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Collision Probability in Two-Dimensional Lattice 
by Ray-Trace Method and Its Applications to 
Cell Calculations 

Keichiro TSUCHIHASHI 
Department of Reactor Engineering 
Tokai Research Establishment, JAERI 

( Received January 31, 1985 ) 

A series of formulations to evaluate collision probability for 
multi-region cells expressed by either of three one-dimensional coordi
nate systems (plane, sphere and cylinder) or by the general two-
dimensional cylindrical coordinate system is presented. They are 
expressed in a suitable form to have a common numerical process named 
•Ray-Trace" method. Based upon the above formulations, computer pro
grams for a variety of lattice cells have been developed so that the 
cell calculation has become achievable for cluster-type lattice cells 
of which modeling had been difficult. 

Applications of the collision probability method to two optional 
treatments for the resonance absorption are presented. One is a modi
fied table-look-up method based on the intermediate resonance approxi
mation, and the other is a rigorous method to calculate the resonance 
absorption in a multi-region cell in which nearly continuous energy 
spectra of the resonance neutron range can be solved and interaction 
effect between different resonance nuclides can be evaluated. 

Two works on resonance absorption in a doubly heterogeneous system 
with grain structure are presented. First, the effect of a random 
distribution of particles embedded in graphite diluent on the resonance 
integral is studied. By using a statistical radial distribution func
tion of the particles as a weight, the particle-to-particle collision 
probability can be rigorously formulated. It is also concluded that the 
simple spherical cell model gives satisfactory results for the treat
ment of microscopic heterogeneity due to grain structure. 

Next, the "Accretion" method proposed by Leslie & Jonsson to define 
the collision probability in a doubly heterogeneous system is applied 
to evaluate the resonance absorption in coated particles dispersed in 
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fuel pellet of the HTGR. Several optional models are proposed to define 
the collision rates in the medium with the microscopic heterogeneity. 
By combining the above propositions, the neutron fluxes in the particle 
and in the diluent can be expressed explicitly in the balance equation 
to describe the neutron fluxes in the whole fuel block. The final form 
permits use of the above rigorous method to evaluate the resonance 
absorption in a multi-region cell. It is shown that all models for the 
collision rates give nearly the same results for the considered practi
cal purpose, and that the depression of the resonance integral of 2 3 8 U 
due to grain structure amounts to 8% and results in an increase of 0.8% 
Ak/k under the current design parameters of the VHTR. 

By making use of the collision probability method developed by the 
present study, the JAERI thermal reactor standard nuclear design code 
system SRAC has been developed. Owing to the routines for a variety of 
realistic lattice geometries for the cell calculation, SRAC could be 
applied in reactor design and analysis for thermal reactors such as 
research and test reactors like tfTR, DIDO and TRIGA types, power 
reactors of BWR and PWR types, and Japanese-designed ATR and VHTR etc. 

Results of several benchmark tests for the SRAC are presented. The 
analyses of critical experiments of the SHE. DCA. and FNR show good 
agreement of critical masses with their experimental values. The SRAC 
result to the IAEA international benchmark calculations for an ideal
ized model of a DIDO type heavy water research reactor shows an excel
lent measure of agreement with the calculated values performed by four 
foreign institutions. 

By means of these benchmark tests, it is shown that the method and 
data used in SRAC can be applied to all types of thermal reactors. 
This is mainly due to the application of the collision probability 
analysis method which has been developed in the frame work of this 
study. 

(Keyword) : Collision Probability, Code, Cell Calculation, Thermal 
Reactor, Two dimensional Cell, Multiregion Cell. Resonance Absorption, 
Design, Double Heterogeneity, Benchmark, Ray Trace 
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光線軌跡法による 2次元格子に対する衝突位率

とその格子計算への応用

日本原子力研究所東海研究所原子炉工学部

土橋敬一 郎

( 1985年 1月31日受理)

3種の l次j己座標(平仮，球殻と円住)<f.るいは一般的な 2次元座標系で表される多領域格子

に対する衝突確率を計算するための一巡の公式を提示する。乙れらの公式は"光線軌跡法"と名

付けられた数値プロセスを共通に利用するのに適した型式で表現されている。これらの公式に基

ついて，いろいろの幾何形状の格子の衝突確率計算ルーチンを開発した結果，今までモデノレ化が

困難とされてきたクラスタ型の格子1<:対する格子計算が可能となる。

衝突倍率の応用として，二通りの共鳴吸収の取扱いを提案するo 一つは，共鳴吸収の中間的取

倣いである[R法l乙基づく改良型テーフ勺レ内締法である。他の一つは，多傾域協子に対する厳宿

な方法である。こ 3では共鳴領域のほて述続的なスベクトノレを計算し異なる共鳴核種聞の相互干

渉効mも考慮した共鳴吸収の計算が可能である。

粒子構造をf'l~ う二重非均質体系における共鳴吸収を対象とする二つの研究を提示する。

第ーは，黒鉛希釈材中i己分散する被覆燃料粒子の無秩序な分布が共鳴吸収へ及ぼす効果の研

究である。粒 fの統計的な径方向密度分布を用いて，粒 Fー粒子n司の衝突確率を厳密κ公式化す

る。また?単純な球設格子を1規定する近似が，粒子情造Jζ起因する微視的な)1ュ均質問を取級う上

で.充分i';'結束を与える乙とも結論ずける。

第二は. Leslie & Jonssonが提案した二重JI'均質体系における衝突確率を定義する"積み丞

ね法"を高品ガス炉の燃料ベレット中1<:分散する被器i粒子の共鳴吸収の評価のために応用するこ

とである。微視的非均質性をもっ媒質内での衝突比を定義するいくつカゆ選択的なモテソレを提案し，

ζれらを組み合わす乙とによって，粒子中及び希釈材中の中性 F束はブロック令体の中性子来分

布を記述する方程式で陽l己表現できる。最終の公式によって，出J述の多傾域絡 fK対する厳密

な方法をf日いて共鳴吸収を評価できた。衝突比に対するすべてのモデノレが:J，om上殆どI日じ結果を

与えること，及びVHTRの現行の設計パラメータのもとでは，粒 f構造を係る乙とにより "8U

の共鳴積分でB勿の減少，反応度で0.8労増加することを示す。

本研究で確立された衝突確率法を利用して.I京研熱中性子炉体系標準妓設計コードシステム，

SRAC を開発した。絡子計算のためのいろいろの実際的な格子形状ノレーチンをIll~、て. MTR. 
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DIDO， TRIGA型の試験・研究炉， BWR や PWR~型の動力炉及ひ'日本で|摘発.t.の ATRや

VHTR等の熱中性子炉を対象とする妓設計や解析が可能となる。

SRAC e/λテムについてのいくつかの検証計算の結*を示す SHE， DCAやFNRの臨界実験

解析では，臨界~itが実・験li車とよく一致する o また， DIDO!¥'J霊水研究がのl'1l怨化モデルに対する

IAEA凶際検証計算ーにおいては， SRAC による結!J4は海外の 4つの研究機関によって行われたE汁

算値と良く一致する。

以上の検証を通じて， SRACで川いるん刀Jとデータはすべての引の熱中1'1子炉に適IHできるこ

とが日月らかになった。これは本研究によって開発された衝突確率をm，、た解析法をJln、たためで

ある。
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Abbreviations 

In this report, a number of abbreviations have been used. 
Some of them may be obvious, others not. They are listed below 
together with some explanation. 

AAEC Australian Atomic Energy Commission 
AERE Atomic Energy Research Establishment (United Kingdom' 
ANL Argonne National Laboratory (United States of America) 
ATR advanced thermal reactor vH^O cooled DgO moderated 

pressure tube type reactor under development in Japan ; 
BWR boiling water reactor 
code computer program 
CPU central processor unit (of the computer. 
DCA Deuterium Critical Assembly (for ATR at PNC> 
DIDO (D2O cooled and model ated research reactor with fuel 

element of cylindrical plates. Harwell; 
ENDF Evaluated Nuclear Data File 'compiled at BNL1 
FBR fast breeding reactor 
FNR Ford Nuclear Reactor (at University of Michigan} 
FP fission product 
HCPWR high conversion pressurizeo water reactor 
HEU highly enriched uranium 
HTGR high temperature gas-cooled reactor 
HWR heavy water reactor 
IAEA International Atomic Energy Agency 
IR intermediate resonance 
JENDL Japan Evaluated Nuclear Data Library 
JMTR Japan Material Testing Reactor 'at JAERI ; 
JRR-3 Japan Research Reactor no. 3 'at JAERI) 
JRR-4 Japan Research Reactor no. 4 'at JAERI) 
LEU low enriched uranium 
L.H.S. left hand side 
LMFBR liquid metal fast breeding reactor 
LWHCR light water high conversion reactor 
LWR light water reactor (BWR and PWR, 
MTR Material Testing Reactor 
NEACRP Nuclear Energy Agency. Committee of Reactor Physics 
NR narrow resonance 
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PWR pressurized water reactor 
R.H.S. right hand side 
RMS root mean square 
RISO Riso National Laboratory (Denmark) 
SGHWR steam generating heavy water reactor 
SHE Semi Homogeneous Experimental facility (at JAERI) 
SOR successive over-relaxation 
TCA Tank-type Critical Assembly (for LWR at JAERI) 
TRIGA training research isotope production reactor. General 

Atomic 
TSS time sharing system (of the computer ) 
VHTR very high temperature gas-cooled reactor (under 

development in Japan) 
VHTRC Very High Temperature Gas-Cooled Reactor Critical 

Assembly ;at JAERI) 
WR wide resonance 
ID one dimensional 
2D two dimensional 
3D three dimensional 
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1 Introduction 

The main purposes of the present study are. first, to 
develop the numerical method to calculate collision probabi
lity in a variety of practical two-dimensional lattice cells 
as well as in fundamental one-dimensional ones. second, to 
extend the application of the collision probability method to 
various reactor physics problems which we encounter in the 
cell calculation. third. to integrate these techniques in a 
practical overall neutronics code system applicable to any 
type of thermal reactors, and finally, to show the validity 
and the applicability of the code system by solving bencnmark 
problems for several types of reactors. 

The collision probability method is now one of the most 
popular methods for solving the neutron transport equation. 
Except for highly idealized problems, solution of the trans
port equation is accomplished by numerical means. A large 
variety of numerical methods have been developed. First we 
shall overview the position of the collision probability 
method in the field of solving the Boltzmann transport equa
tion, referring the review of neutron transport approximations 
by Sanchez & McCormick". 

Solution of the neutron transport equation is obtained 
using one of two formulations; the integro-differential and 
the integral forms. Generally the integro-differential 
approach is user' for the treatment of optically thick media, 
whereas the methods based on the integral equation are most 
appropriate in calculations for optically thin media. 

The integro-differentiai equation is bas.ed on a local 
neutron balance. and leads to sparse matrices whose elements 
are easily computed. Usually these matrices are solved by an 
iterative procedure which requires only a small part of matrix 
to be stored in central computer memory at a given time. On 
the other hand, the integral equation is derived from a global 
neutron balance in a given direction and therefore it is 
strongly coupled. This coupling leads to full matrix whose 
elements must be calculated by numerical integration involving 
time-consuming evaluation of transcendental functions', the 
algebraic system of equations must be solved globally and a 

- 1 -



JAERI - M 85 - 034 

complete matrix must be stored in certain computer meraory. 
The both methods can be compared from the view point how 

the realistic geometry can be considered. General purpose 
well-used methods based on the integro-differential form of 
the transport equation utilize either a geometrical mesh or 
finite elements. and therefore any configuration can be 
approximated, even though a large number of zones are some
times required to achieve good geometrical modeling. On the 
other hand, integral equation methods are inherently limited, 
because they require a different specialized subroutine for 
numerical integration in each configuration, however, they do 
provide an exact geometrical representation. 

The integral equation methods offer an exact treatment of 
the angular dependence, provided the scattering anisotropy is 
low (isotropic or linearly anisotropic', whereas the integro-
differential equation methods require discretisation of the 
angular variable. Also, it should be emphasized that the 
integro-differential methods require calculation of angular 
fluxes, whereas the integral equation methods directly produce 
scalar fluxes which is usually needed. Consequently smaller 
matrices are all encountered for the integral equation 
methods, which explains, why a relatively small effort has 
been spent on the implementation of iterative solutions and 
development of acceleration techniques for these methods. 

About the integro-differential form, we will only list the 
typical methods based on this form: the singular eigenfunction 
method-' , the spherical-harmonics methods represented by Pn 
method3,4,51, the discrete ordinate methods represented by Sn 
method"71, and the finite element method •FEM ) 8 , 9 ) . 

The basic approach for the treatment of the integral form 
of the transport equation is to eliminate the angular depen
dence by providing the equation onto the set of spherical 
harmonics. Usually one considers the case of isotropic scat
tering and sources for which there is only one integral 
equation. The numerical quadrature technique leads to the 
discrete integral transport (DIT) methods10,1". 

Among the several expansion approaches, the simplest flat 
flux approximation leads to the first-flight collision proba
bility method (hereafter we denote simply the collision 

- 2 -
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probability method). Multi-mode expansions in the spatial 
variable have been developed by two independent approaches. 
The first, the Jn method 1 2 1 3 1 4 l 5 ) commonly known as the ITn 
method, is based on a biorthogonal expansion of the kernel of 
the Fourier-transformed integral operator. The second 
approach, which utilizes an expansion of the flux in spatial 
spherical harmonics'6 ''' has been shown to be formally equiva
lent to the ITn method. 

In large geometries, the integral equation treatment 
becomes time-consuming because too many zones are required to 
obtain sufficient accuracy for the flux. Instead of abandoning 
the integral equation method by preferring an integro 
differential equation method, it is possible to utilize a 
nodal method. Within the context of the nodal methods, the 
response'810' matrix methods are included. The idea of a nodal 
method is to divide the domain into nodes and to use a surface 
current to describe the transfer between nodes. The collision 
probability method can be used to analyze the neutron trans 
port within each node. 

Now we shall focus our attention to the collision probabi
lity method. The collision probability method was, first, 
applied to treat foil technique in a simple form as the escape 
probability P,, or the self-collision probability Pc . The 
escape probability for fundamental geometries was formulated 
by Case et af.20), using Dirac's chord distribution 
functions-1'. The applications to the reactor calculation were 
started to the resonance escape probability by Chernick22J, 
then extended to the fast fission factor by Carlvik23', to the 
thermal utilization of the plane lattice cell by Takahashi-' 
which was taken over by Honeck in the code THERMOS25' for 
one-dimensional plane and cylindrical geometries. 

The collision probability for the isolated system men 
tioned above was brought into the lattice cell calculation, 
together with the introduction of the Dancoff correction 
factor to evaluate the interaction effect between neighbouring 
cells, as realized in the calculation of the resonance inte
gral by Rothenstein26) in a form of the NR approximation and by 
Nordheim in the ZUT code271 where the neutron scattering by 
heavy nuclides is exactly treated in a numerical integration. 
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To evaluate the Dancoff correction. Saner proposed an empiri 
cal formula to give the Dancoff factor for the practical 
geometries of the LWR-'". 

Now we will consider numerical formulations for collision 
probability, upon limiting the problem for a single rod cell. 
Since the original quasi-analytical treatment to the two 
region problem might give sufficient accuracy for the reso 
nance absorption but not for the thermalization because of the 
error induced by the flat flux assumption. development of 
numerical treatments to a multi- region cell has been required. 
It is to be noted that the collision probability for a multi 
region cell needs some numerical integration except for the 
one dimensional plane geometry. 

First. Takahashi applied the perfect reflective boundary 
condition on an imaginary cyl indr ical ized cell-5". Newmarch3fl', 
however, pointed out the errors due to the cy1indricalization 
of the single rod cell with the perfect reflective boundary 
condition. This problem was solved by introducing an isotropi 
cally reflective boundary condition proposed by Pennington3'1. 
Apart from the numerical methods, approximate methods should 
be also touched. For example, BonalumiL presented a quasi 
analytical expression assuming isotropic incurrent neutrons on 
each boundary surface of the multi-region cylindrical cell. 

Fukai presented the standard values of collision probabi 
lity for square and hexagonal lattice cells based on the 
rigorous numerical integration35-3'", which, together with his 
study on the isotropic boundary condition in the cylindrical 
cell351 greatly contributed to the developments of the approxi
mate methods for calculating collision probability. Takahashi 
et cif.3(i; also developed the thermal iza tion code GRAFA in which 
the rig rous numerical integration for square and hexagonal 
cells was applied. While Fukai's formulation requires the 
geometrical draft of the two-dimensional integration range for 
each pair of source and collision region, the formulation of 
Takahashi et cil. needs only an integration scheme using a 
simple trapezoidal rule to cover the whole system where once 
an integration line is drawn across the cell, all possible 
pair of source and collision regions on the line are eval
uated. The latter formulation is extended by the present 
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author into the "Ray-Trace" method to treat the general outer 
boundary conditions in his work to evaluate the neutron flux 
distributions in square and hexagonal lattice cells with a 
two-dimensional sub-division37'. 

The effect of the anisotropic scattering in a cylindrical 
light water lattice was investigated by Takahashi38' and lately 
by Takeda & Sekiya39' upon assuming the perfect reflective 
outer boundary condition. 

Apart from the single rod cell, it should be mentioned 
that the formulation for a multi-shell spherical cell was 
derived by the present author & Gotoh as an application of the 
"Ray-Trace" method, in the course of studying the resonance 
absorption of coated particles40'. 

The above works for one-dimensional geometries or at 
least, for a single rod cell could be classified into the 
works of the first generation, compared with the following 
works for the cluster geometries which are products of the 
second generation. 

As requirement increases to the more accurate models for 
realistic cluster type lattice cells, the numerical method 
similar to Takahashi's36) was independently developed by Carl-
vick for the Marviken reactor lattice*", and was applied to 
the SGHWR by Beardwoo 

d42) 
Fukai's formulation was also applied 

by Amyot & Benoist in the PROCOPE code43' for the cluster 
lattice of regular array of pin rods whereas this code could 
not discriminate a particular pin rod, nor divide the coolant 
region because of the complexity of the formulation. On the 
other hand, the "Ray-Trace" method was successively applied to 
cluster type lattices; of the ATR44), the BWR451 and the VHTR46) 

by the present author. 
A lattice cell code LAMP-B4'' developed by the present 

author is characterized by the use of the collision probabi
lity method over the whole energy range: the fast fission 
factor, the resonance absorption and thermal utilization in a 
multi-region cell are obtained through the multi-group treat
ment. It is applicable for a wide range of reactor type since 
it installs a variety of options for the lattice geometry; 
plane, spherical, cylindrical, square or hexagonal cell, a 
square arrayed cluster, an annular arrayed cluster, etc. 
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These collision probability routines are also utilized in a 
fast reactor cell code SLAROM 4 8 ) . The above features of the 
LAMP code are taken over by the SRAC 4 Q ! vhich offers a variety 
of usages by incorporating not only the collision probability 
method but also the Sn and diffusion routines. 

This thesis describes a series of works: the formulations 
to evaluate the collision probability by the 'Ray-Trace" 
method which has been successfully applied to develop computer 
routines for various realistic lattice cell geometries as 
partly mentioned in the above review already; the extension of 
the collision probability method to several areas in the cell 
calculation, especially to the treatment for resonance absorp
tion in a multi-region cell by a rigorous numerical method 
which includes the treatment of the doubly heterogeneous 
system with grain structure; their application to a practical 
overall reactor physics code system; and the validation of the 
method and data adopted in the code system through extensive 
benchmark calculations for various reactor systems. 

In Chapter 2, described is the derivation of the collision 
probability method, then, the formulations of collision proba
bility for a multi-region cell expressed by either of three 
one-dimensional coordinate systems (plane, sphere and 
cylinder) or by the general two-dimensional cylindrical coor
dinate system. In every coordinate system, the final form is 
expressed by a numerical integration over the common variable 
to have a common numerical process; "Ray-Trace" method of 
which idea and techniques are explained in a separate section. 

In Chapter 3, 13 types of geometries which are available 
in the SRAC code system are presented with the notices for the 
optional outer boundary conditions and the way of sub
division. It will be shown that a variety of geometry routines 
installed in the SRAC can cover the cell calculation of 
thermal reactors such as research and test reactors of MTR, 
DIDO and TRIGA types, power reactors of BWR, PWR and LMFBR, or 
Japanese designed ATR and VHTR, etc. We will find that the 
inherent limitation in the integral equation methods is now 
almost liberated by the development of the variety of 
geometrical routines. In separate sections we will show how 
the error caused by the flat flux assumption can be improved 
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by the one- and two-dimensional spatial sub division of a 
single rod cell, and how the approximated boundary condition 
affects the lattice constants of a single rod cell. 

In Chapter 4. presented is the optional use of the colli
sion probability in the treatment of resonance absorption in 
the lattice cell system. First. we will treat a quasi-
analytical method; the IR approximation coupled with the 
table look-up method where the collision probability is uti
lized to give the Dancoff correction as well as the conven 
tional NR approximation method. Second, a purely numerical 
method for the multi-region cell upon the nearly continuous 
neutron cross section and spectrum is introduced. Third, two 
studies for the treatment of resonance absorption in the 
doubly heterogeneous media, especially focusing to the coated 
fuel particles of the HTGR will be described. 

In Chapter 5. described is first, the outline of the JAERI 
thermal reactor standard nuclear design code system SRAC 4 9 ) 

which integrates all the techniques mentioned in the previous 
chapters and Appendices A and C. Several benchmark calcula
tions are presented to show the validity and wide applicabi
lity of the SRAC code system. 

In Chapter 6, presented are the concluding remarks to 
summarize this thesis and to suggest the future direction of 
the study on this field. 

In the following appendices, efforts and techniques to 
?pply the collision probability method in several areas in the 
cell calculations are described. Appendix A gives brief 
description about the particular procedure to solve neutron 
flux distributions in each neutron energy range: fast neutron, 
resonance neutron and thermal neutron energy range. A combina
tion of the above procedures is used to solve the matrix 
covering the whole range. 

In Appendix B, a preliminary approach by the IR approxima
tion to the resonance absorption in a doubly heterogeneous 
system such as the HTGR fuel with grain structure is details;1. 

In Appendix C, the numerical process to compose the group 
constants library for the thermal neutron from the basic data 
files compiled in the ENDF/B format is described. 
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2. Formulations of Collision Probability 

The main subject of this chapter is to present the formu
lations to evaluate the collision probability for a multi-
region cell expressed by either of three one-dimensional 
coordinate systems (plane, sphere and cylinder) or two-
dimensional cylindrical coordinates. They are expressed in a 
form suitable to apply a numerical scheme "Ray-Trace" method 
developed by the present author. 

Description of this chapter will be started by the deriva
tion of the linear equation to solve the Boltzmann equation by 
the method of collision probability, then followed by the 
formulations of collision probability in various coordinate 
systems, in which care is paid to evaluate the surface problem 
and also the directional probability to yield the anisotropic 
diffusion coefficients. 

For the slab geometry, the formulation of the ordinary 
collision probability expressed by the £,3 function has been 
given by Honeck2' starting from the plane transport kernel by 
£u function. Here, we shall start from the basic point 
kernel, operate first, the double integration along a neutron 
line, finally, achieve the angular integration to yield the 
general form of the directional collision probability 
expressed by the £,„ function. 

For the one-dimensional cylinder, the formulation derived 
by Takahashi3' needs that the angular integration to scan the 
collision regions be repeated for each source region. The 
similar formulation by Honeck used in the THERMOS code2' 
approximates the attenuation of neutron emitted from a source 
region by that from the mid-point of the source region. This 
approximation could be covered by sub-dividing the system into 
so many concentric regions. The formulation given in this 
chapter is a special case of the general two-dimensional 
cylinder. For an annular geometry, no integration over the 
azimuthal angle is needed. The main difference between the 
present formulation and the formers' is in the sequence and 
the coordinates for the integration. Owing to the variable 
transformation, the angular integration appearing in the 
formers' is replaced by the integration over the volume 
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element dp where p is the distance from the center to one of 
the parallel lines drawn across the system. The number of 
lines drawn for the integration is quite small compared with 
that of the THERMOS code to have the same measure of accuracy, 
partly because no repeated integration by source region is 
required, partly because the analytic integration along the 
line in the source region does not need so many sub division 
of the system. 

The formulation for collision probability in the spherical 
system which can be sub-divided into an arbitrary number of 
spherical shells has been given by the present author & 
Gotoh4) in the course of studying the resonance absorption of 
coated particles in the HTGR, while the escape probability for 
an isolated sphere by Case et al,5) and for a special case of 
the pebble bed type HTGR by Teuchert6' have been derived. It 
will be seen that the final form of the present formulation is 
quite similar to that of the cylindrical case. 

Two-dimensional geometry has been studied. first. by 
Fukai71 in his exact expression for collision probability in a 
regular lattice of unit pin rod cell. His expression has been 
applied to the cluster system with regular array of pin rods 
by Amyot & Benoist in the PROCOPE code81. Fukai s expression 
is characterized by the numerical process to organize the 
ranges of double integration for each pair of pin rods between 
which the interaction is computed. This method requires so 
much sophisticated programming technique that any sub-division 
of coolant region has not yet been realized. 

An alternate formulation has been presented by Takahashi & 
Nakayama3' for the collision probability in square and hexago
nal lattice cells which was incorporated in a thermalization 
code GRAFA1"', and also independently by Carlvik"' for an 
annularly arrayed pin rod cluster within a cylindrical channel 
which was realized in a code CLUCOP and an English code PIJ12' 
(both codes have not been released). In their integral formu
lation to compute the collision probability, sets of parallel 
lines are drawn across the system, and all intersections with 
region boundaries are determined and the segments of the lines 
in each region are measured. 

Their formulation has been generalized in the treatment of 
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outer boundary conditions, and a numerical scheme for the 
multi-group calculation, named "Ray-Trace" method has been 
established by the present author during his works to develop 
the PATH-C code'3' for square and hexagonal array of pin rod 
cells with a two-dimensiona.'. sub-division. This methos has 
been successively applied to the CLUP code14' for an annularly 
arrayed pin rod cluster such as used in the ATR, the CLUP77 
code" for the cluster of BWR geometry, and the CLUPH code15' 
for the fuel block of the VHTR. 

2.1 General theory 

We start at the general expression to describe the 
behavior of neutrons in a steady state. The neutron angular 
flux <p(r,Q,£) at position r, along direction Q with energy £ 
satisfies the integral form of the Boltzmann transport equa
tion, 

>(r,G,E) = r°dRexp(-ER)* Jo Jo 

{TdE- f cffiTs(r- ,n,-n,£,-£)*i{r" ,0" ,E- ) 
JO Jtx 

+ S(r',Q,£)], (2-1) 

where R is the distance between point r and r', fl is the 
- — CR 

directional vector given by Q = (r-r')//? , LR = / E(s,E)cls is •/o_ _ the optical distance between point r and r', Es(r,0'—Q,£'— £) 
is the scattering kernel at point r from direction fl at energy 
E' to direction Q' at energy E, and S(r',R,£) is the neutron 
source at point r of direction 0 with energy E. In the above 
equation, while the fission neutron source is not expressed 
explicitly, it may be included in the scattering term or in 
the source term. 

Here, we assume that the scattering and the source are 
isotropic; 

^(r.Q'-n.E'-E) = ~ Es(r,E'-E), (2-2a) 

S(r,Q,£"-£) = -r- S(r,£"-£) . (2-26) 
47C 

Integrating Eq.2-1 over the whole angle of Q, we obtain, 
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<f>(r,E) = [ dQ 4~ f°dflexp(-ER) 
Jix 4JT JO 

C p d E ' E s ( r - ,E--£)<p(r- ,£• )+ S ( r " ,£ ) ) , (2-3) 

where ip(r.E) is the neutron flux at point r with E, and is 
defined by 

<p(r,E) = /dO (o(r,n,£) . (2-4) 
J4ir 

Equat ion 2 -3 can be r e w r i t t e n by the r e l a t i o n dr'=R2dftdfi , 

EO,E)«>(r ,E) = IdrPIr'~r,E) 

[J^dE-Lsir- ,E'-E)(£>(r - , £ ' )+ S ( r - , £ ) ) , (2 -5) 

where 

P C r ' - r . E ) = v ^ e x p ( - /*E(s)ds) (2-6) 

By the form of Eq.2-6, the reciprocity relation holds, 

E(r\E)P(r'~r,E) =L(r,E)P(r~r',E) . (2-7) 

We divide the whole system under consideration into 
several regions. Each region is assumed homogeneous with 
respect to its nuclear properties, but different region are 
not necessarily of different materials. The region is the 
spatial variable in the collision probability method. We 
denote space dependent cross sections with subscript i which 
are associated to the region i. Integrating Eq.2-5 over Vj, we 
obtain 

£,(£) J <p(r,E)dr =Y>J drj dr' 

(r£s(E-~E)<p(r- ,£• )d£'+ S(r' ,E)) *P(r'~r,E) . (2-8) Jo 

We make the flat flux approximation so that the neutron flux 
<p(r,E) is assumed constant in each region, for example, it is 
expressed by <pj(£) in the region i. This assumption leads the 
equation, 
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Ej(£)Vj <p,(E) = YPn(E)Vi ( P i : s ; ( £ • - £ ) ? , ( £ • )+ S ; ( £ ) ) , ( 2 - 9 ) 
i •'0 

where the co l l i s ion probabi l i ty Pij(E) i s defined by 

PUUT) = g ^ l f d r f d r - ^ P ' - m> (2-10) 

It is explained as the probability that a neutron emitted 
uniformly and isotropically in the region i has its next 
collision in the region j. We divide the neutron energy range 
into multi-groups. The average flux in the energy interval AEg 
is denoted by vJjg. Then from Eq.2-9, se obtain the simulta
neous equation, 

^EgZigVj<p)g = 5 > i j g v i (EAEg 'XW-^ ig - +AE,jS,g] , ( 2 - 1 1 ) 
i g' 

where AEg and AEg' are the energy width of the group g and g' 
and Esig'g *-s t n e scattering cross section in the region i 
from the group g' to g, and is defined by 

Zsig^ = [ dE- [ dET.si (£•-£)*;(£• ) / f dE' <Pi(E'). (2-12) 

As seen in the above derivation, once we obtain the 
collision probability, the neutron flux can be easily obtained 
by solving the simultaneous equation Eq.2-11 by means of a 
matrix inversion or an iterative process. 

Now we focus our considerations on the collision probabi
lity. The definition of the collision probability Eq.2-10 can 
be expressed equivalently by 

Pi, = --r-rj-i dri daf 'dRE.expf-f E(s)ds} , (2-13) 
47rViJv, Ju Jfs,- Jo 

where the subscript to indicate the energy group is, hereaf
ter, dropped for simplicity, and /?j_ and fij+ denote the 
distances from point r to the inner and outer boundaries of 
the region j along the line through the points r and r'. 

From the form of Eq.2-10, it can be seen easily that the 
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reciprocity relation holds, 

PjiZjVj = PijLiVi . ( 2 - 1 4 ) 

This relation is, as shown later, utilized to reduce the 
angular range of numerical integration. 

The integration by R between Rj- and R J + in Eq.2-13 can be 
performed analytically in the homogeneous region j". 

JR 
dRE,exp(-£R) =exp(-£Ry-)* (1 -exp(-E ;(R^ - R,-) ) 

Rj~ 

=exp (-ER )R.R,_ - exp(-ER)s.R,, . 

The summation over j along the direction Q leaves only the 
first term of exp(-ER)R=o = 1 . then the conservation law is 
easily shown as, 

? Pi' = *k X . d r l d 5 = ' • (2"15) 

Similarly, the directional probability Pjjfc defined by 
Benoist16' which is used to provide the Behrens term of the 
anisotropic diffusion coefficients is expressed by 

Pijk = -Au-f drf dH 3Q%[ "dRZjexpi-f L(s)ds\ , (2-16) 

where fc stands for direction, for example the parallel or 
perpendicular to the boundary plane in the case of plane 
lattice, and Ot denotes the directional cosine of fl in the 
direction fc. The following relation holds: 

Yf& = 1 • (2-17) 
fc 

The extension to include surfaces given by Beardwood l 2 ) is 
as follows: If S is any surface (not necessarily closed) such 
that no line drawn outwards from a surface point S crosses S 
more once, 

P- - Tkl.drJdS Sr^^-CZis)ds] ' ( 2- , 8 ) 
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is the probability that a neutron emitted from the region i 
crosses the outer boundary S, or an alternative expression, 

4-KV 
-f drf dQ exp{-( SE(s)ds) 
'iJV, J in Jo 

(2-19) 

is given, where Rs is a distance from the emitting point r to 
the surface point S. 

The isotropic boundary condition is frequently used for 
the lattice cell calculation not only in the collision proba
bility method but also in the Sn calculation. We shall des
cribe its physical meaning and the application in the colli
sion probability method using the explanation given by 
Bonalumi17'. 

We assume the system with neither source nor absorption 
where the neutron flux distribution is uniform and isotropic 
everywhere. Then we suppose a cell in the entire space sur
rounded by a surface S is divided into N regions. We consider 
the balance of the collision rate in the region i 

(2-20) 

where the subscript i denotes that the quantity is assigned to 
the region i; and 

Hi ; the total macroscopic cross section, 
<p ; the uniform scalar flux, 
V; ; the volume, 
S ; the area of the surface, 
d ; the probability that a neutron impinging on the 

surface has its first collision in the region i, 
Pji ; the probability that a neutron emitted in the region 

j has its first collision in the region i. 
The term on the left hand side (L.H.S.) denotes the collision 
rate in the region i. The first term on the right hand side 
(R.H.S.) denotes the contribution from the outside of the 
surface and the second term the contribution of the emission 
in each region inside of the surface. Using the reciprocity 
theorem Eq.2-14 and the conservation theorem; 

- 18 -



JAERI - M 85 - 034 

E Pa + Pis = 1 . (2-21 ) 
H 

where P^ s is the probability that a neutron emitted in the 
region i escapes from the outer surface S without suffering 
any collision, «e have 

d = ^r-EiPis • (2-22) 

Then we define Gs as the probability that a neutron impinging 
from the outer surface into the inside of the surface escapes 
from the surface without suffering any collision." 

N 
G s = 1 - E G ( . (2-23) 

i = l 
When the cells are set in an array, we get the collision 

probability for the lat t ice cell by using the quantitir- for 
the isolated cell as follows: 

Pi, (lattice) = Pij(isolated)+PiSGi+PisGsGj+Pi!iG%Gj+ 

which can be rewritten as 

Pu(lattice) = Pa(isolated)+Pis-r%- . (2-24) 
l~us 

2.2 Collision probability for slab lattice 

In a one-dimensional slab geometry shown in Fig.2-1, we 
have 

R= | £l^§ | , 
COS0 

dr=dx, 
dfi=27rsin0d0. 

We assume that the system is divided into an array of slabs. 
The slab i has its left edge at !( - / and its total cross 
section denoted by Ej. Then we have 

p. = ! fX' dxT' dx' r^tCx' ) s i " e 

" 2(lrlH)Ji,.| Jx,-, JO COS0 
*exp{- J Z(t)dt/cos6I}d0 , (2-25) 

- 19 
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Fig.2-1 Coordinates in slab geometry 

for the case ij < i j _ / . and the optical distance which appears 
in the exponential term in Eq.2-25 is reduced to 

f E(t)dt = Ei(ii-i)+E,-(i •-!;-!)+£ h , 
k=ii-l 

where Afc = Ek (xk-Xk-i ) 

Then we can carry out the integration over x and i", and we 
get 

/•.T/2 
Pa = o r / sin9cos6cie ( l - exp ( — 

' 2l{ Jo cos COS0 )} 

* ( 1- e xP (-^e ) ,* e x p<-J 1^ie } . 

Now we introduce the exponential integral function, E;„ 
defined by Schloemich 1 8' 

Ein(X) dM^""'exp(-->. 

We have the final form of P^j for the case Xj < Xj as follows: 

Pii = ^-(Ei3(Z.ii)-Ei3a.>i+l<)-Ei3a>ij+lj)+Ei3(lii+Ki + t.j)) , (2-26) 

where 

£ A):, for Ii<Xy. (2-27) 

20 
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Equation 2-26 is identical with the formulation derived by 
Honeck2' started by the plane transport kernel expressed by 
the Ei\ function. 

Next we shall consider the case where n>ij, the optical 
distance is reduced to 

/ L(t)dt = Zilx-Xi-O+ZjiXj-x- )+ £ Xk , 

by using the same procedure as x^ < XJ we get the same expres
sion as Eq.2-26 except for the definition of lij. In this case 
we have 

i-l 
l,i = X! *k. for if>ij . (2-28) 

In the last case where î  = XJ, the optical distance in Eq. 
2-25 is reduced to 

for i'>x, 
for i'<x. 

Integrating over i and x' gives the final form of P;J by 

Pu = l-j-(Ei3(0)-Ei3Ui)} . (2-29) 

If the Aj's are so small that the differences in Eq.2-26 
and in Eq.2-29 can not be obtained accurately in the numerical 
calculation, we should use the following differential forms 
instead of Eqs.2-26 and 2-29, respectively, 

P i ; = -^ EnO.a+l.i/Z+Hj/2) , (2-30) 

Pa = AiEiiUi/2) . (2-31 ) 

We, however, should take care of the property of the E,\ 
function which has the logarithmic singularity. 

We consider now the lattice cell system where a unit cell 
is divided into N regions and the collision region j lies 

-21 -
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p e r i o d i c a l l y . A sum of s u c h t e r m s a s E q . 2 - 2 6 g i v e s 

Pit = 5 7 - Y1lEi3ali})-Ei3U\}+*.i)-Ei3Ul)+».j)+Ei3U\)+}.i + lj) 
" i 1=0 

+Ei3all)-Ei3(^+^i')-Ei3alj+^i)+Ei3(^+ii + >-i)}. ( 2 - 3 2 ; 

v h e r e 

*(} = I ! Ak+!*£**• 
i - l N i - 1 N 

*i? = E * k + E *k+E*k+**E*k • (2-33) 

The summation over I is achieved separately by dJS or ijj 
series until X'J or k$ exceeds the fixed optical length, say. 
6, respectively. For the case where j<i , i and j in Eq.2-33 
must be replaced by j and i, respectively. 

For the case i=j we have 

Pa = l-i-(E,3(0)-Ei3(Ai)l 

+ 7- EfEJ3(^Si)-£i3(^ij + Ai)-Ei3(iii+<li)+Ei3(A!J-+Ai + i >), (2-34) 
A> 1=0 

N 
where <({; = (i + 1 )*E*k~*i . (2-35) 

k=l 

When the lattice cell is arranged symmetrically, we may 
reduce the computing time into half using the reciprocity 
relation, while it is not utilized in the SRAC code. 

Now we consider the explicit form of the directional 
probability. For the perpendicular direction to the boundary 
plane, we have 3cos20 as 3Ql , c.f. Fig.2-1, by which the 
integrand in Eq.2-25 has to be multiplied. The similar proce
dure gives us the expression of P,,x corresponding to Eq.2-26 
as follows: 

Piii. = •£-lEis(».ij)-Ei5(l.ij+>.i)-Ei5Uii+il.j)+Ei5(.>-ij+li+*.j)) . (2-36) 

and corresponding to Eq.2-29 
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Pa± = l - ^ 7 l £ i 5 ( 0 ) - E i 5 ( ^ ) l • (2-37) 

For the. parallel direction we can easily obtain the explicit 
form, but it is not necessary because the following relation 
holds: 

P,, = 3- Pat + | P.jii • (2-38) 
The relation is derived from 

1 = £ <$ = fii + 2Qi . 
k 

So we can obtain PJJH by subtraction. 
At the end of this section we show the expression for the 

escape probability Pj s: 

P,s = 2l-f£i3(A!s)-Ei3(AJs+^i)+Ei3(A?5)-£i3(A?s+-li)) , (2-39) 
where 

i - l 

fc—I 
N 

2.3 Collision probability for one-dimensional cylindrical 
lattice 

We consider the infinitely long cylinder which is divided 
into several annular shells. The outer radius of the shell i 
is r̂ . We suppose that a neutron emitted at the point P in the 
shell i has it first collision at the point Q in the shell j. 
The position of P is defined by only the distance from the 
cylindrical axis; r. The line PQ makes an angle 6 with the 
vertical line. We define the point Q' as the projection of the 
point Q on the horizontal cross section so that the line PQ' 
makes an angle # with the line PO. The distance between P and 
Q' is ft. In the cylindrical coordinate system as shown in 
Fig.2-2a, we have the collision probability Pij as, 
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F i g . 2 - 2 C y l i n d r i c a l c o o r d i n a t e s 

Pa = f - f ' rdff'def ""sinOdef " d R - ^ r e x p ( - f Z t s ) % s \ , (2 -40; ' iJ r , . | Jo .'o JR,_ s i n 9 *̂  Jo s i n 6 
where 

Vi=7r(r?~rT-i)- (2-41 ) 

Then we transform the variables r, $ and ft into new ones 
p, i and x' as illustrated in Fig.2-2b. We define the perpen
dicular distance OM from 0 to the line PQ' by p, the distance 
between P and M by x, and the distance between Q' and M by i'. 
There are three relations among variables: 

9 9 2 
r = p + x , 
r sin/? = p, 
R = x'-x. 

Using these relations we have the Jacobian 

(2-42) 

d(r.p,R) _ I 
d (p,x,x' ) r (2-43) 

Then we can r e w r i t e Eq.2-40 us ing new v a r i a b l e s by 

Pi, = y- fdpf dOp dxp dxZjiexp ( - I f E( t )dt \ / s i n 9 1 
Jo Jo 

*p {- \f Z(t)dt l / s ine (2-44) 
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where 

Xi - A/r^-p2 for n>p 
xt - Q for r,<P 

and Ej denotes the total macroscopic cross section of the 
shell i. 

For the case rp>r^, the optical distances which appear in 
the exponential terms in Eq.2-44 are reduced to 

i-i 
/ L(t )dt=Li(xi-l-x)+Zj(x'-xi' )+ XI fa> 

f Z(t)dt = Zi{x-x,-\)+Z,{xrx- )+X<U+XX. 
J - i k=\ k=\ 

where fa = Zk(xk-Xk-t)-

Then we can carry out the integration over i and i', and we 
get 

P'i = r^rf,' d p f sinec/e{l~exp(--^)} LiVjJo Jo sinH 
H i-l ill 

* {exp(- XI (U/sin0} + exp (-2Y1h+t-i+ XI fa/sinO ) )} . 

Now we i n t r o d u c e the Bickley-Naylor f u n c t i o n l 9 ) 

JO 
K,„(x) = / desin""'e e x p ( - - ^ ) . (2-45) 

Jo si no 

We have the final form of P\j for the case rj<r,, as follows: 

Pa = ^rf'dp {Ki3(>.ii)-Ki3(.^,+li)-K,3(f-\1+ll)+K,iil\l + f., + l,) 

+Ki3UT J)-K,3a?>+*J-Ki3a? J + * J ) + ^ 3 U ? W , + AJ}) . (2-46) 

where 

-U; = £ fa. 
i-l M 

A ? > = E ^ ' + E ^ f c f ° r H<r>. (2-47) 
k=\ k=l 
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Next we consider P[j for the case i\ sr; where the optical 
distances differ from the case >'\<i'j because Q is located 
inside of P so that r'< x. In this sense the symbol of the 
absolute value is required. We rewrite locally the optical 
distance as follows: 

r1 r1 ' ~\ 
I / E : t ' i l l < = I Z,: i ) d t = E/,x,-r' }+(£,iv- xvi )-• Yl * 

Integration over x and x' gives the final form of P[j for 
the case rj r,. which is exactly same expression as in Eq.2-46 
but l\j in Eq.2 47 must be replaced by 

l\, =- £ ,ifc for r,>r,. ;2-48: 

We have not yet considered the case where the shell i 
coincides with the shell j . In this case the optical distances 
are reduced to 

i fx :< t>dM=( ^ix'~x\ i o r x?:x-
Jx V Ziix-x ) f o r x <x , 

t(t)dt =Zj(x'-x, )+(E, u - X j - i ) + 2 £ > 

I n t h e i n t e g r a t i o n o v e r i ' f o r t h e f i r s t t e r m on R . H . S . o f 
E q . 2 - 4 4 . we m u s t d i v i d e *-he r a n g e i n t o ( X J _ J , X ) and ( X , X J ) and 
t h e n we h a v e 

Pi, = = — / c/p/ ~d0 ( 2 H , s i n e - 2 s i n 2 0 l l - e x p < h— >} 
L I V , J Q j t ) si no 

^ s i n G £-fsinf) 

^~~fr' dp['~dd\2l,sind-sin2Q ( l - e x p ( - 2 — ^ r )) I . 

U s i n g t h e k,„ f u n c t i o n we g e t t h e f i n a l form of Pa a s f o l 
l ows •' 
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Pa = g^r f 'dp {2A,-2A'13(0)+2/C,3(AI) 

+ ̂ r j r'dp (2Ai-A',3(0) + h-l3(2;M)l . ;2-49l 
where 

i - l 
A,i = zY,^k. i2-50' 

it-1 

If the Xi's are so small that the differences in the 
brackets of Eq.2-46 and 2-49 can not be obtained accurately in 
numerical calculation, we should use instead of Eqs.2-46 and 
2-49 the following differential forms: 

Pa = ^ 7 " ['dpi A,ilKiiUljHKnU?;)} , (2-bl ) 

Pti = = V r,"'dp(A?Kii(4f-) + i?K'i|{AiJ}} E.V.- J0 " M " " , M I 1 2 

2-f'dp.;?K\ia,). (2-52) E.V, 

If we assume the cylindricalized cell with the perfect 
reflective outer boundary, more terms like those in Eq.2-46 
are required as follows; 

+Kl3'lii)-Ki3Uii + f.i)-Ki3(ltj+liHKi3(^l+^i+>-0 

+/f.-3(A?>)-^1-3(Xf/ + Ai)-^j 3 (A? / +A > )+Ki3( i? j+^f 1 -^ j ) 

+. 

where 

N 
if,- =A?;- +A,-+2 I ] Afc, 
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H 

These terms to be used in the integrand of Eq.2-46 are the 
generalized form of those appearing in the expression of Pi_2 
given by Takahashi3', while the integration variable has not 
yet been transferred to p. 

As regards the directional probability in the cylindrical 
coordinates, we know for the axial direction 3fll=3cos20 and 
for the radial direction 3Q;=(3/2 )sin20. For the latter. P[jr 
is obtained by multiplying the integrand in Eq.2-40 by 
(3/2)sin20. It is not worth while to repeat here the whole 
expressions for each condition. It is enough for us to know 
only the fact that all the terms expressed by /<•;„ (x) must be 
replaced by (3,. 2 )A'i(„»2) (x). Similarly to the slab system, the 
following relation holds: 

Pi, = ̂  P.;.- + | Pijr - (2-53) 

We know that the isotropic boundary condition brings more 
accurate result and is less time-consuming than the perfect 
reflective boundary condition to evaluate the flux distribu
tion in the real cell by the cylindricalized model. In this 
case the probability, P\s that a neutron emitted in the shell 
t escapes from the outer boundary without suffering any 
collision is required. It is easily obtained as 

Pis = —C'dp (K,3(iUs)-K'i3a!s+Ai)+K13a?s)-K'.3(ATs+Ai)} • (2-54) 
where 

N 

i-l N 

ll =XX *• XX (2-55) 
fc=l k-I 

2.4 Collision probability for spherical system 
A spherical system is divided into N spherical shells. We 

define the shell i that is bounded by two spherical surfaces 
of radii r,-i and r,. The shells are numbered by increasing 
order of n • In general, a probability P{j that a neutron 
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emitted in the region i has its first collision in the region 
j is defined as 

Pa = -rV fdvfdaf dfil̂ exp {-f E(s)ds) . (2-56) 

The integrand on R.H.S. of Eq.2-56 is interpreted as follows 
by referring Fig.2-3a. A neutron emitted at a point P in the 
region i moves tovard a point Q which is in distance R from 
the point P, has the exponential decay by the optical length 
f s 

/ E(s)ds and suffers its collision at the layer of thickness Jo 
dR in region j of the cross section E;. In the spherically 
symmetric system the position of the point P is defined only 
by the distance r from the center of the system, C. The 
position of the point Q is defined by the distance R from the 
point P, and the angle 6 made by the lines PQ and PC (see 
Fig.2-3a). In this coordinate system, 

dV=4xr2dr 0<r<Rn, 

dQ=27tsin8c/e 0^6^ , 

and Eq.2-56 is rewritten by a triple integral form: 

Fig.2-3 Spherical coordinates 
- 29 -
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To perform analytically the integration as far as possi

ble the coordinates shown in Fig.2-3a are transformed into 
the new coordinates shown in Fig.2-3b where the perpendicular 
length CM is p. The positions of points P and Q are defined by 
the distances t and f , respectively, from the point M. The 
following relations among variables are found: 

r2 = t2 + P2. 
r sinQ = p. 
R = f - t. 

The Jacobian is then obtained as follows: 

_d(_r.6.R) , 
d(p,t.f) 

(2-59) 

The probability is rewritten using the new variables by 

p.. = ?ILL fR" Pdp f dtf dfexp(-f E(s)dsl (2-60) 

As the nuclear cross section in each shell is uniform, we 
can integrate Eq.2-60 over t and f. Finally the shell-to-
shell collision probability is given in the form of single 
integral (see Fig.2-4); 

ig.2-4 Neutron lines in case i<j Fig 

p.. - -I* -f'"'pdP {l-exp(-Ai)} {l-exp(-A>)[ 
i Jo 
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*[exp (- 2J M +exp {-Z£h-li- I, Afc) } 

+ V%-\' PdPlll- exp(-2^i)J (l-exp(-A>)}exp{- £ ^ 
k=n-1 

for i<j, (2-61) 
P » = M-fT"'pdp{ l^,-\+exp(-f.i)} {l-exp(-A,)l2{exp {-2£Afc} ) 

+ -Mr\' pdp (2/lj-l+exp(-2Aj )} for i=j , (2-62) 
where 

i. = *Jr2,-p2 for nSp, 
t; = 0 for rj<P. (2-63) 

is = E,(t,-tM). (2-64) 

For i>j, the similar expression to Eq.2-61 can easily be 
obtained, but the reciprocity theorem gives Pji directly from 

Now we have the escape probability P±s as 

P,s = ^-j" r'"'pdp{l-exp(-Ai)} 

*{exp {- £ Afe} { l + e x p ( - 2 X X -lt)} 

N 
+ # f r ' p d p { l - e x p ( - 2 J l i ) ) e x p ( - X ! *k>- (2-65) 

In the SRAC code, the integrands in Eqs.2-61 and 2-62 to 
possible pairs of (i,j) are, first calculated for a fixed p. 
Then, the integration over p is accomplished by changing the 
value of p . 

2.5 Collision probability for two-dimensional cylindrical 
lattice 

In the cylindrical system with general shape of its cross 
section and of infinite height, the collision probability from 
a region i to another region j, Pij, is expressed by the 
following Eq.2-66 in the coordinate system of Fig.2-5, assum-
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i n g f l a t f l u x i n e a c h r e g i o n and i s o t r o p i c e m i s s i o n i n t h e 
l a b o r a t o r y s y s t e m ; 

Pii = {f pdo^dpf'sinQdof d t e x p l - L < i A C ~ a

t ' } f df-^r ' . J -» Jo Jo JAB s i n O J.w s i n 8 

-texp {—' :—7T ) exp { - I / E ( s ) d s I , /s infl i 1 
sin0 J A C 

£ r2n r^/J pAC 
pdpj d<p\ sinddQl dt . (2-66) 

Jo Jo JAB 

In Fig.2-5, the line PQ' defined by p and <p is the projec
tion of the neutron line PQ on the horizontal plane. The 
points P and Q are. respectively, the source and collision 
positions. The point A is the origin of measures of t, t' and 
s. The points B. C, D and E are the points of intersection of 
the line PQ' with the region boundaries. A restriction on the 
moving direction of a neutron is imposed so that a neutron 
moves only to the positive direction of t along the line PQ'. 
If the line PQ' enters the region j more than once, a sum of 
Eq.2-66 is required. 

Fig.2-5 Cylindrical coordinate system 

The self collision probability, Pa is expressed by the 
following Eq.2-67, where the point Q is in the region i. 

-32-
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pZn pr./2 pAC pAC y. E I f — t ' £ pZa pr./Z pAC pAV y 

pdp dy sinOdO/ dt d f - ^ e x p 
Jo Jo JAB Jt sint) 
Jo Jo JAB Jt sinO sine 

r2i ra/2 pAC £ p£x px/l pAl 

pdp I dcp sinOdO dt (2-67) 
-> Jo Jo JAB 

If the line PQ' reenters the region i, a sum of such a term as 
Eq.2-66 is also required for obtaining Pa. 

The six-fold integrals of Eqs.2-66 and 2-67 are reduced to 
the double integrals as follows: 

P,i = 2^Vi^dpJ~,'d<p\Ki3Uo)-Ki3Uo+}.i) 

-Kiaao+^W^Uo+A. + A,)! , (2-68) 

P " = Z-EiV^ dpf''d1>^i-l<i3(0)+Ki3(f.,)\ , (2-69) 

where Xj and lj denote the optical path lengths (the physical 
path multiplied by the macroscopic total cross section), 
A;=BC+Ej, and Aj=DE+;Ej and A<> stands for the sum of optical 
path lengths between C and D; and /\;3 is the third order 
Bickley-Naylor function. 

The escape probability P j s defined as a neutron emitted in 
the region i escapes from the surface without suffering 
collision, is expressed as 

P.* = 2nliV^dpf'"<i<p\Ki3Uis)-K,3ais+l<)) , (2-70) 

where Aj s is the optical path length along the line from the 
edge of the region i to the surface of the system. 

As for the directional probability, similarly to the case 
of the one-dimensional cylinder, it is not necessary to write 
the whole components and hence a few samples are shown here: 

Pitt = j^-y-f^dpj 'd<p{Kl5(k0)-K,5(lo+L,) 

-Ki5Uo+Aj)+Ki5ao+*i + A,)) , (2-71 ) 

3 3 -



JAER1 - M 85 - 034 

Thus we have the 
t ion of Kin func t ion 
l i t y for the two-dim< 

k 

double integration of 
as a final form of th' 
^nsional cylindrical s 

1. (2-72) 

the linear combina-
: collision probabi -
stem. 
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2.6 Ray-Trace method for integration of collision 
probability 

The integrations by p and <p in Eqs. 2-66 and 2-67 are 
carried out by the trapezoidal integration formula with equal 
width and weight in a general two-dimensional geometry. As 
seen, a pair of p and <p determines a neutron line across the 
cell. 

In one-dimensional geometries such as cylinder and sphere, 
no integration over the azimuthal angle * is needed as the 
geometry is invariant about the azimuthal angle <p. In this 
case, the range of the integration over p; (O.rn ) is sub
divided into iV regions by r; where r, is the outer boundary of 
the i-th annular region, in order to perform an efficient 
Gaussian quadrature in each sub-division, so that we can avoid 
the singularity in the integrand. That is, the argument itj 
vanishes as p approaches n and this causes the integrand to 
have an undefined derivative at this point. The efficiency of 
the Gaussian quadrature is shown by an example that the 
tO-point Gaussian integration for <r 2-p 2) 1 / 2 gives the area of 
a circle by an accuracy of 0.1%. 

For the two-dimensional cell of complex geometry which 
includes a number of pin rods where the same situation occurs 
as in a one-dimensional cell, we, however, have no means than 
to apply the trapezoidal rule. V/e know that the finer interval 
of Ap and A<p gives the more accurate results. 

Implementation of this integration scheme requires the 
development of a tracing routine to calculate the intersec
tions traversed by the line of integration. To maximize the 
computing efficiency, specialized routines are prepared for a 
variety of geometries which will be shown in Section 3.1. 

The calculation of collision probability is performed in 
two steps. First, the tracing routine is used to get the 
geometrical information called "trace table" by each line and 
accumulate on a large scale storage, say, disc. In the second 
step, these data, together with the cross sections, are used 
to perform the integration of collision probability. The 
second step is repeated for every energy group. 
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2.6.1 How to compose trace table 

We shall describe how to compose the "trace table" using a 
sample geometry which is a hexagonal cell including six fuel 
rods equally spaced on a circular ring, as shown in Fig.2-6a 
in which the purely geometrical region (.S-region) numbers are 
indicated and the corresponding physical region (,T-region) 
numbers in Fig.2.6b. The latters are treated as the spatial 
variables after considering any symmetric condition. The rods 
consist of two concentric layers and they, together with the 
coolant, are divided further by the circle through the centers 
of the rods into inner and outer regions. Hence a pin rod are 
divided into four regions. Since each rod is discriminated in 
the primary stage, the number of regions for rods amounts to 
24. The inner and outer coolant regions are assigned by the 
succeeding numbers; 25 and 26. 

Fig.2-6 A hexagonal cell with six pin rods on 
a circle crossed by a line defined 
by a pair of parameters (p, </>) 
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A neutron line defined by a pair of (p,<p) is drawn across 
the cell where p is the signed distance OM from the center of 
the cell, 0 to the line, and <p is the angle made by this line 
and the horizontal line. The line intersects with the region 
boundaries at A,B,C L. The point M (OM X AL) is the 
origin of the measure on the line AL. 

The preliminary trace table consists of an array T of 
which element is the signed distance from the point M to each 
intersecting point, an integer array IR for the region number 
of the right hand side of the point, and another array IL for 
the region number of the left hand side of the point. 

The computing process is organized to find, first, the 
intersections A and L on the hexagonal boundary, then D and I 
on the circle through the rods centers. At this step, the 
preliminary trace table is made up as shown in Table 2.1. 

Table 2.1 Preliminary trace table after 
scanning annular regions 

Position 1 2 3 4 
T IAM JBM 'MI 'ML 
IR 26 25 26 
IL - 26 25 26 

The next step is to scan whether the line intersects or 
not with any rod. This scanning is done, first, on the outer
most radius of a rod. If judged to intersect, the information 
for the two crossing points with the circle is inserted into 
the table by a routine "INSERT" which finds the positions in 
the table for the new two points and rearranges the arrays T, 
IR and IL so that the elements may be in the geometrical 
order. 

After the insertion, then, the scanning on the inner 
radius of the same pin rod is continued until the innermost 
radius if judged to intersect, otherwise the scanning is 
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transferred to the next pin rod. After scanning all pin rods, 
the preliminary trace table is organized for the neutron line 
illustrated in Fig.2.6a as follows.' 

Table 2.2 Preliminary trace table 
after scanning all pin rods 

1 2 3 4 5 6 7 8 9 10 11 12 
T 'AN 'BH iCH <DM 'EM 'FM ' t i c 'MH i HI lm I UK 'ML 
IR 26 16 15 14 13 25 5 6 7 8 26 -
IL - 26 16 15 14 13 25 5 6 7 8 26 

The final table is further rearranged as: 
1 ) Compose a new array II which keeps the T-region numbers 

reduced from the array IR which keeps S-region numbers 
using the correspondence specified in the input. Because of 
the 60° rotational symmetry, the common T-region numbers 
are assigned to each pin rod region. 

2) Replace the element of T for the distance between the 
intersecting point and the point M by the distance between 
the two adjacent intersecting points. 

Table 2.3 Final trace table at return 
step of geometry routine 

1 2 3 4 5 6 7 8 9 10 11 
T 'AB 'BC 'CD 'DE 'EF 'FC 'CH 'HI lu 'JK 'KL 
I I 6 4 3 2 1 5 1 2 3 4 6 

The information obtained by the geometry routine is the 
common length of arrays, L0, the arrays T and II and the 
modified p value; p' measured from the center of the adjacent 
cell which will be traced next if the perfect reflective 
boundary (mirror) condition is selected. 

For the case of the mirror condition, the root routine 
calls repeatedly the same geometry routine with the arguments 
(p' and <p) until the fixed number of cells are traced, and 
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concatenates the arrays T and II. respectively. 
Finally, a record per line keeps the following informs 

tion: 
W, L0., LLL, (T(k),k=l,2, LLL >. (II(k),k-1.2 LLL ) 

where W is the weight of a line given by 
W = 1 : slab. (2- 73ci ) 
W = oig(r, — ri-i) for r,-i<p<rj : cylindrier, (2-736) 

W = p*i)g(ri-ri-i ) for r*-i < p<rt : sphere. (2-73c) 

W = 5p*6<p = constant : two-dimensional cell, (2-73d ) 
Qg is the weight for the Gaussian quadrature at the point rg 

in the range between n_i and n . and 
L0 : number of intersects of the source cell, 
LLL : total number of intersects on a line (Unless the 

mirror or periodic boundary condition is taken, LLL = 
L0), 

T(k) : distance between intersects which produces the optical 
thickness ilp. by multiplying the macroscopic cross 
section of the region II (k), 

II (k): region numbers of k-th intersect. 

The total number of lines LCOUNT (records) required to 
achieve the integration varies widely depending on the com
plexity of the geometry, for example, LCOUNT = 2 for slab, 
several tens for one-dimensional cylinder and sphere, and = a 
few thousands for the most complicated two-dimensional case. 

After storing the trace tables for all lines, a numerical 
integration of region volumes and an array of integrated to 
exact volume ratios is printed as an indicator of the adequacy 
of the integration mesh. The numerical integration is per
formed by 

Y(II(k)) = V(II(k)) + W * T k for k=l,2 L0 
and accumulated by line. (2-74) 

The resultant array V gives the numerically integrated region 
vol uroes. 

2.6.2 Process for numerical integration 
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Being given the cross sections of an energy group, the 
integration of collision probability is performed line by 
line. Actually, the symmetric element A,; ; = V',P,,/E; ) and 
A,, -V,P1S are integrated instead of P u and P,s . respectively. 

We shall show the computer process repeated by each line in 
the computational flow diagram shown in Fig.2-7. 

Information contained in a record; 
W. LO, LLL. (T(k),k=l,2 LLL). <II(k),k=1.2 LLLN 

The optical length l^ is calculated by, 
k̂ = Tic *" Cros.? section of II (k) 

for k=l,2 LLL 
— Loop of source region repeated for k-1.2,...,L0 

i = II (k) ; source region number 
ki = Ik '< optical thickness of source region 
Set lij = 0 ; optical distance between source 

region and collision region 
Contribution to the diagonal element 
Aii(P.*>)= )F(0)*Tj-F(0) + F(Ti)l /EjE, 
A,, = / W+Ai, (p ,<p )dpdp 

— Loop of collision region repeated for k'=k+l,. . .,LLL 
j = II (k-) ; collision region number 
lj = Ik' ', optical thickness of collision region 
Contribution to the off-diagonal element 
Ai, - (p ,<p)= l F ( T i ; ) - F ( T i j + T i ) - F ( r u + T j ) + F ( T i > + r i + V j ) l /E , -E; 

Aj> = j\i/*Aij(p,!>)dpd(p 

Prepare optical distance for the next k' 

— End loop for collision region k' 
unless the mirror condition (LLL > LO}, then 
Contribution to the escape element 
A,s(p,*>)= (FtTj^-FC-ij+T;)]/E; 
Ais = Jlt*Ais(p,?>)dpd<p 
End loop for source region k 

Fig.2.7 Computational flow-diagram 
for numerical integration 
by "Ray-Trace" method 
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The function F(<l) appearing in the integrands in Fig.2.7 is 
given by 

F(A) = Ei3(K) for slab, ;2-75ui 

F(A) = exp(-A) for sphere, ,2-756) 

F(l) = K,3(l) for one- and two dimensional cylinder. 

(2-75c) 

Note that among four terms appearing in the expression of 
Aij(p.¥>) • the first two terms have been calculated as the last 
two terms of the previous k'. The calculation of A,;(p.p) in 
the geometrical order reduces the number of transcendental 
functions to be evaluated into half. 

Care is taken when Aj is so small compared with unity so 
that differential approximations are used, for example, 

fr,3^,j !-A',3(iij+iii ) - Ai*Ki2Ui>> (2-76) 

On integrating A,j , the symmetric relation. AU=A,, vali
dates to eliminate the loop of the source region in the 
reverse direction or to reduce the range of angular integra
tion into half. The simple process to replace the off-diagonal 
element A,j by (AJJ+A,J )/2 covers the above saving. 

A normalization so that the sum of P u over j be unity is 
effective to reduce the error caused by coarse integration 
mesh, and also by truncated optical distance which is termi
nated by the fixed number of cells to be traced by neutron 
line for the perfect reflective boundary condition. 

The numerical calculation of K,„ functions has yet to be 
explained. Although some rational approximations are developed 
for the Bickley-Naylor functions, they would be very time 
consuming because they have to be used so frequently as 
106-107 times. In the SRAC, a quadratic interpolation is 
performed numerically by using tables of a, b, c : the coeffi 
cients of three terms for the quadratic expression of the 
Bickley-Naylor function. These tables list a, b and c a„ a 
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function of x and n. where 

„ _ "»-i - 2ij.-).-2 + U- iZ-lla i 

y« - u» a.(i»-i + x.) , (2-776' Ar 
c»= y» i - bjX„-i - a».ivi . v2-77c) 

y» = A'i„;.r. ) , (2-78) 

AJ = U. - x„i ! . (2-79; 

The pitch and range of the tabulation of a, b and c is as 
follows: 

Ax/x : 0.01/(0.0, 0.48), 48 points. 
0.04/(0.48, 2.4), 48 points, 
0.1/(2.4, 9.6), 72 points, 
« /(9.6. oo ), 1 points, 

in the range x>9.6, A';„ (x) is set to be zero, while the 
practical usage assumes Ki„ (x) vanishes if x>6.0. 

Thus the Bickley-Naylor function is computed by performing 
twice the multiplication and twice the summation after table-
look-up : 

Kj„ (I) = (a„„X + bn.)X + C„„ (2-80) 

where x,-i S x S x„ 

The table-look-up and the interpolation is performed in the 
routine itself to avoid the additional process of calling any 
external subroutine. 
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3. Geometries of Lattice Cell and Modeling 

Based on the formulations described in Chapter 2, a 
variety of lattice geometries have been made to be available 
in the SRAC code system. These geometries will be detailed in 
Section 3.1, together with their usages. It will be seen that 
no other code system installs such a complete set of lattice 
geometries. 

The modeling of single pin rod lattice has been one of the 
important questions in the reactor physics12-31. The effect of 
sub-division to improve the flat flux assumption will be 
discussed in Section 3.2 using the geometry routine PATH-C4) 

for the square and hexagonal lattice cells vi'.h a two-
dimensional sub-division, while Honeck has considered the same 
problem5' by approximately representing the collision probabi
lity between sub volumes by a point-to-point transport kernel 
: each point is located in the center of sub-volume : instead 
of two-dimensional spatial integration. 

The CLUP mciule61 for the ATR geometry has been developed 
for the design and analysis of the DCA since either a Swedish 
code CLUCOP7' for the MARVIKEN81 reactor or an English code 
PI J9' for the SGHWR101 has not yet released. 

The CLUP77 module"1 for the BWR geometry has been incor
porated in an English code LWR-WIMS,2) and a French code 
APPOLLO131 as a reference of approximated methods to solve the 
double heterogeneity herein. 

The CLUPH module141 for the VHTR fuel block permits an 
arbitrary configuration of fuel pin rods and the sub-division 
of moderator region by lines radiating from the center of a 
hexagonal block. Considering an asymmetric disposition of 
burnable poison rods near the surface, not only the perfect 
reflective boundary condition but also a 60° rotation of 
adjacent block can be taken into account. 

The most recently developed module is for an x-y two-
dimensional lattice with pin rods of arbitrary sizes on the 
grid points of x-y subdivisions'51. It has been used in an 
analysis161 of the two-rod heterogeneity in the experiments 
achieved at the PROTEUS reactor for the feasibility study of 
the LWHCR17'8 l9-20). In the above experiment PuC>2 rods and 
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depleted UO2 rods are alternatively arranged in a hexagonal 
array. It has been found that this module is quite useful 
through the analyses for a three-rod heterogeneity composed of 
ThOg. enriched UOg. and graphite rods in a hexagonal array in 
the SHE core 2", and also for a checker board pattern of MO x 

and UOg rods in the TCA core—'. 
Notice should be taken not only on the variety of cell 

geometries but also on the capability of general combination 
with the optional outer boundary conditions'. the THERMOS 
code 2 3 1 permits the calculation for one-dimensional slab and 
cylinder only with the perfect reflective boundary condition. 
The effect of the boundary conditions will be described in 
Section 3.3. 

3.1 Lattice geometries and applications 

3.1.1 One-dimensional cylinder 

In Fig.3.1-1 shown is the cross section of an infinitely 
long cylindrical cell which is a frequently used geometry 
because the most power reactors install fuel in the form of 
pin rods. The cylindrical model for the regular array of pin 
rod cell together with the isotropically reflective boundary 
condition provides a sufficient accuracy in the numerical 
results compared with those by the more exact model such as 
the square or hexagonal cell with the perfect reflective 
boundary condition. The fact that the former requires only 
one-dimensional numerical integration, recommends the use of 
the cylindrical model as far as the accuracy is assured. 

3.1.2 One-dimensional slab 

In Fig.3.1-2 shown is a sample plane cell composed of 
several layers of infinite planes. Since the SRAC code system 
provides not the perfect reflective boundary condition but the 
periodic boundary condition for this geometry, an asymmetric 
cell can be treated. On the other hand, if a symmetric lattice 
is intended. the full geometry must be given with the sym
metric region allocation. This geometry has been widely 
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applied to the unit plate fuel cell calculation for the 
research reactor and for the critical facilities for the FBR. 

It is to be noted that since the evaluation of the colli
sion probability does not require any numerical integration, a 
shorter computer time is expected in the application of this 
geometry. 

3.1.3 One-dimensional sphere 

Figure 3.1-1 also shows the cross section of a spherical 
cell. This cell model has been utilized in the evaluation of 
the resonance integral of coated particles of an HTGR assuming 
the spherical cell of the unit fuel grain and associated 
graphite binder with the isotropically reflective condition at 
the outer boundary24'. 

3.1.4 Square cell of concentric division 

Figure 3.1-3 shows a sample square cell divided by the 
concentric circles into several regions. A pin rod cell of 
BWR- and PWR-type lattice cell can be accurately expressed by 
this module. It is to be noticed that the coolant region can 
be sub-divided by the circle of which radius exceeds the 
distance from the center to the side line. 

3.1.5 Square cell of two-dimensional division 

Figure 3.1-4 shows a sample square cell sub-divided by the 
concentric circles and further by four lines crossing the 
central axis. Each line makes an angle of 67.5" with a side 
line of the square. While an annular ring is divided into 
eight pieces, because of the octant symmetry assumed, two 
adjacent pieces per annular division are left as independent 
regions. 

3.1.6 Hexagonal cell of concentric division 

Figure 3.1-5 shows a sample hexagonal cell divided by the 
concentric circles into several regions. A pin rod cell of the 
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LMFBR, and the SHE can be simulated by this module. 

3.1.7 Hexagonal cell of two-dimensional division 

Figure 3.1-6 shows a sample hexagonal cell sub-divided by 
the concentric circles and also by six lines crossing the 
central axis. Each line makes an angle of 75° with a side line 
of the hexagon. While an annular ring is divided into twelve 
pieces, because of the 60° rotational symmetry assumed, two 
adjacent pieces per annular division remain as independent 
regions. 

3.1.8 Octant symmetric square cell divided by Cartesian 
coordinates with or without square array of pin rods 

Figure 3.1-7a shows a square cell divided by the Cartesian 
coordinates, Figure.3.l-7b shows a square cell containing the 
square array of pin rods. The CLUP77 module9' for these 
geometries is developed to compute collision probability in a 
BWR-type fuel cluster with diagonal symmetry with or without 
the explicit representation of fuel pins. 

Note that a standard 7 * 7 BWR bundle in a 12 * 12 x-y mesh 
will have, allowing for the diagonal symmetry, 78 x~y mesh 
regions and a minimum of 56 fuel pin regions (one fuel and one 
can region per pin) making a total of 134 regions. Subdividing 
the coolant zones into quadrature increases this to 246. 

An application focussing to the analysis of the cruciform 
control rod worth or the alternative water gap peaking effect 
requires the more detailed x-y subdivision to simulate the 
sharp flux distribution near the central axes. The running of 
such a case might exceed the limit of the computer time and 
memory. This restriction might be mitigated by some compro
mised approach such as to take account of heterogeneous 
geometry only of a part of the assembly under consideration 
and to substitute some fuel pin regions by the homogenized 
fuel regions in order to reduce the total number of regions. 

Here we shall contrast the conventional homogeneous treat
ment to analyse the above problem. A unit pin cell problem is 
solved to have the smeared cross sections, then the overall 
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assembly is considered in x-y coordinates assuming the homo
geneous fuel region. Some iterative process may be included to 
reflect the effect of overall flux distribution into the pin 
cell calculation. 

Studies of benchmark problems evaluated with the CLUP77 
module have been described elsewhere2-3 4 5 ) , and results indi
cate that the effects of an explicit heterogeneous treatment 
of pin rods may be important in circumstances. however, the 
CLUP77 calculation still has an error of -̂  0.4 % Ak for the 
estimate of the cruciform control rod worth at the maximum 
sub-division of spatial regions because of the flat flux 
approximation. It is concluded that this heterogeneous treat
ment does not lent itself to use as a design method of calcu
lation, partly because rather small regions must be used to 
overcome the flat flux assumption, partly because the computer 
storage and time increase as the square of the number of 
regions. 

3.1.9 Annular assembly with annular array of pin rods 

The CLUP module6' has been developed to be applied in an 
ATR type fuel cluster. As shown in Fig.3.1-8a, the geometry 
allowed consists of a number of annului and a number of 
circular fuel rods, equally spaced in circular rings. The rods 
consists of several concentric layers, and they may, together 
with the coolant, be divided further by the circles through 
the centers. Several pin rods on a circle are assumed equiva
lent. The sub-division of annular coolant regions by the 
concentric circles which indicate the radial positions of pin 
rods is optional as shown in Fig.3.1-8b. Note that the cylin
drical approximation is made for the outer shape of a unit 
assembly. 

3.1.10 Annular assembly with asymmetric array of pin rods 

Since the development of the HTGR was started in the 
JAERI, the module for an annular assembly with annular array 
of pin rod cluster previously described has provided the means 
to compute collision probability in the standard fuel block. 
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Due to the requirement to evaluate the worth of control rods 
which are inserted asymmetrically in the control block, a 
module to permit an asymmetric disposition of pin rods is 
provided'^ . Any size of pin rod can be mounted at an arbitrary 
position as far as pin rods do not intersect each other. The 
moderator regions can be subdivided two dimensionally by the 
concentric circles and by the radiating lines as illustrated 
in Fig.3.1-9. 

Care should be taken in applying the isotropically reflec
tive boundary condition at the outer surface where the neutron 
flux is assumed uniform and isotropic even if the fluxes in 
the segment regions adjacent to the surface are not uniform in 
the rotational direction. It is suggested to use this module 
in the so-called super cell structure in which an actual 
asymmetric cell is surrounded by enough thick symmetric 
material and the isotropic boundary condition is applied at 
the outer boundary of this external material. 

3.1.11 Hexagonal assembly with asymmetric array of pin rods 

According to the further requirement to evaluate the worth 
of burnable poison rods inserted asymmetrically in the corner 
part of the hexagonal standard fuel block, a module is 
provided to permit the calculation of the collision probabi
lity in a hexagonal block with asymmetrical array of pin 
rods'4'. The moderator regions can be subdivided two-
dimensionally by the concentric circles and by the radiating 
lines as illustrated in Fig.3.1-10. Optional boundary condi
tions; periodic or 60° rotational, are provided to reflect the 
realistic disposition of burnable poison rods in the neighbou
ring blocks. 

3.1.12 X-y two-dimensional cell with or without pin rods 
on grid points 

This type has permitted an x-y division of a rectangular 
lattice cell. By the recent modification 1 5', annularly sub
divided pin rods can be mounted on any grid point (xj.yj). 
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Arbitrary radii for the annular sub-division are given by each 
pin rod. A special example shown in Fig.3.1-11 is a multi-rod 
expression of a hexagonal array of unit pin rods. The region 
numbers appearing in the figure is purely geometrical, and the 
user is requested to allocate the physical region number for 
which the neutron fluxes are calculated. As the periodic 
condition in x- and y-direction is supposed, the region 
allocation must satisfy this condition. For example, the 
region number allocated to a fuel pin located on the left edge 
must be coincide to that on the right edge. The calculations 
of collision probability of a closely packed LWR lattice 
become available. 

3.1.13 Concentric layer of hexagons with or without pin 
rod array of hexagonal symmetry 

This type has permitted the concentric hexagonal division 
of a hexagonal cell. By the modification 1 5 1, on the side of the 
arbitrary concentric hexagon, pin rods can be mounted. Number 
of pin rods on a hexagon must be a multiple of six, since the 
60° rotational symmetry is assumed. They are placed with equal 
interval starting at a corner of a hexagon. Pin rods on a 
hexagon are treated to have the same fluxes. A special case is 
shown in Fig.3.1-12 where a hexagonal array is formed by 19 
rods. The calculations of direct collision probability of a 
pin type LMFBR assembly enclosed by a wrapper tube become 
available to solve the double heterogeneity effect which is 
one of topics in the FBR physics. 
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Fig. 3.1-1 Spherical and cylindrical cell 

unit cell 

9 ) 2 3 4 5 6 7 8 9 1 2 

RXIDSO RX(IO) 

Fig. 3.1-2 Infinite plane cell 

Fig. 3.1-3 Square cell Fig. 3.1-4 Two dimensional 
square cell 
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Fig. 3.1-5 Hexagonal cell Fig. 3.1-6 Two dimensional 
hexagonal cell 

RX{7 
RX(6) 
RX(5) 

RX(4) 

RX(3) 

RX{2) 

/ 
in the case of IDIVP =0 
in the case of IDIVP=f 

Fig. 3.1-7a A quadrant of an 
octant symmetric 
square assembly 

Fig. 3.1-7b Octant symmetric 
square assembly 
with pin rods 
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^ ^ , - ^ ^ IDIVP = 

/oo 
case N = 4,NA = ! 

NPIN(1) = 6 

Fig. 3.1-8 Annular assembly with annular arrays of pin rods 

case N = 5, M = 3 
NP= 6 

Fig. 3.1-9 Annular assembly with Fig. 3.1-10 Hexagonal assembly with 
asymmetric pin rods asymmetric pin rods 
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Fig. 3.1-11 X-y two-dimensional cell with 
pin rods on arbitrary grid points 
(Illustrated is a multi-rod 
expression of hexagonal array of 
pin rods) 

Fig. 3.1-12 Concentric layers of hexagons with 
equi-distant pin rod arrays 
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3.2 Effect of spatial division in pin rod lattice 

The flat flux assumption, as known, converges toward the 
exact solution as the number of sub-division increases. A 
survey was done to see the effect of spatial division in the 
thermal lattice cell calculation taking an LWR pin rod cell as 
an example. 

The sample cell is composed of 1.5% enriched UO2 rod of 
1.48 cm dia., covered by 1 mm thick aluminum cladding sur
rounded by light water so as to form 1.87 cm square pitch. 

Comparison was made among the following six cases; a) a 
two-dimensional (annular and azimuthal ) division into 12 
regions as shown in the upper octant in Fig.3.2-1, b) an 
annular division into 8 regions as shown in the lower octant 
in Fig.3.2-1, c) the same into 7 regions, d) the same into 5 
regions, e) the same into 3 regions which are divided only by 
material, f) an annular division into 8 regions upon assuming 
a cylindricalized cell to have the same volume. 

The 30-group calculations were made with the perfect 
reflective boundary condition for the square models, and with 
the isotropic boundary condition for the cylindricalized model 
by the LAMP-B code29'. 

Table 3.2-1 shows the calculated 1/v activation distribu
tions, together with the disadvantage factors and one-group 
constants. We can deduce the following remarks from the above 
results; 
1 ) The steeper gradient in 1/v activation appears in the more 

finely sub-divided model. 
2) As for the averaged constants, the coarse sub-division can 

gives almost the same averaged constants as those by the 
fine sub-division. 

3) The one-dimensional sub-division gives sufficiently con
verged averaged constants compared with those by the 
two-dimensional sub-division. 

4) Any fine sub-division by a cylindricalized approximation 
gives the worse results than the most coarse sub-division 
of the square model. In this example, the cylindricaliza-
tion causes the overestimate by 0.3% in the of. 
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Table 3.2-1 Effect of sub-division to the 1/v activation 
distributions and one-group constants of a 
square lattice. 

CASE NO. a b C d [ e f j 
MATERIAL RADIUS VOLUME 12Reg. 88eg 7Reg 5Reg 3Reg ' 8Reg 

15* 

UO, 

• 4 3 1.1254 1.1252 1.1252 • 

1.1429 

1.1856 

1.1304 

15* 

UO, 

. 43 1.1592 1.1594 1.1595 

• 

1.1429 

1.1856 
1.1633 15* 

UO, .215 1 . 215 1.1943 j 12049 1.2000 12000 1 
1.2264 

1.1856 
1.2023 

15* 

UO, 

. 215 | . 215 1.2432 1 12621 12536 1.2538 

1 
1.2264 

1.1856 

1.2534 

AL . 248 1 . 248 1.2992 | 1.3406 .1.3213 1.3216 1.3207 1.3227 1.3183 

H,0 
. 314 1 . S05 1.3567 1 1.4577 1.4 14 1 1.4 14 7 1.4 1 4 0 

I 1.4 4 06 
1.3706 
1.4 252 

H,0 i . 275 { 1.5514 1.5314 
1.5510 | 1.5504 

I 1.4 4 06 

I 1.4346 
H,0 

1.27 1 . 166 ] 1.6108 1594 1 
1.5510 | 1.5504 

I 1.4 4 06 

I 1.4346 

Disadvantage F a d e r 124 17 1.235 0 1.2 317 1.2332 1.2151 1.1906 

If 1.4717 1.4722 1.4 723 1.4724 1.4739 1.4 758 

vlt .12435 . 124 58 . 12463 . 1246J . 12528 . 12595 

2a . 03443 .03462 . 08464 . 03466 . 08500 . 08534 

D . 4143 . 4147 .4147 .4148 . 4 159 . 4119 

CASE a : 2-D sub-division as shown in the upper octant 
in Fig.3,2-1. 

CASE f : Cylindricalized with the isotropic boundary 
condition 
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.84 

.74 

.523 

.37 

(cm) 

Fig. 3.2-1 A quadrant of the sample square cell. 
The upper octant shows a 2-D sub division, 
'.he lower shows a 1-D subdivision. 
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3.3 Cylindrical model and boundary conditions for pin rod 
cell 

The one-dimensional cylindrical model for the realistic 
square or hexagonal single rod cell has been used since 
Takahashi derived the collision probability30' for the multi-
region cylindrical cell with the perfect reflective outer 
boundary condition. This method is, however, inaccurate, 
because it assumes neutrons incident on the boundary of the 
unit cell are returned with mirror-image reflection, whereas 
this reflective condition is accurate for the original square 
or hexagonal cell. As was pointed out by Nevmarch3", this 
reflective boundary condition is unrealistic since neutrons 
originating in the moderator and traveling within a certain 
finite range of direction can not have a first collision in 
the fuel. This method leads the higher disadvantage factor 
<Pnod/<Pfuei than the exact one in the thermal neutron range. This 
problem seems to be almost solved by Pennington32'. He proposed 
to assume the isotropically reflective condition at the outer 
boundary of the cylindrical cell in calculating collision 
probability which were in rather good agreement with exact 
values33'. Honeck suggested the use of the THERMOS code with an 
extra scattering region34'. That is; a region several mean free 
paths thick consisting of a pure scatterer be placed outside 
the actual unit cell and the reflective boundary condition is 
applied at the outer boundary of this region. The presence of 
this extra region causes neutron leaving the actual cell to be 
returned to it almost isotropically. Thus, it is a method 
which can be used to approximate the isotropic reflective 
boundary condition in codes which have only the perfect 
reflective boundary condition. 

Fukai further discussed this isotropic boundary condition 
on the closely packed lattice cell where the errors because of 
the approximations became severe, and gave the clear explana
tion about the behaviors of the disadvantage factor in the 
limiting two cases; when the volume ratio ; Vmod/Vfuei tends to 
the minimum and when the cross sections of moderator material 
tend to zero35'. 

While the above studies were done in the early 1960s, the 
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benchmark specifications on recycling of reprocessed uranium361 

distributed to the NEACRP members for the 1984 meeting still 
includes the use of the perfect reflective boundary condition 
on the cylindrical single rod cell. 

We will see how the perfect reflective boundary condition 
causes the error not only in the thermal utilization but also 
in the reaction rate in the higher energy range by using a 
numerical example. 

Table 3.3-1 shows the effects of the cell model and the 
boundary condition on the calculated multiplication factor and 
lattice parameters for the single rod cell which is included 
in the BWR lattice benchmark exercise by NEACRP-'11 . We can see 
that the approximated model of the cylindrical model with the 
isotropic boundary condition as well as the square model with 
the same boundary condition gives an excellently consistent 
results with those of the exact square model with the mirror 
reflection. Contrary, the cylindrical model with the mirror 
boundary condition gives tolerable results for the thermal 
parameters, but, the worse results for the parameters relevant 
to the resonance absorption and the fast fission. That is'. 
because of the relatively transparent cross sections in the 
higher energy range, neutrons traverse much more cells to have 
a collision than in the thermal energy range. In such a 
circumstance, errors due to the inaccurate neutron track are 
emphasized. In the sample calculation this model gives 20% 
higher fast fission and \0% lower resonance absorption, it 
results in 4% overestimate of the multiplication factor. It is 
to be noted that the cylindrical model with the isotropic 
boundary condition is the least time consuming method among 
the four models. The use of the cylindrical model with the 
isotropic boundary condition is recomnended. 
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Table 3.3-1 The multiplication factor and lattice parameters 
for a BWR single rod cell 

Item cell model cylinder cylinder square square 
bound, cond. isotropic mirror isotropic mirror 

/Coo 1.3175 1.3657 1 .3176 1.3200 

•7/ 1.6595 1.6540 1.6594 1.6584 

Dth 0.3948 0.3892 0.3947 0.3941 

P 2 8 3.044 2 .665 3.041 3.014 
S 2 5 0.1832 0.1731 0.1822 0. 18; 3 
6 28 0.0556 0.0762 0.0560 0.0564 

C* 0.556 0 .508 0.556 0.552 

CPU ( sec ) 5 . 0 6 . 2 11.0 62 .0 

Problem Speci f i c a t i o n 

Fuel: Material = UOg, density = 10 g/cm 3, 
temperature = 900 K, 235y enrichment = 3 weight-K, 
diameter = 1 cm. 

Clad: Material = Zircalloy-2, density = 6.55 g/cm 3, 
temperature = 900 K, thickness = 0.2 cm. 

Moderator: Material = H2, density = 0.75 g/cm 3, 
temperature = 600 K, lattice pitch = 1.6 cm square 

Note. The lattice parameters: p 2 8 , 5 2 5 , o 2 8 , and C are 
defined as follows: 

The resonance capture ratio; 

P 2 8 = f*c28 (E )N28«> (E )d£ / f e do 2 8 (E )Nz&<p (E )d£ , 
the epithermal fu.sion ratio; 

S25 = rof(E)NZ5<p(E)clE /(' Ciaf{E)N2S<p{E)dE , 
the fast fission ratio; 
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S 2 8 = raf(E)N2s<p(.E)clE /rof(E)N3<p(E)dE , 

the 2 3 8 U c a p t u r e r a t i o ; 

C* = ro?(E)Nzs<p(E)dE /J~of(E)N25<fi(E)dE , 

where Ed is the cadmium cut off energy, and the 
superscripts ; 25 and 28 denotes the nuclides 2 3 5U and 2 3 8U, 
respectively. 
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4. Resonance Absorption in Heterogeneous System 

At the current codes for the thermal reactor physics, the 
table- look-up method for the resonance shielding factor based 
on the NR (narrow resonance) approximation is commonly used to 
have the effective cross sections in the resonance energy 
range. This technique was originally developed for the fast 
reactor physics" . In the lower energy range, however, a more 
accurate treatment is required for the thermal reactor. In 
Section 4.1, the modified method based on the IR (intermediate 
resonance) approximation will be described. 

Apart from the above quasi-analytical method, a purely 
numerical method for the multi-region cell using the collision 
probability method will be mentioned in Section 4.2. Origi
nally, a method by the numerical integration was realized by 
Nordheim et at. in the ZUT codeJ where the resolved resonance 
parameters are used to provide the cross sections on the fine 
energy points, and the heterogeneity is treated by the escape 
probability of an isolated absorber lump. Mizuta et al. 
extended this method to the multi-region cell problem in the 
RICM code" by preparing the interpolation scheme of the 
collision probabilities from the relatively small size tabula
tion. As will be shown in Section 5.3, this RICM module was 
utilized in the LAMP code41 for an analysis of the DCA criti
cal experiments. Independent of the works for the thermal 
reactors, a technique to solve the recurrence formula assuming 
a continuous cross section was developed in the RIFF-RAFF5' 
and the RABLE0) code for the fast reactors using the transmis
sion probability. Ishiguro et al. developed the more accurate 
code by replacing the transmission probability by the colli
sion probability7'8'. The resonance absorption routine incor
porated in the SRAC code system by applying the above tech
niques reveals unique features such as accurate, not time-
consuming, applicable to any type of lattice geometry, and 
capable to include the overlapping effect between different 
resonance nuclides. 

The form of small coated particles in the fuel compact of 
the HTGR has raised the question to the double heterogeneity 
in the resonance absorption. Several approaches will be 
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described in Section 4.3. 

4.1 Table-look-up method of f-table based on 
intermediate resonance approximation 

At first, we start with the IR approximation of resonance 
absorption in homogeneous systems, to give an insight into the 
relationship with the table-look-up method. 

Consider an infinite homogeneous mixture consisting of one 
kind of resonance nuclide and of non-absorbing moderator. When 
the NR approximation is applied for the slowing down due to 
the moderator nuclide, the slowing down equation can be 
written as 

(Ot(u) + 06)<P(U) = K(Os$) + Ob . (4.1-1) 

with o,(u) = aa{u) + as(u) , (4.1-2) 

where <p(u) is flux per unit lethargy. K, the slowing down 
kernel, ou , os , microscopic absorption and scattering cross 
sections of the resonance absorber, and ob is the scattering 
cross section of the moderator per absorber atom. Equation 
4.1-1 is the basic equation that has been used in the con
struction of the library assuming the homogeneous media 
composed of a resonance nuclide and an imaginary nuclide which 
has a background cross section oi. 

From the two extreme cases representing the limits of NR 
and WR {wide resonance) approximations, for the slowing down 
kernel, the first-order solution for <p{u> can be written as 9 , 1 1" 

f l u ) -- k . (4.1-3.1 
aa +Aos + Ob 

where I is the IR parameter for the absorber and a p is the 
potential scattering cross section. The value of I can be 
determined by solving a transcendental equation for d 9.io> 

For a homogeneous system including many moderator 
nuclides, the slowing down equation can be written as 

[a,(u) + o.}<p(u) = K(os<p) + Y, OjK,{<p) , (4.1-4) 
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where o. = $J °i (,4.1-5) 
and Kj is the slowing down kernel for moderator j . The 
corresponding first-order solution can be given by 

oa +/los + Ob 

with ai>'= /_, ^iai • (4.1-7) 

where i, is the IR parameter for moderator j and can be again 
determined by solving a coupled set of transcendental 
equations91 , 

Here, it should be noted that both the fluxes obtained 
from a numerical integration of Eq.4.1 - 1 and given by Eq.4.1-3 
or 4.1-P are the weighting functions for cross section averag
ing. Hence, they can be assumed to give the same effective 
cross section in the extent of the accuracy of the IR approxi
mation. Consequently, a homogeneous system with at,' has the 
same effective cross section as the homogeneous system with 
the same a^ of Eq.4.1-1. That is, the effective cross sections 
can be calculated by determining the IR parameters and ai>' as 
to be used for the table-look-up of the resonance shielding 
tables. 

The IR method described above can be applied only to a 
zero temperature system. For non-zero temperature, the IR 
parameter I for absorber depends on temperature when the 
interference between potential and resonance scattering is 
taken into consideration"1. A simple way to take account of 
this dependence is to multiply the interference scattering 
term by a factor with temperature dependence10'. 

Next we shall consider the IR treatment of resonance 
absorption in heterogeneous systems. Assuming a flat flux, the 
slowing down equation in the two-region system, consisting of 
an absorbing lump (f) and a non-absorbing moderator (m), can 
be written by 
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Off} = P!f{oal,Kan(/fif) + Kf(Osf<Pf)} 

. + (1 -pu)ofY, WkKkiv*) J • ( . 4 . 1 -8 ) 
k 

of-Pf + am<pm = CTOTA' («>/) + Kf(asfPf) + O.YJ { RIAI, . #„ :• I . ( 4 . 1 - 9 ) 
k 

where 
<fif(u), <pm(u) = flux per unit lethargy in the lump and 

moderator region, respectively, 
Of{.u) = oai'u) + o s + o™ = microscopic total cross section 

of the lump. 
0a, - scattering cross section of admixed moderator 

per absorber atom, 
<J» = T.mv./' (nfVf), Rk= Ei</E., E„ = I]kEk. 
fy , I'm = volumes of the lump and the moderator 

regions, respectively, 
ii/ = number density of the resonance absorber in the 

lump, 
K - slowing down operator, 
Pff = effective collision probability in the fuel lump. 

Other notations are conventional. 
We make use of the modified rational formula for the 

collision probability as proposed by Levine'-'' 

p„ = i_ = _ ^ i — , (4.1-10) 
" x 4- g (,c ) (. 1 - c ) Of + s 

with i = IftifOj = IfZf , (4.1-11) 

s = a(c;(l - o/ilffif) and g(c) = + " — , (4.1-12) 

where (/ is the lump mean chord length, c the Dancoff correc
tion, and a a purely geometrical quantity , usually referred 
to as the Bell or Levine factor'"'. 

In general, the collision probability in the black limit 
is shown by Rothenstein13' 

Pli "- 1 - ' ~ c for i - ». (4.1-13) 
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where the Dancoff correction, c, is zero for isolated lumps. A 
rational interpolation of p/y leads to g :• .' - 1 in Eq.4.1-10 
when use is made only of the behavior of p j s o( E - =•= , given 
by Eq.4.1 13. On the other hand, since the bulk of resonance 
absorption occurs at finite values of Zf. we need some correc
tions for the rational approximation. It is this quantity a 
that has been introduced for the corrections' 2 1 4 1 5'. 

Being based on Eq.4.1-13, the Dancoff correction, c, is 
calculated by using the value of p// for a sufficiently large 
value of E/. as £/ -- 300 cm'. 

1 1 - Pa •;'£/ ) 1 x I Y. (4.1-13' i 

As the quantity a somewhat fluctuates among resonances, 
there might be some minor problems with the choice. The 
rigorous choice of this quantity is not believed to be impor
tant, considering from the results of many studies done in 
this field. The values recommended in the SRAC code system 1 8 1 

for the geometric quantities are shown in the following table: 

Table 4.1-1 Bell-Levino factors for various geometries 

Geometry '/ u Remarks 

Sphere of Radius r 
Slab of Thickness r 
Infinite Cylinder of Radius r 
Hollow cylinder of inner rad. 
rsinO. outer rad. r 

4r,3 
2r 
2r 

2rcos26 

1 .69 
1 .2 
1 .2 
1 .2 

Ref.(17,18) 
Ref.(18,19; 
Ref.(12.14) 
Ref.(19.20) 

Substituting Eq.4.1-10 into Eq.4.1-8 and subtracting Eq. 
4.1-9 from the resulting equation, we obtain the following set 
of equations for neutron balance : 

(o, •s• !<i>! = omKw{(fif) + Kf(osf<t>f) + sXjRu'Mi <-J>* 

svj = o„p„ + (s - a , )£{R|<K|, («>»)} 

(A.1-14) 

(4 .1 -15) 
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Then, from the two extreme cases representing the limits 
of NR and WR, respectively, for the slowing down kernels, the 
first-order solution for <p/ and <pm can be written as-" 

P/(i>(li) = *a + K O m + /i*s ^ (4.1-16) 
oa + lasf + KO„. + /J s 

¥>„(l,(u) = 1 - s{l -^"'{tOI/tfio. + (l-u)s). (4.1-17) 

with 

u* = no./(MO. + (1 - M)s} and M = E RkPk • (4.1-18) 
k 

where m is the IR parameter for the outside moderator, k. 
Here, a set of the IR parameters can be determined by the same 
procedure as those in a homogeneous system. 

The simple result of Eq.4.1-16 again reveals the following 
equivalence relation with practical usefulness : A hetero
geneous system with at = icoo, + fi*s has the same effective 
absorption cross section as a homogeneous system of Eq.4.1-1 
with the same Ob . In other words, the effective cross sec
tions in a heterogeneous system can be estimated by using a 
cross section set of the Bondarenko type--' which is calculated 
based on Eq.4.1-1. 

4.2 Numerical method for calculating neutron flux 
distribution 

We assume that heterogeneous systems are built up of an 
infinite number of unit cells and the neutron balance in a 
heterogeneous system can be described by using the collision 
probability. To reduce the numerical errors caused by the flat 
flux assumption, each region in a cell may be divided into 
sub-regions as many as necessary or possible. Then, assuming 
the isotropic elastic scattering, the neutron balance in the 
cell may be written by the neutron slowing down equation 

J K 

V,E,(u)*,(u) = E PjidOV; E Sjfc(u) , (4.2-1) 

Sjk(u) = -7^— f exp{-(u-u' ))Es>i((u' )*,(iT )du' , (4.2-2) 
with 
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( 4 1 4 ) 2 and E = - l n a . ( 4 . 2 - 3 ' 

Here, the subscript i or j stands for the sub-region number 
and k corresponds to the nuclear species. The quantity Plt is 
the collision probability in a unit cell that a neutron 
scattered isotropically in region j, into lethargy u, will 
have its next collision in region i . and other notation has 
the customary meanings. 

By letting V'̂ , (u )exp ( u .) •= ̂ ,(u), we have 

Ei(i(>*iCu> = Y, P ; i<" ) S ° j f e ( u ) , ( 4 . 2 - 4 ) 
l.k 

wi th 

•S°.k<"' = r V f f>fc(u ' )du- , ( 4 . 2 - 5 ; . 
1-aic Ju-tt 

F , I , ( I I ' ) = E s ; l ( u ) V j ( u ) . ( 4 . 2 - 6 ) 

Here, note that Eqs.4.2-4 and 4.2-5 for ,̂ (u) is more simple 
than Eqs.4.2-1 and 4.2-2. 

For the computation of the neutron spectra ^i(u) on 
discrete lethargy intervals, we use the RABBLE method 
developed by Kier5 6 ). Hence, the lethargy intervals used are 
assumed to be extremely narrow compared to the maximum 
lethargy gain per collision with the heaviest nucleus in the 
system under consideration. Furthermore, we assume that the 
resonance cross sections are given at the mid-point of this 
fine group and the collision probability P^fu) is constant 
over a fine group. Now define 

tf"i= f ' i i l < . u ) d u , (4.2-7) 

f*,k - r>jt(u)du = Z'sjkVj , (4.2-8) 

where u,-uo+Au , u, and uo are upper and lower lethargy bounds, 
respectively. corresponding to the fine group in and Au the 
lethargy width at regular interval. Then, the integration of 
Eq.4.2-4 over the lethargy range from UQ to u» gives 
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E'il//"; =£P":iQV • (4.2-9) 
where 

Q",k = T~ T'duf Fjk(u- )du- (4.2-10) 
'UO JU-Cfc 

^- f° Fik(u)du 1 -ak 

Q'"1^ + T^(FV-(f;l<) ," U} . (4.2-11) 

wi th 

(F,|i)*~MI = rCkFlk(u)du, 
•>u--ct 

and u- = uo - Au. (4.2-12) 

Here, u- is the lower bound of the (m-t )th fine group and L*t 
is an integral number of groups which corresponds of the 
maximum lethargy gain by elastic collision. Note that the 
self-scatter was neglected in deriving the above equations 
because the effect of the self-scatter was shown to be quite 
insignificant7'. 

It is moreover assumed that the scattering rate given by 
Eq.4.2-12 can be approximated by using the intermediate group 
scattering rate23'. The accuracy of this approximation was also 
investigated and shown to be quite satisfactory when an 
adequate group structure is adopted for representing the fine 
and intermediate groups23'. For a nucleus with A=238 (c=0.0168) 
both the lethargy widths for the fine group of 0.00125 and for 
the intermediate group of 0.0125 used in the SRAC code system 
are sufficiently narrow compared with the value of e. Since 
this procedure is applied in the energy range below 130.eV, 
the energy mesh interval corresponding to Au-0.00125 (the 
largest is 0.1625 eV at 130 eV) is also narrow to express 
resonance cross section compared with the Doppler width of the 
heaviest nucleus at room temperature. Assuming the asymptotic 
flux distribution below the lethargy range under considera
tion, the neutron flux distribution can be recurrently calcu
lated, until the entire energy range of interest is covered. 
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4.3 Resonance absorption in doubly heterogeneous system 

An HTGR. currently under development at the JAERI, uses 
fuel in the form of small spherical coated particles. A coated 
particle consists of a fuel kernel of UOg with an ^600 /jm 
diameter and several layers of pyrolytic carbon and SiC of 
~150 /am thickness. Such coated particles, together with 
graphite diluent, are formed into hollow annular fuel pellets 
that are packed in a graphite sleeve, and then inserted into a 
graphite block (see Fig. 4.3-1). 

One of the physical problems associated with this type of 
fuel is a double heterogeneity through the self-shielding of 
the grain and also of the lattice configuration of fuel rods 
on the resonance absorption. 

Fig.4,3-1 Horizontal cross section of the 
standard fuel block of the VHTRC 

Several works deal with neutron resonance absorption in 
the medium with grain structure24"32'. Doub24) and Hansen & 
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Teuchert25' defined the grain-shielding factor from the 
penetration of a neutron beam through the material loaded with 
grain. In a simple treatment26-27', the individual grains are 
considered as the fundamental elements, which are assumed to 
be randomly distributed. Then the microscopic grain hetero
geneity can be treated by an equivalent spherical two-region 
cell with the isotropic reflective boundary condition. The 
effective particle size distribution was investigated by 
assuming their proper distribution function32'. The self-
shielding factor is defined25'2930' as the ratio of neutron flux 
in the grain to that in the moderator. But the grain is 
assumed to be in an infinite moderator, so the mutual shield
ing is ignored. Recently, Segev33' proposed a generalized 
method for treating the double heterogeneity based on the NR 
approximation. However, such a method based on the NR approxi
mation can not always give an accurate result for the reso
nance absorption in thermal reactors. 

In this section, two works are described 17-34'. First, the 
effect of a random arrangement of particles on the resonance 
integral is examined using the radial distribution function 
derived from the Percus-Yevik equation35-36'. A differential 
equation is proposed to obtain the neutron beam current from a 
source particle in a medium in which the distribution function 
of coated particles is specified. By the use of the neutron 
beam current and the distribution function as the weight, the 
fuel-to-fuel collision probability is defined. This collision 
probability is applied to an RICM-type resonance integral 
code. The depression of the resonance integral of 2 3 8U due to 
grain structure amounts 5% in a design study of the HTGR. The 
applications of spherical cell model and of the collision 
probability in the high-dilution approximation of Lane et 
a!.26' are tested. These simple procedures give satisfactory 
results for the treatment of microscopic heterogeneity in the 
range of the HTGR design. The above study will be detailed in 
Section 4.3.1. 

Second, the "Accretion" method by Leslie & Jonsson to 
calculate collision probability in a cluster-type fuel element 
is applied to evaluate the resonance absorption in the doubly 
heterogeneous system in the fuel block of the VHTR. Without 
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any homogenization process, the neutron flux in a fuel grain 
embedded in a fuel pellet is formulated in a slowing-down 
equation together with the flux in the surrounding graphite 
moderator. The collision probability relating to the fuel 
pellet are partitioned into that corresponding to the grain 
and that of the diluent in proportion to the fraction of 
neutron collision rate. Several models are proposed to define 
the collision rate. The neutron spectrum in a multi-region 
cell is calculated by solving the above slowing down equation 
in the dominant resonance energy range, E < 130.07 eV. Numeri
cal results show that all models give almost the same reso
nance absorption for practical purpose. Satisfactory agreement 
is obtained between the calculated and the experimental values 
for the shielding of the resonance integral in media contain
ing gold in the form of small particles. This work will be 
detailed in Section 4.3.2. 

Another attempt has been made. That is, a simplified 
method based on the IR approximation is proposed to deal with 
the double heterogeneity encountered in design calculations of 
the HTGR221. A fuel rod with grain structure is homogenized by 
introducing an equivalent homogeneous material, in the form of 
an intermediate resonance approximation, that contains a 
fictitious moderator substituted for both the grain hetero
geneity and the scattering in diluent region. Then, the 
cluster configuration of the homogenized rods is treated by 
use of the fictitious moderator. This method is shown to offer 
a conventional and simple means with good accuracy and short 
computing time when combined with the table-look-up method of 
resonance shielding factors. This work is detailed in Appendix 
B. 

4.3.1 Effect of random distribution of particles 

The spherical grains of UOg coated with layers of 
pyrolytic carbon and SiC are mixed with graphite diluent. The 
arrangement of particles is described by the radial distribu
tion function, Q(r), which is defined as the expected number 
of particles per unit volume at a distance r from a particle. 
For example, the radial distribution function of atoms 
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arranged regularly in a crystal and of particles distributed 
randomly with no correlation with each other are discrete and 
uniform, respectively. Since the fuel grains are minute and 
closely packed, the neutron flux in a grain has a contribution 
from many other grains. To simplify the problem, the following 
assumptions are made.' 

1 a fuel grain is surrounded with a uniform moderator 
composed of coating material and graphite diluent. 

2 each neutron flux in the moderator and in the fuel grain 
is spatially flat. 

3 the neutron emission in the moderator and the fuel is 
isotropic. 

4 the cross section of the moderator is independent of the 
neutron energy. 

5 the sizes of the grains are equal. (Since the effect of on 
the resonance integral is nearly linear, the resonance 
integral for grains with statistically distributed 
diameters can be estimated by a simple average over the 
size distribution32'. 
Under these assumptions, the collision rates in a grain 

and in the moderator satisfy the following equations: 

Zf(E)<pf{E)Vi = Pff(E)Sf(E)V, + P.,(E)S.(E)V, , (4.3.1-1) 

E.(£>/<E)V, = P{,(E)SS(E)V{ + P„(E)S.(E)V, , (4.3.1-2) 

where 
(/if = average flux in a fuel, 
<pm = uniform neutron flux in the moderator, 
Ef = total macroscopic cross section of a fuel grain at 

neutron energy E, 
E, = total macroscopic cross section of the moderator, 
Vf = volume of the fuel region, 
V. = volume of the moderator region, 
Ptl(E>T,,Pi>(Z) 

= probability that a neutron emitted in a fuel grain 
i has its next collision in any fuel 
grain, 

Pij = probability that a neutron emitted in a fuel 
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grain i has its next collision in a grain j, 

P„/(E) = \/V, [ dr' dr P(r'- r) = probability that a 
neutron emitted in the moderator has its next 
collision in any fuel grain. 

P(r'- r) = probability that a neutron emitted at 
position r' has its next collision in dr at r, 

Pf«(E) = \/\'s dr' ' dr P{r'- r) = probability that a 
neutron emitted in a fuel grain has its next 
collision in the moderator. 

P„(E) = 1/V. dr' j dr P(r'-~ r) = probability that a 
neutron emitted in the moderator has its next 
collision in the moderator. 

The neutron emission rate in a fuel grain, S/(E), and the 
neutron emission rate in the moderator, S,(.£), are given by 

Sf(E) = XX/" "" a„(£-~ E)<pf(E")dE' , (4.3.1-3) 
n ^E 
„ /•£/<•„ 

S„(£)=XX/ «n(£* -£)*.(£• )dE- (4.3.1-4) 

Here iV„ is number density of the n'th atomic species, 
a n = (4n - I )2/(/t„ + 1 ) 2 , where /t„ is the atomic mass of the 
species and a„(E'~ E) is the differential scattering cross 
section of the n'th atomic species. By the conservation 
theorem, P// + P/„ = 1, P»/ + P», = 1, and the reciprocity 
theorem, E/V/P/. = E.V.P,/, Eqs.4.3.1-1 and 4.3.1-2 can be writ
ten only in terms of P//(E) as 

Lf<Pf(E) = P{t(E)Sf(E)+ [\-Pff(E)) ^ ^ i S,(E) , (4.3.1-5) E, 

E.1P»(£) =[l-Py/(£)) " & ^ 

+ 11 - ^ E , ? V / (1 - P,/(E))S.(£)} . (4.3.1-6) 

These equations are well known as the two-region problem. The 
character of the system is included in P//, which is written 
as 

Plf(E) = 1 - P„(E) + £Pi,(E), (4.3.1-7) 
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where the escape probability, Pe(£) that a neutron emitted in 
the fuel grain escapes from the grain without suffering a 
collision, is given by Case et aJ.18' The summation in the last 
term must be carried out over the average distribution of 
grains; this term corresponds to the Dancoff correction. 

(1) Current method 

When a uniform neutron current impinges on a grain, the 
transmitted current through the grain is not uniform. Fortu
nately, since the grains are distributed randomly, the incom
ing current to the grain can be assumed as uniform. On the 
other hand, when the nonuniform current flows into a grain, 
the transmission rate is difficult to define. Therefore, the 
outgoing current is defined as the average of the transmitted 
current through the grain. 

We suppose the uniform neutron beam to be impinging on the 
top surface of a cylindrical cell containing the moderator and 
a coated particle, the axis of which is parallel with the 
neutron beam; the section and height are S and 2ftp (diameter 
of coated particle), respectively. The incoming neutron den
sity to the cell and the outgoing density without collision in 
the cell are denoted by j i n and j o u t respectively, and they are 
interconnected in the following way: 

iou,S = jin((S - jrR?)exp(-2£„fip) 

+ 2KJ duuexp i-E.(2Rp-t)-tft) } , (4.3.1-8) 

where fl/,t and u are the radius of fuel grain, the length of 
path in the fuel grain by the neutron beam, and the distance 
from the center of grain to the path, respectively, and 
R} = u2 +- t2/4. After integration, 

JouiS = j - n exp(-2E./?p) 

* (S - 7tR? ( 1-F(2E/R/-2X:./?/)) ) , (4.3.1-9) 
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where 
Fix) = 2 [1 - ! 1-r .v;c"r] /x2. 

The collision rate of a neutron in the grain is 
rlt. 

Cj =':2:r S)[ duu expl'-E. R„ t '21 Jo JO 
t r 1 - exp.-E,/ !] . (4.3.1-10; 

Using the function F:.i :. we obtain the rate as 

Cj -- (2-/?jexp . E„R,, I F ( • E„K, F •: 2EyR/ - E.K, ) J . ( 4 . 3 . 1 - 1 1 ) 

When the cell does not contain the particle. the cell is 
occupied by the moderator of cross section E„. and the rela
tion between the incoming and the outgoing current density is 

JouiS - j,„S exp '., -2E,R P ) . (4.3.1-12) 

The difference, by subtraction Eq.4.3.1-12 from Eq.4.3.1 9. is 
the variation of the outgoing current density integrated on 
the surface of cell, due to the presence of a particle in the 
cell : 

AJoui = Jm xRl exp-2E„Np 

Y !. 1 • F<2E/R/ 2E„R/ , ] (4.3.1-13) 

So far we have considered the attenuation of a parallel 
beam in the cylindrical cell, but the actual neutron beam is 
from a source partible that emits neutrons to the surrounding 
target particles. In this case we suppose a unit cell is in a 
cone, the apex of which is at the center of source particle. 
The unit cell is a part of the cone. which is cut by the 
surfaces of two spheres with radii (r - R,,) and (r + R P ) , 
respectively. The current density changes from surface to 
surface, but the current integrated on the surface satisfies 
Eq.4.3.1-13. Since 4ffr2G(r )dr particles are present in a shell 
of width dr at r from the source particle, the net current 
variation at (r + R„) due to the particles is 
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dj(r + ffp) = -J(r - Rp)C(r)dricR:j exp(-2E.fi p) 

* (1 - F(2E/R/ - 2E.fi;!] . ( 4 . 3 . 1 - 1 4 ) 

where J(r) = Ax2j (r, . The interpretation of Eq.4.3.1-14 is 
that the particles in the region (r.r+dr) cause the current 
to decease in the region {r+Rp, r+Rp+dr). The decrease of the 
current in the uniform medium of cross section, E„. must be 
added to dJ(r^Rp) because only the difference between the 
outgoing current of the cell containing a particle and that of 
the moderator cell is considered in Eq.4.3.1-14: 

dJ<r + Rp) = -J(r - Rp)G(r)dricRj exp<-2E„/?P ) 

+ [ 1 - F (2LjRj - 2E,Ry) ] 

-E»J(r + Rp)dr (4.3. 1-15) 

The attenuation of the neutron beam through a particle is 
considered to be at the edge of the particle. Therefore, the 
current J(r) does not describe the detail of the current in 
the particle, but it is the current that thus impinges on all 
particles with centers outside the distance r+ Rp. 

The incoming current to the target particles with centers 
in the (2RP,4RP) is attenuated only in the moderator, because 
the decrease of current is considered at the edge of a parti
cle. The current in this region is 

J(r) = Peexpf-2E. (r - 2R//3)) 

for fip< r < 3flp , (4.3.1-16; 

where Pe is the probability that a neutron born in a fuel 
grain of the source particle escapes from the grain without 
suffering a collision. The current is used as the initial 
condition to solve Eq.4.3.1-15. 

Using the collision rate of neutrons in th i grain of cell 
in Eq.4.3.1-11, the fuel-to-fuel collision probability can be 
represented as 
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Pff = 1 - Pe + Pe J^ drG(r)J(r-Rp)-RJ 

+exp(-2E,,R p) (F(-L„Ri) - P {ZLfR}~L^R/)} 

* r y ( r 2 - 0 . 5 Rj) ( 4 . 3 . 1 - 1 7 ) 

The factor rV()--0.5 Rj) comes from the consideration in 
Appendix A of Ref. 17: When the source and the target particle 
are separated, the solid angle observed by each is so narrow 
that the neutron paths between them are parallel, but if they 
are close together the distance between them must be reduced 
because of the finite size of fuel grain. 

When the distance between the source and the target 
particle is over several diameters of the particle, the 
distribution of particles becomes uniform, and G(r) is equal 
to the density, p. In this asymptotic region the solution of 
Eq.4.3.1-15 is 

J(r) = Jo exp(-Er) . (4.3.1-18) 

Equation 4.3.1-15 yields the following transcendental equation 
for the equivalent cross section Z: 

X e~x = C , (4.3. 1-19) 
where 

.Y = 2/?p(E -E„) , 

and 
C = 2Rpp7rRf[l - F(2ZfRf - 2E.R/)] . 

The equivalent cross section corresponds to the smaller root 
of Eq.4.3.1-19 and is always slightly larger than E„ + C/2RP. 
The integration, in Eq.4.3.1-17 can be performed analytically 
in the asymptotic region. 

(2) Superposition approximation for distribution 

We have assumed so far that the incoming neutron current 
to a target at r depends on the distribution of particles with 
centers within r - 2RP. Strictly speaking, however, the cur
rent is determined by the distribution of particles which are 
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in a cylinder of radius R< between the source and target grain 
and which affect the current as shadowing particles. There
fore, to evaluate the incoming current, the distribution of 
shadowing particles in the cylinder is necessary. When a 
target particle is at distance r from the source, the probabi
lity that a shadowing particle is at r' is given by the 
superposition approximation as 

F(r,r-) = G(I r' ! ) G( I r-r' I )/p . (4.3.1-20 > 

On the other hand, if the distribution in the medium is 
uniform, 

F(r,r- ) = pH( ! r- I -2R„) W( I r-r' I -2ftp)/o , (4.3. 1-21 ) 

where 

W(r)= {=J i>0 
x<0 

The simple approximation is made that the shadowing effect can 
be determined by the average number of grains embedded in the 
cylinder. A fuel grain at r', embedded partially in a cylinder 
of radius ft/, with its vertical section parallel to the axis 
of the cylinder and its center at a distance C from the 
midplane of the cylinder is shovn in Fig. 4.3.1-1. The 
distance from the center of grain to the axis of the cylinder 
is t. The overlapping area in the vertical pl.-.ne is given by 

S(t,C) = TT(R2 -C 2/2)-u(R 2-u 2) l / 2 

+ (u - t)((tf -C2) - (u - O 2] l / 2 

- ~!?f arc sin (u/Rf) 

+ (Rj -C2) arc sin [ (u- t)/ (ft2-C2)l/2) 

S(t,C) = TT(R2 -C2) I < R 2-(R 2-C 2) I / Z , (4.3.1-22) 

where u = (C2+i2)/2t. Hence, the volume of the particle 
embedded in the cylinder at r' is 

J-c, 
v(r') = | _ S ( t , C ) d C 
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C, = it(2Rf-t))[/z Rt< t <2Rt 

Rf t < Rf . (4.3. 1 -23) 

The average number of fuel grains in the cylinder between the 
source and the target grain at r is 

N(r) = fdr-v(r')F(.r,r')/VF . (4.3.1-24) 

VSR 

S(t,u) 

Fig.4.3.1-1 A fuel grain embedded partially in the 
cylinder between the source and target grain, with its 
vertical section parallel to the axis of the cylinder. 

The equivalent cross section in Eq.4.3.1-19 for the 
asymptotic region, where the particle distribution is uniform 
and the number density is p, is divided into the two parts, 
£ = E„ + (£ - £»), in which the second term is the increment 
of the cross section owing to the grain being in the modera
tor. The increment is proportional to the grain density in the 
neighborhood of the density by which E is obtained. If the 
cylinder between the two fuel grains is filled with the medium 
of uniform grain density, p, the average number of grains in 
the cylinder N is given by N=lpicR$, where I is the length of 
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the cylinder in which the grains are contained, and 
I = (r - 4R//3) for the bare grain. 

Taking account of the particle's correlation, the average 
number of. grains in the cylinder JV(r) is obtained by Eq.4.3.1-
24. In this medium the increment of cross section must be 
(E - L,)p'/p, where o' is defined as 

N(r)=lp'xtf . (4.3.1-25) 

The neutron current to the target particle at r is 

J(r-Rp) = exp(-E.(r-Rp-4R//3)-(E-E,) ^ U ] . (4.3.1-26) 

With this current in Eq.4.3.1-17, the fuel-to-fuel collision 
probability is obtained in the superposition approximation for 
the shadowing particle distribution.. 

In the calculation of Pff by the current method, the 
effect of the distribution of shadowing particles due to the 
presence of the source particle is taken into account, but the 
effect due to the presence of the target is not included. 
Consequently, the calculation of Pff by the current method 
corresponds the calculation using the distribution of shadow
ing particles in the cylinder: 

F(r,r-) = G(r') H(lr-r' I -2Rp)/p , (4.3.1-27) 

instead of Eq.4.3.1-20. 

(3) Spherical cell approximation 

To compare numerically the current method to the method 
that assumes a unit cell and uses the technique of usual cell 
calculation, the shell-to-shell collision probability in a 
spherical system is developed (see Appendix B of Ref. 17). 
Applying this result to the present two-region cell, which is 
composed of a fuel grain and the moderator surrounding it, and 
assuming isotropic reflection at the outer boundary of the 
cell, Pff is obtained for the case of i=j=f in Eq.B.12 of 
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Ref.17: 
P/f = 1 - Pe + P/sGf/d - G s) . ( 4 . 3 . 1 - 2 8 ) 

(4) High dilution approximation 

Lane et al.26) proposed the effective collision probability 
for a grain structure in the moderator diluent as 

P« - 1 - P- +EBV. YktfV, • (4.3.1-29) 
This treatment is justified in the case of high dilution, that 
is. the volume fraction of absorber is far less than unity. 

(5) Resonance integral and numerical results 

The balance equations of the neutron flux, Eqs.4.3.1-5 and 
4.3.1-6, can be solved with P//'s by various methods. The 
resonance integral of a resonant isotope in the fuel grain is 
obtained as 

I = joc{E)vf(E)dE . 

The Pff values as a function of Zf were tabulated; these were 
introduced in the RICM3' (a program for the resonance integral 
of the isolated resolved levels considering exactly the 
resonant scattering and using collision probability method, 
and then the required Pff(E)'s are interpolated during the 
execution). 

The system of UO2 fuel grains coated with graphite and 
dispersed in graphite diluent is considered. Specification of 
the system as a standard sample is: 
2 3 8U density in the fuel grain 

= 0.023 *1024 atom cm"3 

carbon density in the moderator (coating and diluent) 
= 0.08 *1024 atom cm"3 

diameter of the fuel grain= 500 fi 
thickness of the coating - 150 11 
volume ratio of the fuel grain to the moderator 

= 0.0557 
temperature = 300 K. 
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12.5 

2 
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Z 
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(J z < z o 
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METHOD 
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RADIUS OF FUEL GRAIN (cm) 

Fig. 4.3.1-2 Effective resonance integral of the 6.67-eY 
resonance of 2 3 8U in the coated particles as a function of 
grain radius for Vf/Vm=0.05t and coating thickness =0.014 
cm. 

Table 4.3.1-1 Resonance Integral of 2 3 8U 
in a Fuel Grain of 07 025 cm Radius 

Radius of Particles 
(grain+coating) 

First level Sum of 188 
at 6.67eV (b) levels (b) 

Homogeneous limit 
Modified current 

method 

(Current method) 

Spherical cell 
High dilution 

0.025 
0.030 
0.035 
0.040 
0.045 (std. ) 

12.85 
11.96(11.95) 
12.01(11.99) 
12.06(12.01) 
12.09(12.01) 
12.13(12.01) 
12.14 
12. 11 

34.35 
32.15(32.12) 
32.30(32.21) 
32.47(32.26) 
32.55)32.26) 
32.55(32.26) 
32.58 
32.50 
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Using the parameters in ENDF/B-II, the final results for 
the standard sample with the RICM code are shown in Table 
4.3.1-1. The difference in the resonance integral for the 
standard .sample between the various methods is < 1.0%. As can 
be seen from the results by the current method, the effect of 
the coating thickness on the resonance integral is ~0.5 %. In 
calculating the resonance integral by the current method, 
however, the nonuniform distribution of shadowing particles 
due to the presence of source particles is taken into account, 
but the effect to the distribution due to the presence of the 
target particle is not included. The current method 
corresponds to the method that uses the distribution function 
in Eq.4.3.1-27 instead of that in Eq.4.3.1-20. Therefore, the 
difference in resonance integral between Eqs.4.3.1-20 and 
4.3.1-27 for the distribution function can be regarded as the 
contribution neglected by the current method. The differences 
are added to the results by the current method, and they are 
listed in Table 4.3.1-1 as the modified current method. By the 
modified current method, the effect of coating thickness is 
M.O %. For the case of the thick coating, the spherical cell 
method gives precise result. In the first row of Table 4.3.1-
1, the resonance integral in the homogeneous limit of grain 
structure is given. From the ratio of the resonance integral 
of the grain to that of the homogeneous limit, the resonance 
shielding factor due to the grain structure is 0.95. Figure 
4.3.1-2 gives the resonance integrals of 6.67 eV 2 3 8U for the 
different fuel grain sizes by the modified current method and 
by the spherical cell approximation, where the volume ratio 
and the coating thickness are kept constant at 0.051 and 140 
lim, respectively. For the large fuel grain, where r) (= AttRpP/3) 
in Eq.C.3 of Appendix C of Ref.17 is small, the error caused 
by the spherical cell approximation is not negligible, but for 
the small grains that are rather closely packed because the 
volume ratio and the coating thickness are kept constant, the 
approximation becomes better. 

(6) Conclusions 
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The resonance integral of coated-particle fuels embedded 
randomly in graphite diluent is investigated. To study the 
effect of random arrangement of particles on the resonance 
integral, the radial distribution function of a particle is 
introduced. The distribution function was derived from the 
Percus-Yevick equation35-36' with hard sphere interaction, which 
has been successfully used to obtain the molecular distribu
tion in liquid. To obtain the neutron beam current emitted 
from a particle in a medium in which the distribution of 
particles is statistically specified, a differential equation 
is proposed. With the neutron current and the distribution 
function of particles, the collision probability is calculated 
by integrating the collisions of the beam current with the 
surrounding fuel grains. The neutron balance equations with 
this collision probability are reduced to the two-region 
problem. The collision probability was applied in an RICM-type 
resonance integral code. 

The depression of the resonance integral due to grain 
structure amounts to 5% in the design study of the multi
purpose HTGR in JAERI. As the thickness of the coating 
increases with constant density of the particles, the reso
nance integral also increases. By a simpler method, such as 
the spherical cell approximation or the high-dilution approxi
mation for collision probability, the local shape of the 
distribution of grains is not considered; however, these 
simple procedures give satisfactory results in the treatment 
of microscopic heterogeneity in the range of the HTGR design. 
However, the error due to these approximations cannot by 
neglected when particles are loosely packed. 

In the present study, only the microscopic heterogeneity 
was considered, but the macroscopic heterogeneity due to the 
lattice configuration of fuel rods must be treated. Further 
study will be described in the succeeding section. 
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4.3.2 Direct method to the doubly heterogeneous system 

Recently, Segev33' proposed a generalized method for treat
ing the double heterogeneity based on the NR approximation. 
However, such a method based on the NR can not always give an 
accurate result for the calculation of effective resonance 
integral in thermal reactors9'. It seems to be too difficult 
for this method to be extended to accurately take account of 
neutron slowing down, by the IR approximation9', for instance. 
In Appendix B, an equivalence principle between homogeneous 
and doubly heterogeneous systems was formulated by use of the 
IR and combined with the table-look-up method of a cross 
section set of the Bondarenko type". Confining the treatment 
for the microscopic heterogeneity due to the grain structure 
this formulation is useful and effective to obtain homogeneous 
equivalent cross sections and resonance integral. But the 
proposed expression for the IR parameters including the 
macroscopic heterogeneity effect was indicated to give und
erestimate of the microscopic heterogeneity effect33'. It is 
because the spatial shielding in the microscopic grain hetero
geneity was not taken into account. The IR method has to be 
applied only on the microscopic heterogeneity. 

As for the treatment of the macroscopic heterogeneity due 
to a cluster rod configuration, it is rather difficult for the 
quasi-analytic expression to accurately deal with the cluster 
geometry by the parameters such as the mean chord length and 
the Dancoff correction. For instance, a simplified cylindrical 
cell model composed of a fuel rod surrounded by an associated 
amount of graphite yields 3% of overestimate in the resonance 
integral compared with that by a more realistic multi-region 
model shown in Fig.A.3.2-1, where the fuel rods are concen
trated in the central part of the block than equally spaced 
hexagonal lattice. As shown later, the fuel rods in a cluster 
configuration are more shielded than those of an equally 
spaced lattice. For this reason we need to take a multi-region 
treatment on the macroscopic heterogeneity. 

Leslie & Jonsson37' derived the "Accretion" procedure to 
calculate collision probability in a cluster-type fuel element 
where the lattice geometry is macroscopically divided into 
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annular rings. The coolant and the fuel rods in a ring are 
treated to form the microscopic heterogeneity. 

In this section, their formulation is applied to the 
double heterogeneity under consideration. That is, the cluster 
rod configuration is treated to form the macroscopic hetero
geneity and the fuel grain embedded in graphite diluent form 
the microscopic heterogeneity. The collision probability 
between the macroscopic regions is evaluated using a 
homogeneous-equivalent cross section for a fuel pellet. The 
probability to and/or from the fuel pellets is partitioned 
into those for the fuel grain or into the diluent in propor
tion to the fraction of neutron collision rate, which is 
supposed to be independent of the origin of neutron. On 
specifying the origin, several models are proposed to evaluate 
the self-shielding factors. It will be shown that these models 
give almost the same resonance absorptions for practical 
purpose, which are in satisfactory agreement with the 
measurement38'. 

AIR 
FUEL PELLET 
GRAPHITE 

f 
f FUEL GRAIN 

'm GRAPHITE 
BINDER 

TWO-REGION 
SPHERICAL CELL 
for MICROSCOPIC 
HETEROGENEITY 

Fig . 4 .3 .2 -1 Cel l model of the s tandard fuel block 
of VHTRC 
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We assume that the fuel grains in a fuel pellet are 
uniformly distributed so that each coated particle, together 
with graphite diluent, forms a two-region spherical cell 
(microscopic cell) containing only a fuel grain (region /) and 
the associated amount of graphite diluent (region m). 

The neutron slowing-down equations can be written by using 
the collision probability under the assumption that the 
neutron flux is flat in each spatial region and the neutron 
scattering is isotropic and elastic: 

Vj £>(u) <pj(u) = E PijW Vi Si(u) , (4.3.2-1) 
i 

Si(u) = rEi(tT-u) <Pi(u') du- , (4.3.2-2) 
Jo 

where K, , £,- , p, , E,(u'—u), and S, are the volume, the total 
cross section, the neutron flux, the differential scattering 
cross section, and the slowing down source of the ith region, 
respectively. The quantity P^ is the collision probability 
that a neutron emitted in the region t has the next collision 
in the region j , evaluated by assuming the flat flux in each 
region. 

When we consider the doubly heterogeneous case as seen in 
a VHTR block, each region must be specified as (I in I) to 
denote the microscopic region I (= / or m) in the macroscopic 
region I. Hence, the collision probability P^ above defined 
takes the form, Pu (l,k), where the index I indicates fuel 
grain / or diluent m in the macroscopic region I and the index 
k does fuel grain / or diluent m in the macroscopic region J. 
According to the derivation by Leslie & Jonsson37', the off-
diagonal element of the collision probability is given by 

Pu(l,kj = an a k J -gjj Pu , (4.3.2-3) 
and the diagonal element by 

P/iU.fc) = Q,(l,k) - |p 0 " p " ) an afc,, (4.3.2-4) 
where 

Wu = La V,,, ifi = E, V, and E<*n = 1 . 
l 

an , E|/ , and V\i are the fraction of collision, the total 
cross section and the volume of the region (I in I), respec-
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tively, £| and V; are the corresponding quantities for the 
macroscopic region I. The quantity Qi (l,fc) is the probability 
defined to an imaginary infinite lattice consisting of the 
microscopic cell of the region I, which can be evaluated 
numerically by the formalism presented in Appendix B of Ref.17 
assuming a spherical cell with the white boundary condition. 
The quantity Pu denotes the collision probability between 
macroscopic regions / and J, which is assumed to be obtained 
using a homogenized cross section which substitutes for the 
heterogeneous fuel region. 

If we can determine, independently of the macroscopic 
configuration of I, both of the quantity an and the 
homogeneous-equivalent cross section Ej of the medium I, we 
can obtain Pu(l,k) by the following procedure: 

Now, we define the self-shielding factor / for the fuel 
grain so as to give an equivalent collision cross section to 
the macroscopic fuel region under the assumption of a uniform 
flux distribution through the microscopic cell. That is to 
say, the fraction of collision rate aj in the region I is 
assumed to be given by the effective collision cross section 
EF and the self-shielding factor /, i.e., 

y-A^1 . (4.3.2-5) 

(4.3.2-6) 
(4.3.2-7) 

and • VF = VJ + vm 

where E,, is the macroscopic cross section of the graphite 
diluent, and VJ and vm are the volumes of the grain and the 
associated diluent, respectively. Since we treat only one kind 
of medium with grain structure, we drop the subscript / for 
simplicity. 

Insertion of Eqs.4.3.2-5 and 4.3.2-6 into Eq.4.3.2-7 
gives the equivalent cross sections of the fuel pellet, LF as 

EF = ^- ( Vf f Lf + v.E. ) . (4.3.2-8) 
When one of four variables', /, EF, a/, or a. is given. 
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then the rest is determined by the relations expressed by 
Eqs.4.3.2-5, 4.3.2-6, and 4.3.2-7. 

Using the newly defined variables. Eqs.4.3.2-3 and 4.3.2-4 
can be rewritten, respectively, as 

P/j(f,fc) = /!/ aw Pu , (4.3.2-9) 

Pl,(l,k) = QKI.fc) - fu afci(l - PII) . (4.3.2-tO) 

where /;/ = / for the grain, and fu = 1 for the diluent. 
When the collision probability is given, Eqs.4.3.2-1 and 

4.3.2-2 can be solved recurrently on ultrafine groups in the 
dominant resonance energy range, E < 130 eV. That is, for 
computation of neutron flux on a uniform lethargy mesh, we use 
the RIFF-RAFF method developed by Kier 5 8 ). Hence, the lethargy 
mesh Au used is sufficiently narrow, say Au=0.00125, compared 
with the maximum lethargy gain per collision with the heaviest 
nucleus in the system under consideration. This mesh is also 
narrow compared with the Doppler width at room temperature. 
The resonance cross sections are prepared at the mid-point of 
each ultrafine group using a code MCROSS81. The time-consuming 
computation of collision probability for each ultrafine group 
is economized using an interpolation scheme7', where the 
values of P/j are interpolated from the tabulated values on a 
dozen points of the absorber cross sections, 

We present the following four models for the calculation 
of the self-shielding factor /: 

(1) Smearing method 

We assume that the grain medium is made up of an infinite 
number of microscopic cells and the neutron balance can be 
described by using the two-region collision probability 

Pii = Qid.3). (4.3.2-11) 

Equations 4.3.2-1 and 4.3.2-2 are solved by following the same 
procedure as above described. Resonance cross sections of each 
resonant nuclide are spatially smeared without collapsing the 
ultrafine groups to give their representative values for the 
medium. That is, the homogenized cross section o^ is obtained 
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by the flux-volume weighted average of the resonance cross 
section o/, i.e.. 

Oh(u) = Of(u)Vf(pf(u) 
Vf<fif(u) + Vm<p.(U) 

If we define the self-shielding factor / by 
, _ (.Vf + Vm) <Pf(U) 

Vf<Pf(u) + V.Q.(U) 
we can obtain o/, by a simple volume-weighted average of the 
effective cross section, fof as 

(4.3.2-12) 

Oh(lt') fOf ( U ) Vf 
Vf + V, 

Thus, the effective microscopic cross section f<jf can be 
treated as if it is the resonance cross section of one consti
tuent in a homogeneous medium. The resulted variation of the 
cross-section with neutron energy is much smooth, compared 
with the original cross section, due to the spatial shielding. 
The shielded cross sections are prepared for all the reactions 
of the resonant nuclides under consideration. 

Figure 4.3.2-2 shows the contrast between the unshielded 
and shielded cross sections in the vicinity of the 6.68 eV 
resonance of 2 3 8U in a grain cell assumed for the specifica
tions of the VHTRC39). 
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(2) Collision rate method 

As noted before, the fraction of collision rate aj was 
introduced as to be independent of the origin of neutron. We 
can suppose several origins of neutron, for example, a neutron 
just having escaped from the absorber grain, a neutron emitted 
from the diluent, a neutron impinging on the outer surface of 
the imaginary cell, or a neutron beam injected into the medium 
of grain structure etc. 

Now we introduce a quasi-analytic expression of the 
collision probability for the imaginary cell to give a physi
cal explanation. The following approximation was derived by 
Nordheim 4 0 1 : 

Q ( ' ' m ) = P* C 1 - ( I* -' f,E,P.) C] • (4.3.2-13) 
where P„ ( = 1 - Pc ) is the escape probability 1 8' from an indiv
idual grain, c, the Dancoff correction, and E/ is the 
macroscopic cross section of the absorber grain and its mean 
chord length If is given by 

If = -£L , (4.3.2-14) 
where Sf is the surface area of the absorber grain. The 
conservation and reciprocity relations give other elements of 
Q(l,k). 

We shall discuss the following two models of neutron 
origin for calculating the collision rates. 

(2.1) Neutron emitted from absorber grain 

Segev 3 3 ) proposed an expression for the self-shielding 
factor which was obtained by equating the term in the brackets 
of Eq.1.3.2-13 to [l/(l+/u/E//u.E»)3 which is the probability 
that a neutron escaping from a lump will collide in the 
diluent of the homogenized medium. The resulted expression is 

f = _^L_ "• z*ll P e . (4.3.2-15) 

Inserting this expression into Eqs.4.3.2-5, 4.3.2-6 and 
4.3.2-8, we obtain 
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a ' < ' > = 1 - ( ! ^ ^ . ) c • ( 4 . 3 . 2 - 1 6 ) 

a ' ( / ) = 1 - (I1 - ClfZfPe)c • ( 4 . 3 . 2 - 1 7 ) 

where the index / of a/ (/) denotes that the origin of neutron 
is fuel grain. It can be explained that the fraction of 
collision rate is measured for a neutron just having escaped 
from the absorber grain. That is, the probability that the 
neutron has the next collision with other grains is given from 
the expression of Eq.4.3.2-13 by 

Q(/,/)-Pc = 1 - Q(f.m) - (1 - Pe) 

I ft, P e
: 

1 - (1 - IfaPe) C (4.3.2-18) 

On the other hand, the collision with the diluent is given by 
Q(f,m), which can be calculated by the reciprocity relation. 
Dividing these quantities by the escape probability Pc, we 
have the fractions of collision rates; a/ and a, just defined 
by Eqs.4.3.2-16 and 4.3.2-17. Inserting Eqs.4.3.2-16 and 
4.3.2-17 into Eqs.4.3.2-5 and 4.3.2-6, we obtain the same 
expression of / as Eq.4.3.2-15. 

(2.2) Neutron emitted from the diluent 

We can define the collision rate for a neutron emitted 
from the diluent. I. is given directly by either Q(m,/) or 
Q(m,m). A little algebra using the reciprocity relation gives 

«/(m) = %&• i PA ° 7r

Cp , „ . (4.3.2-19) 
U.E, 1 - (1 - IfEfPe) C 

where the index m of a/ (m) denotes that the origin of neutron 
is the diluent. 

We shall compare the a/'s above introduced. The ratio of 
O-f (/) to a/ (m) is given by 

«/(/) f.E,t/ , , - ,,— r • (4.3.2-20) 
ctf(m) Vf (1 - c) 

Lane et al. 2 6 ) gave a rational expression for the Dancoff 
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correction in case of the small volume fraction of grain by 

c = 1/(1 + ^all ) . (4.3.2-21 ) 
Insertion of Eq.4.3.2-21 into Eq . 4 . 3 . 2-20 gives a/(/Vot/(m) 
=1. This fact means the two models identical in the limited 
case of the small volume fraction of grain. As shown later 
numerically, however, a/(/) is always smaller than a/(m) 
because the Dancoff correction accurately estimated is 
slightly lower than the value given by Eq.4.3.2-20. It can be 
physically explained: The neutron just having escaped from the 
absorber grain has to escape from the cell in order to collide 
with other grains. whereas the neutron emitted from the 
diluent may collide with the grain in the same cell and also 
it is at a shorter distance from the grains in the outside of 
the cell than the former. Hence, the latter has always the 
larger probability to collide with the grain than the former 
has. 

Insertion of Eq.4.3.2-21 into Eq.4.3.2-15 gives f=Pe, then 
Eq.4.3.2-8 in this this case is given by 

E F = ( vtPe E/ + v.L, ) / vF , (4.3.2-22) 

which is just the expression given by Lane et ai. 2 6 ) 

The concrete form of Pe by Case et af . , 8 ) gives readily 
the limiting values of Ef , i.e. 

I" ( u»E. + zRJ ) /VF for R/E,»l , 
E F = i (4.3.2-23) 

I ( u.E. + VfT.} ) /vF for R/E/«l , 

where /?/ is the radius of the absorber grain. Here, it should 
be noted that the effective cross section, Ef- is bounded to be 
finite even if E/ goes to infinite. This behavior is an 
essential feature of the grain effect. 

(3) Transmission cross section method 

Supposing the attenuation of a uniform current of neutron 
beam through a media having grain structure, the present 
author & Gotohl7) presented a formulation of the equivalent 
cross section, Ef given by the solution of a following tran-
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s c e n d e n t a l e q u a t i o n : 
X exp(-X) = C , ( 4 . 3 . 2 - 2 4 ) 

where 
X = 2R P(E F - E„) , 

C = 2Rp7cpR/2F (2R/ (E/ - £»)) , 

F(x) = 1 - 2 [ l-(l+x)exp(-x) ] /x 2 . 
Rp, the radius of the coated particle, and p is the number 
density of particles. The equivalent cross section corresponds 
to the smaller root of Eq.4.3.2-24, and is always slightly 
larger than E„ + C/2RP. 

If account is taken of the fact that F(x) is a monoto
nously increasing function for x > 0 and 

f 2/3 x +0(x2) for I x I « 1 , 
F(x) = < (4.3.2-25) 

I 1 +0(x"2) for x »1 , 

we can show that Eq.4.3.2-24 has the proper limit values for 
the black limit (fy E/ » 1) and the homogeneous limit 
(I (Lf-Lm)Rf I « 1) just the same as given in Eq.4.3.2-23. 

(4) Numerical results and discussions 

Table 4.3.2-1 presents the behavior of the collision rate 
ratios and the shielded cross sections by the various models 
for the wide variation of absorber cross section given on the 
first column. The escape probabilities from an isolated 
absorber, Pe, on the second column were evaluated according to 
the formulation given by Case et al.,8) The probabilities 
Q(f,m) on the third column were evaluated numerically by the 
formalism presented in Appendix B of Ref.17 assuming a spheri
cal cell with the white boundary condition. Inserting the 
numerical values of Pe and Q(f,m) into Eq.4.3.2-13, the 
Dancoff correction c was numerically checked. The fact that 
the value c does not deviate beyond 0.8546 + 0.0001 through 
the whole range of absorber cross sections validates the 
applicability of Eq.4.3.2-13 to the wide range of practical 
problems. On the following columns, the collision rate ratios 
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by four models are given. The first is given for the neutron 
having escaped from the absorber grain, the second for the 
neutron emitted from the diluent. The third one proposed by 
Leslie & Jonsson37', upon which has not been touched yet, is 
also shown for reference. This model was derived for the 
neutron impinging on the outer surface of an imaginary cell 
with isotropic angular distribution. Hence these collision 
probabilities are expressed, conventionally, by G/ and G„. The 
numerical results of this model are, as seen, extremely close 
to those by the second one, then, we will not touch upon this 
model, 

Table 4.3.2-1 Collision rate ratios and effective cross sections 

E/ Pe Q(f,m) Of/a. 

Neutron 
from 
grain 

Neutron 
from 

diluent 

Neutron 
on cell 
surface 

Trans

mission 

0.3 
1.0 
3.0 
10. 
30. 
60. . 
100. 
300. 

.99328 

.97784 

.93559 

.80683 

.55686 

.36931 

.23627 

.08282 

.92823 

.79501 

.56358 

.27848 

.11301 

.05925 

.03606 

.01212 

.0701 

.2300 

.6601 
1.897 
3.927 
5.081 
5.551 
5.836 

.0712 

.2344 

.6775 
1.987 
4.259 
5.632 
6.217 
6.585 

.0713 

.2347 

.6786 
1.993 
4.277 
5.658 
6.243 
6.606 

.0717 

.2361 

.6926 
2.080 
4.669 
6 371 
7.127 
7.602 

£/ Kf £F 
Neutron 
from 
grain 

Trans

mission 

Neutron 
from 
grain 

Trans

mission 

Homo
geneous 
limit 

0.3 
1.0 
3.0 
10. 
30. 
60. 
100. 
300. 

.2934 

.9627 
2.763 
7.943 
16.44 
21.27 
23.24 
24.43 

.3000 

.9384 
2.899 
8.707 
19.55 
26.67 
29.84 
31.82 

.3728 

.4285 

.5783 
1.009 
1.717 
2.118 
2.282 
2.381 

.3793 

.4306 

.5897 
1.073 
1.975 
2.568 
2.831 
2.997 

.3733 

.43)6 

.5980 
1.181 
2.845 
5.342 
8.671 
25.32 

Rf = 0.030cm, R p = 0.045cm, p = 735.cm-3, 1^ = 0.38 cm"1, 
c (satisfy Eq.4.3.2-13)=0.8546 ± 0.0001, c (Eq.4.3.2-21) = 0.8667 
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hereafter. The fourth column of <*f/am gives the values esti
mated from the effective transmission crosc sections obtained 
from Eq.4.3.2-24. Comparing the a//a„'s among various models, 
it can be, seen that 

a/(/) < af(m) < af(Gj) <a;(transmission) 

for any value of absorber cross section. 
The shielded cross section of the grain, /£/ is given for 

only the extreme two models to show the minimum and maximum 
values. The averaged cross sections, Ef, of the fuel pellet 
for the extreme cases are also given on the succeeding 
columns. The last column gives the homogeneous limit of Ef-
when the grain size is infinitely small upon keeping the 
volume fraction, that is, / is unity. It is to be noted that 
the homogeneous model extremely overestimates the effective 
cross section of the fuel pellet. 

We have not described yet the treatment of the double 
heterogeneity in the higher resonance energy range; E > 130 
eV. We take the table-look-up method for the resonance shield
ing factors. We adopted Segev's expression33' based on the NR 
approximation for the background cross section presenting the 
heterogeneous effect, i.e., 

^ = X~TT 1 + cW-l) ' (4.3.2-26) 
a n d * = v./vF + (1-C)//\(1 + C(A-l)) ' (4.3.2-27) 

where a and A are the Bell or Levine factor for the 
microscopic and macroscopic cells, respectively, and C and L 
are the Dancoff correction and the mean chord length of the 
macroscopic cell, respectively. 

The above treatment is incorporated into the SRAC code 
system161, together with the models described above for the 
lower energy range, to yield the resonance absorption in a 
doubly heterogeneous cell. 

As a validation exercise of the above formulations, a 
series of benchmark calculations were carried out for the 
effective resonance integral in media containing small gold 
particles by comparison with experiments38'. Measurements were 
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made on samples containing gold particles in the range of 
volume fractions from 0.25 to 8.OS. Two diluent materials, Pb 
and graphite, were used. Such mixture was contained within a 
cylindrical sample which was mounted in the test-cavity 
assembly located in the center of the Stanford Pool Reactor 
core. 

Our calculations were made on the assumption that the 
sample was surrounded by enough amount of light water so that 
the neutron spectrum of the outer-most region of assumed 
cylindrical cell is almost \/E. 

The results are summarized in Tables 4.3.2-2a,2b,2c, and 
2d, for the Pb diluent cases, and in Tables 4.3.2-3a,3b,3c, 
and 3d, for the graphite diluent cases. The experimental value 
in each table shows the ratio of the resonance integral for 
particles of size 'a' relative to that of size '20u'. On the 
last line of each table, the prediction given by the authors 
of Ref.38 is referred. 

It can be seen that the shielding effect by various models 
shows the same tendency foreseen by the comparison of the 
collision rates and the resonance shieldings and do not 
present any serious discrepancies among them. The comparison 
with the measured ratios shows that there is excellent agree
ment between our predictions and the measured values for all 
the Pb diluent cases and for the small particle diameter cases 
of graphite diluent. Tables 4.3.2-3c and 3d show 5 ~~ 8 % of 
overestimate by our predictions. It is thought that the 
difference in the resonance shielding between the Pb diluent 
and graphite diluent cases arises from the difference of 
moderating power. Considering the fact that excellent agree
ment is indicated for the Pb diluent cases, and that a trial 
to change the moderating power of diluent by changing the 
amount of graphite by 20% does not affect the predicted ratio 
I(a)/I(20), it can be thought that some systematic error might 
be included in the experimental values for the large particle 
fraction in graphite diluent. 

Table 4.3.2-4 presents our predictions to the resonance 
integral of 2 3 8U and to the infinite multiplication factor for 
the standard fuel block of the VHTRC. The deviation among the 
calculated results by the various models could be thought as 
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Table 4.3.2-2,a Resonance integral of gold particles with lead diluent 

Volume fraction of particle = 0.0025 
Sample diameter = 2.57 cm 
Particle diameter a = 0.0183 cm 
Experimental Result = 0.6968 ± 0.015 

Calculational 
Model 

Resonance Integral 
1(20) 1 1(183) 

I(a)/I(20; C/E 

Homogeneous 522.182 
(487.623)* 

—** 

Smearing 498.179 
(464.535) 

343.951 
(312.169) 

0.6904 
(0.6720 ) 

0.991 

Neutron from 
fuel grain 

497.851 
(464.207) 

336.946 
(308.164) 

0.6768 
(0.6639 ) 

0.971 

Neutron from 
diluent 

498.461 
(464.832) 

339.577 
(310.803) 

0.6813 
(0.6686 ) 

0.978 

Transmission 498.441 
(464.812) 

339.312 
(310.538) 

0.6807 
(0.6881 ) 

0.977 
(0.988) 

LNS theory** 477.6 325.3 0.6809 0.977 
* The values in parentheses are resonance integral of 

the energy range from 130.07 to 0 68256 eV. 
+* The prediction by the authors of Ref.42) 

Table 4.3.2-2.b Resonance integral of gold particles with lead diluent 

Volume fraction of particle =0.01 
Sample diameter = 2.57 cm 
Particle diameter a = 0.0183 cm 
Experimental Result = 0.9012 ± 0.005 

Calculational 
Model 

Resonance Integral 
1(20) 1 1(183) 

I(a)/I(20) C/E 

Homogeneous 287.633 
(259.294) 

Smearing 284.822 
(256.864) 

255.655 
(230.213) 

0.8976 
(0.8962 ) 

0.996 

Neutron from 
fuel grain 

284.660 
(256.702) 

253.367 
(227.925) 

0.8900 
(0.8929 ) 

0.988 

Neutron from 
diluent 

284.600 
(256.864) 

255.155 
(229.720) 

0.8976 
(0.8943 ) 

0.997 

Transmission 285.017 
(257.066) 

255.207 
(229.770) 

0.8954 
(0.8938 ) 

0.994 

LNS theory 266.9 239.1 0.8957 0.994 
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Table 4.3.2-2,c Resonance integral of gold particles with lead diluent 

Volume fraction of particle =0.02 
Sample diameter = 1.26 cm 
Particle diameter a = 0.0518 cm 
Experimental Result = 0.7424 ± 0.012 

Calculational 
Model 

Resonance Integral 
1(20) I 1(518) 

I(a)/Ii20) C/E 

Homogeneous 288.199 
(261.000) 

Smearing 285.717 
(258.857) 

212.470 
(190.655) 

0.7436 
(0.7365 ) 

1.002 

Neutron from 
fuel grain 

285.928 
(258.756) 

205.465 
(183.650) 

0.7194 
(0.7097 ) 

0.969 

Neutron from 
diluent 

284.791 
(257.937) 

209.887 
(188.078) 

0.7370 
(0.7298 ) 

0.993 

Transmission 285.928 
(259.075) 

210.379 
(188.570) 

0.7358 
(0 7279 ) 

0.991 

LNS theory 272.7 194.9 0.7147 J.963 

Table 4.3.2-2,d Resonance integral of gold particles with lead diluent 
Volume fraction of particle = 0.08 
Sample diameter =1.26 cm 
Particle diameter a = 0.0518 cm 
Experimental Result = 0.9363 ± 0.015 

Calculational 
Model 

Resonance Integral 
1(20) | 1(518) 

I(a)/I(20) C/E 

Homogeneous 156.861 
(137.503) 

Smearing 156.505 
(137.271) 

147.550 
(129.708) 

0.9428 
(0.9449 ) 

1.007 

Neutron from 
fuel grain 

156.485 
(137.251) 

144.037 
(126.195) 

0.9205 
(0.9194 ) 

0.983 

Neutron from 
diluent 

154.132 
(134.903) 

146.097 
(128.258) 

0.9479 
(0.9507 ) 

1.012 

Transmission 156.511 
(137.282) 

147.857 
(130.018) 

0.9447 
(0.9471 ) 

1.009 

LNS theory 149.5 136.3 0.9118 0.974 
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Table 4.3.2-3,a 
Resonance integral of gold particles with graphite diluent 

Volume fraction of particle = 0.0025 
Sample diameter =2.57 cm 
Particle diameter a = 0.0183 cm 
Experimental Result = 0.6357 ± 0.012 

Calculational 
Model 

Resonance Integral 
1(20) 1 1(183) 

I(a)/I(20) C/E 

Homogeneous 597.902 
(563.074) 

Smearing 556.351 
(522.470) 

356.288 
(327.406) 

0.6404 
(0.6267 ) 

1.005 

Neutron from 
fuel grain 

555.761 
(521.880) 

353.338 
(324.420) 

0.6358 
(0.6216 ) 

1.000 

Neutron from 
diluent 

556.410 
(522.530) 

355.697 
(326.791) 

0.6394 
(0.6254 ) 

1.006 

Transmission 556.411 
(522.546) 

355.567 
(326.661) 

0.6390 
(0.6250 ) 

1.005 

LNS theory 526.7 333.9 0.6340 0.997 

Table 4.3.2-3,b 
Resonance integral of gold particles with graphite diluent 

Volume fraction of particle = 0.01 
Sample diameter = 2.57 cm 
Particle diameter a = 0.0183 cm 
Experimental Result = 0.8673 ± 0.005 

Calculational 
Model 

Resonance Integral 
1(20) j 1(183) 

I(a)/I(20) C/E 

Homogeneous 320.439 
(291.688) 

Smearing 315.515 
(287.167) 

272.306 
(246.591) 

0.8630 
(0.8587 ) 

1.007 

Neutron from 
fuel grain 

315.231 
(286.883) 

270.004 
(244.289) 

0.8565 
(0.8515 ) 

0.993 

Neutron from 
diluent 

315.223 
(286.884) 

272.018 
(246.311) 

0.8629 
(0.8586 ) 

1.007 

Transmission 315.633 
(287.293) 

272.001 
(246.294) 

0.8618 
(0.8573 ) 

1.005 

LNS theory 294.1 251.9 0.8564 0.999 

- 105-



JAERI - M 85 - 034 

Table 4.3.2-3,c 
Resonance integral of gold particles with graphite diluent 

Volume fraction of particle =0.02 
Sample diameter =1.26 cm 
Particle diameter a = 0.0518 cm 
Experimental Result = 0.6518 ± 0.015 

Calculational 
Model 

Resonance Integral 
1(20) j 1(518) 

I(a)/I(20) C/E 

Homogeneous 308.254 
(280.431) 

Smearing 304.452 
(276.991) 

215.742 
(193.677) 

0.7086 
(0.6992 ) 

1.087 

Neutron from 
fuel grain 

304.182 
(276.721) 

209.918 
(187.846) 

0.6901 
(0.6788 ) 

1.059 

Neutron from 
diluent 

303.883 
(276.431) 

214.510 
(192.444) 

0.7059 
(0.6961 ) 

1.083 

Transmission 304.667 
(277.215) 

215.322 
(193.257) 

0.7067 
(0.6972 ) 

1.084 

LNS theory 289.3 197.7 0.6835 1 1.049 

Table 4.3.2-3.d 
Resonance integral of gold particlesmwith graphite diluent 

Volume fraction of particle = 0.08 
Sample diameter =1.26 cm 
Particle diameter a = 0.0518 cm 
Experimental Result = 0.8789 ± 0.020 

Calculational 
Model 

Resonance Integral 
1(20) 1 1(518) 

I(a)/I(20) C/E 

Homogeneous 162.898 
(143.456) 

Smearing 162.480 
(142.752) 

150.796 
(132.652) 

0.9280 
(0.9292 ) 

1.056 

Neutron from 
fuel grain 

162.443 
(142.715) 

147.394 
(129.250) 

0.90742 
(0.9057 ) 

1.032 

Neutron from 
diluent 

161.458 
(141.729) 

149.730 
(131.585) 

0.9274 
(0.9280 ) 

1.055 

Transmission 162.517 
(142.787) 

151.758 
(133.613) 

0.9338 
(0.9358 ) 

1.067 

LNS theory 155.2 139.2 0.8974 1.021 
1 
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Table 4 . 3 . 2 - 4 Resonance i n t e g r a l of U-238 and r e a c t i v i t y in VHTRC 

Model RI of U-238 Kco Ap 
Homogenebus 
Smearing 

Neutron from grain 
Neutron from diluent 
Transmission 

53.47 (43.78)* 
49.85 (40.15) 
48.68 (39.45) 
49.13 (39.91) 
49.57 (40.45) 

1.4739 
1.4918 
1.4978 
1.4955 
1.4933 

0.0084 
0.0108 
0.0098 
0.0088 

Specifications of the fuel block of the VHTRC 

UO2 grain 
Fuel par t ic le 
Graphite diluent 
Fuel pel le t 
Graphite block 
Fuel rod in a block 

sphere 0.06 cm dia. 10.0 gcm~3 
coating 0.015 cm thick, 735.cm - 3 

1.7 gem - 3 

ID=1.8 cm , 00=3.6 cm 
hexagonal 30. cm pi tch. 1.7gcm_3 
12 rods in hexagonal 6.58 cm pitch 

* The values in parentheses are resonance integral of 
the energy range from 130.07 to 0.68256 eV. 

an ambigui ty of p r e d i c t i o n s which r e s u l t s in only ± 1.2% in 
the resonance i n t e g r a l and ± 0.1% in Ak/k, whereas the 
he te rogeneous e f f e c t by the g r a i n s t r u c t u r e amounts t o 8% in 
the resonance i n t e g r a l and 0.9% in Ak/k. I t i s to be noted 
t h a t a s i n g l e rod c e i l approximat ion for the macroscopic 
h e t e r o g e n e i t y causes an o v e r e s t i m a t e of 3% in the resonance 
i n t e g r a l which i s l a r g e r than the d i sc repancy among the 
models. 

(5) Conclus ions 

The ' A c c r e t i o n " method by L e s l i e & Jonsson to c a l c u l a t e 
c o l l i s i o n p r o b a b i l i t y in a doubly he te rogeneous system was 
a p p l i e d to e v a l u a t e t h e resonance a b s o r p t i o n in coa ted p a r t i 
c l e s in the fuel block of the VHTR. Seve ra l models were 
p r e s e n t e d to de f ine the c o l l i s i o n r a t e s in the medium with the 
mic roscop ic h e t e r o g e n e i t y . The resonance a b s o r p t i o n was e v a l 
uated by a numerical scheme which can t r e a t a m u l t i - r e g i o n 
c e l l with an u l t r a f i n e group method. 

I t was shown t h a t a l l models gave the almost same r e s u l t s 
wi th in the r e q u i r e d des ign accuracy of the VHTR. S a t i s f a c t o r y 
agreement was ob ta ined with the exper imenta l va lues for the 
s h i e l d i n g of resonance i n t e g r a l in media c o n t a i n i n g gold in 
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the form of small particles. 
The present study gives us confidence that the present 

approach is straightforwardly applicable to the doubly hetero
geneous system with the realistic geometry such as LWR and 
LMFBR lattice cells since our treatment on the macroscopic 
geometry is fairly general. This method allowing three one-
dimensional (sphere, plane and cylinder) cell as the optional 
microscopic geometry was recently incorporated in the SRAC 
code system16'. 
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5. SRAC Code System and Its Application 

The JAERI standard thermal reactor analysis code system; 
SRAC" has been developed. In order to have unique features, 
the collision probability method together with the routines 
developed by the present author is adopted as the principal 
means of the cell calculation. As shown below, it resulted in 
the wide applicability and high accuracy of the SRAC. 

For the validation purpose. extensive benchmark 
calculations21 have been made for the ke// values of various 
types of critical assemblies including light water, heavy 
water and graphite moderated systems, and fast reactor sys
tems. The SRAC code system has been successfully applied to 
the works for the reconstruction plan of the JRR-33' and for 
the reduction of uranium enrichment of JAERI research and test 
reactors'11. Its application has been also made for the recon
struction of the SHE5' for the neutronics study of the VHTR 
and for the benchmark study of the criticality safety 
facility61. 

Following to the outline of the SRAC code system, results 
of several benchmark calculations will be described in this 
chapter. 

5.1 Outline of SRAC code system 

The unique functions compared with the foreign production 
codes are following : 

1) The wide applicability to all type of thermal reactors 
owing to the complete set of collision probability routines 
for 13 types of geometries described in Section 3.1. 

2) The options for the resonance absorption in the dominant 
resonance energy range. The effective cross sections by the 
conventional table-look-up method based on the NR approxima
tion can be replaced by those using the table-look-up based 
on the IR approximation (mentioned in Section 4.1). Moreover 
the rigorous method for a multi-region cell (mentioned in 
Section 4.2) is one of the unique functions of the SRAC. 
3) The capability of multi-group cell calculation in each 
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separate energy range of thermal neutron, resonance neutron 
and fast neutron as each fixed source problem, or through the 
whole neutron energy range as an eigenvalue problem. The 
particular technique in each energy range is required to 
solve the linear equations based on the collision probability 
method. These techniques are described in Appendix A. 
4) The doubly heterogeneous system can be solved by the 
successive cell calculations since smearing and/or collapsing 
of macroscopic cross sections is done separately by the 
user's selection. Especially, the resonance absorption of 
which double heterogeneity should be solved simultaneously, 
can be treated as mentioned in Section 4.3. 
5) The Dancoff correction factor required in the interpolation 
of the self-shielding factors of resonance nuclides is 
automatically calculated by the installed collision probabi
lity routines. 

6) The calculational methods and the energy group structure 
can be selected by the user depending on his purpose; for 
conceptional design, detailed design or experimental 
analysis. For example, a variety of the trans .>ort codes are 
available for cell calculations (collision probability 
method, ID and 2D SN codes). The one space-point solution by 
the P] or Bj approximation7' is also available after smearing 
the cross sections. For the core calculation, the ID, 2D and 
3D diffusion codes in addition to the above mentioned trans
port codes are available. 

5.1.1 Galculational scheme 

In Fig.5.1-1, a flow diagram of the SRAC is shown. Except 
the initial read step, all the steps are optionally used. Here 
we shall follow the flow assuming a typical example. 
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SRAC 
ENTRY 

[ Q > - J READ OPTION CONTROL 
- READ FILE CONTROL 

Version by 
ENDF/B-4 or JENDL-2 

/PUBUCA 
_ \MICRO J 

COMPOSE USER LIBRARY^ USER \ 
READ GEOMETRY FOR P I J ^ ^ / P I j = C o | i i s i o n probability method 

• READ GEOMETRY FOR SN SN = ANISN orTWOTRAN 

• READ GEOMETRY FOR DIFFUSION \ DIFFUSION = TUD or CITATION 

• CALLMACRO FAST. THERMAL' 

•CALL. IRA* 

J 

r READ GUESS-, 
P I J * - WRITE^?7TJ5ri 

hSN - F L U X ^ E t y J v 
L-DIFUSION - 1 

• CALL.MCROSS-

• CALL PEACO * 

• CALL MIX-X- SECTION - ^ ( M A C R O ) 

-(RESONANCE) 

(FLUX) 

Macroscopic X-sections 
with table-look-up by NR 
Table-look-up by IRA 

Cell calculation 
in fast energy range 

Cell calculation by P I J 
in resonance range 
Homogenized X-sections 

r READ GUESS-, , „ . , _ _ 
- S N j - p L u ^ X E t y D C e l l calculat 
L- DIFFUSION 

• CALL. MIX-X-SECTION 

•CALL.HOMOSP 

• CALL. CONDENSE 

-CALL. CONCAT 
• CALL. BURNUP 
•\~fi~y tor further burnup step 

in thermal energy range 

(MACRO) Homogenized X-secfions 

*>(FLUX )Bore reactor calculation 

Few-group constants 
(MACRO) 

Multi-group constants 

- P I J * 
•SN 
-DIFFUSION 

H.WRITE 
IJi 7FLUX 

• CALL. MIX-X-SECTION 

• CALL. CONDENSE 

• CALL. CITSEC 

PJ-Tjjp, Few-or multi-group 
J core calculation 

MACRO)Homogenized X-seetions 

Prepare macro X-sections 
for external CITATION 

Steps marked by * utilize the collision 
probabi lity method 

Fig.5.1-1 Flow diagram of :SRAC 
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Specification of the example 

Cell calculation for a pin rod lattice cell in fixed source 
problem by collision probability method 
where resonance integral by IR approximation 

Core calculation for simplified core of a homogenized active 
core surrounded by reflector in eigenvalue 
problem in multigroup energy group structure 
by ID diffusion theory calculation 

Condense of macroscopic cross sections for an external use of 
the CITATION code 

The following steps are traced to execute the above 
example as; 
READ OPTION CONTROL 
READ FILE CONTROL 
COMPOSE USER LIBRARY 

Prepare the User fast and thermal libraries by spe
cifying the energy group structure, nuclides, tempera
tures 

READ GEOMETRY FOR PIJ 
Read the geometry of the pin rod cell for collision 
probability method 

READ GEOMETRY FOR DIFFUSION 
Read the geometry of the core for ID diffusion calcu
lation. 

• Read the edit control for the macroscopic cross 
sections to be written in the format of the CITATION 

MACRO FAST.THERMAL 
Read the material specifications. 
Compose macroscopic cross sections in the fast and 
thermal neutron energy range 

IRA Modify cross sections in resolved resonance energy 
range by IR approximation 

PIJ Compute collision probability in the fast energy 
range, and solve linear equations in the fast energy 
range 

MIX-X-SECTION 
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Homogenize cross sections using the spatial distribu
tion of neutron flux obtained by the above cell 
calculation 

PIJ Compute collision probability in the thermal energy 
range, and solve linear equations in the thermal 
energy range 

MIX-X-SECTION 
Homogenize cross sections using the spatial distribu
tion of neutron flux obtained by the avove cell 
calculation 

HOMOSP Calculate k„,kejj by a point model 
CONCAT Concatenate fast and thermal cross sections into a set 

for the succeeding core calculation 
DIFFUSION 

Solve an eigenvalue problem for a core calculation by 
ID diffusion routine 

CONDENSE 
Condense cross sections into those of few group 
structure using neutron fluxes obtained in the above 
core calculation 

CITSEC Store macroscopic cross sections in a catalogued file 
for an external use of the CITATION code 

5.1.2 Data libraries 

There are two kinds of nuclear group constant libraries .' 
One is named "Public" library, which is the fundamental one in 
the SRAC system, and the other is 'User" library. The User 
library is used as the user's own library after the group 
constants in the Public library are collapsed into the proper 
group number for the necessary number of nuclides. All the 
calculations can be started from the User library once after 
it is created. The addition of new nuclides to the User 
library can be readily made. 

The present Public library was produced by processing the 
nuclear data files ENDF/B-III8' and IV9). The Public library 
based on the JENDL-2 nuclear data file 1 0 1 is also available as 
a substitute of that based on the ENDF/B. 
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(1) Energy group structure 

The energy group structure of the current Public 
libraries consists of 107 groups (48 groups for thermal and 74 
for fast energy ranges, respectively, with 12 overlapping 
groups ). 

The Public library is classified into the library 
corresponding to the fast neutron energy range (En > 0 41399 
eV) and that to the thermal (En < 3.9279 eV). The user can 
choose the thermal cut off energy from the boundary energies 
of the fine groups in the overlapping range. The higher cut 
off energy may be used to take account of the up-scattering of 
thermal neutron of the material under the high temperature. By 
specifying the cut off energy below t eV, the first resonance 
level of 2 4 0U is treated in the resonance range as those of 
fertile nuclides. Otherwise, the lethargy mesh width of the 
overlapping range is sufficiently narrow to treat this level 
in the multigroup scheme in the thermal range to take account 
of the upscattering effect. 

(2) Group constants in fast neutron energy region 

The fast neutron energy region is defined as the range 
from 0.41399 eV to 10 MeV, which includes all the energy 
ranges except for the thermal neutron energy range described 
in Sect.5.1.3. The group constants in this energy region are 
arranged in the form of the cross section set of the Bonda-
renko type, that is, the self-shielding factors are given for 
scattering, removal, capture, fission and transport cross 
sections, which are tabulated by temperature T and background 
crosssection OQ. This library carries also the standard spec
trum for collapsing the Public library into the User library. 
The angular dependence of elastic scattering is taken into 
consideration up to the P5 component, for which the shielding 
factor is presently not prepared. The present library was 
produced by use of PROF GROUCH-GII code1" and TIMS-1 code,2). 

(3) Resonance parameters and MCROSS library 
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The effective resonance cross sections in the second 
resonance range defined in Sect.5.1.3 are, on simple treat
ment, calculated by the combined use of the IR approximation 
and the . table-look-up method of the resonance shielding 
factors, while those in the first resonance range are always 
obtained by the method based on the NR approximation, which is 
widely used in fast reactor analysis. The resonance parameters 
needed for the IR are accommodated in the fast group constants 
library. 

The SRAC system provides another option, by which the 
effective resonance cross sections in the second resonance 
region are calculated with the collision probability method 
using the ultrafine energy group structure of 4600 points. The 
resonance cross sect on library needed for the ultrafine group 
calculation is given, for every temperature used, by the 
MCROSS-2 codel3) and stored in the PDS files (See Sect.5.1.5) . 
Here, in general, a multilevel formalism is used for the cross 
section representation14', and the necessary multilevel para
meters are also prepared for the energy range (<130.07 eV) in 
the fast group constant library. 

(4) Group constants in thermal energy region 

The thermal neutron library consists of the matrices with 
fixed dimension of 48 energy groups. For moderator materials, 
the scattering matrices were constructed from the scattering 
law S(a,0) and tabulated on the fixed eleven temperatures. 
Especially for the moderators with crystalline structure, the 
coherent elastic scattering cross sections calculated by the 
HEXSCAT code15' have been added. 

The self-shielding factors were prepared for the fission 
and capture cross sections of the nuclides whose resonance 
levels exist in the thermal neutron energy region. For some of 
such nuclides, a representative scattering matrix without 
temperature dependence was assigned for all the temperatures 
used in the tabulation of the thermal library, because of 
their smaller contributions to neutron energy transfer in 
practical reactor calculation. Here, the weighting spectrum 
used for collapsing the Public library into the User library 

- 118-



JAERI - M 85 - 034 

was assumed to be (the Maxwellian distribution corresponding 
to the above temperature + l/£ spectrum), commonly for all the 
nuclides concerned. 

The numerical process and the data preparation are des
cribed in Appendix C. 

(5) Nuclear data for depletion calculation 

Several fission product models'6-'8' for depletion calcula
tions have been proposed, which consist of a few explicit 
nuclides and several pseudo groups representing the residual 
absorption. In the SRAC system, three models are available, 
depending on the purpose of burnup calculations. 

The first model of Garrison and Roos'6) consists of two 
explicit nuclides (135Xe and l 4 9Sm) and three pseudo groups 
(rapidly saturating, slowly saturating and non-saturating 
fission products). This model is very useful for economical 
calculations of cell burn-up. The group cross sections were 
produced from ENDF/B-II for three pseudo fission products and 
from the ENDF/B-IV9) for two explicit nuclides, respectively. 
The nuclear data of ENDF/B-IV are used for half-lives and 
fission yields for these nuclides. 

Second, a detailed model by Iijima el al.[7) for BWR is 
available to predict the burnup reactivity change with high 
precision. This model consists of 45 explicit nuclides and one 
pseudo group. The nuclear data of ENDF/B-IV were used for 
half-lives and fission yield data. The group constants of the 
explicit nuclides were mostly produced from ENDF/B-IV, except 
for " 3Cd, l 3 3Xe, l 3 4Cs and pseudo fission product. 

Third, the VSOP-chain modell8) developed in KFA Juelich is 
available. In this model, four branches can be selected, which 
consist of 27, 32, 37 and 42 explicit nuclides, respectively. 
The group cross sections for these nuclides were produced from 
ENDF/B-IV. For the fission product yields, the c ta recom
mended in the VSOP scheme are used. 

5.1.3 Definition of energy range 

The method producing the cross section library, the 
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method used and the way to divide spatial meshes calculating 
the neutron flux are, in general, changeable depending on the 
energy range. Here the energy range is defined as follows : 
(1) Fast, fission energy range 

This range corresponds to the fast energy region higher 
than the fission threshold energy of fertile nuclides where 
the weighting spectrum used for producing the Public library 
is assumed to be fission spectrum. The energy averaged spec
trum in each group is used as the standard one for the Public 
library collapsing into the User library. For low enriched 
fuel rods with larger radius, fast fission effect and its 
heterogeneity effect are important in this energy range. 
(2) Smooth energy range 

Since the fluctuations of the various reaction cross 
section are rather small in the energy range below about 1 
MeV, the neutron energy spectrum is smooth, hence the spatial 
distribution can be assumed to be flat. Though there happen to 
be some small variations in the neutron spectrum due to the 
resonance scattering of light and medium weight nuclides, this 
effect is not so important in thermal reactors. The group 
constants in the Public library are processed assuming the 
neutron spectrum to be 1/(EE(E)), as well as in the following 
two energy ranges. The l/£ spectrum is used to collapse the 
cross sections of the Public library into those of the User 
library. 
(3) First resonance range 

Below about 50 KeV, fine structure appears in the neutron 
spectrum due to isolated and/or statistical resonance levels 
of heavy nuclides, and the Doppler effect must bs- taken into 
account. For each heavy resonant nuclide, an exact calculation 
is made for the resonance shielding factor production using 
TIMS-1 code12'. There is, however, no special difference in 
programming between the smooth and resonance energy ranges in 
the SRAC system. 
(4) Second resonance range 

This energy range corresponds to the lower resonance 
energy region where are many sharp and strong resonance levels 
of fissile and fertile nuclides. A special attention must be 
paid for this range in thermal reactor analyses, because most 
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of resonance absorption occurs in these strong resonances. The 
resonance shielding factors for a heavy resonant nuclide are 
evaluated for the homogeneous mixtures with an imaginary 
nuclide of the constant cross section. The upper energy 
boundary of this range is fixed to be 130.07 eV (u = 11.5), 
while the lower energy boundary is selected by the user from 
one of the group energy boundaries of the SRAC library between 
3.9279 and 0.41399 eV, depending on the problem under study. 
Here, for a simple calculation, the IR approximation is used 
for calculating the effective resonance cross sections, and 
the ultrafine spectrum can be also calculated by use of the 
collision probability method when higher accuracy is needed. 
(5) Thermal neutron energy range 

Since the thermal scattering matrices in the library are 
prepared only on the given temperatures ; 300 K, 325 K, 350 K, 
400 K,... etc., some interpolation means are available for the 
group constants on the real temperature. The effect of the 
up-scattering beyond the cut off energy can be reflected only 
in the whole energy calculation to hold the neutron conserva
tion (usually in the eigenvalue problem). 

5.1.4 Optional use of transport codes and their usage 

Several kinds of optional paths can be available for 
neutron transport and/or diffusion calculations. The path 
based on the collision probability method can treat 13 types 
of geometries described in Section 3.1. The SN path adopts the 
ANISN code19' for ID calculation and the TW0TRAN code20) for 2D, 
respectively. On the other hand, the diffusion code CITATION2" 
is generally used for the diffusion path, though a ID code 
TUD22' is also available which is preferred by its simple and 
small input requirement. Any selection from these paths is 
possible for each energy range except for the second resonance 
energy range in which the ultrafine group calculation to a 
multi-region cell for the resonance absorption is uniquely 
based on a use of the collision probability method. 

The neutron spectrum calculation for smearing and/or 
collapsing of macroscopic cross sections can be made by choice 
of a proper sequence of the paths. Moreover, the Pj or Bj 
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approximation based on the fundamental mode assumption is 
available for collapsing the multigroup cross sections into 
few group ones after smearing the multigroup cross sections. 

Particularly for cell calculations, various space regions 
and meshes are defined to enhance the calculation accuracy or 
to save the computer time, as the needs of the case demand, 
i) Sub-region 

This is the purely geometrical sub-division that is 
bounded by the lines or circles used to define the geometry 
under consideration for the collision probability routines, 
ii) T-region (Thermal-region) 

A T-region consists of a few sub-regions where the neutron 
flux distributions in the sub-regions are same due to 
geometrical symmetry or where the fluxes in the adjacent 
sub-regions can be assumed to be same because of the thin 
optical thickness. This T-region is used for the calculation 
of the spatial fine structure of the neutron flux in the 
thermal energy range. 

In the SN or diffusion routines, the finest spatial mesh 
is treated as a T-region. 
iii) R-region (Resonance-region) 

Since the neutron distriLution in the fission or resonance 
energy range is rather flat than in the thermal range, it is 
not always necessary to sub-divide the geometry into so many 
meshes as in the thermal energy range. In such a case, several 
T-regions are allocated to form an R-region. 

To the SN or diffusion routines, while any allocation to 
the R-region is not required, the coarse regions are assumed 
to form R-regions. 
iv) X-region (Edit-region) 

An X-region formed by gathering some R-regions is used for 
calculation and output of the average cross sections. For 
usual cases, one X-region corresponds to one unit cell. On the 
other hand, for the special cases such as the spatial depen
dence of the effective cross sections is required, each 
X-region is recommended to make one-to-one correspondence to 
each R region, that is, the same division is used both for the 
X- and R-region. Moreover, some of the R-regions may be 
excluded from any of the X-regions when they are added as 
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extra regions to the isolated cell to simulate the surrounding 
boundary condition. 
v) M-region (Material-region) 

An M-region is formed by several R-regions which have the 
same composition. On the calculation of the background cross 
section on based on the NR or the IR approximation, the 
collision probability is calculated to the ri-iegions. 

5.1.5 Data storage by PDS file 

The storage and search of the variety of data is carried 
out by using the PDS (Partitioned Data Set) files23', where the 
Member Name of data is designated by a string composed of 8 
letters within 36 alphanumeric characters (figures 0-9 and 
alphabetic characters A-Z). An assembler routine PDSFUTY 
permits the file control by the Fortran statement. A few 
auxiliary programs are available to read/write the contents of 
these files. The built-in FACOM TSS commands can be also used 
for file control. 
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5.2 Benchmark calculations on SHE cores 

A series of benchmark calculations2' was performed for the 
typical critical experiments of the SHE which is the critical 
facility of a graphite moderated. 20% enriched semi-
homogeneous UOg loaded core with radial graphite reflector, to 
verify the method and data adopted in the SRAC code system. 

The benchmark tests were done for the critical masses of 
the following seven cores'. 
1 ) Homogeneous cores SHE-5,6,7, and 8 

where the carbon to 2 3 5U ratio ranges 2316 to 5483. 
2) Heterogeneous core SHE-12, and 13 
3) Mockup cores for the VHTR; SHE-14 
The loading maps of each core are shown in Fig.5.2-1. 

5.2.1 Cell calculation 

The cell calculations were achieved in the 22 fast groups 
above 1.1254 eV and in the 39 thermal groups. The resonance 
absorptions were calculated by the IR approximation. A case 
was also examined by the PEACO routine to execute an ultra-
fine, multi-region cell calculation by the collision probabi
lity method mentioned in Section 4.2. The cell models are 
shown in Fig.5.2-2a and -2b. It is noted that even in the so 
called homogeneous cores, the cell calculations were performed 
assuming the hexagonal array of fuel rods. 

5.2.2 Core calculation 

Since all the benchmark cores have no axial reflector, 
ID diffusion calculations were used. The axial neutron leakage 
was evaluated by DB 2 (B2 denotes the axial buckling). In Table 
5.2-1, the calculated ke//'s are shown. We can see that the ke// 
values for the homogeneous cores SHE-5 ~ 8 agree with the 
experimental values with ;:.•. accuracy of 0.7%. To the hetero
geneous cores; SHE-12,13, and 14, however, it is likely to 
overestimate about !.2 -v 1.8 %. It was proved that the 
neglect of the axial streaming effect due to the air gaps 
between matrix tubes which were homogenized in the cell models 
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including multiple fuel rods (see Fig.5.2-2) caused the 
overestimates. 

5.2.3 Discussions about calculational method 

(1) Effect of thermal cut off energy 

A series of survey calculations was made to see the effect 
of the thermal cut off energy E c by changing E c between 0.6825 
eV and 1.855 eV. While there was not any noticeable variation 
in the ke// values ( < 0.04% Ak/k), a discontinuity was found 
in the calculated spectrum obtained in the multi-group scheme 
because of the unmatched scattering laws above and below the 
cut off energy. This discontinuity is much remarkable in the 
graphite moderated case than in the light water moderated 
case. This gap became larger when the lower cut off energy was 
used. Although this discontinuity in the spectrum does not 
affect the few group constants, we should take the cut off 
energy for the graphite moderated case higher than that for 
the light water moderated case, say 1.125 eV. 

(2) Trams, nort effect in core calculation 

To validate the core calculation by the diffusion theory 
calculation, a ID Sn calculation was performed to the SHE-8 
core. The obtained ke// value agrees with that by the diffusion 
theory by the accuracy of 0.1%. 

(3) Method of resonance absorption 

To the cell calculation of the SHE-8 core, a use of the 
PEACO routine was examined. The resonance integrals of ,a8U 
between 13.71 eV and 6.48 eV are 60.63 barns by the PEACO and 
59.42 barns by the IR. This small difference affects the ke// 
value by merely 0.02%. 

(4) One- and two-dimensional core calculation 

The SHE cores are surrounded by a radial reflector to form 
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a hexagonal shape in the vertical cross section. ~o see the 
effect of cylindricalization to permit ID calculation, a 
2D triangular geometry and a ID cylindrical geometry for the 
SHE-14 core were examined by the CITATION routine using the 24 
group (11 fast and 13 thermal groups) structure. As the 
difference in ke/< is very small (0.02%), we can neglect the 
cylindricalization effect at the SHE-14 core where the radius 
of the active core is 38 cm and the averaged thickness of the 
reflector is 91 cm. 

(5) Streaming effect of air gaps betveen matrix tubes 

Since the SHE core is assembled by a hexagonal array of 
graphite matrix tubes of 6.5 cm in diameter, we have 
triangular-like air gaps between tubes (a gap occupies 10% of 
the area of a unit hexagonal lattice cell). The axial stream
ing effect due to the air gap was evaluated for the SHE-8 
core. As far as the geometry of the cell is simply hexagonal 
of a unit fuel rod, we can take account of the gap geometry 
into the cell calculation. The anisotropic diffusion coeffic
ients were obtained using the directional collision probabi
lity defined by Benoist. The result shows roughly D z/D r 

1.04. The radial diffusion coefficients were introduced into 
the ID core calculation, and the axial coefficients were taken 
into the axial buckling as B 2 = B 2 (geometrical) * D z/D r. The 
keff obtained is lower by 0.57% than that of the case where the 
isotropic diffusion coefficients were used upon homogenizing 
the air gap with graphite. The streaming effect, thus 
obtained, was extrapolated to the cases where the homogeniza-
tion was taken due to the complexity of the geometry. 

On this occasion, the actual dispositions of the end plugs 
mounted to fix the sheath to the matrix tube was reflected on 
the buckling B 2. 

The above corrections amount to 0.87% to the ke// values of 
the heterogeneous cores. In Fig.5.2-2, the predicted critical 
masses to the various cores are plotted together with the 
experimental vales as a function of carbon to 2 3 5U ratio C/U. 
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5.2.4 Conclusion of SHE core benchmark 

The predictions by the SRAC code system to the critical 
masses for the seven SHE cores are compared with the experi
mental values. They show an excellent agreement. It gives us 
confidence that the calculations carried out on the core 
conversion of the SHE for the mockup experiments of the VHTR 
are adequately predicted. 

Table 5.2-1 Calculated K,fl for SHE 

Core c o n f i g u r a t i o n C / 2 3 S U Core rad ius <«•) C a l c u l a t e d v a l u e s of k e f f * 

S H E - 5 5 4 8 3 3 5.10 1 . 0 0 1 4 

S H E - 6 4 3 9 5 3 3.17 1 .005 0 

S H E - 7 3 3 5 9 3 1 . 0 4 L 0 0 7 1 

S H E - 8 2 3 1 6 2 8.71 1 . 0 0 7 4 

S H E - 1 2 6 7 8 5 3 7.2 8 1 . 0 1 3 9 ( 1 . 0 0 5 3 ) * 

S H E - 1 3 1 5 7 2 4 5 5.7 6 1 . 0 1 8 3 ( 1 . 0 0 9 6 ) * 

S H E - 1 4 7 1 5 8 3 9.5 4 1 . 0 1 2 7 ( 1 . 0 0 4 0 ) * 

* Corrected values of neutron streaming and end cap effect 
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Fig . 5 .2 1 Fuel rod loading p a t t e r of SHE cores 
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5.3 Analysis on DCA initial core 

The ATR now under development in Japan is a heavy water 
moderated, boiling light water cooled, pressure tube type 
reactor. The DCA; the critical facility to carry out the 
critical experiments of the ATR has been operated since it 
reached criticality in the end of 1969. The preliminary 
version of the LAMP code22' was used for the detailed design of 
the DCA. 

For the validation purpose of the SRAC code system, the 
analysis of the initial core of the DCA was redone2' not only 
for the critical mass but also for the measured lattice 
parameters24' such as S28, S 2 5 and p28. 

Figure 5.3-1 presents schematically a vertical cross 
section of the DCA. The aluminum core tank, with 1.0 cm 
thickness, is 300.5 cm in inner diameter and 350 cm high. The 
initial core contains a square lattice of 121 cells in 22.5 cm 
pitch. This arrangement leads the radius of the active core to 
139.2 cm, and the thickness of the DgO radial reflector to 
11.0 cm. The unit cell is highly heterogeneous as shown in 
Fig.5.3-2. The fuel cluster consists of 28 UOg fuel pins with 
aluminum cladding. The fuel pins in the cluster are arranged 
in the three rings; counting from the center, there are 4 pins 
in the first ring, 8 pins in the second, and 16 pins in the 
third. The light water coolant is separated from the heavy 
water moderator by an aluminum pressure tube, an air gap, and 
an aluminum calandria tube. 

Figure 5.3-3 shows a cell model used for the calculation 
of thermal flux distribution. The H2O coolant region is 
sub-divided at most in radial direction to have the best 
estimate of flux distribution. Testing the effect of spatial 
division, we found that the smaller region must be taken in 
the coolant to improve the flat flux assumption, while the 
spatially averaged reaction rate is already converged. A 
cylindrical approximation was made for the outer shape of the 
cell instead of the square lattice configuration. The inte
grated thermal flux distribution in the cell is shown in Fig. 
5.3-4. We can see that a radial distribution across the 
coolant shows the sharper gradient than that across the fuel 
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rings. We find that the concept of the disadvantage factor 
which is used in the conventional smearing method, assuming 
that the ratio of the flux in coolant to the flux in fuel pin 
is uniform over the system under consideration, can not be 
applied in such a highly heterogeneous system, and that the 
application of the direct collision probability method is 
necessary. 

Figure 5.3-5 shows the neutron spectra near the 6.7-eV 
resonance of 238lf where we took the more coarse sub-division 
than that of the thermal range. The depression of spectrum 
appearing even in the coolant validates the present direct 
method for the resonance absorption (as described in Section 
4.2, a cell calculation for a multi-region lattice with ultra 
fine group structure by the collision probability method), 
compared with the approximate method to use the mean chord 
length and the Dancoff correction for representation of the 
heterogeneity which can not take account for the flux depres
sion in the coolant. 

The DgO level of 96 cm for the initial critical core fully 
loaded with the 1.2% enriched fuel resulted in a very flat 
core of 278 cm in diameter. A one-dimensional diffusion 
evaluation by the preliminary version of the LAMP-B code22' 
predicted the critical vertical buckling 0.000895 cm"2 (height 
of 105 cm including the extrapolated distances). Since the 
core shape is flat, the criticality is very sensitive of the 
water level (0.2% Ak/k per cm). To evaluate the reflector 
effect of the lower structure (boron plate, bottom grid plate) 
and the upper structure (bare fuel part above the water level 
and top grid plate), the further two- or three-dimensional 
approach based on the transport theory might be required. Here 
we shall not mention about the axial reflector saving more 
than to refer that the LAMP prediction agrees with the experi
mental critical water level within the ambiguity of the 
estimated axial buckling25'. 

Table 5.3-1 presents the calculational result of the 
one-dimensional R-geometry model with the axial buckling 
0.000895 cm"2 (105 cm height) of the initial core of the DCA 
under the standard options of the SRAC code system, together 
with the changes due to the substituted options. 
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Table 5.3.1 Effective multiplication factor and the changes by the 
substituted options 

Item Standard option Substituted option Keff 

0.9948 

Data ENDF/B-IV JENDL-2 +0.0073 
Library ENDF/B-V t235!! only) +0.0065 
Resonance IRA PEAC0 (direct method) -0.0013 
Absorption Table-Look-Up -0.0027 
Diffusion Isotropic Benoist l/3Etr +0.0122 
Coefficient model Anisotropic Benoist -0.0024 

model 

DCA initial core : lattice pitch=22.5 cm, enrichments.2% 
void fraction=0& , 121 lattice cells 
Be=0.000895 cnr 2 

The effective multiplication with the standard options 
shows the similar values to the prediction by the LAMP code. 

The result using the library based on the JENDL-2 file 
which does not include the thermal scattering law shows the 
higher reactivity effect. It is attributed partly to the 
increased v value for the thermal fission of 2 3 5U and partly to 
the lower capture of Z 3 8U in the fast and resonance energy 
ranges. The update of the 2 3 5U data in ENDF/B files which is 
summarized as the increased v value and the hardened fission 
spectrum, resulted in the positive reactivity. As the leakage 
rate of the DCA core is relatively low (fc„=1.18), the positive 
effect of the increased v value exceeds the negative effect of 
the increased fast neutron leakage. 

As for the method of resonance absorption, the direct 
method by the PEACO routine (see Section 4.2) is thought to be 
the most rigorous method. The approximate methods by the IR or 
the table-look-up based on the NR approximation show the 
tolerable deviations. 

The homogeneous limit approximation for the equivalent 
diffusion coefficients Dh<,.0 of the lattice cell 

Dho,0 = l/3Et, = YpiVt / 3][£tr<PiVi , (5.3-1) 
i i 

leads the serious deviation of 1.22% in ke// from the standard 
option of the isotropic component Do of the anisotropic 
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diffusion coefficients which is calculated from the ordinary 
collision probability by 

Do = ZviVi !>;,•/£; / 3j>iVi , (5.3-2) 
•i I i 

because the axial streaming through the aluminum tubes and the 
air gap is neglected by this approximation, whereas the 
anisotropic diffusion coefficients Dk defined by Benoist is 
expressed using the directional collision probability Pjjt 
introduced by Eq.2-16 

Dk = Y^iVi Yfiik/Zj / 3&iVi , ( 5 . 3 - 3 ) 
i i i 

where k denotes the direction (fc= r; radial or =s; axial). The 
following relation holds among the directional components as 
readily seen from Eq.2-53; 

Do=*h_±Jk . (5.3_4) 

In the one dimensional core calculations, the radial component 
Dr is used to solve the radial distribution of the flux, and 
the axial component Dz is used in the axial leakage term DBZ. 
The decrease of reactivity by substituting the isotropic 
component of the diffusion coefficient by the anisotropic 
components is explained by the fact that Dz is always larger 
than Dr (DZ/DT^ 1.03 in the present case) and that the axial 
leakage is dominant due to the flat core shape. 

Table 5.3-2 shows the comparison of the calculated2' and 
the experimental values24', for the lattice 
parameters; p 2 8, S25, and 528. They are defined as follows: 

The resonance capture ratio: 

p28 = ra?(E)N28<p(E)dE /["'a?(E)N28v(E)dE , (5.3-5) 
JECJ JO 

the epithermal fission ratio: 

S25 = raf(E)N25<p(E)dE /[ °"af (E)N25<p{E)dE , (5.3-6) 
the fast fission ratio: 

5 2 8 = raf(E)NZ8<p(E)dE /j°°af(E)N25<p{E)dE , (5.3-8) 

where Ecd is the cadmium cut off energy, and the 
superscripts ; 25 and 28 denote the nuclides 2 3 5U and 2 3 8U, 
respectively. 
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Table 5 .3-2 L a t t i c e parameters of the DCA i n i t i a l core 

Parameter Fuel Ring Exp.+ Cal. C/E 

1 • A) 1.03 1.04 1.01 
p * 2(8) 0.91 0.91 1.00 

3 (16: 0.75 0.75 1.00 
average (28 i 0.84 0.84 1.00 

1 ( 4i 0.079 0.076 0.96 
6 A 2 (8) 0.066 0.067 1.02 

3 (16i 0.052 0.055 0.95 
average 28) 0.060 0.060 1.00 

1 i 4) 0.066 0.074 1.12 
6z» 2 (8i 0.059 0.059 1.00 

3 :16 ) 0.041 0.039 0.95 
average '28i 0.049 0.048 0.98 

DCA in i t i a l l a t t i ce : l a t t i ce pitch=22.5 cm, enrichments.2% 
void f r a c t i o n s , Bo =0.00120cm"2 

Ecd =0.414 eV 
* The experimental values were read from the curves shown in Figs.6. 7, 

and 8 of Ref.24; 

They show in gene ra l an e x c e l l e n t agreement between the 
c a l c u l a t e d and the expe r imen ta l va lues with an excep t ion which 
appears in the s p a t i a l d i s t r i b u t i o n of 5 2 8 v a l u e s . Assuming 
t h a t the s p a t i a l d i s t r i b u t i o n of 2 3 8 U f i s s i o n i s well p r e 
d i c t e d , the r a d i a l d i s t r i b u t i o n of e p i - t h e r m a l and thermal 
r e a c t i o n s must be s t e e p e r . I t i s a l s o seen when we e s t i m a t e d 
the thermal f lux d i s t r i b u t i o n . Apart from the s p a t i a l d i s t r i 
b u t i o n , the o v e r a l l neu t ron spectrum and r e a c t i o n r a t e s seem 
to be adequa te ly p r e d i c t e d by the SRAC code system. 
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Fig . 5.3-1 Ver t i ca l c ross sec t ion of DCA core 
(c i t ed from Ref.24) 

F ig . 5 .3-2 One-quarter c ross s ec t i on of fuel c l u s t e r 
(c i ted from Ref.24) 
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5.4 Analysis of critical experiments of FNR LEU cores 

The core conversion of the JRR-4 from HEU fuel to LEU fuel 
has been prepared. To validate the calculational method and 
the accuracy of the neutronic design by the JAERI SRAC code 
system, a series of neutronic calculations'761 has been done for 
the initial LEU cores of the FNR; Ford Nuclear Reactor at the 
University of Michigan which reached criticality December 1981 
as the first demonstration of the conversion from HEU to 
LEU271. Both LEU cores of the JRR-4 and the FNR have somethings 
in common, such as a pool type reactor and use of UA1 X MTR 
type fuel, and borated stainless steel control rods. Satisfac
tory results would convince us of the validity of our predic
tion for the LEU core of the JRR-4. 

Here, the calculational process and the results of the 
analysis of the critical mass and the reactivity worth of the 
control rods are described. 

5.4.1 Calculational method 

A one-dimensional plane cell composed of a fuel plate, 
cladding, and coolant water was assumed as the primary cell as 
shown in Fig.5.4-1. The energy group structure for the cell 
calculations is composed of 22 fast groups and 31 thermal 
groups. The resonance absorption of heavy nuclides was calcu
lated by the table-look-up for E > 130 eV, and the IR method 
was applied to the resonance levels in which resonance ener
gies are located between 130 eV and 1.125 eV (= thermal cut 
off). In this step, two set of linear equations were 
successively solved for (1) 22 fast groups and (2) 31 thermal 
groups using the collision probability method. In Table 5.4-1, 
we show the atomic number densities used in the cell calcula
tions . 

A one-dimensional plane cell composed of a homogenized 
fuel region of which cross sections were obtained by the 
primary cell calculations, water gap, and side plate as shown 
in Fig.5.4-2 was assumed for the standard fuel element as the 
secondary cell. The same process was used as the primary cell 
with the same energy group structure. 
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Another two-dimensional rectangular cell for the control 
element as shown in Fig.5.4-3 was assumed to have the smeared 
cross sections corresponding to the region surrounding the 
control rod. Since the cell calculation is based on the 
assumption of the periodic array of the lattice cells, it does 
not reflect the actual situation of the isolated control rod 
element. To mitigate this non realistic condition, we included 
a standard fuel region surrounding the control element in the 
cell. 

After the cell calculation of this step, the 53-group 
cross sections were collapsed into the 10- (or 3-) group 
structure, using the spectrum obtained by solving one point B] 
equation with a buckling value so as to make the keff of the 
standard fuel element cell unity. 

The macroscopic cross sections for non-fuel regions were 
calculated by the Bj approximation. 

The core calculations were executed by a diffusion theory 
code using x-y two-dimensional option with the 10-group 
structure for the clean core to get the critical mass for the 
core model shown in Fig.5.4-4. Tc confirm the buckling value 
used in the x-y calculations, a three-dimensional diffusion 
calculation with the 10-group structure was also done for the 
vertical figure as shown in Fig.5.4-5 

To predict the control rod worth, the following process 
was taken: 

A pair of two-dimensional 10-group Sn calculations were 
done for 1/4 of a simplified core with and without a control 
rod in the central position in order to get the reactivity 
worth and the logarithmic derivatives around the control rod. 

A pair of diffusion calculations with the same conditions 
were done to find an adjusting factor to the derivatives for 
the thermal groups so that the diffusion theory calculation 
had the same reactivity . Averaged cross sections were applied 
to the non-thermal groups because non-zero derivatives caused 
by any non-absorbing reaction such as slowing-down would 
distort the neutron balance. Using the derivatives described 
above, a series of two-dimensional diffusion calculations was 
done to predict the control rod worth. The disposition of the 
DgO tank in the northern reflector and the control rods in the 
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eccentric position of the active core forced us to use full 
core geometry as shown in Fig.5.4-4. Through the experience of 
core calculations for swimming pool type reactors, we knew the 
thickness of the reflector could be assumed as 30 cm even 
though it is much thicker (it causes an underestimate of 0.2% 
Ak/k). 

Independent of the above process, a series of 3-group 
calculations was done for the clean core and the cores with a 
control rod. In such a few grouF calculation, the up-scatter 
effect is no more important, so the thermal cut off energy was 
chosen as 0.6825 eV. The logarithmic derivative for a black 
boundary was applied to the thermal group around the control 
rod. 

As the kL,// values by x-y calculations are strongly 
affected by the vertical buckling, we took care of how to get 
it. First, we calculated the material buckling by the 10-group 
cross sections for the standard fuel element. Next, we 
adjusted the radial buckling value so as to make the ke// unity 
through a series of one-dimensional 10-group diffusion calcu
lations in the vertical direction across the top surface of 
the upper reflector, the standard fuel element, the grid 
plate, and the bottom of the lower reflector. The vertical 
buckling was taken as the difference of the material buckling 
and the radial buckling. This value seems suitable for the 
clean core, however, we adopted it also to the cores with a 
control rod. The same process was taken to get the vertical 
buckling for the 3-group calculations. 

5.4.2 Results and comparison 

Table 5.4-2 shows the results of core calculations for the 
clean cores. We obtained the vertical buckling as 0.00174 cm"2 

(Bm
2=0.00906 cm-2 ) for the 10-group calculations and 0.00169 

cm-2 (B m
2 =0.00880 cm"2 ) for the 3-group calculations. tfe see 

good consistency between the 10-group and the 3-group calcula
tions, and also between the 2D and the 3D calculation. In 
Fig.5.4-6, the results of the 2D 10-group calculations are 
plotted'together with the results by ANL and the University of 
Michigan. Agreement among the results of the three institu-
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tions seems good. 
By a pair of x-y 10-group Sn calculations, the worth of 

4.67% Ak/k was obtained for the simplified core with or 
without a control rod in the central position. In order to 
have the same worth by a pair of x-y diffusion calculations, 
we used the adjusted derivatives multiplied by 0.60 for the 
thermal groups. 

The results by the 10-group full core calculations to 
simulate the actual rod positions are shown in Table 5.4-3, 
together with the experimental values. The comparison with 
experimental values shows an overestimate of less than 10% of 
the rod worth by the 10-group calculations. 

In the same table, the results by the 3-group calculations 
using the logarithmic derivative of 0.469 (=black limit) are 
shown. We find the overestimate of less than 4.3% by the 
3-group calculations. This deviation could be minimized by 
setting the derivative to 0.40. 

5.4.3 Conclusion of FNR LEU core analysis 

We obtained satisfactory results (0.68% overestimate in 
critical mass) for the clean LEU core of the FNR using the 
10-group energy structure with the vertical buckling value 
obtained by a kind of buckling search. Consistency was 
obtained between the 10- and the 3-group calculations, and 
also between the 2D and the 3D calculations. 

We can estimate the control rod worth to an accuracy of 
less than 10% utilizing the information obtained by the 2D Sn 
calculations for the simplified core configuration. The better 
prediction for the control rod worth by the 3-group calcula
tions with the black logarithmic derivative suggests that a 
borated stainless steel control rod behaves as a black body in 
the thermal neutron range. 

The overall results are so satisfactory that we may take 
the same cnlculational scheme for the JRR-4 core conversion. 
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Table 5.4-1 Atomic number density 
in primary cell (lOr* cm 3 ) 

Mixture: Meat Clad .-Coolant 
Width 
(cm) 

0.078 0.039 
X2 

: 0.14716 
: X2 

: U-234 5.6078-6: 
: U-235 8.4927-4: 
: U-236 7.0769-6: 
: U-238 3 .3637-3: 
: MG :5.9658-4 
: AL 5.1244-2:5.9243-2 
: SI 3 .3952-5:7.4996-5 
: CR :1.7325-6 
: MN :4.568 - 6 
: FE 2 .9916-5:8 .1232-5 
: H 6.6694-2 : 
: 0 3.3347-2 : 

Table 5.4-2 K-eff for clean core (23 elements loaded) 

Dimension : Number 
: of 
: Groups 

Vertical 
Buckling 
(cm-2) 

K-eff 
* 

C/E-l 
(%) 

Number of 
Meshes 

: 3-D 10 1.0063 +0.18 28x12x47 : 
: 2-D 10 0.00174 1.0039 - 0 06 28x12 
: 3-D 3 1.0056 +0.11 28x12x47 : 
: 2-D 3 0.00169 1.0039 - 0 . 0 6 28x12 

Note: * Experimental Value (Ref.5,6) =1.0045 
at Regulating Rod Widthrawn 

** 1/2 core calculation 

Table 5.4-3 Control rod worth 

: Rod 
: P o s i t i o n 

Exp 
% 

AkA 

A 
: B 
: C 

2 .22 
2 .32 • 
2 .28 

10 GROUP Calc. * 
% : (C/E-l) 

AkA •' (*) 
2.40 
2.55 
2.39 

8.1 
9.9 
4.8 

3 GROUP Calc. ** 
% : C/E-l 

AkA : (X) 

2.28 
2.42 
2.28 

2.7 
4.3 
0.0 

Note * Logarythmic derivatives for thermal groups from TWOTRAN 
** Logarythmic derivative for thermal group as black boundary 
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Fig. 5.4-3 Cell model for control element 

- 145-



JAERI - M 8 C - 034 

/ 
3?0 Tank 

Mesh 
P o i n t s Af 

H 20 / 5 30.0 
\ \ U \ V \ \ \ \ \ \ \ U \ U U ^ V \ S \ 1 0.63; 

D 2 0 5 30 .4( 

\ \ \ \ \ \ \ \ \ \ \ U U U W U \ A 1 ! 1 _1 1 a. sit 
1 0 .6 

Standard 
Fue l 

* 
2(4) a . i 

Standard 
Fue l (4) 1.75 

Shim Rod^ 

A^ C 2 (6) 4 .05 

Shim Rod^ 

/*-" \ . (4) 2 .2 

Shim Rod^ z 2(4) 8 . 1 

Control 
Element s 

{ (41 1.75 

Control 
Element s 

B 2 (6) 4 .05 

Control 
Element s 

*• I (4) 2 .2 
Control 
Element s 

1 
2(4) a . i 

1 
2(4) a . i 

J L _ _J 
2(4) a . i 

J 

H 2 0 5 3 8 . 0 
1 

, , 3 1 3 

* 
(2) 
'4 

(2) 
4 

(2) 
4 

(2) 
4 

(2) 
4 1 4 

13.7 1 5 . 6 9 7 7 .709 7 .709 7 .709 7 .709 7 .709 7 .98 1 21.4 
(unit :cm) 

0 .6 35 0 .6 35 

* Hesh Points in( ) for Rod Worth Calculation 

Fig. 5.4-4 Core configuration for 2-D calculation 

- 146 -

file:///UUUWU/A1!1


JAERI-M 85-034 

Mesh 
Po in ts A 2 

n2o S 3 0 . 0 

• l ,A1+II 2 0.-
2 3 . 6 7 5 

• A i f i i i o : 2 1 . 4 

n . 'AltrijQ'. 2 1 . 2 7 5 

- d> 
F u e l 20 6 0 . 0 

y . -Al+HjOt * 1 . 2 7 5 

Al+H-jO" 2 2 . 5 4 

A - ^ 
, ' M t l i j O ; 3 3 . 3 

1 1 • A 1 + H 2 0 | 4 1 2 . 7 

H 2 0 5 3 0 . 0 

(unit;cm) 

Fig. 5.4-5 Vertical model for 3-D calculation 

1.01 

v 1.00 

0.99 

0.98 

Fin* Entrigy Groups :53 Groups 
F«w Enessgy Groups :10 Groups 
T t i a n u l Cue Off Ensrgy t1 .125 *V 
Library :£NDF/B4 
Hura&ar at Fual d e t u n e s ill Fual Clacancs 
Gaomaery :2-D P u l l Cora 

JAERI(SRAC) * 

3300 3400 3500 3600 3700 3800 

U-23S Mass (a) 

Fig. 5.4-6 Keff dependence on 2 3 5 U mass 
* This work 

- 147 -



JAER1 - M 85 - 034 

5.5 IAEA benchmark calculations on heavy water research 
reactor 

As a validation exercise in support of the calculations 
being carried out by participants of the IAEA Consultants' 
Meeting on the enrichment reduction proposals for their 
individual reactors, a series of benchmark calculations has 
been deviced 2 8 ). These are based on an idealized model of a 
DIDO type heavy water research reactor. The calculations 
required are aimed at providing a thorough test of core 
physics computing codes and data in several areas of relevance 
to core conversion. These include the accompanying changes in 
flux levels, influence on reactivity balance, and safety 
related effects including temperature and void coefficients. 
The specifications of the benchmark reactor configuration and 
operating conditions and parameters to be computed appear in 
Appendix D. 

The calculations by the SRAC code system are presented as 
the JAERI results to an intercomparison of the results of the 
benchmark calculations received from the participants. 

5.5.1 Calculations by SRAC code system 

The cell calculations were performed to the one-
dimensional cylindrical geometry shown in Fig.5.5-1 based on 
the collision probability method. The cell calculation was 
divided into three steps by the energy range. Above 130 eV, a 
Bondarenko type table for the resonance shielding factor was 
used for the effective cross sections of the heavy nuclides. A 
fixed source problem for 15 groups and 19 spatial regions was 
solved in this energy range. Between 130 eV and 1.12eV\ about 
4000 linear equations corresponding to 4000 energy groups for 
19 spatial regions were recurrently solved to evaluate the 
resonance absorption. The results of this energy range are 
condensed into the 7-group cross sections and fluxes. Below 
1.12eV, a fixed source problem for 31 energy groups and 25 
spatial regions was solved by an iterative process. 

Using the spectrum obtained through the cell calculations, 
the 53-group cross sections were collapsed into the 10-group 
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structure (the 3-group structure was also examined) for the 
two-dimensional core calculations by the diffusion routine. 

The cell burn-up process followed the cell calculation of 
each burn-up step. The FP chain scheme used in this benchmark 
is based on the Garrison model 1 6 1. 

The temperature dependent data on the specified tempera
ture were obtained by an interpolation of the results on the 
fixed temperatures in the SRAC libraries. 

5.5.2 Intercomparison of results 

The first task in the benchmark calculations is the 
computation of infinite lattice cell multiplication as a 
function of the mass of 2 3 5U burnt for the two different 
enrichments and fuel element fissile contents : 93% enrichment 
with 150 g 235U and 20% enrichment with 167.5g 235U. The results 
plotted in Fig.5.5-2 show an excellent measure of agreement 
particularly for 93% enrichment and basically give confidence 
that the burn-up codes used to compute the buildup of fission 
product are consistent and that the 2 3 5U data are similarly 
reactive. The fact that the curves for low enrichment do not 
show quite such good agreement indicates that there are 
differences among participants in their treatment of 2 3 8U 
absorption, which is central to the question of enrichment 
reduction. It can be seen that the curves to indicate the 
change of k^ are classified into two groups. It is to be noted 
that a group of AAEC, ANL and AERE of which results show 
higher k„ values uses a Bondarenko type of shielding table for 
the resonance absorption and another group of which results 
show relatively lower values of k M treats the resonance level 
parameters in their cell calculations. 

Figures 5.5-3, and 5.5-4 show the variation in concentra
tion of selected isotopes during the fuel life for 93% and 20% 
enrichment, respectively. Excellent agreement is obtained in 
the case of the l 3 5Xe, but the 2 3 9Pu and total Pu concentrations 
show approximately + 10% scatter about the mean. Broadly 
these results are consistent with the figures for the percen
tage of 2 3 8U converted. 

The next stage after the infinite lattice cell calcula-
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tions is an x-y calculation of the reactor with the fuel 
elements having reached '-)5U depletion conditions as detailed 
in Appendix D. Beginning and end of cycle (BOC and EOC) 
reactivity values are shown diagrammatically in Fig.5.5-5 for 
both enrichments. The overall agreement is good, with the 
exception of the AERE results which are less reactive than the 
rest by 2~~ 3%. 

The safety-related part of the benchmark was based 
entirely on fuel elements with a uniform burn-up of 40 g 2 3 5U 
for the sake of simplicity. For both 93% and 20% enrichments, 
lattice cell calculations were performed in which the whole 
core was at 20° C (the base case), followed by cell calcula
tions in which the fuel and coolant included in the central 
facility were at 50° C. A hypothetical configuration in which 
the coolant remained at 20° C while the fuel had risen to 300° 
C was also computed with a further case being considered in 
which the DgO within the fuel element coolant channels only 
was reduced in density by 20%. Tables 5.5-1 and -2 show for 
93% and 20% 2 3 5U enrichment, respectively, the reactivity 
changes from the base case together with the differential 
values with respect to temperature and percent voidage. It 
should be noted that coolant density reduction was only 
applied to the central two fuel elements. Agreement among the 
participants is excellent throughout, the accord being very 
pleasing in respect of the Doppler coefficient of the 2 3 8U 
which is largely responsible for the reactivity change on 
raising the fuel to high temperature. 

In the optional part of the benchmark exercise, ANL, 
JAERI, and RISO carried out a comparison of reaction rate 
ratios between 20% and 93% enriched cores. Ratios at core 
center and at x=532 mm where the thermal flux peak is expected 
in the x-y model for uniform 40 g 2 3 5U burnup fuel elements are 
reported in Table 5.5-3. The agreement for all isotopes 
computed is excellent. 

5.5.3 Conclusion of IAEA benchmark 

The results of the benchmark calculations performed by 
five participating centers including the JAERI calculations by 

- 150 -



JAERI - M 85 - 034 

the SRAC have been compared. They show in general, an excel
lent agreement with a few exceptions that can be attributed to 
minor differences in the calculations and data libraries. This 
study has been of great value on giving confidence to the 
participants that the calculations they have carried out on 
their own reactor systems are realistic and that the _mplica-
tions of enrichment reduction can be adequately predicted. It 
is also verified that the rigorous method adopted by the 
present author in the SRAC calculations can attain the same 
degree of accuracy as the well-experienced foreign codes. 
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Table 5.5-1 
Reactivity coefficient for 93?* enrichment 

AAEC JAERI RISO ANL HARWELL 

A jp X from Base Case 

2. 30° coolant & fuel 

3. 300°C fuel 

4,. 20S uoolaut void 
(central 2 elements) 

B Mean Sloped" Zfk/k per °C or % void x 10~ 6 

2. 50°C coolant & fuel -134 -134 

3. 300°C fuel -0.2 -0.03 

4. 20Z coolant void -133 -143 
(central 2 elements) 

-0.403 -0.401 -0.488* -0.389 -0.431 
-0.005 -0.001 -0.045* -0.002 -0.018 

-0.266 -0.287 -0.315* -0.246 -0.274 

-163 

-1.6 

-157 

-130 -144 

-0.07 -0.6 

-123 -137 

•Results obtained directly from base case by perturbation theory 
** This work 

Table 5.5-2 
Reactivity coefficient for 20% enrichment 

AAEC JAERI* 

A &p Z from Base Case 
2. 50° coolant & fuel 

3. .00OC fuel 

4* 20Z coolant void 

-0.398 -0.398 

-O.403 -0.381 

-0.255 -0.275 
B Mean Slope Ag Z<Jk/k per °C or X void x 10"6 

2. 50° coolant & fuel -133 -133 
3. 300° f u e l -1.4.4 -i.3,6 

4. 20Z coolant void -127 -137 
(central 2 elements) 

RISO AHL HARWELL 

-0.457* -0.417 -0.424 

-0.488* -0.415 -0.451 
-0.296* -0.255 -0.256 

-152 -139 -141 
-16.0 -14.9 -16.1 
-148 -128' -128 

'Results obtained directly from base case by perturbation theory 
** This work 
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Table 5.5-3 
Absorption reaction rate rat ios <pE(20%)A>£(93?») 

Isocope 

Core CenCre 532 mm from 
Core Centre 

ANL JAERI RISC- ANL JAERI RISO 

II-235 0 .84 0 .85 

Mo-98 0 .93 0 .98 

B-10 0 .84 0 .84 

Co 0 .86 0 .87 

SI 0 .84 

S-14 0 .84 0 .85 

* This work 

0.85 

0.84 

0.94 0 .94 

0 .99 0.996 

0.94 0 .94 

0 .94 0 .94 

0 .94 

0 .94 0 .94 

0 .92 

0 .92 

Radius Ar T* R** M a t e r i a l * Rad ius Ar T R M a t e r i a l * 
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * + * * * * ^ 
1.013 1.013 1 1 020 
2 . 0 2 6 1.013 2 1 020 
3 .039 1.013 3 1 D20 
3 .090 
3 .140 
3.191 

.051 

.050 
051 

5 
6 

2 
• 3 

4 

Al 
Meat 
Al 

* * * 
3.S29 .338 7 5 D20 * 3.5S0 
3 .630 
3.681 

.051 

.•050 

.051 
9 

10 

U 
7 
8 

Al 
Meat 
Al 

* * * 
4 .019 .338 11 9 620 * 4 .070 .(Jbl ia 1U Al * 

4.171 .051 14 12 Al * 
4 . 5 0 9 .338 IS 13 D20 * 
4.SDO .Obi IB 14 Al n * 
4 .S10 .050 17 15 Heat * 
4 .661 .051 18 16 Al * 
4 .999 .338 19 17 020 * 
•5.1bti . IbV za 18 ~ A l * 
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Fig. 5.5-1 Cell geometry for collision probability calculation, 
by SRAC 
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6, Concluding Remarks 

The modeling of reactor lattice cell, especially of 
cluster type of cell, has been one of the difficult problems 
on reactor physics. Formulations to evaluate the collision 
probability in one- and two-dimensional multiregion cell can 
oe systematically presented by use of the "Ray-Trace" method. 
Based upon these formulations, computer routines to calculate 
the collision probability for a variety of lattice geometries 
have been developed. By making use of the above routines, 
together with several unique techniques to extend the colli
sion probability method into the cell calculation, the JAERI 
thermal reactor standard nuclear design code system; SRAC has 
been developed. It is shown that excellent results have been 
obtained by applying this code system to various reactor 
analyses. 

Modified methods to evaluate the resonance absorption by 
the collision probability method are also presented. These 
techniques are utilized in the SRAC. New treatments for the 
resonance absorption in the doubly heterogeneous system such 
as the HTGR fuel with dispersion type coated fuel particles 
are proposed and these applications give clear insight to such 
a doubly heterogeneous system. 

In Chapter 2, a series of formulations to evaluate colli
sion probability for a multi-region cell expressed by either 
of three one-dimensional coordinate systems (plane, sphere and 
cylinder) or by the general two-dimensional cylindrical coor
dinate system is presented. The evaluation of collision 
probability for the multi-region cell needs some numerical 
integration except for the one-dimensional plane cell. In 
every coordinate system, the final form is expressed by the 
numerical integration over the common variable owing to a 
variable transformation in order to have a common numerical 
process. Considerations are also made to yield the directional 
probability and to select either of mirror, white and black 
outer boundary conditions. It is shown that the "Ray-Trace" 
method explained using a sample cluster geometry, is success
fully applied through the whole coordinate systems. 

In Chapter 3, 13 types of cell geometries available to the 
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cell calculation for almost all current reactors are pre
sented, together with the notices for the optional use of 
outer boundary conditions and for the sub-division to have as 
much accurate flux distribution as possible. The computer 
routines to calculate collision probability for the above 
geometries have been developed so that the cell calculation 
may be available for thermal reactors such as research and 
test reactors like MTR, DIDO and TRIGA types, power reactors 
of BWR, PWR and LMFBR types, and Japanese designed ATR and 
VHTR, etc. Among the routines for such various geometries, 
especially the CLUP77 module for BWR-type lattice cell is the 
code that has shown the usefulness of the present "Ray-Trace" 
method and has provided a standard means for studies of 
approximate methods to evaluate the neutron flux distribution 
in the BWR lattice. 

In Chapter 4, applications of the collision probability 
method to the evaluation of resonance absorption are des 
cribed. First, the modified table-look-up method based on the 
IR approximation is given where the collision probability is 
required to yield the Dancoff correction as well as in the 
conventional table-look-up method on the NR approximation. The 
resultant output is the effective macroscopic group cross 
sections of the absorber so that we may include the evaluation 
of the resonance absorption in the jnultigroup cell calculation 
of the fast neutron range. Second, a direct method to calcu
late the resonance absorption in a multi-region cell is given. 
As a consequence of ultrafine group structure taken in this 
method, nearly continuous spectra of the resonance neutron 
range can be solved. Owing to the point-wise expression of the 
resonance cross sections, interaction effect between different 
resonance nuclides can be evaluated. Two works on resonance 
absorption in a doubly heterogeneous system with grain struc
ture are presented. First, the resonance integral of coated 
fuel particles embedded randomly in graphite diluent is 
considered. To study the effect of random arrangement of 
particles on the resonance integral, the radial distribution 
function around a particle is derived from the Percus-Yevick 
equation. Then, a differential equation is proposed to obtain 
the attenuation of neutron beam current emitted from a parti-
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cle through a medium in which the distribution of particles is 
statistically specified. With the neutron current and the 
distribution function of particles, the particle to particle 
collision probability can be calculated by integrating the 
collisions of the beam current with the surrounding fuel 
grains. The neutron balance equations with this collision 
probability are reduced to the two-region problem. The reso 
nance integral is calculated by an RICM type code. In addition 
to the above rigorous treatment, approximated methods are also 
examined. It can be also concluded that an application of the 
simple spherical cell model gives satisfactory results for the 
treatment of microscopic heterogeneity due to grain structure. 
Next, the "Accretion" method proposed by Leslie & Jonsson to 
define collision probability in a doubly heterogeneous system 
is applied to evaluate the resonance absorption in coated 
particles dispersed in the fuel pellets of the HTGR. Several 
optional models are proposed to define the collision rates in 
the medium with the microscopic heterogeneity. By coupling 
these propositions, the neutron fluxes in the particle and in 
the diluent can be explicitly expressed in the balance equa 
tion to describe the flux distribution in the whole fuel 
block. The resonance absorption in the multi-region cell is 
evaluated by the above mentioned direct method. It is shown 
that all models give nearly the same results in the practical 
purpose. As a validation exercise, an experimetal analysis is 
made. Satisfactory agreement is obtained with the experimental 
values for the shielding of resonance integral in media 
containing gold in the form of small particles. It is also 
shown that the depression of the resonance integral of 2:18U due 
to grain structure amounts to 8% and results in an increase of 
0.8% Ak k under the current design parameters of the VHTR. 
Thus. an ambiguity due to the grain structure has been clari 
fied. and the effect turns out to amount to just the order of 
the required design accuracy. 

In Chapter 5, given is the brief description of the SRAC 
code system which utilizes the techniques and routines 
developed through the present work. Following to the outline, 
results of several benchmark tests are presented. The analyses 
of critical experiments of the SHE, DCA. and FNR resulted in 
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good agreement of critical masses with their experimental 
values. In the DCA analysis, satisfactory result was also 
obtained in the evaluation of the lattice parameters such 
as p 2 8, S 2 8 and 5 2 5 to estimate the spectrum and its spatial 
variation. A series of benchmark calculations has been carried 
out by participants of the IAEA Consultants' Meeting. These 
are based on an idealized model of a DIDO type heavy water 
research reactor. The calculations required include the reac
tivity change during the operation and safety related effects 
like temperature and void coefficients. The SRAC result of the 
benchmark calculations shows an excellent agreement with those 
performed by four foreign institutions. By these benchmark 
tests above mentioned, it is shown that the method and the 
data used in the SRAC code system is realistic and valid, and 
that this system is applicable in all type of thermal reac
tors. It is to be ncted that in every benchmark problem, the 
collision probability methods is necessarily used in the cell 
calculation. 

As experienced in the recent development of new geometry 
routines for the pin rod array on x-y grid points or on 
concentric layers of hexagons, any new geometry routine can be 
easily added as a module to the code system. It shows that we 
are almost free from the inherent limitation of the integral 
transport equation methods which require a different special
ized subroutine for each configuration. 

We have to keep in mind that another type of problem still 
remains. That is, we are required to evaluate the neutron 
behavior near the boundary of different types of lattice cells 
or the worth of the control rod element which has usually some 
heterogeneous structure and is isolatedly dispositioned in the 
reactor core. Whereas the cell calculation holds upon the 
assumption of the infinite array of unit cells, such a problem 
is, for the moment, treated by some approximate methods such 
as to assume a "super-cell structure* in order to apply the 
conventional cell calculation technique in which only the 
cell-averaged cross sections are transferred into the succeed
ing core calculation. To have the reliable evaluation, an 
approach like the response matrix method is intended to be 
combined so that the more information obtained in the cell 
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calculation based on the transport theory may be utilized in 
the core calculation. 
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Appendix A Solution of Linear Equation 

It is one of the features of the SRAC code system to 
execute the cell calculations by the collision probability 
method to cover the whole neutron energy range. In this 
appendix we shall describe how to solve the linear equation 
introduced in Chapter 2. 

Because of the difference of physical characteristics, the 
different specialized equation is formulated separately by 
neutron energy range. Although the concatenation of the 
equations into a set of equations so as to describe the 
quantities in the whole neutron energy is available in the 
SRAC code, the cell calculation is usually achieved separately 
by neutron energy range. Partly because there occurs no 
upscattering in the epi-thermal and fast neutron energy range, 
but does in the thermal neutron range where any iterative 
process among the energy group variables is required. Partly 
because the neutron flux distribution in the fast and epi-
thermal neutron range is relatively flat, which allows coarse 
spatial division of the cell model or the overall flat flux 
assumption coupled with some suitable resonance shielding 
treatments , while the distribution in the thermal neutron 
range shows sharp spatial change due to small flight path in 
this energy range needs fine spatial division. It is to be 
noted that although there occurs the sharp flux depression due 
to the strong resonance structure of the fertile nuclides near 
the resonance energy, fine spatial division is not necessary 
to evaluate the overall resonance absorption. Because neutrons 
scarcely come out from the place where the depression occurs, 
the shape of the depression does not affect the absorption 
rate. 

A.l General form of linear equation 

When the system under consideration is divided into N 
regions and the neutron energy range is divided into G groups, 
Eq.2-11 is rewritten as 

N C 
EjgPig =1LP>I9 f Z] Esis'-sPig' + s i g ) • (A. 1-1) 

i - l g*\ 
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The physical quantities are redefined as follows: 
1. the volume of the region i; 

Vi = dV . 
2. the integral flux over the region i for the energy 

group g 

•i: 
:egrs 
r, 

<pig = [ d\'[ dE <p(r,E) . 

3.the fixed source 
/ 
Jt£. 

•S>9 = [ dvf dE S(r,E) 

4. the collision probability from the region i to j for 
the group g\ Pijg 

5. the modified collision probability which has finite 
value even if the collision region j is vacuum; 

"ijg = rijg/ Ljg 

6. the emission rate of the region i for the group g; 
Hig 

7. Nuclear constants of the material m; 
E»g = total cross section, 

vHjag = u*fission cross section, 
Eo»g = absorption cross section, 

Es.g-91 = scattering cross section from the group g to 
the group g' 

L*rmg — 2-i ^-sng—g' "r 2—i %»g'V*-f*g ' 
g'tC g'dC 

scattering-out cross section which is used to 
evaluate the neutron balance of the system. 
It has non-zero value when a fixed source 
problem of a limited energy range is consid
ered. The quantity x«g stands for the fission 
yield to the group g. 

Using the above definitions, the equation to be solved is 
written by 

<0ig = I>?. 9 Hlg . (A. 1-2) 
i 

The emission rate for the fixed source problem is written by 
c c 

Wig = Sig + j]ZS,g--.9<(>ig' + /.g J] V E / « 9 ' * '<J' ' (A.1~3o) 
g'-l g'=l 
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where m denotes the material assigned to the region i. For the 
eigenval'j 2 problem. 

c c 
Wig = 2 j I W - g y 5 i V / + ~ P 2-i l-'^/mg'Vig' • (A . 1 - 3 6 ) 

g'-l A g' = l 

Equation A.1-2 coupled with Eq.A.l-3a forms inhomogeneous 
equations and that coupled with the Eq.A.l-3b forms homo
geneous equations. In both problems, the number of unknown is 
N<<C. The general matrix of the same rank consists of (W*G) 2 

elements, however, the computer storage required for the above 
equations is at most N2G+MG2<NG(N+G) , [;V2G for the collision 
probability and MG2 for scattering matrix, where M is the 
number of materials) . The size G" for the scattering matrix 
will be reduced if only down-scattering is considered or only 
heavy nuclides compose a material. In the following sections 
the techniques to reduce the computer time and storage for 
several particular problems will be described. 

A.2 Iterative procedure in thermal energy range 

In the thermal neutron energy range, the emission rate 
Eq.A.l-3a is rewritten as 

c 
nig — Oig + 2-j ̂-smg'-ĝ ig' • (A . £— 1 } 

g=l 
The fixed source Slg is usually given by the slowing-down from 
the epi-thermal range. Since the fluxes are completely coupled 
each other by up- and down-scattering, the equations of the 
form of Eq.A.1-2 and A.2-1 are solved by an iterative proce
dure by using the method of Successive Over Relaxation (SOR) 
as used in the THERMOS code". Some extension was made to 
consider an isolated cell and the outer iteration for the 
eigenvalue problem to the original routine. The procedure is 
as follows; 
Step 1. Set the initial guess of <pig 

Step 2. Obtain the normalization factor for the source term, 

B -- E £ SiJX-, • 
g-l .-1 >=l 
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After finding B, every S;9 is divided by B. Thus the 
total number of neutrons which will have the next 
collision in the system considered is set to unity. 

Step 3. Calculate Hig according to Eq.A.2-1 and simulta
neously the scaling factor C; 

CH N 

C = YT, ( E»g<p ig - (Wig - Sig) £ P 1 J ( J t , 
g = l / = l J=l 

which is defined as the ratio of the removal reaction 
(absorption, scattering-up above the thermal cut off 
energy, and leakage) to the source which will have 
the next collision in the system. This factor must be 
unity in the converged state. 

Step 4. Calculate the new fluxes <p'"*l/2) according to Eq.A.1-2 
and the weighted residual, 

R(" = I t t <«.{T1/2)/C - «>W)2R?9 / t t ^ \ W Z • 
g-li-1 g=Ii-l 

The root mean square (RMS) residual will be used to 
estimate the converging slope as u ( , ) = R(,)/R(* " • The 
weighting reaction R,g is set to absorption Ea<Pj9, The 
superscript (m) is an iteration counter. 

Step 5. Modify the over-relaxation factor a. In the first Le 

iterations, the initial value of ao will be used. At 
each iteration, the value of ae = 1/(1 - /i(,) ) is 
tested. If all the values of ae in the last Le 

iterations agree within 100 ee %, an extrapolation 
takes place using the most recent value of ae . The 
testing for a possible extrapolation is suppressed 
during the Lj iterations following the extrapolation. 
The value k (the estimate of the eigenvalue of the 
matrix considered) is computed as d=((i'*' - 1 + ao)/ao 
and a new a is obtained as a\ = 2/(2-A) to be used 
after the next iteration. 

If an increase of the residual is detected during 
the iteration, a moderate value of a is selected as 
U2 = (il\*f under ) ' / 2 

Step 6. Obtain the new fluxes by the over-relaxation; 
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<p, !r n = <p.I") +<u(«>, c r ' / 2 ) / c - *>,^) . 
The loop from Step 3 to Step 6 is repeated until the 

residual Z?'"1 is less than c or the iteration counter m exceeds 
Lin . The quantities e, «o • £e > f under • Le . Lj , and Lin are input 
numbers. 

In the practical use of this procedure, we find that the 
scaling by C is effective to accelerate the convergence, but, 
we encounter some difficulties in attaining the convergence. 
One problem occurs in a weakly absorbing case where a slow 
convergence rate is observed during the iteration. Once an 
extrapolation is taken place, while it greatly reduces the RMS 
residual, the new over-relaxation factor ui which takes the 
value close to 2.0, say, 1.8 after the extrapolation, causes 
growth of the residual in most cases. The following procedure 
which is activated when the increase of the residual is 
detected in order to have a moderate over-relaxation factor C02 
helps to escape from such a catastrophe. Another problem 
happens in a strongly absorbing case where we encounter also 
growth of the residual. It is the case in which we can expect 
a rapid convergence. It is thought that because the secondary 
eigenvalue of the matrix, l\ is not far from the largest 
eigenvalue AQ . the spectral radius of the higher mode in the 
modified matrix might exceed unity. We can escape from this 
trouble by feeding a relatively low funder > say 0.5, which 
suppresses the new factor U2 below unity. In other word, in a 
strongly absorbing case, an under-relaxation is required. 

As the computer time required for the iterative process is 
much shorter than that for the preparation of collision 
probability, the optimum use of the above procedure is not 
essential. We may suppress the extrapolation by feeding the 
strict criterion ee not to activate the extrapolation. Against 
the case where the divergence may occur, the low value of /under 

can prevent the divergence. 

A.3 Solution by matrix inversion in fast neutron range 

For the fixed source problem in the fast neutron range. 
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the emission rate can be rewritten by 

tfjg = Sig + XilW-gP.V + X.g £ VT.j.,j • <fi ig • . (A.3"l) 
g'=l g'-l 

The fixed source term Slg usually consists of the thermal 
fission neutron. The scattering term is determined by the 
fluxes of the upper energy groups. Given the fast fission 
term, the fluxes can be successively solved starting at the 
highest energy group. The number of the unknowns to be simul
taneously solved is the total number of regions, N. 

We have a choice for the solution whether by an iterative 
method or by a matrix inversion. As far as N is less than 
about 40, the round-off error due to the limited computer 
precision encountered in the matrix inversion can be negligi
ble. The computer time required for the matrix inversion 
(proportional to N 3 ) does not so much exceed that for the 
iterative method (proportional to the iteration count * N 2 ). 
In the SRAC code system, the matrix inversion is applied 
preferring its definitive solution. 

After finding the flux distribution for all the energy 
groups, we have to modify the assumed fast fission source 
distribution by an iterative process. This power iteration 
converges rapidly for the case of a thermal reactor because 
the ratio of fast fission to thermal fission is small. Con
trary, the procedure of this section can not be applied for 
the fast reactor where the matrix may have an eigenvalue 
greater than unity. 

The procedure described in this section is summarized as 
follows; 
Step 1. Normalize the fixed source Sig . 
Step 2. Set the initial guess for the fast fission distribu

tion. 
Step 3. Starting at the highest energy group g=\ , calculate 

emission rates of a group Hig by Eq.A.3-1. 
Calculate fluxes of a group by a matrix inversion. 
Repeat Step 3 for all groups. 

Step 4. Calculate fast fission distributions and modify it 
by an SOR. 

Repeat Step 3 and 4. until the fast fission distribution 
I7:t 
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converges. 

A.A Iterative procedure for eigenvalue problem in whole 
energy range 

Considering the fact that while the iteration count in the 
thermal energy range amounts to several tens, in the fast 
energy range any iterative process is not needed, the treat
ment for the thermal group flux and for the fast group flux 
should be different when both have to be solved simultaneously 
in the whole energy range. 

Our senario to solve the eigenvalue problem in the whole 
energy range in the cell calculation is a combination of the 
procedures described in the previous two sections, as follows; 
Step 1. Set an initial guess of fission distribution and 

normalize it. 
Step 2. Starting at the highest energy group g-\ , calculate 

the emission rate of a group H,y by Eq.A.3-1. 
Calculate fluxes of a group by a matrix inversion. 
Repeat Step 2 for all fast groups. 

Step 3. Calculate the slowing-down source to the thermal 
groups. 

Step 4. Calculate the thermal fluxes by repeating the thermal 
iteration as described in Section A.l until the 
convergence is attained or the fixed iteration count 
is reached. 

Step 5 Calculate and renormalize the fission distribution 
using the new flux d, cribution and modify the 
distribution by an SOR. 

Repeat Step 2 through Step 5 until the fission distribution 
converges. The eigenvalue is obtained as the renormalization 
factor of fission distribution calculated in Step 5 at the 
final power iteration. 

A.5 Recurrence formula for scattering source term in 
rigorous resonance treatment 

Since the resonance cross section and therefore the flux 
distribution are rapidly varying function of energy, the fine 
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groups must be extremely narrow if resonance absorption is to 
be described adequately. The calculation of the regional 
slowing down is based on the assumption that neutrons are 
scattered elastically and isotropically in the laboratory 
system. We also assume that the source is uniform within a 
region. Since the source is allowed to vary from region to 
region and a composition can be divided into several regions, 
the space and lethargy dependence of the slowing-down source 
can be approximated accurately by the method used in the code 
RABBLE and the RIFF-RAFF23' which will be described here. 

We shall specify that the fine group is narrow compared 
with the maximum lethargy gain per collision with the heaviest 
nucleus, and we can assume, therefore, that a neutron has only 
one collision within a fine group. Thus the scattering source 
term can be determined by the fluxes of the lower lethargy 
groups. 

The scattering source for a region for the fine group g is 
H L . 

Sg = E X! Kn.^s,g-n..<Pg-n^Uj, (A.5-1) 

where 
Knn = probability per unit lethargy that a neutron is 

scattered down n groups by a scattering collision 
with nuclide m. 

L, = maximum number of group through which a neutron can 
be down-scattered by a scattering collision with 
nuclide in, 

^s.g-n.m Pg-n 

= rate at which neutrons are scattered by nuclide m 
in group g - n, 

and 
Au/ = uniform lethargy width of a fine group. 

Evaluating Eq.A.5-1 numerically would be extremely time-
consuming and need large storage for fluxes because a neutron 
can be scattered through so many groups. Fortunately, however, 
the form of K„. permits S 9 to be expressed in a much more 
suitable form. K':u u'), the probability per unit lethargy 
that a neutron is scattered from lethargy u' to u. is given by 
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K(u - u' ) = 

1/(1 - a ) expv -iu-u' ! ) , u £ u' > u - e . 
(.4.5-2: 

0 , U ' < U - E , where 

a ^ I* " ' 

£ = 2 In 

A + 1' 

4 t 1 
i4 - r 

and 4 is the mass of the scattering nuclide. The probability 
of a neutron being scattered through n groups of width Au is 
then 

•Uu'iu fUQ- ( i i -1) i l l 

1 — 0[ Juo JuQ-nhu 

, ruii'iu I\IQ- ( i i-1) aw 

K„ = -j / du / du' exp{-(u - u ' ) | 

1 •"> 

(1 - exp(-Au))' exp(-(n-1)Au) 1 - a 

An 
1 - a 
Au 

(1 - exp(-Au)) (1 - Au/2) exp(-(n-l)Au) 

(1 - exp(-Au)) exp(-(n-1)Au). ' 1 - a 
Because K„ = exp (-Au) Kn~\, Eq.A.5-1 can be reduced to 

M 
S g = exp(-Au/)Sg-i + X^/Cu E S I 9-I,, <pg-i 

- exp (-Au/) X X , » Es,g-L.-i,» (Pg-i,-i. (4.5-4) 
«=i 

In Eq.A.5-4, we need evaluate only two terms for each nuclide. 
Although evaluation of Eq.A.5-4 does not require excessive 
time, it does require excessive memory for the storage of the 
fine group fluxes and scattering cross sections. We shall 
introduce the intermediate group that contains a specified 
number of fine groups, and we shall specify that the width of 
an intermediate group is less than maximum lethargy gain per 
collision with the heaviest nucleus present. Then the fine-
group scattering rates of the last term on the right side of 
Eq.A.5-4 will be approximated by the intermediate-group scat
tering rate divided by the number of fine group per intermedi
ate group. This approximation, which is reasonable since the 
intermediate is narrow itself, 
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permits S9 to be computed from the source and scattering rates 
for the (g - 1)th fine group and the scattering rates for the 
intermediate group, and greatly reduces storage requirements. 
Equation A.1-2 can be written on the above approximation as 

N 
V>g = Yi p'ig s<g ''£i9 • (4.5-5) 

j=l 

Since the right hand side of Eq.A.5-5 does not contain any 
unknown variable. the neutron flux can be determined without 
use of any matrix inversion routine. 

In the SRAC code, the following specifications for the 
fine group calculation of the resonance absorption are used; 

The energy range to be solved: 
from E = 130.07 eV to the thermal cut off 

The lethargy width of the fine group Au = 0.00125 
The number of fine groups in an intermediate group = 10 

For a nucleus with A = 238 (e=0.0168), the lethargy width of 
the intermediate group of 0.0125 is sufficiently narrow. 
Although the total number of fine groups exceeds 4000. the 
computer time to solve recurrently Eq.A.4-5 is negligibly 
small compared with that required to prepare the tabulation of 
collision probabilities from which Pijg is interpolated at each 
fine group as a function of the macroscopic total cross 
section of the absorbing material. 
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Appendix B Intermediate Resonance Approximation to 
Resonance Absorption in High Temperature 
Gas-Cooled Reactor Fuel with Double 
Heterogeneity 

As introduced in Section 4.3, we shall detail here, an 
application of a simplified method of the IR approximation" 
to the two region model in which the neutron balance is 
described by collision probability based on the Wigner 
rational approximation, for the purpose of homogenization of a 
double heterogeneity appearing in a HTGR fuel block. 

In the first step, a fuel rod with the grain structure is 
homogenized by introducing an equivalent homogeneous material 
in the form of the IR approximation. This homogenization is 
simply achieved by determining a fictitious moderator substi
tuting the scatterers in the moderator region. 

In the next stage, the lattice configuration of the 
homogenized rods is treated again by the IR approximation. The 
latter procedure may be accomplished with use of a computer 
code of resonance absorption, for example, a modified version 
of the ZUT code2,3-4' , for the lattice configuration of the 
homogenized rods with the additional fictitious moderator. 

By the present approach, an equivalence relation between 
homogeneous and heterogeneous resonance integrals is esta
blished in the IR sense. This fact suggests that the effective 
resonance cross sections in a doubly heterogeneous system can 
be estimated by using a cross section set of the Bondarenko 
type5-6', which is widely used for fast reactor analyses. The 
numerical results based on a table-look up method of the 
Bondarenko type shielding factor are presented for the grain 
heterogeneous system to compare with the exact values from the 
RICH module of the LAMP code 3 4'. It is shown that the present 
IR approach, combined with the table-look-up method, is quite 
convenient and accurate for the homogenization of the double 
heterogeneity encountered in the HTGR. 

B.t Homogenization of grain heterogeneity 

At first, we start with the IR treatment of resonance 

- 178 -



JAEKJ - M 86 - 034 

absorption in heterogeneous systems at zero temperature. The 
details can be found elsewhere 7 8 , 9'. Assuming a flat flux, the 
slowing down equation in the two-region system, consisting of 
an absorbing lump (/) and a nonabsorbing moderator (m), can be 
written as 

Oj'Pj = P//{<Ja,/\a»(<P/) + Kf(0sf'Pj)} 

+ a-Pff )a/I] (flkffk (<p„)} , (B-1 } 
k 

OfVf + O.V. = OamKamiVf) + Kf(asJ<l>f) + 0 .£ ] ( R A («>•)} , (B-2) 
k 

where 
Pf(u), <p,(u) = flux per unit lethargy in the lump and 

moderator region, respectively, 
o/(u) = aa(u) + asf(u) + Oa, 

= microscopic total cross section of the lump, 
Oa(u),O s/(U) = 

microscopic absorption and scattering 
cross sections of the resonance absorber, 
respectively, 

Oa, = scattering cross section of admixed moder
ator per absorber atom, 

a. = T.,v./{njVj) 
Rk= Ek/E,, 
E» = LkEk. 

VJ , D» = volumes of the fuel lump and the moderator 
regions, respectively, 

71/ = number density of the resonance absorber 
in the lump, 

K = slowing down operator. 
Pfj = effective collision probability 

in the fuel lump. 
Other notations are conventional. 

We make use of the modified interpolation formula for the 
collision probability as proposed by Levine: 

with 
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I = IjlXjOj - IfEf , ( B - 4 ) 

and 
s = g ( c ) f l - c ) / < t / n / ) , (B-5) 

where If is the lump mean chord length, given by 10) 

!/ = | r, , (B-6) 
for a sphere of radius ?-/ In addition, g is a purely 
geometrical quantity, ar.d c the Dancoff correction. 

Generalized collision probability theory shows 

Pff -- 1 - ' ~ c for i - «>, (6-7) 

where the Danooff correction, c, is zero for isolated lumps10'. 
A rational interpolation of pff leads to g = 1 in Eq.B-3 when 
use is made only of the behavior of p// at E = » , given by 
Eq.B-7. On the other hand, since the bulk of resonance absorp
tion occurs at finite values of 51/ , we need some corrections 
for the rational approximation"'2'. In particular, for grain 
heterogeneity, where grain size is so small that rs;8, the 
behavior of p// at the black limit (x— °=>) is not so impor
tant. 

Our procedure for the determination of the quantity g in 
Eq.B-3 is as follows: First, by changing the value of L/ , the 
collision probability is exactly calculated by using a com
puter code. For example, we could use a subroutine of the LAMP 
code41, which carries out a numerical integration of the 
collision probability for a multiregion spherical shell with 
the white outer boundary condition. Second, based on Eq.B-7, 
the Dancoff correction is calculated by using the value of p// 
for a sufficiently large value of £/, as Zf = 300 cm"', 

1- c = {1 - Pff(Zj)\x\s, -«, . (B-8) 

Finally, the value of the quantity g is determined so that the 
value given by Eq.B-3 is best fitted to the exact value of p// 
for the important range of x. This calculation was made by a 
trial-and-error method that searches for the best value of g, 
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minimizing the sum of the squares of the residuals for each 
value of c obtained by changing the grain radius while pres
erving the volume-ratio. 

Table B-l shows the values of the Dancoff correction c 
and the quantity g that were determined for a heterogeneous 
grain system with a volume ratio, v./vf, of 18, which approxi
mately corresponds to the fuel rod composition of the HTGR. 
This table also compares the numerical value based on Eq.B-3 
with the exact value obtained from the LAMP code5'. It can be 
seen that the present treatment of the collision probability 
is quite accurate for the practical range of particle size. On 
the other hand, in the homogeneous limit, the collision 
probability can be given by 

with 
p«=wffe = FT^; ' (B"9) 

7h = IfnfO. . (B-10) 

Figure B-l shows the r/ dependence of the geometrical quanti
ties, (1 - c),g(l - c), and yj, for the grain heterogeneous 
system with a volume ratio, V,/VJ, of 18. 

It should be noted here that quantity g is well fitted, 
as a function of c, by 

9 < e ) = 1 + Ta-Dc • ( B" t ! ) 

with 
a=1.69 

By considering this fact and the usual relation between the 
collision probability for an isolated lump and that for a 
lattice" 1 2 1 3 1 4', the collision probability, pod) in an 
isolated sphere can be expressed by the rational approximation 
suggested by Levine"' : 

P 0 ( x ) = TTH ' ( B" 1 2 ) 

where the quantity a is usually referred to as the Bell or 
Levine factor. In fact, Eq.B-9 give a best fit to the exact 
value of po(i) l 0 ) for small values of i. 

Substituting Eq.B-3 into Eq.B-1 and subtracting Eq.B-2 
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from the resulting equation, we obtain the following set of 
equations for neutron balance : 

(Of + s)<ps = OatKciPf) + Kf(osf<pf) + s£(RkKk(¥>.)) , (B-13) 
k 

s<pf = a„<p. + (s - a , )E(fti<Kk (?,)( . (B-14) 
k 

Then, from the two extreme cases representing the limits 
of NR and WR approximations, respectively, for the slowing 
down kernels, the first-order solution for <pf and <p» can be 
written as 7- 8 , 9 1, 

P /«'(u) = *pj» +K°~ + "*s , . (8-15) 
and 

«>,(l,(u) = 1 - s{l -*)/(,)(u)(/{f/a. + d-/u)s} , (B-16) 

with 

fi* = /ao./(lJO. + (1 - f)s) and M = £ RkMk • (B-17) 
k 

Here, K is the IR parameter for the admixed moderator, and A 
is the same for the absorber; ui< is the corresponding quantity 
for the outside moderator, k. 

Since in practice only a solution of the first-order 
approximation is of importance, it is necessary to determine 
the IR parameters (tc,t.,iiu) so that the resonance integral 
corresponding to Eq.B-15 can give the exact value or a suffic
iently accurate value. Such a set of the IR parameters can be 
determined by solving the coupled set of the transcendental 
equations 8 , 9' : 

K = 1 - Xa. + | = 2 y_ , (B-18) 

k = 1 - Xf +8f(ri

2c0

 Vc°} Yf • (B-19) 

MU=1- Xk+lj^Vk . (B-20) 

where 
V = *O0p/UOp + KOa. + »J*S) , (B-21 ) 

1 + 22 r- ?i +

r

 A P " . (B-22) 
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f = (/J2 - V2)>/Z . ( S - 2 3 ) 

Co = 0 l , - / ? 2 + 2 J ? C ? -??.*,) , ( 8 - 2 4 ) 

Ci = 1 - 0 ' + 2 J / , ( B - 2 5 ) 

/}£, = 1 + a o r „ / ( a o r ) , >}„, = oop/ap , ( B - 2 6 ) 

X = itanxZ)/Z, Y = [»n(l + Z2)]/Z2 , (B-27) 

6 = jl <! - a)£T and Z = S/(2f) . (B-28) 

In the above equations, the notations are conventional, and 
details can be found in Refs. 8 and 9. 

The first-order solution of Eq.B-15 shows an important 
feature of resonance absorption in a heterogeneous system, 
that is, it shows that a heterogeneous system with u*s has the 
same resonance integral as a homogeneous system that consists 
of the absorber lump composition admixed with an additional 
moderator with the scattering cross section, s and the IR 
parameter, n* 

u* = 1 + X* + !^r* , (B-29) 
which is satisfied for the set of the given IR parameters 
(K,JI,MI<) A simple way to satisfy Eq.B-29 is to determine 
fictitious moderator M* by solving Eq.B-29 through unknown 
parameter 6* (see Eqs.B-27 and B-28). This procedure can 
readily be accomplished by an iterative method. 

Consequently, a heterogeneous system expressed by Eq.B-15 
is equivalent, in the sense of the IR approximation, to a 
homogeneous system described by 

Of<P = Oa.Ka.i.V) + Kf(<p) + SK*(V) , (B-30) 

where the slowing down kernel K* corresponds to the fictitious 
mass M* determined by Eq.B-29. 

The IR method developed above can be applied only to a 
zero temperature system. For nonzero temperature, it is 
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necessary to take account of the temperature dependence of the 
IR parameters for the absorber il when the interference between 
potential and resonance scattering is taken into 
consideration815'. A simple way to do this is to multiply the 
interference scattering term, aoP. between potential and 
resonance scattering by the factor15' 
t(T\ - 800 + 0.45T , R „.^ 
/ < T ) " 800 + T ' (B-31) 
in the transcendental equations for determining the IR para
meters, where T is the temperature in degrees Kelvin. 

It has thus been shown that an infinite medium with grain 
heterogeneity can be homogenized by introducing a fictitious 
moderator with the aid of the IR treatment of resonance 
absorption. A system of UOg fuel grains embedded in a graphite 
moderator was selected for numerical studies of the present 
method. Specification of the system as a simplified sample for 
the hTGR fuel composition is as follows: 

2 3 8 U density in the fuel grain = 0.023 X 1024 atom cm"3 

carbon density in the moderator = 0.08 X 1024 atom cm 

diameter of the fuel grain = 500 urn 

volume ratio, vm/vf, = 18 

temperature, 7 = 300 K. 

The calculations were performed for typical resonance 
levels of 2 3 8U with use of the resonance parameters in the 
ENDF/B-IV file. The calculated results are summarized in Table 
B-2. It should be noted here that the IR parameter, I for 
absorber scattering is not always between zero and unity when 
the interference scattering between potential and resonance 
scattering is taken into account16'. Table B-2 shows that the 
value of the fictitious moderator mass determined from Eq.B-29 
does not scatter as much among resonance levels in spite of 
the difference in the IR parameters. Using the averaged value 
of the masses, the resonance integrals in the homogenized 
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medium were also calculated by both the IR treatment and the 
exact method based on the LAMP code. The exact calculation of 
the grain heterogeneous system was made by assuming a two-
region spherical cell. 

A better agreement with the exact results is given by the 
IR treatment. The exact results for the homogenized system 
with the fictitious moderator are in good agreement with those 
for the heterogeneous system. Moreover, it can be seen that 
the difference between the resonance integrals for the simply 
homogenized system and the heterogeneous one is well preserved 
in both the IR treatment and the exact calculation. This fact 
shows that the present method, using the fictitious moderator, 
is quite adequate to give an estimate of the quantitative 
effect of grain heterogeneity. In other words, grain hetero
geneity can be eliminated by use of the fictitious moderator 
when treating the gross heterogeneity based on the rod cluster 
configuration. The present value of a = 1.69 may be somewhat 
too large. since the corresponding resonance integral is a 
little overestimated. Although the averaged value of the 
fictitious moderator masses that were obtained for each 
resonance level was adopted for the resonance integral calcu
lations, use of the representative mass corresponding to the 
most important resonance, say, the 6.67-eV resonance level in 
the case of 2 3 8U, is sufficient for the practical application. 

B.2 Lattice homogenization and table-look-up 
method of resonance shielding factor 

In Section B.l, grain structure was eliminated by homo
genizing the infinite heterogeneous medium of the fuel rod 
composition. Hereafter, the rod lattice configuration is 
treated. Each fuel rod in a lattice can be considered to be 
homogeneous, since the heterogeneity characteristics and the 
slowing down property in the microscopic grain structure are 
the same as in the infinite medium with the fictitious modera
tor . 

The neutron balance in a multiregion cell can be written 
by the following slowing down equation using collision proba
bility: 
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ViLm =Y, Pji<.u){VjSj(u)} . (B-32) 

Here, it should be noted that Eq.B-32 can be also solved by 
the LAMP code to have the exact solution instead of the 
following two-region formulation •' We assume that each fuel 
and nonfuel region .respectively, is homogeneous and has a 
flat flux. The latter assumption for the moderator region is 
completely reasonable for the NR moderators in which the 
slowing down can be accurately treated by the NR approxima
tion. An exact calculation using the LAMP code shows that the 
NR assumption for the moderator introduces only a negligible 
error of -̂ 0.3 % to the total resonance integral of the lower 
188 levels of ^ U for the present example. 

From the above discussion, the averaged fluxes $/ and $. 
can be assumed to satisfy the same equations as Eqs.B-1 and 
B-2, respectively : 

O,*/ = P/tiOa.Ka.^f) + Kf(Osf$f) + sK* (.${)) 

+ (1- Pit) Of EW40&.)} . (B-33) 
k 

OfQf + <7.$. = OaJ<m(*f) + Kf(Osf$f) + sK*($f) 

+ a. X>iA(*.)}, (B-34) 
k 

where 
a/(u) = o/(u) + s = oa(u) + as/(u) + Oa, +s, (B-35) 

a, = E.V./C/V/V/), (B-36) 

Nf = nfvf/(Vf + v.) =f nf VJ/V. 
= averaged number density of resonance absorber. 

Similarly as Section B.l, we use the rational approxima
tion for the collision probability : 

P„ = -ij-g. »-37> 
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w i t h 

a = G( l - C) = G( l - C)(vf +v.) 
NfLf VfKfLf 

where G(C) and Lf are the Bell-Levine factor given by Table 
4.1.1 and the mean chord length of fuel rod, respectively, and 
C is the Dancoff correction for the rod cluster. These quanti
ties can be estimated by applying the same procedure as used 
to obtain those for the heterogeneity of the grain cell. That 
is, the quantity G(C) is assumed to be given by 

G (^ = 1 + (I- DC ' (B-39) 

with a=l .2 for infinitely long cylinders"1217', where the 
Dancoff correction, C can be obtained by using an equation 
corresponding to Eq.B-8 and computer code that calculates the 
collision probability for fuel rod clusters. For the infin
itely long hollow cylinders shown in Fig. B-2, the mean chord 
length, Lf , is given by18' 

Lf = 2Rscos2B\ . (S-40) 

Moreover, the interpolation formula, 

P" = ir^ • ( B - 4 1 ) 

X = 2.RfZfCOS26\ , ( B - 4 2 ) 

with a = 1.2, gives a quite accurate estimate for the first 
flight collision probability of an isolated infinitely long 
hollow cylinder in the practical range of X(XS1), as shown in 
Table B-3 here, the exact values of the collision probability 
were calculated by the LAMP code. 

By following a procedure analogous to that used in 
obtaining Eqs. B-13 through B-17, we find 

• , » ) ( „ ) = iO, + KOm + V*S + V»S _ ( B _ 4 3 ) 

O a + lOsf + KOco, + ( I S + U S 
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with 

M** = uo./lno, + (1 - /i)a»} and u = YfiuUu- (S-44) 
k 

Here, the IR parameters (K, H, /J*, ji**) are determined by 
solving a couple set of the transcendental equations similar 
to Eqs. B-18.B-19, and B-20, where the parameters /? and ri are 
defined, instead of Eqs.B-21 and B-22, by 

r? = Aoop/Uop + KOa, + n*s + n**S) , (B-45) 

and 
00 

lOp + KOQ. + /i*S + jU**S (B-46) 

Our scenario for homogenization of the double hetero
geneity is as follows: First, in a practical situation, the 
heterogeneity characteristics, s and S for the grain structure 
and the rod configuration, are independently obtained by 
calculating the respective Dancoff correction. In the next 
stage, a fictitious moderator is determined for the infinite 
medium composed of the grain cell through the IR treatment to 
eliminate the heterogeneity. Finally, the rod heterogeneity is 
homogenized using the fictitious moderator, also through the 
IR procedure, where each fuel lump is treated as homogeneous. 

The simple results of Eq.B-43 or Eq.B-15 reveal the 
following equivalence relation with practical usefulness : For 
the determined values of a set of IR parameters, we define 
a scattering cross section by 

ab = icoo. + it* s + /J**S. (B-47) 

Then, the IR solution of Eq.B-43 becomes equivalent to that of 
the simple equation : 

(at + ab)ip(u) = Kf(osf<p) + Ob , (B-48) 

with 
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ot = oa + osf. (B-49) 

Consequently, a double heterogeneous system with Ob has the 
same resonance integral as for a homogeneous system with the 
same at . This statement may also be applicable to the effec
tive resonance cross section with a certain small error. In 
other words, the effective resonance cross sections in a 
doubly heterogeneous system can be estimated by using a 
cross-section set of the Bondarenko type5'. In this case, the 
resonance shielding factors need to be tabulated, as a func
tion of temperature T and cross section at, by numerically 
solving Eq.B-48 and calculating the effective cross sections. 
This method has been used in the construction of the JAERI 
Fast Reactor Group Constants Set6). 

To assess the accuracy of our method, the adequacy of the 
table-look-up method based on the IR approach was first 
examined for the grain heterogeneous system treated in the 
last section (see Table B-2). In the interest range of Ob for 
the HTGR (50 ̂  Ob^ 2000), the tabulated resonance shielding 
factor /(ab.T) can be well approximated by a straight line in 
the (log /,log at,) plane, as seen in Fig. B-3. Based on this 
fact and using the results in Table B-2, the shielding factors 
of the effective resonance cross sections were estimated by a 
linear interpolation in the (log /,log at) plane; results are 
shown in Fig. B-3 and Table B-4. These results show that the 
table-look-up method, combined with the IR approximation, 
gives a sufficient accuracy for practical application. It 
should be noted that the neglect of the resonance flux deple
tion in an energy group, 

[ «p(u)du^Au , (B-50) 
Jin 

does not always give a very good result for the effective 
cross section. 

The calculations were made also for effective resonance 
integrals and cross sections for the standard fuel cluster of 
the HTGR, where hollow fuel rods are inserted into a hexagonal 
graphite block (see Fig 4.3-1). The composition of the fuel 
rods is the same as that of the sample calculation in the last 
section, and the densities and potential scattering cross 
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sections are summarized in Table B-5. Other specifications of 
the system are as follows: 

volume ratio, v./vf, = 7.452 
outer radius, Ftf, of fuel rod = 1.8 cm 
inner radius, R,, of fuel rod = 0.9 cm 

cos 0i = Jz/Z 
Dancoff correction. C = 0.0398 

effective heterogeneity, S = 349.9 b. 

Here, the Dancoff correction was again calculated with the 
LAMP code from the black limit, E/— » , of the averaged 
collision probability, p//. Each fuel rod in the cluster can 
be regarded as being almost isolated. 

An exact calculation of the resonance integral and the 
effective cross section was made using the fictitious modera
tor determined in the last section. This result can be taken 
as a standard solution, since it is impossible to obtain the 
exact solution for the whole problem of the double hetero
geneity. The calculated results are compared in Table B-6, 
which shows again the applicability of the present method. 

B.3 Conclusions 

A simplified method based on the IR approximation is 
proposed to eliminate the double heterogeneity encountered in 
the HTGR design calculation. Combined with the table-look-up 
method of the resonance shielding factor, the present method 
offers a convenient and practical means with good accuracy and 
short computing time. Much better accuracy can be expected 
when the calculation of the resonance integral is made 
directly with the use of a computation code for the cluster 
configuration of the homogenized rods with the additional 
fictitious moderator. It was numerically shown by the present 
method that a quantitative estimate is possible for the double 
heterogeneity effect, although the grain heterogeneity effect 
itself is not so significant. 
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Table B-l 
First Flight Collision Probability,pff, in Spherical Grain Geometries (umlvf = 18, E m = 0.3784 cm"1) 

'/(cm) 
1-c" S 

X 
'/(cm) 

1-c" S 10 6.6667 3.3333 03667 0-3333 0.06667 0.01333 

0.01 
(0.02668) 
0.02 

(0.05336) 

0.025 
(0.0667) 
0.03 

(0.0800) 
(0.05) 
(0.1334) 

0.0836 

0.1542 

0.1867 

0.2171 

0.3189 

1.024 

1.046 

1.056 

1.066 

1.100 

0.9916 
(0.9915)6 

0.9848 
(0.9841) 

0.9813 
(0.9807) 

0.9783 
(0.9774) 

0.9681 
(0.9661) 

0.9875 
(0.9873) 
0.9768 

(0.9764) 

0.9721 
(0.9713) 

0.9676 
(0.9665) 
0.9524 

(0.9500) 

0.9751 
(0.9750) 
0.9540 

(0.9538) 

0.9448 
(0.9441) 

0.9359 
(0.935) 
0.9066 

(0.9048) 

0.8853 
(0.8462) 
0.8017 

(0.S052) 

0.7683 
(0.7717) 

0.7383 
(0.7423) 
0.6473 

(0.6552) 

0.7938 
(0.7957) 
0.6679 

(0.673'-) 

0.6224 
(0.6283) 

0.5830 
(0.5902) 
0.4759 

(0.4872) 

0.4344 
(0.4378) 
0.2861 

(0.2924) 

0.2490 
(0.2527) 

0.2179 
(0.2237) 
0.1550 

(0.1597) 

0.1330 
(0.1348) 
0.0741 

(0.0763) 

0.0615 
(0.0633) 

aThese values were obtained from p//at x = 10 usin; Be). B-8 
Values in parentheses were obtained from gqS 3-3 a n j B_IJ 
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Table B-3 

Table B-5 
Number Densities and Potential Scattering Crass Sections 

for the Isotopes Used in the Present Calculations 

Isotope 
°P 
(b) 

Mass 
(amu) 

Number Density 
(lO^/cm') 

Isotope 
°P 
(b) 

Mass 
(amu) Region ( / ) Region (m) 

" 0 " " 

'••c 
*f*b 

10.6-

3.8 

4.8 

4.11 

238 

16 

12 

10.14 

0.0121 

0.0242 

(0.07S80)' 

0.07580 

0.0902 

'This value was used for the homogenized model. 
T"his isotope corresponds to the fictitious moderator. 

Table B-4 
Interpolation of Resonance Shielding Factors 

[ 2 „ * 0.3784 an', rf » 0.025 cm. 1 - c * 0.1867,x(c) * 1 J056, S ' 257.11 b. o m * 3.75 b. and T - 300 K] 

Group 
Number 

Group Structure* 

Levels 
in Group 

(eV) 

Resonance 
Intezral 

(bj 

Effective Cross 
Sections 

0>) 

O) 

Shielding Factors 

Group 
Number 

Upper 
Energy 
(eV) 

Lower 
Energy 
(eV) 

Levels 
in Group 

(eV) 

Resonance 
Intezral 

(bj 

Effective Cross 
Sections 

0>) 

O) 

Shielding Factors 

Group 
Number 

Upper 
Energy 
(eV) 

Lower 
Energy 
(eV) 

Levels 
in Group 

(eV) 

Resonance 
Intezral 

(bj 

" T » 

Exact 
CR//Au) O) 

Exact 
Interpolated0 

Group 
Number 

Upper 
Energy 
(eV) 

Lower 
Energy 
(eV) 

Levels 
in Group 

(eV) */." Etact b 

" T » 

Exact 
CR//Au) O) 

Exact 
Interpolated0 

I 
130.07 IOIJO 116.8 

iors 
10.61 2.147 42.44 8 5 5 4 

(S.58S) 
2S9.7 
2S4J 

02111 
(02024) 

0 2 0 3 1 i 

2 
I01J0 7S.S9 80.74 120 0.792 4.80 3.190 

(3.168) 
2 6 3 2 0.6646 

(0.6600) 
0.6281 

3 
78.89 61.44 66.17 11.16 •588 44.64 8 2 2 0 

(7552) 
255.7 0.1842 

(0.1781) 
0.1880 

4 3726 29.02 36.8 4224 4.435 16356 19.501 
(17.740) 

254.1 0.1154 
(0.IOS0) 

0.1109 

5 
22.60 17.60 20.9 61.67 6.890 246.68 32.174 

(27520) 
244.1 0.1304 

(0.1117) 
0.1330 

6 8 2 2 6.48 ~ 6.67 127.08 12.133 50822 61261 
(43.732) 

224.7 0.1205 
(0.0959) 

0.1163 

'Lethargy width du is 0 2 5 
*Wtng corrections were made for the group contribution estimate of the resonance integral. 
interpolation was made by a linear interpolation in the (log/, log a») plane. 
*The calculation was made using the averaged value of two ? 0 values. 

First Flight Collision Probability in an Isolated Infinitely 
Long Hollow Cylinder (Rf * 1.8 cm, cos'fl j * -j) 

A X »IRfZfcorS, 

fft 

A X »IRfZfcorS, 
X Exact 

(by LAMP) A X »IRfZfcorS, j r + i 2 
Exact 

(by LAMP) 

0.4 
0.6 
0.8 
1.0 

1.25 
1.6667 
2 j 
32333 

5.0 
6.6667 

10.0 
20.0 

200.0 

I.OS 
1.62 
2.16 
2.7 

3275 
4.5 
6.75 
9.0 

13.5 
18.0 
27.0 
54.0 

540.0 

0.47368 
0.57447 
0.64286 
0.69231 

0.73770 
0.78947 
0.84906 
0.SS235 

0.91337 
053750 
055745 
057326 
0.99783 

0.41845 
0.52376 
0.60810 
0.66714 

0.72190 
0.78391 
0.85260 
0.S3S78 

0.92560 
054414 
056273 
058146 
059315 
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Table B-6 
Comparison of Resonance Integrals, Effective Cross Sections, and Shielding Factors 

[1 - C=* 05602. G(Q = 1.190,5 = 3495 b, and T= 300 K\ 

Group' 
Number 

Resonance Intearals 
(b) 

Effective Cross 
Sections1 Cb) 

Co) 

Shielding Factors 
Group' 

Number IR Method . tract IR Method Exact Co) Exact Interpolated 

1 3281 3.311 13.76 13.63 608.3 03212 03071 

2 0.984 0.973 336 3.90 613.7 0.3125 0.7791 

3 3.128 3.135 12.93 12.82 607.6 02876 02312 

4 7.134 7.055 30.72 29.34 597.8 0.17«6 0.1771 

5 11.533 11335 5021 49.65 597.4 02013 02064 

6 21.395 21.778 103.00 10224 579.6 02011 02003 

3The group structure is the same as in Tabic B-5 
b\Ving correction was made for the estimate of the group contribution. 
cFlux depletion due to resonance was taken into account. 

0.4 

0.3 -

a 
0.2 

E o 

0.1 -

O 

1 i 1 I 1 —' / / 
/ / 

S m = 0.3784 cm - 1 

' / s 
v m / v f = 18 / / / ' / / / / / / / / ' s / / / / / / / / / / / / ' / ' s 

/ ' / / f/ 
/ '/ 

• ' / 

/ ' / / V 
/ '/ ' '/ ; '/ 1 - c 1 - c 

/'/ g(c) ( 1 - c ) 
// Uom 

f (Homogeneous 

/ i i i 

Limit) 

I I 
0.01 

Fig. B-l 

0.02 0.03 0.04 0.05 
Grain Radius, rf (cm) 
The rf dependence of 
geometrical quantities 

0.06 
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Appendix C Production of Multi-Group Constants 
for Thermal Energy Range 

At an interval of several years, update is done in any of 
the evaluated nuclear data files such as ENDF/B or JENDL 
series. They are compiled in the common ENDF/B format" . 

To reflect the update on the group constant library of our 
production code, we have to run the process code to yield the 
group constants. As far as our codes are based on the multi-
group theory, we can not use directly the basic data files in 
which the nuclear data are principally expressed on the 
continuous energy points and the temperature dependency is 
implicitly treated. 

Now we focus to the process taken in the SRACTLIB code2' 
to yield the group constants in the thermal energy. The 
neutron reactions considered in the thermal energy range are 
classified into ; (1) absorption including fission, capture, 
and production of charged particles, (2) scattering both of 
elastic and inelastic. The inelastic scattering is expressed, 
in general, in term of the scattering law. The elastic scat
tering in the field of thermal neutron scattering occurs only 
in the collision with crystalline material. 

The process for absorption is described in Section C.l, 
and that for scattering in Section C.2. 

C.l Process for absorption cross section 

The absorption (including fission, capture, (n,p), (n,a), 
etc.) cross sections in the thermal energy range are mostly 
expressed as smooth cross sections in a form of tabulation. 
The expression by the resonance level parameters, however, 
appears for some heavy nuclides through whole energy range or 
in the restricted energy range defined by certain break energy 
points. Even though the break energy is rather higher than the 
usual thermal cut off energy, say 0.6M.0 eV, we have to 
prepare the data up to several eV as if they are in the 
thermal energy range for any special use. 

The group constants for such reactions are always averaged 
by the asymptotic neutron spectrum, as follows: 
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OxgTT- = [ O x ( E , T ) < p ( E , T • )dE / f <p<E.T)dE , ( C . l - 1 ) 
•%, Jt£, 

where the subscript g stands for the group number of the 
energy interval A£ g, T is the material temperature, and 7" is 
the neutron temperature which corresponds to the average 
energy of the Maxwellian neutron density distribution. It is 
to be noted that even if the cross sections are not dependent 
on the material temperature, the group constants are still 
temperature dependent due to the averaging process by the 
temperature dependent neutron spectrum which is usually 
expressed by a combination of the Maxwellian of the neutron 
temperature 7" and 1/E part above the given value of E/kT'. 

It is, however, very difficult to predict the neutron 
temperature in general. We can say only that the neutron 
temperature is always higher than that of the material. In the 
active core, the neutron temperature is much higher than that 
of materials due to the absorption by fuel, contrary, in the 
reflector the neutron temperature is almost same as that of 
the material. Fortunately, the effect of neutron temperature 
on the group constants is very weak if the sufficiently fine 
group structure such as 30 groups is taken. 

The group constants have been prepared for the certain 
number of temperature points under the assumption that the 
neutron temperatures are 50° C higher than the material 
temperatures for the simplicity of the data structure. Hereaf
ter we denote the dual temperature dependence simply by T. 
Such an organization of the library forces the user of the 
SRAC code system to calculate on any of the tabulated tempera
tures. An interpolation code is available on the reactor 
constants which are the output of the SRAC. 

The cross section oz{E) of reaction x for energy E is 
obtained from the tabulated values in the basic data file 
obeying to the interpolation formula specified in the file. 

Here we describe the formulation of cross sections 
expressed by resonance parameters. 

(1) Single level Breit-Wigner representation 

Capture cross section : 
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0C(E) = Y, °0 ( r T / D ,/E^E p ( f , X ) . ( C . l - 2 ) 
NBS 

F i s s i o n c r o s s s e c t i o n : 

a,(E) = Y, oo ( r / / D , /Eo/E ¥>(?>*) , ( C . l - 3 ) 
MS 

where 
00 = 4 i g A 0 r „ / r , ( C . l - 4 ) 

f = (^g-^2 . (C..-5) 

X = 2 ( g ~ g o ) , ( C . l - 6 ) 

g = - <2J + ' ) , ( C 1 - 7 ) 
S 2 ( 2 7 + 1 ) ' U- . i '-> 

1/ io = K = 2 . 1 9 6 7 7 1 * 1 0 - 3 (j^~-j)*/&> . ( C . 1 - 8 ) 

J : spin of nucleus, 
I : spin of target nucleus, 
K '• neutron wave number, 

AMR '• ratio of neutron mass, 
£o : resonance energy, 
T : resonance total width, 
T„ : neutron width, 
T/ : fission width, 
Ty radiation width, 
Up '• potential scattering cross section, 
k : boltzmann constant, 
T» '• mixture temperature. 

The line shape functions <p and x relating to Doppler 
broadening are calculated using the complex integral W as 
follows; 

<p(i,X) = £ v"F ReW(& ,|) /2 , (C.l-9) 

Z(i.X) = ? V ^ I.V{& ,§) /2 , (C.l-10) 

W(x,y)= i r dt exp(-t2/(Z-t) , (C.l-11) 

where Z = x + i y , and ReW and /»)(' are real and imaginary 
parts of V, respectively, The values of W are obtained by the 
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interpolation3' from the table which are prepared before the 
execution. 

If the multi-level parameters are given, the code works as 
if the single level parameters are given. 

(2) Adler^Adler representation 

While the Adler-Adler representation has not been utilized 
yet, it is available to process by the Doppler broadened 
formulation for reaction x following to the formulation*' 

o-i(E) = T£(1 - cosffl) 

+ C *fx Y, U (S , r)) {Gzcosa +HIsina) /(A «/E ) 
Hits 

+C ,/K Y, V(Z,r)){HIcosa +Gxsina) /(A >JE) , (C.l-12) 
NRS 

where the term due to the potential scattering is added for 
the calculation of total cross sections, and 

f " **-
A - O -3177 ( Tm 1 l / 2 f E 1 l / 2 

A - o.dicr ( 2 g 3 ) ( A V R ) 

\/l = K = 2.196771 + 10"3 ( A W ^ , )*/E , 
a = 2 K a , 

T. : mixture temperature, 
AWR '• ratio of neutron mass, 
K '. neutron wave number, 
a '• effective scattering radius, 
G x '• Adler-Adler parameter for reaction x, 
Hz '• Adler-Adler parameter for reaction i. 

As in the single Breit-Wigner representation, the Doppler 
broadened functions (/(f,rj), V(?,??) are calculated using the 
complex integral W as 

v = i. vce.Tj) . (c . i -13) 

V = Re W(t,r)) , (C.l-U) 
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where 
f = in-E)/h , v = v/h 

E 
A 

v 

energy, 
Doppler width, 
Adler- Adler parameter, 
Adler- Adler parameter. 

Note: The Adler-Adler parameters are optionally given in 
ENDF/B format file by the flag LI, so the calculation 
has to follow the flag to decide which quantity is 
primary or secondary. 

LI Given parameters Primary quantity Secondary quantity 

5 Total.capture width Total.capture Elastic 
no fission 

6 Fission .capture Fission, capture Total, no elastic 
width 

7 Total,fission, Total, fission. Elastic 
capture width capture 

C.2 Process for scattering cross sections 

(1) Inelastic scattering 

The group transfer cross sections derived from the 
inelastic scattering are also averaged by the asymptotic 
neutron spectrum as 

osgg'i7T = f f oi(E-E- ,T)v(E,T- )dE'dE / f <p (E,T )dE, (C.2-1 ) 
where I denotes the order of the Legendre expansion, the 
subscripts g and g' the group numbers of energy 
intervals A£g and A£g' . respectively. The energy integration 
is performed by the Gaussian quadrature. 

For the general nuclide, the group transfer cross sections 
are calculated by the free gas model. For the principal 
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moderators such as H2O, DgO, Be metal, and graphite, they are 
calculated from the tabulation of the scattering law S(oc,/3). 

The differential scattering cross section o(£~E',0) has 
the relation 

o(E~E\6) = j£L ( ^ - ) 1 / 2 exp(-/?/2) S(ot./?) , (C.2-2) 
where E and £' are incident and secondary neutron energies, 
respectively, and 6 is the angle of scattering. Above the 
energy to which the scattering law is not given, the free gas 
model is used. 

The Legendre expansion coefficient of the scattering cross 
sections is calculated by Gaussian quadrature as 

ot(E-~E-) = f_Pt(pt)o(E-E-,v)dtt , (C.2-3) 
with fi = cos 6. 

The present library keeps only 1=0 and (=1 components for 
the principal moderators, and up to (=5 especially for H2O. 

To the thermal source (down-scatter from epi-thermal to 
thermal energy range), the fast library keeps the group 
transfer cross sections which are simply calculated by 

ao(E-E• ) = os(E) / (1 - a)E , (C.2-4) 

oxiE-E') = f ^ g ( ^ (EVE) I / 2 - ^(E/E-) 1 / 2J , (C.2-5) 
where 

«= < f i - b 2 • 
It is to be noted that the there is no temperature dependency 
in the thermal source. 

(2) Coherent elastic scattering 

The HEXSCAT5' module calculates the Pfj and P\ components 
of the polycrystalline coherent elastic neutron cross section 
per nucleus for a hexagonal lattice. 

The same input data as used in Ref.6 for computing tabu
lated ENDF/B-III data are available in calculating the sharp 
structure due to Bragg peaks for Be, BeO, and graphite. 
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The incoherent approximation for the polycrystalline 
elastic neutron cross section is available. It is given by, 

oi(E~E-) = ^ je-aiPi(ii)^ , (C.2-6) 
where 0. is the Debye-Waller factor, and Ob is the bound atom 
scattering cross section. 
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Appendix D 

Specifications for Methodical Benchmark Problem 
for Heavy Water Research Reactor 

Aims: Comparison of different calculation*! methods and cross-section data sets used 
la different laboratories. Limited conclusions for real conversion prableas* 

Reactor Design Specification* 

Total Power 10 KU c h (power buildup by 3.1 x ID 1 0 

fissions/Joule) 
Active Core Height 610 mm 
Extrapolation Length 227 cua (in 227 mo distance Croa the ' tre, the 

cosine-shaped flux goes to zero in the core, heavy 
water reflector, and graphite reflector regions) 

Lattice Pitch 152 an 
Alualnua Density 2.7 g/cnt3 

Graphite Density 1.7 g/ca3 

Heavy Water Teaperature 20*C 
fuel Teaperature 20*C 
Xenon-State Equlllbriun Xenon 
Heavy Vater Coop isltion 99.75 wt2 D 20, 0.25 vtZ H 20 

Specifications of the Different Fuels (UA1X-A1) for HEU, HEII, and LEU 

BED; Enrichaent 93 w/o « s 0 
«5U pCr fresh eleneut 150 g 
vtX U (7 v/o void) 13.4 
U Density 0.547 g/ca3 

KEU*; Eurichaent 45 w/o * 3 SU 
23Su per fresh eletsene 156.3 g 
utl IT (7 T/o void) 33.7 
0 Density 1.177 g/ca3 

LEU: Enrichment 20 w/o 235 0 

2 3 5 U per fresh eleaent 167.5 g 
wtl a (7 v/o void) 58,3 

' 0 Density 2.838 g/ca3 

Results Heutronics 

• k vs. burnup for cell calculations with earlchseoc* of 93 w/o sad 20 w/o. 

• Reaction rates and diffusion coefficients in three energy groups froa call 
calculations for zero 1 3 5 U burnup with enrichments of 93 w/o and 20 w/o* 

• kcff for B0C and E0C cores with enrichaeots of 93 w/o and 20 v/o. 

• Fluxes at the care aidplane along the x**axla In three energy groups 
for 93 v/o core at BOC. 

• Flux ratios between 20 v/o and 93 w/o cases at the core aldplaoe 
along Che x-axia 1Q three energy groups at BOC. 

Energy Croups for Reporting Results 
* t , 0 e7 < S n < 0.625 eV 'thermal n 

0.625 «7 < E n < 5-531 k«Y 'cpithcraal 

'Calculations with MEU fusl are optional. 
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Methodical Benchmark 10 MW Heavy Ueter Reactor 
BOC and EOC XY Models 

Outside Boundary Condition $ - 0 

I T 
2 Fuel Cell Uldth Craphl-ie Reflector 

i 3 Fuel Cell Uldth Heavy Water Jleflector 
99.75 u/o D 20 

BOC Core 

0.25 v/o H O 
1 T 

2 Fuel Cell 
< Ufrfrh j 

20 30 235 
Grams U Burned 

2 Fuel Cell 
< Ufrfrh j 

{ 
45 20 30 

3 Fuel Cell Width 2 Fuel Cell 
< Ufrfrh j 

Outside 
Boundary 

\ 
45 20 30 

0.25 v/o H,0 Ciaphite 
Reflector 

Condition 
* - 0 

* 
22.5 

* 22.5 * 10 

0.25 v/o H,0 Ciaphite 
Reflector 

- * - 152 a 

Ciaphite 
Reflector 

V 
Grams U Burned 

{ 30 
1 

40 

60 • 30 40 

* 30 
* 30 15 

EOC Core 

235 
Crams U burned means 
235 

CT lose by fission and 
capture. 

235 Crams U burned per h element 
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Spec i f i ca t ion* for Safety-Related Calculat ions 

Far computation of sa fe ty -re la ted parameters, Che 93 w/o and 20 v / o cores are 
uniformly loaded with fue l e leaents la which 40 g 2 3 5 U have been burned. Cooputed 
concentrarlona of 2 3 6 U , 2 3 8 U , various plucanla, and f i s s i o n products are to he Included. 
The dens i t i e s of heavy uater a t 20*C and 50"C are 1.105 and 1.096, r e s p e c t i v e l y . The 
d e n s i t i e s of l i g h t water at 2Q*C and 50*C are 0.998 and 0 .983, r e s p e c t i v e l y . 

Results - Safety-Related 

• React iv i ty change due to uniforoly increasing the temperature of the 
materials l a a l l coolant channels and all f u e l p la te s from 20*C t o 50"C-
The aoderator temperature la 2Q*C. Ignore a x i a l expansion. 

• React iv i ty change due to unifornly Increasing the teaperature 
of the materials In a l l fuel p la te s froa 20*C to 300"C. Coolant 
and moderator teaperatures are 20*C. Ignore ax ia l expaosloa. 

• React iv i ty change due to decreasing the coolant density In the two 
central f u e l elements by 20Z. Coolant and moderator temperatures 
are 20*C. The extrapolat ion length i s 227 ma. 

• Optional - Prompt neutron generation t ine and delayed neutron f rac t ion . 

Optional Reaction Rate Ratloa 

Core: 40 g 2 3 S U uniform burcup HOC core 

laotopes: 2 3 5 U , 9 e H o , 1 0 8 , Co, St ( I n f i n i t e d i l u t i o n cross s e c t i o n s In 
D2O Ins ide centra l fue l tube) 

l o c a t i o n s ; Core center and 76 ma i n t o r e f l e c t o r along x -ax l s (532 ma 
from core c e n t e r ) . 

Resul ts : Total absorption react ion rate r a t i o s between 20 v / o and 
93 v / o eases for each Isotope* 

Figure 1. Fuel Element Geometry Specifications 

Geometry Data 

Component Thickness , 

Fuel Tubes*(4) . 1 .52 
Outer Al Tube 1 .5? 
Coolant Channels 3 . 3 8 
Fuel Meat 0 . 5 0 
Clad 0 . 5 1 

•Fueled Length - 610 teat 

Cel l Volume Fractions 

Fuel Heat 0.0209 
0.9147 
0.0611 
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