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ftBSTRACT 

The general theory of angular momenta and the full rotation 
group is used to reconsider the theory of the intensity factors 
of rotational lines in the spectra of diatomic molecules (Honl-
London factors). No familiarity with group theory is, however, 
expected from the reader, as the rather few new concepts introdu
ced are fully explained. It is shown that the use of the rotatio
nal symmetry (rotation matrices) leads to compact and elegant 
derivations of the symmetry properties of the molecular wave 
functions, as well as the matrix elements of the transition 
operator. The present work is restricted to spin-allowed electric 
dipole transitions, and the general sum rule characteristic of 
this type of transitions, is rederived in an easy way by use of 
the general angular momentum theory. 

A main purpose of the present work has been to provide a 
uni f i ed theoreti cal basi s for exact numeri cal computati ons of 
Honl-London factors for all types of spin-allowed electric dipole 
transitions in diatomic molecules. The computed Honl-London 
factors are then in the next step intended to be the basis for 
construct ion of synthetic molecular band spectra, with particular 
appli cati ons to upper atmospheri c emi ssi ons (aurora). 



3 

I. INTRODUCTION 

Rotational spectra of diatomic molecules are encountered in 

a great variety of circumstances, from the high precision 

microHave or laser studies of chemical and physical spectroscopy 

laboratories, to the rather unresolved optical spectra of 

a5trophysical and upper atmospheric sources. 

The quantum theory of the rotational-line intensities in 

diatomic molecules dates back to the paper of Honl and London 

from 1925(1). Honl and London derived the rotational-intensity 

factors (Hbnl-London factors) for the simple singlet—singlet 

electronic transitions. Since that time, analytic expressions for 

rotational—intensity factors have been derived for most relevant 

electronic transitions of diatomic molecules, and comprehensive 

tabulations of the results are given in the book by Kovacs (2). 

However, rnany of the analytic expressions are based or\ approxima

tions of different kinds, and more than 10 years age the first 

computer codes were written to produce exact numerical rotatio

nal-line intensity factors (Whiting (3), Zare (4)). The analytic 

formulae are none the less still in common use, also in spite of 

the fact that they are quite complex in most cases, actually 

requireing their awn computer codes to be written. 

The present theoretical investigation of the intensities of 

diatomic rotational lines is part of a program that has been 

started to produce synthetic rotational spectra for use in the 

study of upper atmospheric emissions. The first emission to be 

considered was the 0 2 * b*!^,- - a*Jl„ transition (1st negative 

bands). Existing analytic intensity factors for this very complex 

spectrum are approximations, based on limiting models (Hunds 

cases (b) and (a)) of the angular momentum coupling. Hence, it 

was realized that the synthetic spectrum had to be based on exact 
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numerical intensity factors. That procedure, however, led to a 

deeper involvement in thre theory, with subsequent reflections on 

how to derive the -formulae required in the most efficient way. In 

the course of this work the idea then emerged that the theory of 

rotational-line intensities could be formulated in a compact and 

elegant manner by use of the well-established theory of the fcii 1 

rotation group. Furthermore, it also turned out that familiarity 

with group theory would actually not be required ta -follow the 

derivations. Hence, the present approach enables a central part 

of molecular physics to be reformulated in a language that is 

common to other important branches of physics, e.g. atomic and 

nuclear physics. 

Much attention is in the first part of the paper given to 

the study of the molecular eigenstates. The rotational part of 

the molecular wave function is related to the rotation matrices, 

which in an easy way exhibit the important properties of the wave 

function. Emphasis is also put on discussing the molecular basis 

sets known as Hund's coupling cases <a> and (b), and how these 

two complete sets of molecular angular momentum eigenstates are 

related. Here again, the use of the rotational symmetry (the 

rotation matrices) yields simple and elegant derivations, and it 

is the hope of the author that the present approach may help to 

de-mystify the angular momentum coupling models, as well as the 

transformation from one model to the other. 

The present work is not intended to be a survey paper, which 

means that a comprehensive list of references will not be 

provided. A few works of particular importance for the present 

investigation will, however, be cited in the introduction. In 

chronological order these ares The monograph by Hougen <5>, the 

paper by Zare et al. (&), which yields useful information on the 
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molecular Hamiltani an, and on the inversion symmetry of the 

molecular states, the reinvestigation of the rotational-1 ine 

intensity factors by Whiting and Nicholls (7), and the paper by 

Brown and Howard (8), who discussed the transformation between 

coupled and decoupled basis sets in terms of the rotation 

matri ces. 

Finally, the important books on the theory of angular 

momenta by Edmonds (7), and by Brink and Batchler (10) Are basic 

sources for the present work. 

2- TRANSITION PROBABILITY AND LINE STRENGTH 

We shall start by giving the transition probability (transi

tion rate per particle) for a spantaneous radiative transition 

from an upper rotational level J' of a molecular system to a 

lower rotational level J". The expression for the transition 

probability fljj» is (ll)s 

i'a" " n " " UJ'n) 

whereVj. a.. denotes the energy difference Ej - — Ej« in wave num

bers ( c m - 1 ) . The line strength Sa-j» is defined by 

» o n ' - • — o «-1 •• j S a V * I U-^wl/Mtfa-M-M , 

and this is the quantity on which our attention will be focused 

in the present investigation- In equation <2> " ^ J - M - arid"^ a.. M» 
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denote the total molecular wave function for upper and lower 

states respectively, and the quantum numbers M' and M" are 

associated with the space fixed Z-component of the total angular 

momentum J_. The remaining quantum numbers needed to completely 

specify the molecular states will be suppressed at this stage 

of the development. Finally, n is the total transition operator 

M * i/^K + \ / ^ + !s /** , (3) 

and only electric dipale transitions will be considered in the 

present work. The radiation described by eqs- <1) and (2) is 

isotropic and unpolarized (Condon and Shortley< 12) , p. *?7)-

Inserting eq. (3) in eq. <2) one obtains 

and it is rather straightforward to show that the three summa

tions in eq. (4) will all yield the same result (Condon and 

Shortley (12), p. 72), i.e. 

Here we have retained the Z—component of the transition operator, 

which yields the simplest expressions for further calculations. 

An outline of the derivation of eq. (5) from eq. (4) will now be 

given. The derivation of eq. (5) is best carried out by introdu-
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cing some new terminology which is normally not used in the 

theory of diatomic intensities. First the spherical components of 

the transiton moment are defined by 

The cartesian components o-f ^ are now expressed in terms of the 

spherical ones, and the Wigner-Eckart theor *m (9,10) yields the 

•following expression for the matrix elements o-f the transition 

operators needed in eq- (4): 

*("**) ( „„ J 
\ »t wi -Al'/ • 

Here (J' liti||J") denotes the reduced matrix element of the tran

sition operator (independent o-f M' and M">, m designates the 

spherical components o-f ji (m = 0, + 1>, and a few important 

properties of the 3j-symbol are given in the appendix. Eq. (5) is 

now easi1y deri ved from eq. (4) by use of eq. (7) T and a si mple 

orthogonality relation of the 3j-symbols given in the appendix. 

3. THE MOLECULAR WAVE FUNCTION 

To further develc,-? the expression for the line-strength of 

Eq. <5) we now need more explicit expressions for the molecular 

w 
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wave functions. The point of departure for molecular quantum 

mechanical calculations is the Born-Oppenheimer approximation. 

The total molecular Hamiltonian H may be partitioned as 

W - H e u - + H w , 

where Hmv depends on electronic and vibrational variables only, 

whereas the "rotational" part H r o t unfortunately also contains 

electronic and vibrational variables. Suppressing the electronic 

and vibrational dependence of H^» t yields the molecular wave 

function in the Born-Oppenheimer approximation 

"£ « ̂ •„'4Vrt , 0») 
where *P W V represents the electronic- and vibrational wave func

tion for a non—rotating molecule, and ¥,-«»t is the rotational wave 

function of a rigid rotator. Now, the Born-Oppenheimer type of 

wave functions span a complete set, and a "true" molecular wave 

function may eventu&lly be obtained from perturbation theory in 

terms of an expansion in Born-Oppenheimer functions. 

Further specification of the electronic and vibrational 

tvibronic) wave function *P„V and the rotational wave function 

*P.-=,* of eq. <9) is now needed. The present investigation will be 

rest r i cted to di at omi c mol c?cul es onl y. The v i bran i c wave f unct i on 

is then characterized by the vibrational quantum number v, by the 

quantized component (A? of the electronic orbital angular 

momentum along the internuclear axis, and by the total electronic 

spi n quantum numbers S and M B- Note that the electranic spi n is 

assumed to be quantized <M —) along a space fixed axis. Further-

(2) 
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more, the vibronic wave function may be separated into a vibra

tional part and an electronic part 

where n is a label (extra quantum numbers) needed to differen

tiate between electronic states with the same set of quantum 

numbers A and 5. q denotes the whole body of electronic coordi

nates, includi ng spi n—coordinates, and r is the i nternuclear 

separation. 

The rigid rotator wave function <P,-CT* of Eq. (9) is specified 

by the quantum members N, M N , and A. The quantum numbers N and f1M 

correspond to the quanti zed values of K2 and N z (space—fi wed Z— 

component), where N is the total molecular angular momentum 

except for spin. In this way the total molecular wave function is 

characterized by five angular momentum quantum numbers, i.e. A, 

S, M», N, and Mm, corresponding to mutually commuting operators. 

Now, we can also see the reason why the electroni c spin had to be 

quanti zed along a space—f i xed ax i s in eq, (10), the molecule— 

fixed components of S do not commute with the components of N, 

' 'hich rotates the mol ecul ar frame of reference. 

A rotating diatomic molecule is obviously a symmetric top. 

The problem is, however, that for diatomic or linear molecules 

the rotation around the molecular axis is undefined, so that the 

known wave function for a symmetric top which depends on the 

complete set of three Eulerian angles, can not be used right 

away. This problem has, however, been considered by Hougen (13), 

who concludes that the standard expression for the wave function 

of a symmetric top can be used for a linear molecule as well, 

provided that the Eulerian angle describing rotation around the 
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molecular axis is discarded, i.e. set equal to zero. 

The rotat i anal wave functi on of a di atomi c molecule i s then 

most conveniently given as (Brink and Satchler (10)> 

where the square root represents a normalization factor, and the 

D-symbols are elements of the so called rotation matrices. 

z * 

K~ 

/ 
I 

Further properties and definitions 

of the rotation matrices are given 

in the appendix. The angles and 

of eq (11) are now the two Eulerian 

angles needed to specify the 

ori entati on of the moleculsr ax i s in 

a space-fixed system, cf. fig- 1. 

In the br a-ket notation the Born-Oppenheimer wave function 

may now finally be written: 

v 
<P X 

X F4j.1 

Irru-AS-VAtj M > « | n v > l n . A S A f s > | A / M v A> . Oty 

4. HUND s COUPLING CASES (a) AND <b) 

The uncoupled molecular states represented b/ eq- (12), in 

which the electronic r pin as well as the total angular momentum 

except for spin are quantized along the space-fixed Z-axis, are 

not the most convenient basis states for molecular calculations. 

A better basis set which also conforms more closely to the 
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physical reality is obtained by adding 5 snd N to a total angular 

momentum J in the standard way (8) 

where the addi ti on of the angular momenta i s expressed i n terms 

of the 3j-symbols <see appendix) 7 rather than in terms o-f the 

more unsymmetri c Clebsch-Gardan coeffi ci ents. The coupled 

mal ecul ar state of eq. (13) with quantum numbers A, S, N, J, and 

Mj (corresponding to J*) is known as Hund'5 coupling case (b). 

Molecular basis states in which the electronic spin is 

quant i zed al ong the mol ecul sr a>; i 5 are , however , more con ven i ent 

•f or most appl i cat i ons. This type of basis states sr& denoted 

Hund's coupli ng case (a). A relat i on between coupli ng cases (a) 

end <b) can be obtai ned from eq. (13) by recaupling the right-

hand side angular momenta (8) . 

The electronic state |nASM e> is expanded in terms of 

mol ecul e--f i xed spin states I n A S O as foil ows: 

jr, ^ s * 
where the rot at i on mat r i ces (cf . append! >: ) Are used to rotate the 

spin states. Inserting eq. <14) in eq. (13), using eq. (11> for 

the rotational wave function, and coupli nq together the two 

rotat ional matri ces aceordi ng to equati on (a5) of the appendi x , 

we finally obtain for the case (b) wa*e function <8> 

I. A a 
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with Q = /\ + C From eq. (15) we now see that the rotation matrix 

D ̂ ' M „'. f, 8,0) ~ acts as an eigenf unction for the total angular 

momentum squared Jj* = (N + S_) 3, and for J z. Thi s cone lusi on i s 

particularly interesting in view of the fact that J may be half-

i ntegral. Introducing the rotational state I JMoft> in analogy with 

eq. <11> we then have the foil awing rel ation between the case (b) 

and case (a) basis states: 

or inverted 

N 

The last of eqs. (16) above now gives the aa&e (a) basis states 

in terms of the case (b? states, and via eq. (13) also in terms 

of the basic uncoupled states |nvASM s NM M>. This relation will be 

very useful for ex pioring the symmetry properties of the case (a) 

states. 

5. 5YMMETRIFS OF THE MOLECULAR WAVE FUNCTIONS. 

The selecti on rules in molecul&r spectra are governed by the 

symmetry properties of the molecular wave function. In a diatomic 

molecule there are two important geometrical symmetry operations 

which we shall now consider. The first one is reflection of all 

the molecule-f i xed electroni c coordi nates in a pl ane contai ning 

the molecular axis, this operation is normally denoted s v . The 

op erat i on e v obv • -,,. isl y affects anl y the electron! c part of the 

wave function, which in the language of group theory forms a 
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basis iar one-dimensional (A = 0) irreducible representations ai 

the diatomic symmetry group C._„. Hence, we may write (cf. egs. 

(12-13)> 

«Ĵ  k A S ^ ) = ( -7 )* n | i a - / \5 M s> . 0*) 

For ft = 0 there are two disti net one—di mensi onal representations 

for Cnv, the one E"*" corresponding to a phase factor + 1 in eq. 

(17), and the other E~ corresponds to a phase factor —1 in eq. 

(17). Each val ue of ft f 0 corresponds to just one two—dimensi onal 

irreducible representation of C«^,, and we are at liberty to 

choose the phase factor of eq. <17) equal to +1 in all cases with A 

+ o. 
The second and most important geometric symmetry operation 

in a diatomic molecule is inversion, which means inversion of the 

coordinates of all particles (electrons and nuclei) in a space

filled frame of reference. The inversion operation which is 

normally denoted I, may be carried out in two steps according to 

the equation iZare et al. (6)) 

Here sv v* means reflection of the electronic coordinates in the 

yz-plane of the molecule-fixed coordinate r.ystem, and C E " is a 

rotation of the molecule-fixed coordinate system an angle fl 

around the molecule-fixed x-axis. 

The operation C a
M only affects the Euler angles describing 

the orientation of the molecular axis, and hence only the 

rotational part INMNft> (cf. eqs. (11-13)) of the molecular state. 

The aperati on C Z
M i s carried out by the substi tution (Zare et al. 

<6) > 
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e - it - e 

in the angles of eq. (11). From the properties of the rotational 

matrices (cf . appendix) it is then straight-forward to show that 

Ci \ " M**) 'Mfl* "A,'A> • ('*) 

The action of the inversion operator I on the whole decoupled 

molecular state eq. (12) is then easily obtained by use of eqs. 

117-19) 

The effect of I on the case (b) states is then straightforward 

from eq. (13) 

In eqs. (20-21) it is again recalled that s„ = 1 for £- states, 

and that s„ = 0 may be chosen for all other electronic states. 

Our interesc is, however, primarily concerned with the 

i nversion property of the more camplex case (a) states. From eq. 

(21) and the last of eqs- (16) it now follows after a little 

piece of algebra that 

i n agreement wi th the results of previ aus investigati ons (14). 

However, the phase factor of eq. (22) do not agree with the 

result of Zare et al. (6). There seems ta be an inconsistency in 
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the way eq. <A19) of Zare et al. (6) is derived from their eqs. 

(A12> and (A1B>. In eq. <A18) it seems to be overlooked that 

there is no complex conjugation of the rotation matrix, and the 

present author obtained the phase factor (-1) *"• i n eq. (Al 9) of 

Zare et al., instead of their factor (-1)™. This distinction is 

obvi ously of i mportance for hal f-integral values of S, 

From eqs. (21-22) it is clear that neither the case (a) 

states nor the case (b) states are eigenstates of the inversion 

operator I. Simple linear combinations of the two states degene

rate in A, however, yield eigenstates of I, e.g. for the case (a) 

states 

\^ty - ± (irvtrAS S3 M a > ± ( - l ) > S * ' 4 , , | * f - A S - E 3" 3 >) . 

(2 3) 

The phase factor (-1 )J-0"*"A»of eq. (23) is normally omitted when 

inversion eigenstates are constructed. Inclusion of this phase 

factor, however, ensures that the upper sign in eq- (23) will 

always correspond to the i nversi on ei genvalue (pari ty) +1, and 

the lower sign to partity -1. This detail simplifies the book

keeping in perturbation - and intensity calculations. 

For a homanuclear di atomi c mol ecul e there are two add i ti on al 

geometric symmetry operations that will be commented on. The 

f i rst one i s the inversi on (i) of all the molecule—f i xed electro-

nic coordinates. For a homonuclear di atomic molecule the symmetry 

group i -5 D„ni, and the effect of the operati on i on the el ectranic 

state is 

where i„ = 0 for g (gerade) electronic states, and i n = 1 for u 

(ungerade) states. 
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The second symmetry operation is the permutation <P> of the 

identical nuclei. The following relation applies (Hougen (5>) 

? * l-i fas-) 
To investigate the properties of the permutation operator P we 

would have to include the nuclear spin in the molecular wave 

function, a topic which falls outside the scope of the present 

investigation (see for instance Herzberg (15)). For homonuclear 

diatomic intensity calculations it is, however, important to 'n&ar 

in mind that the influence of the nuclear spin leads to intensity 

alternations due to different weight factors of the individual 

rotat ional levels. As long as the hyperf i ne structure i s unresol — 

ved t there is no influence of the nuclear spi n on the intensi t i es 

of the lines of heteronuclear systems. 

6- TIME REVERSAL 

The behaviour of the molecular states under time reversal 

yields information which is useful for the computation of 

molecular intensities. The time reversal operator is for a n-

electron system gi ven by (Wigner (16)) : 

where ffiy, , s „ y are the Pauli spin matrices, and K is 

complex con i Ligation. 

The effect of the time reversal operator is most easily 

obtained for the uncoupled sates of ep. (12), and thereafter for 

the case (b) and case (a) states by use of eqs. (13) and (16). 

For the spin-independent rotational state (NMM A> of eq. (12) the 
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effect of T is simply complex conjugation, and from eq. (11) we 

have 

by use o-f the relation <a3) far the rotational matrices (cf. 

appendix). Since the case (a) rotational state |JMjfl> is defined 

in complete analogy with eq- <11> (cf. eg- (15)> we also have 

T U ^ ^ > - - ( - j f ~ A l 3 h - M 3 - ^ > . (2 8) 

To obtain the time reversal properties of the electronic 

state (nASM 0> requires a little more effort- It is convenient to 

write the electronic wave function as an antisymmetric product of 

one-electron orbital (y*) and spin <XA) functions: 

^ M S ^ ^ ^ ' - l ^ ^ ' " ^ , (11) 

where »/L is the antisymmetrirer, 

v vi ! -p 

Here the summation runs over all the permutations P of the n 

electrons, and p is the number of binary permutations in the 

permutation P. From eqs. (26) and <30) we deduce £. T> jft]« 0 , 

hence 

Now f rom eq. (26) 
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where the minus on the spin-functions indicate!that the spin has 

been reversed. 

The space orb)tals may be represented by a line&r combina

tion of atomic orbitals on the two nuclei <cc = 1,2) 

where TVi refers to the quantized component of the one—electron 

orbital angular momentum along the molecular axis. Since the 

radial factors of eq. (32) may all be chosen real, we have 

In conclusi on we then have for the electronic state 

In the mos-1' general case we may have to represent the electronic 

wave function by a linear combinaticin of antisymmetric products 

(cf. eq. (29)). However T all products will have the same value af A 

and M s , and eq. (33) is unaffected. 

From eqs. (13), (27), and (33) we then obtain for the case 

(b) states after a little algebra 

Finally, the time reversal of the case (a) states is determined 

by eq. <16): 

T\rtu-A^ZZ^i^y-H) /Mir-yi$-I3-M 3--a>. (lS) 

Different phase conventions seem to be in use regarding the time 

reversal of spin states- The present result of eq. (28) for the 

t i me reversal of the case (a> rotat i onal state is in agreement 
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with the results of Hougen (5) far integral as well as half-

integral values of J. 

A quicker derivation of eq. (35) is obtained by noticing 

that eq. (31) applies as well to spins quantized in the molecule-

fi::^d system (along the molecular axis), we just have to replace 

MB by F. In analogy with eq- (33) we then have for the case (a) 

electronic state 

^nd eq. (35) follows by use o-f eq. <2S> . 

The vi brati ona1 wave functions of a di atomi c molecule are 

real , and accordi nglv i nvariant under ti me reversal. 

7. MATRIX ELEMENTS OF THE TRANSITION OPERATOR. 

We are now ready to return to the line strength of eq. (5) 

and compute the matrix elements Df the space-fixed Z-c imponent of 

the tr ansi t i on operator. The "true" moleculsr state may be 

Repressed in terms of a linear combination of coupling case sat) 

or cia^e (b) basis states <cf. next section). Hence, we only need 

t o compute the matri y, elements of |i3 within a gi ven basi s set. 

The caupli ng case Ca) basi s set i s most frequently used for 

diatomic calculations, and that will also be our present choice. 

The inversion symn.etry or parity plays an important role in 

radiative transitions, and we shall start from the parity 

eigenstates of eq. <23). Hence, we consider 

< t * l/*zl^"> *<«,",A,S,I,3,M*|/*2|«VA"5"l',3"At',> 
» V ̂  "* ** * * ^ i » i I I I I i I II H II *' II <• M . 
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where we have used the inversion symmetry (I s = 1 ) , eq. (22), and 

the fact that the components of the electric dipole transition 

operator changes si gn under i nversi an. Eq » (37) also ref 1ects the 

fact that electric dipole transitions are allowed only between 

states of opposite parity. 

In its general form eq. (37) applies only for A' + o and A" 

£ 0. For a state with A = 0 the corresponding E quantum numbers 

must be positive or zero (cf. eq- (23)). In the case of A' = A" — 

E' s= r." = 0 there is obviousl y a contribute on onl y from the first 

term on the right—hand side in eq. (37). Furthermore, if A' £ O 

and A" = E" = 0 (or A" £ 0, A' = E' = 0) then the right-hand side 

of eq. (37) has to be multiplied by the factor 1/V2. 

The next step in the evaluation of eq- <37) is to transform 

the space-fixed component of the dipole operator to a molecule-

fixed system. This step is necessary to cope with the electronic 

wave functions which are gi ven in a molecule—fi xed system- Thi 5 

transformation is normally carried out by use of the direction 

cosines. However, the rotation matrices yield a more convenient 

transformati on. The fal 1owi ng rel ati on appliess 

where p m (m = O, + 1) now denotes the molecule-fixed spherical 

components of ^ '.cf- eq. (6)). 

By use of eqs. (a3) and (a6) of the appendix a general 

matri x element of the type needed in eq. (37) is then obtained as 

(cf. eq. (15)) 
< „ V A ' s ' I ' ^ ; i / < : I ^ V * " L " 3"M;> ^^ 
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There are several important conclusions that fallow immediately 

from eq. (39). From the properties of the 3j-symbols (cf. appen

dix) we have 

-I" * Sl'-m 

rt- general requirements for a non-zero matrix element. Since the 

electric dipole operator is independent of spin, we must also 

have S" = S' and E" = E". In view of eq. (40) this restriction 

leads to 

A" = A ' - " . , (HI) 

which means that for given values of A' and A" just one term in 

the summation over m will contribute in eq. (39). Hence, we see 

that the introduction of the spherical components of the transi

tion operator leads to a very compact and informative expression 

-for i ts matri x el ements. 

For L - E electronic transitions <A' = A" - O) the reflec

tion symmetry G„ is also cf interest. Since e v only acts on the 

molecule-fixed electronic coordinates we have for the case (a) 

electronic state in analogy with eq. <17) 

and for the transition operator 

^y^^T-/*-. •Ml 

Hence, we obtain 

< r v V , A , S Z | / t W | j n - V / l ' S £> ( q j j 
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Now, for A' = A" = 0 eq. (41) leads to m = 0 t and non-zero matrix 

elements require that s n ' + s„" is an even number | ar in other 

wards that both E states have to be of E* -type, or both of E~ 

type. 

For homonuclear molecules we also have to consider the 

effect of the inversion (i) of the molecule-fixed electronic 

coordinates <g-u symmetry). From eq- (24) and 

we get the relati on 

< M , V V i l //"•« | t * 'V ' / t "SL> fø» 

a ( - f ) * " , * * ; : * , < n . V A , S i / / « l H | n W , 5 I > , 

ana obviously non-zero matrix elements only between states of 

opposite g-u symmetry. 

Finally^ i t is of interest to investigate whether a general 

matrix element of the transition operator is a real or a complex 

quanti ty. Thi s question may be deci ded by invoki ng the ti me 

reversal symmetry (Hougen (5)). Application of the time reversal 

operator to the left-hand side of eq- (3?) yields (cf. eq- (35)) 

* < a V - / » V i 3 , - A f 3 ! / * z l * V - n , , s - i 3 , , - / V M 

where the inversion operator I <cf. eq. (22)) has also been used 

for the last step in deriving eq. (44). Furthermore, the general 

expressi on of eq. (39) had to be used, together with the si mple 

symmetry properties of the 3j-symfcnls (cf. appendix). 
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Now, eq. (44) clearly shows that the general matrix element 

o-f the transition operator is either a real or a purely imaginary 

quantity. Whether it is real or not do not depend on any of the 

angular momentum quantum numbers, but merely on the reflection 

symmetries of the two electronic states. In practice this means 

that al 1 matrix elements of the transition operator may be 

cons idered real, as the imagi nary unit wi11 vani sh in the 

e-pressian for the line strength or transition probability (cf. 

eqs. U ) and <5) ) . 

Since for given values of A' and A" only one value of m will 

contribute to the summation in eq- (39), we also conclude that 

the electronic matrix elements of the molecule-fixed components 

of the transi ti on operator are all ei ther real or purely i magi na

ry. 

S. THE MOLECULAR EIGENSTflTES 

The molecular eigenstates are obtained in the form of 

expansions in terms of a complete set of basis states, e.g. the 

coupling case (a) basis set. To obtaian the expansion coeffici

ents we have to solve the molecular Schrodinger equation within 

the given basis set. This is a standard technique far solving 

quantum mechanical problems, and only a brief cucline of the 

method is given here. 

Our Hamiltonian may formally be written 

which means that spin-dependent interactions (e.g. spin-orbit and 

spi n—spi n) have now been added to the Hami 1 toni an of eq. (B). A 
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genera] eigenstate of H may be written 

as the eigenstates of H are also eigenstates of J_a and J-. f 

denotes other quantum numbers (labels) needed to completely 

specify the rotational state. 

In practice, however, the expansion in eq- <46) will be 

truncated so that n, v, A, and S are kept at fixed values, and 

only E is allowed to run over its 2S+1 values. This will nor

mally be a completely legal approximation for the computation of 

intensities. Hence, within this approximation the expansion 

coefficients of eq. (46) are obtained by diagonalizing a 2S+1 

dimensional Hamiltonian matrix. In a more compact notation the 

eigenstates (expansion coefficients) are given by the column nf 

the unitary matrix U determined by the relation 

a1 H u -D , (MI) 

where the 25+1 eigenstates of H are the elements of the 25+J 

di mensianal diagonal matrix D. 

In our further calculations it will be necessary to work 

with eigenstates of H that are also eigenstates of the inversion 

operator I (cf. eg. (23)). In a somewhat unsymmetric notation the 

eigenstate corresponding to the eigenvalue number k of H is then 

The phenomena of A-doubling of TT-states and p-doubling of E-

states are not included in the theory if the eigenstates 3kre 

truncated as in eq. (48). A Van Vleck transformation (cf. Zare et 
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al. (6) ) may, however, be carri ed out to effectively include i n 

the 2S+1 dimensional Hami1tonian matrix Df eo. (47) the dominant 

corrections that are otherwise last by the truncation as in eq, 

<4B) (e.g. A-doubling and p-doubling). 

The elements of the 25+1 di mensi onal Hami1 toni an matr i x of 

eq. (47) are all well-known and tabulated (cf. table I of Zare et 

al. (6)). 

We may now proceed to compute the elements of the transition 

operator jia between two rotational levels of two different 

vibranic states of a diatomic molecule. For E-states (A = 0) it 

is important to notice that we have to work with molecular states 

that are also eigenstates of the inversion—operator I (parity 

ei genstates). To obtai n results of general val i di ty, we accord

ingly have to base our calculations on parity eigenstates. 

From eqs. (37), (39), and (48> we then derive the expression 

=H-*Wvs|/v-A»i"VV3>ifey.o(W'(Ma I -«J 

In eq. (49) it is assumed that A' > A" , which represents no 1 o~is 

of generality. Since we work with parity eigenstates it follows 

thst A' > 0 and A" > 0. In the derivation of eq. (49) we have 

used the fact that the matrix elements of JJ„, of eq. (39) are 

diagonal in E, and also independent of E. The latter conclusion 

follows easily from observing that Tlim, S;l = 0, and S+ ISO "" 

|SE + 1> (molecule-fixed components of S) -

From eq. (49) it is also clear that within the present 
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approximation (eq. (48)), an electric dipole transition between 

two vibronic states is completely described in terms of just one 

<;-eal ) matrix element of the molecule-fixed transition operator. 

Another conclusion which is evident from eq. (49) is that 

there is a parity-dependent contribution to the matrix element of 

the transition operator only for A* + A" < 1, i.e. only for E - E 

or n - E transitions. 

By the application of eq. (49) it is important to recall th» 

comments made to the basic equation (37) regarding the special 

cases (special values of A and E ) . 

9. THE LINE STREiMBTH 

The line strength for a transition between an upper state 

k' f J' and a lower state k % J" is according to eqs. (5) and (49) 

given by 

= 3|<nVA,S|/l<,«_<,»|n.V"A"S>I ( XV* 1)Ul"+1) 
» / -j1 1 3" \ a' 

x|^u\k" l 3 ' ,3" ) l 2, ( M y o - * 3 ) , 
M l 

where f<k ' ,k",J',J"> denotes the whale expression in the curly 

bracket in eq. (49). From the orthogonality relations of the 3j-

symbols <c-f. appendix) it -follows that 

T ( 3 ' 1 3" \ X 

and we finnally have 
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when the Honl-London factor o u • ,1 • u"a» is introduced for the 

rotational part of the line strength, i.e. 

C,V - = k 3 > + 7>^'M) U ( U ' k" 3\ 3 " M a . LSI) 
There is an important comment that should be made to the 

line strength of eq. (50) or to the Honl-Londan factor of eq. 

(51). Tf the quanti ty If < k',k",J',J " ) | = is wri tten out expilcitly 

it wojld contain a typical factor of the form 

i.e. a very critical dependence on the expansion coefficients of 

the molecular state (cf. eg. (4B>). Hence, it is i y-or tant that 

e::act numer i cal val ues of the ex p ansi on coef f i ei en ts are used 

when the Honl-London factors sre computed. Tradi ti onal1y anal yt i c 

expressions for the expansion coefficients have been sought, so 

that anal yt i c f or mul ae caul d be obtai end for the? Honl -London 

factors (Kovacv- (2)). Far multiplicities higher than 2 the 

analytic procedure inevitably leads to approximations, and the 

accuracy of the formulae will be difficult to estimate due to *-he 

complexity of the problem. Furthermore, with the analytic 

approach simplifications will also be required in the molecular 

Hamiltonian. Existing analytic formulae s.re normally based on the 

vibrating rotator model, plus an effective spin-orbit coupling 

Hamiltonian. In the numeric approach to the Honl-London factors 

there are no problems i nvol ved in i nc ludi ng correct i ons like 

centrifugal distortions or spin-spin interactions. 

The labels k' and k" used to identify the eigenvalues of the 

Hami 1 toni an, correspond to the standard term value desi gnat ions 
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F».- and F k«, respectively (Herzberg (15)). The correlation 

between the eigenvalues (the elements of the diagonal matrix D af 

ecj. <47)) and the term value symbols is straightforwarad T as k » 

1 corresponds to the lowest eigenvalue, and so on up to k = 25+1-

Recalling the separability of the vibronic wave function 

into a vibrational and an electronic part (eq. (10)), we have for 

the vibronic part of the line strength of eq. (50): 

l< ,a V A'S |/* A.-A" i'l" «/'*"$ > 1 * 

= |< nV K^' A S | /V-A" I *" A"<S> I "" tr" > I . 

Neglecting the dependence of the electronic part of the matrix 

element on the internuclear di stance (Franck—Condon approKi ma

tion), we then finally obtain 

l<rt. ,w ,Vs//tv.A.|nV"^"s>!* 

where we have introduced the well-known Franck-Condan factor 

q w « = Kn'v' ln"v">| a. 

10. SUM RULES 

The Honl-London factors of eq. (51) are known to obey a 

si mple and general sum rule (Whi ti ng and Ni cholIs (7)). Ta deri ve 

this sum ruie we start by a summation over al1 the substates k ' 

and k" for fixed J' and 0": 
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j.\h" U k a 

The final sum rule then -follow by summation of dj-a- over J' or 

J". 

However, we have to be very cautious in the derivation of 

the sum rules due to the special cases discussed in connection 

with eq. (37), and which obviously also apply to eq- (49). 

We shall first consider the general and most simple case of 

A' + 0 and A" f 0. In this case we notice that A' + A" > 1, And 

there is accordingly no parity-dependent contribution in eq. 

<49>. From eqs. (51) and (49) and the unitarity of the U-matrix 

we easiIy obtain 

4.^«'»iXx3%t)L(A.^ . (L-) J _ J . (») 
XP 

In the next step we calculate 

f,- • £ f „ . • ("VOL2.fr3M)(v« -«.,••) X). 
The summat i on over J" in the expressi on above is easily wort ed 

out by use of the orthogonality rel at i ons of the 3i-symbols (cf. 

appendi :*,) and the resul t i s s i mpl y the number 1 . Hence, we have 

In a similar way we would obtai n 

Tht? resul ts obtained are pari ty—independent, and summi ng over the 

two parities and noting the symmetry in J' and J", we have the 

final sum rule for a transi ti on with A' f 0 and A" 4 O: 



# * Z(ls + i)(X**i) . ist) 

Next we have to consider several special cases: 

1) A' # 0, A" = 0 , S = half-integral 

2) A' # 0, A" = 0, S = integral 

3) A' = A" = 0 , S = h a l - f - i n t e g r a l 

4) A' = A" = 0 , S = i n t e g r a l . 

Sum rules were derived by calculations similar to those leading 

to eq. (54) -for all the cases 1) - 4) above. For cases 1> and 2) 

the results were identical to eq. (54), whereas for cases 3) and 

4) we Dbtai ned 
<p3 = (j.s+iJCz^ + 1) 

Final 1y, we then have the foil owing general sum rule coveri ng all 

cases (Whi t ing and Ni cholIs (7))s Summation of the Hdnl-London 

factors of all the transitions originating from all the sublevels 

of a gi ven rotat i onal quantum number J yields 

3 I A *r /I 

The general sum rule of eq. (55) wi11 not apply to si ngulsr 

1evels for whi ch the whole multiplicity of the electranic state 

is not fully developed- The singular levels are defined by 

3 < A + Z, = /I f 5 • 
The reason is seen from eq. (53). Fo- singular levels (J' •••' A' + 

S) the 3j -symbols are zero for one or more E-values. Hence, the 

summation over E in eq. (53) is disturbed, and the multiplicity 

factor 25 + 1 does nat result. 

In numerical computations of the Honl-London factors the sum 

rule of eq. (55) i s of great help, as it yields a check of the 

computed results. Eq. (55) wi11 be exactly fulfilled if exact 

numerical values are used for the expansion coefficients of eq. 
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(48). Deviations from eq. <55) wi11 T however, certainly occur if 

analytic approximations to the expansion coefficients are made in 

such a way that the unitarity of the U-matrix is broken. 

11. CONCLUDING REMARKS 

In the present paper it has been the aim to give a consis

tent and simplified discussion of the theory of the intensities 

of rotational lines in diatomic spectra- The presentation is 

believed to be consistent since a common and simple mathematical 

formalism has been used throughout the paper. Furthermore, all 

mathematical formulae are derived from basic quantum mechanics, 

supposing only a rather elementary knowledge of the theory of 

diatomic spectra. 

The presentation is based on spherical components of the 

transi ti on operator, and the knowledge of a few elementary 

properties of the rotation matrices, which are the central 

concepts in the theory of the rotation group. No familiarity with 

group theory is, however,. expected from the reader. The use of 

spherical components of the transition operator and the rotation 

matrices is particularly convenient for the transformations 

between space-fixed and molecule-fixed coordinate systems. In 

this way simple and symmetric expressions are obtained, which are 

easily handled by standard angular momentum theory. The traditi

onal use of direction cosines far transforming between fixed— and 

rotating coordinate systems leads to rather intractable expres

sions, and should aceordingly be avoi ded. 

A main idea behind the present work has actually been to 

demonstrate how the symmetry properties of the rotational states 
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and the selection rules of the rotational spectra follow from 

simple properties of the rotation matrices, and from standard 

rules of angular momentum theory. 

The theory of the intensities of diatomic spectral lines is 

certainly well established already, and no essential new results 

have been obtained. The theoretical results are, however, 

scattered through a considerable number of papers, based on 

di f f erent notations and different definitions of central con

cepts. Hence, there was an irresistible temptation to collect 

most of the important results in one study, and above all to 

demonstrate the power and elegance of the theory of the rotatio

nal symmetry in this connection. Anyway, new proofs of known 

relations have been produced, in particular for the general sum 

rule of eq. (55), the derivation of which seems rather cumbersome 

without use af the orthogonality relations of the 3j-symbols of 

angulsr momentum theory. 

Finally, another motivation for the present work has been to 

advocate the use of a fully numeric approach for computing the 

Honl—London factors or rel ati ve i ntensi ti es. Ei genvalues and 

transition frequencies are now routinely computed by numerical 

diagonal izati on of the Hamilton!an matrix (cf. eq. <47>). This 

process also yields the expansion coefficients (eigenvectors, cf. 

eq. (48)) needed for an exact numerical computation of the Honl-

London factors. The analytic expressions which still seem to be 

in quite widespread use, are in most cases approximations, and 

since they are often also quite complex, they should now mainly 

be considered to belong to the pre-computer era. 
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The rotational operator P(a, p, f) is defined to rotate a 

function through the general 

Eulerian angles a, B , 7 with 

respect to a fixed coordinate 

system (XTY,Z> as indicated in 

fig. 2 <t0). The action of 

P(a,p,1f) on an angular momentum 

ei gen f unction War* i s described 

by the rotation matrices, i.e. 

ftf (al> 

Whereas the rotation matrices depend on the angles a and f in a 

simple way, there is a complex dependence on B , and a general 

element take the form 

.(?> -i.M><< J3) 
W*-M=e <M,v,e 

Mi 

(a2> 

The p-dependence may be looked up in standard texts (9,10), and 

is not reproduced here. 

A few basi c properties of the rotation matrices are 1 i sted 

below: 

<a3> 
^.S«>»,*)<'^'Mtlj*>^ 

,W/ >co, ^™,,„ * '"W. M-M 

>(=W 3-V _ta). •T^rU,^ •«' (rt„.V . -
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The product of two elements of two different rotation matrices 

Mill be needed, and is given by: 

Finally, we will also need to know the integral over a product of 

three rotation matrix elements: 

- 8 " v * ; ^ »;}{ «, " * " J • 

In eqs. (a5) and <a6> we have introduced the 3j-symbols which 

will be defined below. 

We also note that eq- (al) applies to the components of a so 

called spherical tensor (10) T in particular to the spherical 

components of a vector (cf- eq. (6)>, and we have (J = 1 for a 

vector, i.e. tensor of rank 1): 

X.«»fa./»,ri/«- - i I C K A I T V - ' - M 

where fjm' now denotes a spherical component of £ in the rotated 

(molecule-fixed) coordinate system, expressed in terms of the 

space—f i xed components \im* . In vert i ng eq. (a7) we get a space-

f i xed component in terms of the molecule—f i xed ones (cf• eq. 

<3B>), 
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The 3j-symbols introduced in eqs. <a5> and (a6> are related 

to the Clebsch-Gordan coefficients of angular momentum coupling 

theory: 

\ At, M% At/ 

Several simple symmetry rules apply to the 3j—symbols <10). In 

the present context it is ai particular importance to recall that 

(Jl J* J \ = o 

for J < |J l - J j | or J > Ji t 0:, or for M, + M = + M 1= 0. The two 

following orthogonality relations fcr- the 3j—symbols have been 

used in the present work <10): 

/ 3 , 3 t 3\f 3 i 3 j 3 \ J - T 
XJ (****)( M f ^ 1 M J ( M» M j ' A7J~ ",">,' / n^ ; . 

Algebraic expressions for the general 3j-symbol are given by 

Brink and Satchler (10), who also give tabulations for several 

special cases. 
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