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MOWTE CARLO PARTICLE SIMULATION AND FINITE-ELEMENT TECHNIQUES 
FOR TANDEM MIRROR TRANSPORT 

T. D. Rognllen, B. I. Cohen, ¥. Matsuda, and J. J. Stewart, Jr. 
Lawrence Livermore National Laboratory, University of California, 

Livermore, California 91550 

ABSTRACT msw 
A description is given of numerical methods used in the study of axial 

transport in tandem mirrors owing to Coulomb collisions and rf diffusion. 
The methods are Monte Carlo particle simulations and direct solution to the 
Fokker-Planck equations by finite-element expansion. 

I. Introduction 

The simulation of axial transport in tandem mirrors is a challenging 
numerical problem. Much of the difficulty arises from the fact that there 
are many different populations of ions and electrons which can be trapped in 
different spatial locations. This can be seen.by considering the axial 
profiles of magnetic field and electrostatic potential expected in a tandem 
mirror such as TMX-U at Lawrence Livermore National Laboratory shown in 
Fig. 1. The goals of the calculations are to determine how these different 
populations interact with each other via Coulomb collisions and to find the 
self-consistent potential profile. 

The potential profile is determined by shaping the particle 
distributions through the use of electron cyclotron resonance heating (ECRH) 
for electrons and neutral beam injection and ICRH for ions. Consequently, a 
model of the tandem mirror must include Coulomb collisions, rf heating, and 
neutral beam injection. These effects constitute the longest time-scale 
processes believed Important for transport. Shorter time-scale effects such 
as instabilities can be modeled by incorporated them into the quasilinear rf 
heating process, but they must be identified by an auxiliary calculation. 
Radial tansport can also.be important for tandem mirrors; this process is 
modeled by other codes which will not be discussed here, 
*This work was performed under the auspices of the U.S. Department of Energy 
by Lawrence Livermore National Laboratory under contract No. W-7405-Eng-48. „. 
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The focus of this paper will be two numerical methods for studying 
axial transport: Monte Carlo simulation and finite-element expansion of 
kinetic equations. In all the codes to be discussed, the basic equation to 
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be solved is the Fokker-Planok equation given by 

Sf e |i + v V f + V •[- f(E + vxB)f + r ] = 0 (1) ot p m c 

Here v is the velocity, m the rest mass, p = Ymv the momentum, Y 
p. 2 2 1 /? » (V.+ p, '/in c ) , c is the speed of light, and E and B are the electric 

and magnetic fields. The flux T is due to small-angle Coulomb collisions. 
Although the codes have been used extensively to calculate ion and electron 
transport for tandem mirror configurations, we shall only discuss the 
methods here. 

II. Monte Carlo Simulation of the Fokker-Planck Equation 

A. MCPAT simulation code. 

The MCPAT code follows electrons or ions in prescribed axial magnetic 
field and potential profiles using the guiding center equations: 

dp/dt = o (2) 

(3) 

(1) 

2 
where u = p /2mB is the magnetic moment, and • is the potential. These 
equations are relauivistically correct. The profiles can be updated using 
the information from a previous iteration together with a model (fluid 
equations or specified distributions) for the species which is not evolved 
(ions or electrons). 

The rf heating is treated in one of two ways. The first is to use the 
perturbations to the equations of motion caused by a sum of monochromatic 

3 waves. This procedure allows one to study phase correlations between the 

dp, 
dt 

d* u dB 
" Y dz 

dz 
dt " P / Y 
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particle gyrophase and the wavephase giving rise to superadiabatic mot tea 

over many axial bounces. The second method is to use the quasillnear 
2 description. Here the diffusion coefficient for a particle passing through 

cyclotron resonance is given in terms of parameters such as magnetic field 
scale length, particle velocity, and rf electric field strength. For 
example, the energy diffusion coefficient is given by 

D = AE AE /t, (5) 
EE S S k 

where Ac is the energy kick received in one pass through resonance, and t,, 
is the time between kicks. Then the change in a test particle energy, A E , 
is modeled as 

\ 3e wm By/ EE \ 2 I 

2 2 
where R is chosen from a random distribution with variance <R > = o , and At 
is the time step. The kick in y is related to that in E by the relation 

Ay = ̂ | Ae (7) 
urn 

where 2, satisfies the resonance condition <u - 1o> /Y - k„v„= 0. For a given 
£, the heating occurs along characteristic lines in phase space. 

Coulomb collisions are modeled by allowing the test particles to 
scatter off of a sum of Maxwellian background distributions for both ions 

t-6 and electrons. To include relativistic effects, the usual formulae for 
the scattering coefficients are modified to include relativistic particles 
scattering off of a non-relativistic background. The background scattering 
profiles can be updated iteratively using test particle data. 

Two techniques are used to enhance the efficiency of the calculations. 
Ons is to divide a particle into several when the particle passes a boundary 
in energy space. The sum of the weights of the daughter particles are equal 
to that of the parent. When daughter particles come back across the 
boundary, all but one are destroyed, the remaining one then regaining the 
original weight. This method allows improved statistics in the high energy 
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regions of phase space which often have a controlling influence in a 
calculation. 

The second efficiency technique is to accelerate the time scale of the 
high energy particles. From the Fokker-Planck equation, one can show that 
scaling the density and the rf diffusion coefficient by a factor a and 
dividing the time by a leaves the equation the same. Thus, we artifically 
Increase the density and the rf diffusion by a for a one bounce and then 
count that one bounce as a bounces. This is always done so as to keep the 
change in momentum per bounce small. 

B. TESS simulation code 

The TESS code is presently being developed to evolve ion and electron 
test particles together, and to solve for the axial potential using the 
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direct-implicit method' with Possion's equation. The same axial equations 
of motion given by Eqs. (2-f) are used together with the rf quasilinear 
heating model shown in Eq. (6). 

Before discussing the direct-implicit method, we note that the 
eollisional model used in TESS differs from that in MCPAT. Here the test 

9 particles have collisions among themselves to simulate Coulomb scattering. 
This model is made to conserve momentum and energy so there is no 
possibility of an external source or sink of energy such as the background 
distributions used in MCPAT. In the center of mass frame, a Boris scheme is 
used to scatter particles through a small angle A8 with a variance of 

<A82> - lirq^q2 n 1 2 A t c HnA/p2v (8) 

where q's are particle charges, n. _ is the lesser of the densities, and JtnA 
is the Coulomb logarithm. Collisions are not performed every time step but 
on a variable time interval whose average is M time steps with M >> 1. Then 
At in Eq.(8) is M times the time step divided by the number of particle 
pairs each particle belongs to locally. 

The direct-implicit method uses a Taylor expansion of the equations of 
motion to obtain an estimate of the particle positions and thus the charge 
density at the advanced time. This estimate is then used in Poisson's 
equation for the potential at the advanced time 
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" Tz ( 1 + I ^ h *n*1 " ** I "s,n+1 . ( 9 ) 

2 where \ =• 0q At pV(m Y ) is the susceptibility and o < B < 1. This s s s s s 
equation is spatially smoothed resulting in a penta-diagonal elliptic matrix 
equation which is inverted using a direct-solve algorithm. 

The advantage of the direct-implicit method of particle simulation is 
that the high frequency piasma oscillations are suppressed, allowing a much 
longer time step. The level of ion acoustic fluctuations In the absence of 
plasma fluctuations is 

< Ek / 8"> T i * 2 » p M 
T"'/2 T , _, . 2,2,. ,2 e e 1 + k Ajh| 

where k is the wavenumber of the mode, A D is the Debye length, and h is a 
factor which depends on the particle shape; h(kflz) + 1 ,0 for kflz •* 0,it. 

The potential fluctuation level for long wavelength modes with k4z, 
kX D << 1 is found from Eq. (10) to be 

/el \ A. \l/2 

where N is the number of particles. An acceptably low fluctuation level of 
H 

T% for (T,/T ) - 1 can be obtained with only 2 x 10 particles, indicating 
that an efficient simulation should be possible. 

There is a wide range of time scales ranging from the electron bounce 
time (-10 sec in THX-U) to hot electron collision time (>10 _ 2sec in THX-U). 
The ion time scales fall between these limits. Consequently, a compression 
of the time scales is required. As discussed in Sec.IIA, the collision and 
rf diffusion rates can be increased. In addition, a reduced ratio of ion to 
electron mass of about 100 will be used. 

Presently, TESS has operative a vectorized relativistic particle pusher 
requiring only 3 usee per particle and a airect-implicit potential solver 
requiring 3 msec for 129 grid points. Under development are the binary 
collision and the rf diffusion packages. 
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III. Direct Solution of the Fokker-Planck Equation Using SMOKE 

The second approach to studying axial transport is to solve Eq.(1) directly 
as a partial differential equation. This has been done previously by many 
others. The advanced approach discussed here is to solve simultaneously for 
several different populations trapped in different regions of configuration 
space and coupled by passing populations. This code, named SMOKE, uses a 
finite-element expansion instead of the more usual finite-difference 
approach. 

The phase space variables used for this calculation are energy, E, and 
magnetic moment, u. As these are constants of the motion, phase space plots 
are independent of axial position. In this phase space, different 
populations can occupy the same region, and thus the phase space becomes 
multi-valued. It is convenient to think of phase space as having multiple 
sheets where the different distributions are coupled together along 
separatrices. 

To obtain the desired differential equation, it is assumed that the 
particles have long mean free paths such that Eq.O) can be bounce averaged 
along the particle orbits. This procedure results in an equation of the 
form 

b 3t 3E I ee 3E en 3)i e l 

• I- (D |£ + D |£ + D f) , (12) 
3u \ ve 3e uu 3u y / ' 

where T is the bounce time. Here the D's represent diffusion coefficients 
from collisions and rf. A non-rectangular (e,y) grid is used. 

Then, in order to improve the efficiency of the calculation and the 
accuracy for some problems, Eq. (12) is transformed to a rectangular (x,y) 
grid. A Calerkin procedure is used to solve the resulting equation. The 
distribution function Is expanded in a set of basis functions as 

f(x,y,t) - J c^t) B^x.y) 

Here the B's represent splines (linear, quadratic, or cubic) in the x and y 
coordinates. The differential equation is next multiplied by the B's and 
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ir.tegrated over phase space to yield a matrix equation for the o 
coefficients 

*g*.4| , fr.c (13) 
dt 

This equation is solved using a sparse matrix package. 
After obtaining the solution to the distribution functions, they can be 

integrated to yield the spatial profiles of density and energy. SMOKE has 
been used extensively to model ion and electron transport for assumed 
potential profiles. Close comparison has been obtained between the results 
of the SMOKE code and the MCPAT code for a hot electron thermal barrier 
calculation. 

VI. Summary 

We have discussed two methods for long-time simulation of axial 
transport in tandem mirror devices. Monte Carlo simulation is the first 
method. The MCPAT code can solve for electrons or ions separately in 
assumed potential profiles. It can give rough answers quickly with typical 
run times on the Cray 1 or 2 being 10 - 20 minutes. The TESS code Is being 
developed to solve for electrons and ions simultaneously and to obtain the 
potential by a direct-implicit solution to Poisscn's equation. TESS 
is estimated to use 1 hour per run on the Cray 1 or 2. 

The second simulation method is the SMOKE finite-element code. It also 
solves for electrons or ions separately in assumed potential profiles, but 
work is underway to make a self-consistent calculation of the potential. 
Typical runs using this code usually require 30 - 60 minutes on the Cray 1 
or 2. 
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Fig. 1. Typical axial profiles of magnetic field and electrostatic 
potential for the tandem mirror TMX-U. 


