function i> are shown in Fig. 
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5(b). We see that the q profile is nearly conserved in the central portion of 

the plasma, indicating that resistivity is not important there. Outside the 

initial x = Xj,(0) surface, the q profiles undergo some oscillations and go 

smoothly to zero along with their derivatives at the instantaneous plasma 

boundary x = Xji(t). 

The results of case III, which has the Zlux conversion term \ * 0 given 

by Eq. (25), are shown in Figs. 4(d), (e), (f) and in Figs. 5 (c) and (d). We 

see that while the flux surface contours look very similar to the previous 

case, the toroidal current and toroidal field function profiles are quite 

different, being markedly smoother and less peaked. The q profile in Fig. 

5(d) is markedly different than that of 5(b), having decreased in the center 

and being more broad. It is interesting to note that q becomes negative out 

near the edge, as» it must for the net toroidal flux in the plasma to increase 

according to the reasoning following Eq. (24), We see from Table II that the 

toroidal flux in the plasma for case III has increased some 27Z due to the 

flux conversion term, uhile the total toroidal current has increased 952 to 

the same final value as obtained in case I. 

We see from Table II that the final values of the plasma current and 

helicity are relatively independent of the coefficient X . The value of the 

toroidal flux *. in the plasma after the OH transformer flux swing clearly 

increases with increasing X , although its dependence is relatively weak. 

Similarly, the internal inductance 1-/2 decreases with increasing X . The 

poloidal flux difference between the magnetic axis and the limiter X_~)Cn» 

decreases with X Q for large enough X , as the new dissipative term in Eq. (21) 

begins to act at the magnetic axis to reduce x . This is a consequence of the 

new flux-conversion term in Ohm's law acting to convert excess poloidal flux 

into toroidal flux. 
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VIII. Summary and Conclusions 

The center OH transformer appears to provide an attractive and feasible 

means of quadrupling the plasma helicity and doubling the toroidal current in 

the S-l Spheromak experiment. If the plasma evolves due to purely classical 

ax i symmetric pr0C2ss.=s, this additional toroidal current, unaccompanied by 

additional toroidal .'lax, will cause the plasma to become unstable to 

resistive tearing instabilities. He postulate that these instabilities occur, 

causing rearrangement of the plasma current profiles and the conversion of 

some poloidal flux into toroidal flux, but conserving the net helicity of the 

configuration. Thus, it is the amount of helicity injected rather than the 

amount of toroidal or poloidal flux added that is of primary importance. 

There is a growing experimental basis for this conjecture, bjth in the S-l 

experiment and in the Los Alamos National Laboratory CT experiment. 

We have modeled the helicity consarving plasma relaxation by a new term 

in Ohm's law that acts only on the mean (axis^nnietric) fields. It is 

interesting to note that 2-D axisymmetric simulations including this term 

predict that the total toroidal flux in the plasma should increase during the 

OH transformer flux swing. From Table II, however, we see that this increase 

is not totally at the expense of the poloidal flux difference between the 

magnetic axis and the limiter, but is also a consequence of the helicity being 

conserved and the toroidal flux increasing and redistributing itself relative 

to the poloidal flux. 
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Table I. 

Coil Currents. 

H(m) Z(m) 1 I N I T <kA) * FINAL ( k A ) 

0.8 +1.05 -322 -322 

1.51 +0.750 -281 -281 

1.80 ±0.278 218 218 

1.0 0.0 -70 -70 

0.8 +0.4 0,0 -400 

0.2 |Z|<0.4 0.0 -3300 



Xo 

h 500 kA 

K 0.0236 

•l 0.0773 

*m *1 0.253 

l;/2 0.432 
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TabLe I I . 

Resu l t s of S imu la t i on . 

INITIAL VALUES FINAL VALUES 

I II 
0 0.06«i 5 0

U ) 

975 kA 963 kA 

0.092 0.098 

0.0764 0.089B 

0.703 0.738 

0.825 0.827 

I I I IV V 

0 .12f t 5 0 0 .24 r ! 5 0 0 . 9 6 D S 0 

976 kA 9S7 kA 1030 kA 

0.1QL 0.103 0.102 

0.0973 0.106 0.116 

0.738 0.724 0.62 

0.794 0.743 0.60 

<* W : n 5 0 - n S p i M W (T = 50 eV> 

* 
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Figure Captions 

FIG. 1. Flux core spheroniak showing magnetic configuration (a) before 

transformer sving and (b) after transformer swing- Spheromak 

pLasma fills the volume inside the contour x = 0 and outside the 

flux core. 

FIG. 2. Magnetic configuration (a) before transformer swing and (b) after 

transformer suing. 

FIG. 3. Initial contours and midplane profiles of (a) poloidal flux 

function * = ~x/2nT (b) toroidal field function g = RB-,, 

(c) toroidal current u QJ T. 

FIG". 4. Final contours and midplane profiles of (a) poloidal flux function, 

(b) toroidal current, and (c) toroidal field function for case I 

with \ = 0. Figures (d), (e), and (f) are same profiles for case 

III with X * 0. 

FIG. 5. Profiles of (a) toroidal current vs major radius and (b) safety 

factor vs poloidal flux function for case I at times 0, 68, 94, 

112, and 129 usee. Figures (c) and (d) are the same for case III. 
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