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The magnetic he l i c i t y , usually defined as K = J A • B dv, where 

A is the vector potential and B the magnetic f i e l d , measures the 

topological linkage of magnetic f luxes . This is most easi ly seen for 

two isolated, closed, untwisted tubes of magnetic f l u x . In th is caie, 

we can easi ly calculate K: 

=S f - ' — - ' d- ( 1 ) K 
sum" over tubes 

If we adopt the usual gauge constraint, &A • dS. = flux enclosed 
by the contour, then K = 2<t>14>_ (<)>, „ is the flux contained in tubes 1, 
2) if the tubes are linked like links on a chain, and K = 0 if they are 
unlinked. 

Helicity also manifests itself in the twisted-ness and knotted-ness 
of flux tubes. The significance of helicity in plasma physics is that it 
is an ideal MHD invariant - the linkage of a flux tube with all other flux 
tubes is preserved when the tubes are filled with infinitely conducting 
plasma. Even when finite resistivity and magnetic reconnection are 
allowed, one finds that the global magnetic helicity (accounting for all 
linkages) is still approximately preserved on the reconnection time scale. 

*Work performed under the auspices of the U.S. Department of Energy by 
the Lawrence Livermore National Laboratory under contract number 
W-7405-ENG-48. 
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Local topological changes (tearing, etc.) that destroy local helicity 
invariance are allowed as long as the global linkage is preserved. 

The observation that global helicity remains a good invariant in 
the presence of resistive MHD activity led J. B. Taylor to develop his 
theory of relaxation of toroidal pinches. The basic hypothesis of 
the theory may be stated succinctly: The plasma seeks a state of 
minimum magnetic energy, / B /2 dv, while conserving global helicity. 

The minimum energy state satisfies V x B = uj3, with u a constant, 
and is determined by the geometrical properties of the system and helicity 
and flux conservation. The Taylor theory proved very effective in 
understanding pinch behavior and has also been found relevant for 

2 spheromaks. Rosenbluth and Bussac first applied the theory to 
equilibrium and stability of the spheromak. They showed that for an 
appropriately shaped flux confining shell, the spheromak is a state of 
minimum magnetic energy. 

The Taylor theory also provides understanding of the spharomak 
formation process. Figure 1 shows the usual (pre-Taylor) picture of 
spheromak formation using a magnetized plasma gun. Inconsistent with 
the view of formation shown in Fig. 1 is the observation of "flux-
amplification," where the poloidal flux in the final spheromak state 
exceeds the poloidal flux in the gun. Flux amplification requires 3-D 
plasma motions and reconnection that rotates some of the toroidal flux 
into the poloidal plane, as shown schematically in Fig. 2. 

The Taylor theory can be applied by comparing the helicity in the 
final relaxed state with the helicity injected by the gun 

Kin = 2 ( / V «)*g ( 2 ) 



-3-

Fig. 1. Coaxial plasma gun formation of a Spheromak. Poloidal flux 
threading the coaxial gun is pre-established. A current is drawn across 
the gun electrodes, producing a toroidal field that stretches the 
poloidal lines through an entrance region and into a flux conserving 
chamber. The field in the entrance region reconnects, leaving an 
isolated Spheromak. 
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Fig. 2. Flux amplification in plasma gun formation of a Spheromak. 

where V is the voltage across the electrodes and i)> is the poloidal flux 
threading the gun. The poloidal flux in the spheromak is uniquely 
determined by helicity conservation and flux conserver geometry and can 
be compared to observations as shown in Fig. 3a,b. Quantities linear 
in the field such as the poloidal flux scale roughly linearly with the 
square root of K, so ^ } is plotted versus (/ V dt) with ^ g 

held fixed in Fig. 3a and versus Jg

/2 with (/ V d t } 1 / 2 held fixed in 
Fig. 3b. The theoretical curves are fit to the data by allowing for 
ohmic loss during injection (K = 0 K i n with & < 1) and a low energy cut 
off when the capacitor bank energy is insufficient to stretch the gun 
flux into the flux conserver. 

While the helicity formalism has proven very useful in understanding 
reversed field pinch and spheromak behavior, some problems exist in 
applying the method consistently for complex (e.g., toroidal) conductor 
geometries or in situations where magnetic flux penetrates conducting 
walls. Both of these complicating features are relevant to spheromak 
formation techniques, i.e., the flux core method introduces toroidal 
complexities and magnetic flux penetrates vacuum vessel boundaries in 
both plasma gun and 2-8 pinch formation techniques. Tiiese difficulties 
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Fig. 3. Observed poloidal flux in the Spheromak produced by a plasma 
gun in volt seconds as a function of (a) volt seconds introduced through 
the gun insulator with <|igun = .011 V sec and (b) poloidal flux in the plasma gun with / V dt = 0.1 V sec. Solid curves are theoretical 
predictions using different fitting parameters (see Turner et al., 1983 
for details). 
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arise because of a lack of gauge invariance in the definition of 
helicity. The problems are usually dealt with on an intuitive basis 
(addition of ad hoc terms to K, etc.), however there has been some 
recent work to generalize K to allow for all possible geometries. 

Three of the generalized helicities to appear recently in the 
literature represent variations on the same theme. Auxiliary fields IV, 
j}' are defined such that 15' = B̂  outside of the plasma-containing volume 
with 7 • B' = 0, V x _B' = 0, inside the volume. The field _B' 
satisfies conditions _B" • n = 8 • n on the boundary of the volume. 
Together with the condition that toroidal flux associated with J3' equals 
any toroidal flux due to _B, the auxiliary field _B' is then uniquely 
specified. AJ is any vector potential satisfying V x A_' = B_'. The 
three generalized helicities are 

a ) KBF = f d V (- * - " -' " !') 
all 
space 

(3) 
b) K.1C = f d V (A- ' i " £-' " i" ̂  KJC 'f ' 

• 'pi plasma volume 

c) K F A = y dV (A + A') • (B -JJ'} , 
plasma 
volume 

4 5 
where Kgp is from Berger and Field, K 1 C is from Jensen and Chu, ard Kp. 
is from Finn and Antonsen. The three helicities defined in (3a,b,c) are 
essentially the same, although K p f t allows the most general gauge 
transformations. Note that in the limit that conducting plasma fills all 
of space (3a,b,c) reduce to the usual result K = / ,, „_-„ A • S dv. 
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The physical justification for these generalizations may be 

established by the following argument. First, we note that magnetic and 
electric fields exterior to an enclosed conducting box of arbitrary 
topology cannot influence events inside the box. We could therefore 
consider an equivalent system where the region outside the box is filled 
with a static conducting medium, with the exterior magnetic field 
"frozen in" at an arbitrary initial time. For the equivalent system, we 
simply write down the usual helicity, K = J-., S D a c e £ " j* dv, which is 
a good invariant. Since the extended domain covers all space, / A • dfc 
must equal flux enclosed by the curve. In studying relaxation phenomena, 
we add the constraint that the region exterior to the box remains fixed. 

One can also write down the helicity for a second system for which 
everything is identical to the equivalent system above except that the 
interior region is replaced by vacuum. Since the exterior region is 
held fixed in time, K' = / ,, A' • B" dv is trivially a constant. ' all space — 
K' could be subtracted from K without changing its invariance property. 
The new helicity K = K - K' has the advantage of being gauge invariant 
and independent of fields outside the box. In the general case, an 
infinite number of possible helicities may be defined. This is due to 
the fact that it is the change in net linkage rather than the absolute 
magnitude of K that is relevant. To see this consider a fourth 
generalized helicity that is relevant to non-toroidal systems but 
allows for flux penetrating conducting walls (e.g., a magnetized plasma 
gun formation method) 

K = / A • B dv - / /( A • d&\ B • ds (4) 
plasma 
volume 
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The helicity defined in (4) is gauge invariant for non-toroidal systems 
but does not make use of auxiliary fields as done in (3a,b,c). It is 
easily shown that the helicity in (4) is independent of the initial 
point, XQ, in the line integral term, however, the result is not path 
independent and therefore represents an infinite number of generalized 
helicities depending on the prescription of paths for the line integral. 
The change in helicity from one state to another is path independent 
however. Consider the time derivative of Eq. (4) 

K = /" A • J3 dv + /" A • J3 dv - J (C~ A • d A _B • ds_ 
surface W X Q J 

The flux elements, B_ • ds_, penetrating the conducting well are constants 
in time. Using Faraday's law and £ = - /\ - V<{> we have 

K = - 2 ft • _B dv + f h x JE • ds -f U + f~ A • d«\ J3 • ds . 

The first term is nearly zero for high conductivity plasma. On -the 
x . 

conductor, E x n = 0, so $ + J /\ • dlsi = *(xn> *)» where * assumes 
"o different values on conductors separated by an insulator. We then have 

K = - £ ) * / " ! • ds + f A x £ • ds = 2 VJJV 

where v|i = flux linking an insulating gap, V = voltage across an 
insulating gap (similar results apply to generalized helicities for 
toroidal systems). The final results in Eq. (7) is indpendent of the 
paths chosen for the line integral term in Eq. (4), so the change in 
helicity is unique. 

(5) 

(6) 

(7) 
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The concept that production of a spheromak depends in essence only 

on the amount of helicity injected and on the geometrical properties of 

the system has broad implications. One consequence is that spheromaks 
can be produced in an unlimited number of ways since the number of ways 
of providing linked flux is infinite. In addition to plasma guns, flux 
co,-es and z-9 pinches, which have been demonstrated, one can imagine 
bumpy z-pinches of the straight or toroidal variety (a bumpy z-pinch 
is an enlarged region of a straight or toroidal pinch where heiicity 
accumulates), merging spheromaks, etc. 

Helicity tends to flow to regions of larger physical dimension. 
This can be seen roughly from a dimensional argument: 

_?i 2 3 
K ~ frU W = magnetic energy ~ B l 

so w - K/S. 

The scale length, I, appearing in (8) is usually the shortest 
scale length of the region under consideration. If a system has regions 
of both small and large I, helicity will accumulate in the large' l 

region in order to minimize the magnetic energy (as in the bumpy z-pinch 
mentioned above). This type of argument leads to devices like that 

g constructed at LASL recently,- consisting of a straight ninch with 
both z and 6 fields and a flux conserver attached at right angles to 
the pinch via a transition section. The flux conserver has a somewhat 
larger radius than the radius of the pinch so helicity flews to the flux 
conserver and forms a spheromak. A curious prediction of the Taylor 
theory is that helicity flows to the large I region independent of the 
amount of helicity already present, i.e., helicity flows into the region 
even if the magnetic field is much higher in the region. One can then 
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imagine constructing a LASL like device with a very long straight pinth, 
and an arbitrarily large increase in the magnetic energy density as the 
helicity flows into a region of larger 5. but much smaller volume. The 
formation device could then operate at low field stress while producing 
a spheromak with large circulating current. 

References 
V B . Taylor, Phys. Rev. Lett. _35_, 1139 (1974). 
2M.N. Rosenbluth and M.N. Eussac, Nucl. Fus. J9_, 489 (1979). 
3W.C. Turner, et. al., Phys. Fluids _26 1965 (1983). 
4 M. Be, ger and G. Field, to be published in J. Fluid Mech. 
5 T. Jensen and M. Chu, "Current Drive and Helicity Injection," GA 

Technologies Report GA-A17424, Nov. 1983. 
J. Finn and T. Antonsen, "Magnetic Helicity: What is it and What is 

it Good for?" Univ. of Md., Preprint UMLPF#85-021, Dec. 1984. 
J.H. Hammer, "Reconnection in Spheromak Formation and Sustainment" in 

Magnetic Reconnection in Space and Laboratory Plasmas, American 
Geophysical Monograph 30, p. 319 (1984). 

T. Jensen and M. Chen, J. Plasma Phys. j[5_, 459 (1981). 
g T. Jarboe, paper at this conference. 


