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STELLINGEN

behorende bij het proefschrift

DYNAMICS OF GAS IN A ROTATING GALAXY

1. De door Hawley, Smarr en Wilson beschreven numerieke methode bevat een aantal
fundamentele onjuistheden.

Hawley,J.F., Smarr,L., Wilson,J.R.: 1984, Astrophys. J. Suppl. Ser. SS, 211.

2. De conclusie dat de standaard multirooster-techniek niet geschikt is voor het
berekenen van stationaire oplossingen van de Euler vergelijkingen, getrokken door
Eriksson en Rizzi op grond van een indrukwekkende probleem-analyse, is fout.

Eriksson,L.E., Rizzi,A.: 1983, AIAA paper no. 83-1951.

3. Bij het toepassen van lineaire of zwak niet-lineaire benaderingsmethoden voor het
oplossen van de differentiaalvergelijkingen die, geheel of gedeeltelijk, de
dynamica van sterren en gas in een melkwegstelsel beschrijven, worden relevante
niet-lineaire oplossingen over het hoofd gezien.

4. De centrale piek in de galactische rotatiekromme wordt voor een belangrijk deel
veroorzaakt door niet-cirkelvormige bewegingen van het gas.

5. Het tilted-ring model, opgesteld op basis van het waargenomen snelheidsveld van
spiraalstelsels, kan evengoed als rotated-ellipse model geïnterpreteerd worden.

6. De censuur die de Rijksuniversiteit te Leiden toepast op het bij het proefschrift
behorend voor- en/of nawoord geeft blijk van weinig respect voor haar promovendi.

7. Het ontwerp van het aan station Den Haag HS toegevoegde perron is in aerodyna-
misch opzicht een mislukking.

8. Bij het toelaten van gemiddeld meer dan 40 personen tot een bassin van 25 m lang
en 15 m breed is de benaming zwembad misleidend en kan beter door badhuis ver-
vangen worden.

9. De advertenties die het Staatsbedrijf de PTT plaatst ten behoeve van de tele-
communicatie, wekken de indruk dat de toepassing van hoogwaardige technologie
slechts tot maatschappelijke ontwrichting zal leiden.

10. Processoren kunnen professoren niet vervangen.

11. De moeite die academici hebben om een tiental stellingen bijeen te brengen,
terwijl Luther er 95 vergaarde, is niet zo verontrustend als men bedenkt dat
Luther niet behoefde te promoveren.

Wenaink,J.: 1981, "Assembly of Murein Lipoprotein into the Cell Wall of
Eaeheriohia Coli", proefedhift, RU Groningen.

12. Voor een goede wetenschapsbeoefening is persoonlijke bemoediging minstens «o
belangrijk als opbouwende kritiek.

W.A. Mulder Leiden, 6 juni 1985.
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The eover shows a projection of the two-dimensional quasi-steady gas flow in a weakly
barred galaxy. The axial ratio of the bar is 0.75. The other parameters that deter-
mine the flow aan be found in Chapter 7. Eaah side of the figure corresponds to 8
model units of length. Co-rotation is at 8.36. The position angle of the line of
nodes is 236°, measured counterclockwise with respect to the vertical axis. The
position of the observer in the frame of the galaxy is <j> = 80° and e = 130°, implying
an inclination of 50°. The angle between the line of nodes and the long axis of the
bar (or, better, the positive x-axis of the model) is -10° in the plane of the
galaxy. This corresponds to a position angle of 323253.

The radial velocity with respect to the observer is shown in the figure on this
page. The interval between the subsequent aontourlevels is 2.4 times the sound speed.
The latter is of the order of 10 km s"2.
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CHAPTER 1

Introduction and summary

1. Large-scale structures in disk, galaxies.

Spiral structure was discovered in M51 with the telescope constructed by Lord

Rosse, 140 years ago. Eighty years later, Hubble (1925) definitely showed that spiral

nebulae are galaxies. A historical account of the development that led to this con-

clusion can be found in a paper by Fernie (1970).

The advent of radiotelescopes provided an additional tool for the study of gas

in disk galaxies and resulted in the discovery of another .phenomenon that frequently

manifests itself in disk galaxies: the warping of the thin disk of gas. This was

discovered in our own Galaxy by Burke (1957) and Kerr (1957). Later it turned out

that warps are quite common in other galaxies (e.g., Sancisi, 1976; Bosma, 1981a,b).

Observations show that spiral structure presents itself mainly in the gas and

young stars. The specific shape of the spiral pattern varies from highly regular and

bisymmetric to irregular and filamentary. An extensive review of the observed proper-

ties of disk galaxies can be found in a paper by Kormendy (1982). Warps are predomi-

nantly confined to the gaseous components of the disk. They appear in the outskirts

of spiral galaxies and can be considered as a tilted distribution of gas rings

(Rogstad et al., 1974; Bosma, 1981a,b). These rings appear to have an increasing tilt

with respect to the equatorial plane as the distance towards the centre of the galaxy

increases. They sometimes return to the plane at still larger radii:''Sancisi, 1983).

For our own Galaxy, the points where the tilted distribution intersects the equato-

rial plane lie on a practically straight line (te Lintel Hekkert et al., 1985). A

similar tilted ring of gas presents itself near the galactic centre (Burton and

Liszt, 1978). A related subject may be the occurrence of tilted gas rings in ellip-

tical galaxies, although the amount of gas involved is much smaller than in disk

galaxies.

Theoretical efforts to come to an understanding of the large-scale structures

are guided by the following considerations. First, the global scale of the patterns

suggests a long-range mechanism. An obvious candidate is gravity. Second, the regular
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and blsymmetric character of the spiral structure in many (not all) disk galaxies, as

well as the fixed orientation of the warp observed in our own Galaxy, suggest that

both phenomena are long-lived rather than transient. 'Thirdly, both gas and stars are

involved. s

Before discussing some of the theoretical developments, it is convenient to make

a distinction between the terms "stars" and "gas". These are used rather loosely to

indicate, respectively, the components of a galaxy without any interaction other than

gravity, and the components that interact by some kind of pressure and viscosity,
li

including shocks. Note that in the hydrodynamical approach towards stellar dynamics
j

this distinction vanishes. ,|

A large part of the theoretical work on disk galaxies has been concentrated on

spiral structure. Reviews of the struggle for an underscanding of spiral structure

have been given by, e.g., Toomre (1977) and Norman ;(1983). By now, it has become

clear that any disturbance of a differentially rotating disk produces a spiral pat-

tern. Several driving mechanisms are eligible:
i

(i) gravitational instabilities and growing modes in stellar disks;

(ii) a stellar bar, by itself a result of gravitational instability, that drives a

spiral pattern in the gaseous disk; \

(iii) a companion galaxy; j

(iv) stochastic self-propagating star formation (for a review, see Seiden and

Gerola, 1982). !

Future research may add more mechanisms, based on localj instabilities, to this list.

Not all of these mechanisms are equally feasible for explaining the grand design

of spiral galaxies. Self-propagating star formation, for instance, is unable to pro-

duce a large-scale pattern. Its importance is restricted to the explanation of the

local fragmented character of spiral arms and the filamentary pattern observed in

some disk galaxies. Companion galaxies are clearly capable of driving a neat spiral

pattern in stellar or gaseous disks (Toomre, 1981), but: not all spiral galaxies have

companions. Gravitational instability by its own is noti sufficient. Since lin and Shu

(1964,1966) showed that spiral density waves are the natural oscillations of a stel-
lar disk, the behaviour of these modes has been studied intensively. It turns out

<] i
that gravitational instability or "swing amplification" (Goldreich and Lynden-Bell,

1965; Toomre, 1981) can result in growing modes. However, numerical simulations of
''''' !

,i self-gravitating disks show that these spiral modes are quite short-lived and even-

tually produce a hot disk without much structure. Under specific circumstances a bar

develops, as one of the various modes, and remains as a;! practically steady, rotating

pattern (HohlJ 1971; Hohl and Zang, 1979; Miller and Smith, 1979). If cooling is
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added, spiral arms appear recurrently (Miller et al.f 1970; Sellwood and Carlberg,

1984). This cooling can be provided, as one of several possibilities, by dissipation

in the gaseous component.

On the other hand, the persistent bar-mode alone is sufficient to drive spiral

shock-waves in a gaseous disk. It has been argued, on the basis of numerical experi-

ments, that the dissipation in shocks causes the bar to slow down in a very short

time, shorter than the rotation period of the bar (Kalnajs, 1983), but this conclu-

sion is strongly biased by the large amount of numerical viscosity present in the

older gasdynamical codes.

The warping of the gaseous disk of spiral galaxies is less well understood.

Several mechanisms have been proposed, for instance:

(i) a companion galaxy (again);

(ii) a tilted halo (Dekel and Shlosman, 1983);

(iii) generation of bending waves by a "flapping instability" between a rotating disk

and a non-rotating halo (Bertin and Casertano, 1982);

(iv) the Mathieu instability, driven by a bar or bar-like halo (Binney, 1981).

A companion galaxy can not explain the warps present in isolated galaxies. A tilted

halo is obviously capable of producing a warp, but this situation is rather exotic.

The scale of flapping instabilities is probably too small to be relevant (Toorare,

1983). The Mathieu instability seems to offer a natural explanation for warps.

However, the recent work by Sparke (1984), who includes self-gravity, shows that a

bar ending at co-rotation is too weak to provide a sufficiently strong instability.

She proposes either a strongly triaxial halo, or a slightly barred, strongly flat-

tened and massive halo with a retrograde figure rotation. Both mass distributions are

rather artificial. Indeed, the recent review by Toomre (1983) leaves the impression

that a satisfactory explanation for the warping of galactic disks still has to be

found. At this point it should be remarked that for some nearly edge-on galaxies, the

warping of the galactic plane may be due to a geometrical illusion (Stock, 1955;

Byrd, 1978). The same may be true for almost face-on galaxies where the warping is

concluded from the observed velocity field. Here the large non-circular motions that

occur in the disk of spiral galaxies may play tricks (cf. Fig. 2 in chapter 8).

2. Mathematical description

A plausible physical mechanism for the generation of spiral structure is gravi-

tational instability in a differentially rotating disk coupled with dissipation in
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the gas. A self-consistent treatment of the dynamics of stars and gas may also

explain the warping of the galactic plane, but this is less certain. Prom a mathema-

tical point of view, the study of disk galaxies encompasses the simultaneous solution

of a set of transport equations, including terms that describe the gravitational

potential, viscosity and various interactions between the gaseous and stellar compo-

nents, such as star formation, supernova explosions and other small-scale effects.

The gravitational potential should be computed from the total density of gas and

stars. The full three-dimensional problem is too complicated to be handled with the

current analytical and numerical techniques, so it must be simplified by solving a

restricted set of equations. Various techniques have been applied to study specific

parts of the general problem, and will be discussed below. As this thesis concentra-

tes on the dynamics of gas, a large part of this section is dedicated to methods for

gasdynamics.

The effects of self-gravity in a disk galaxy have been studied analytically by

solving the linearized equations of stellar hydrodynamics, coupled with Poisson's

equation for the determination of the potential from the density distribution. A

slightly non-linear extension can be made by the WKBJ approximation. This approach

led to the discovery of spiral density waves as the natural modes of a self-

gravitating disk (Lin and Shu, 1964, 1966) and has been used to study the time-

dependent behaviour of these modes.

The so-called N-body programs attack the full non-linear problem of a self-

gravitating disk by means of a numerical Monte-Carlo technique. The results of this

approach have already been mentioned in Section 1. The development of a steady, rota-

ting triaxial bar from certain, basically random, initial conditions is an important

result.

An entirely different numerical technique for the study of self-consistent

stellar models has been offered by Schwarzschild (1979, 1982). He specifies a mass

model and computes a large number of stellar orbits in the corresponding potential.

The original mass distribution is reproduced from a specific set of orbits by means

of the linear programming technique. Pfenniger (1984) successfully applied this tech-

nique to contruct a self-consistent stellar bar up to co-rotation.

For the study of gaseous disks, the problem is simplified by adopting a fixed

gravitational potential that contains a rotating spiral density wave or a bar. The

choice of the density wave or bar is justified by the theory of self-gravitating

disks, and by the observations. Apart from this, the effects of self-gravity are

ignored. Clearly, a bar is quite attractive, because it emerges as a steady pattern

in the study of self-gravitating disks, contrary to the transient spiral nodes. For
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the description of the gaseous components of the Interstellar Medium the inviscid

gasdynaraical equations for compressible isothermal gas flow are usually adopted.

This, again, is a severe simplification.

The numerical computations by means of time-dependent gasdynamical continuum

codes are numerous (a list of references can be found in Chapter 7). A bar is able to

produce beautiful spiral arms. However, many numerical solutions show a strong

average radial inflow or outflow that causes the spiral pattern to be transient. On

the other hand, the strong inflow or outflow is in many cases the result of large

numerical viscosity, and in some the result of specifying wrong boundary conditions.

More accurate computations may result in a much longer life-time for the spiral

structure.

The above approach is based on continuum gasdynaraics. An alternative description

of the Interstellar Medium is offered by the so-called particle methods. These have

become popular, presumably because they seem to be more realistic (Schwarz, 1981;

Levinson and Roberts, 1981; Seiden and Gerola, 1982; Roberts and Hausman, 1984,

Hausman and Roberts, 1984). This realism is partly deceptive. The usual approach

involves a large set of test particles that obey the equations of motion in a given

potential; then some ad hoc rules are added to model cloud-cloud collisions, star

formation, supernova explosions, et cetera. Basically, this approach is a Monte-Carlo

technique for solving the set of transport equations mentioned above, or at least a

subset of it. However, the continuum equations that describe the statistical averages

of the various relevant state quantities are usually not specified. Thus it may well

be that, for instance, the combination of inelastic cloud-cloud collisions and

supernova explosions has the same global effect as a pressure term and bulk visco-

sity.

A great advantage of these particle methods is the simplicity and flexibility of

the computer codes. They are easier to program than continuum codes, and all kinds of

physical effects can be added or removed without much effort. However, it is not easy

to analyze the numerical effects that may be present, and difficult to control the

numerical accuracy. Nevertheless, some nice results have been obtained. For instance,

in describing the small-scale structure of spiral arms, Roberts and Hausman, in their

two papers (1984), find various phenomena that may be expected from a typical set of

transport equations, such as chaotic behaviour and limit-cycles. However, it is not

clear if the chaotic patterns must be interpreted as an ergodic solution of the equa-

tions, or as an inherent property of the numerical scheme.

The difficulties in interpreting the results of particle methods motivate the

use of continuum gasdynamics in this dissertation.
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3. Outline of this thesis

This thesis contains a series of papers that deal with some aspects of the gas-

dynamics in a disk galaxy. The collection of separate papers has resulted in some

overlap that has to be taken for granted.

The study is based on the following presuppositions:

(i) the effect of self-gravity is ignored. The study concentrates on the response

of gas to a rotating, weakly barred potential,

(ii) Only steady or quasi-steady solutions are considered.

(iii) The gaseous components of the Interstellar Matter are represented by an iso-

thermal inviscid gas.

The radial form of the potential is based on the shape of the observed rotation

curves. It is a simple power law, slightly deformed to represent a weak bar in an

oblate halo (see Appendix I of Chapter 2). The inclusion of the bar is motivated by

the observations and by the study of self-gravitating disks. The bar rotates with a

fixed pattern speed. The restriction to steady or quasi-steady solutions is based on

the long-lived character of the large-scale structures in disks. At the same time,

this is convenient for detailed modeling of the observed gas flow in galaxies. A

solution that strongly varies in time is not suited for this purpose. Finally, the

choice of an isothermal inviscid gas is supported by the short cooling—time and

highly supersonic velocities of the interstellar gas. Obviously, this approach takes

only the global properties of the Interstellar Medium into account.

The dissertation is divided in three parts. In the first part, the three-

dimensional response to the rotating barred potential is studied. Here, the strongest

simplication is made: the pressure is neglected. This turns the problem from a global

into a local one and leaves the equations of motion for a star or test particle.

There are two reasons for this simplifications. First, stellar orbits in a rotating

triaxial potential have hardly been studied - in contrast to the two-dimensional

problem of motion in the equatorial plane. Starting with stellar orbits is therefore

the most appropriate approach. Secondly, three dimensional gasdynamics require either

elaborate analytical computations or excessive number-crunching on big computers. In

studying these orbits, we have kept in mind that we are looking for possible

configurations of gas. Since gas is likely to settle in simple periodic orbits, only

these are of importance here. Chapter 2 describes the search for simple periodic

orbits in the given potential. In Chapter 3, a crude model for warps is proposed on

the basis of one type of orbits.

What if the pressure term is included? It turned out that no efficient numerical
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methods for computing steady gas flows with strong shocks were available. Even in

aerodynamics, the development of efficient methods for transonic flow with weak

shocks had only just begun. These circumstances, together with my own strong interest

for numerical work, motivated the second part of this thesis. The key assumption is

the existence of a stationary solution. In that case, significant short-cuts over

time-dependent integration schemes must be attainable. The various steps that lead to

an efficient numerical method are described in Chapters 4 to 6.

After this excursion to numerical mathematics, the third part of this disserta-

tion is again dedicated to astrophysics. Because a direct three-dimensional approach

towards galactic gasdynamics did not seem wise, a two-dimensional code was developed

first. Chapter 7 describes the technical aspects of the computer program and the

properties of the computed quasi-steady solutions. In Chapter 8, an initial global

gasdynamical model for our Galaxy is constructed from one of the solutions. Here the

main problem is the determination of the position of the sun in the model.

In principle, the techniques for the efficient computation of three-dimensional

transonic flows are now available. The exploitation of these techniques falls beyond

the scope of this thesis.

4. Summary of the main results

The first part of the dissertation is devoted to the study of periodic orbits in

a rotating triaxial galaxy. Chapter 2 describes the search for simple periodic orbits

in the given potential. Two families of stable periodic orbits are found that are of

interest, both associated with the vertical 1:1 resonance. One of them, the retro-

grade family, was already known. The other family of direct orbits shows up outside

co-rotation. In Chapter 3, this family of almost circular tilted orbits is proposed

as a simple model for warps. Although the model is clearly too simple, it casts a new

light on the mechanism proposed by Binney (1981). He suggests that the instability

strip at the vertical 1:1 resonance causes the warping of the galactic plane. As

mentioned in Section 2, the instability is not strong enough to be responsible for

the warping of the galactic plane. Here, however, it is shown that a new family of

stable tilted ring-like orbits bifurcates from the orbits in the equatorial plane at

the outer edge of the instability strip. Once material has been brought into these

tilted orbits, for instance by the passage of another galaxy, it will remain there.

This non-linear behaviour had not been (and could not have been) found by the linear

and weakly non-linear analysis of the equations of motion in the rotating potential.
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The tilted family of almost circular orbits has the interesting property of a

constant orientation. All orbits of this family intersect the equatorial plane on the

y-axis, corresponding with the intermediate axis of the triaxial bar (the long and

intermediate axes lie in the plane, the shortest is perpendicular to the plane). Non-

linear solutions of the equations of motion in the presence of pressure or self-

gravity may show a similar behaviour, but this has not been investigated.

Another result of the search for simple periodic orbits is the absence of a

family that might explain the tilted ring near the centre of our Galaxy. One either

has to resort to rather unrealistic potentials (see, e.g., de Zeeuw, 1984), or to

look for other mechanisms.

The second part of this thesis deals with numerical methods for the efficient

computation of steady flows. Chapter 4 describes a numerical technique for computing

stationary solutions of the Euler equations in one dimension. Fast convergence is

obtained by means of an implicit scheme that allows smooth switching from time-

accurate integration to Newton's method for finding a root. Quadratic convergence

towards the steady state is achieved if the implicit scheme uses an exact lineariza-

tion of the so-called residual - the function corresponding to the time-derivative of

the state quantities that has to vanish. Schemes with first- and second-order spatial

accuracy are investigated.

In Chapter 5 the same technique is extended to .two dimensions. Here the main

problem is the inversion of the large linear system that arises in the implicit

scheme. The efficiency of several approximate solvers is investigated for the simple

aerodynamic problem of transonic flow through a straight channel with a circular

bump.

The convergence towards the steady state can be accelerated considerably by the

multigrid technique, as is shown in Chapter 6. The use of multigrid relaxation for

transonic problems with strong shocks represents a significant advancement in compu-

tational fluid dynamics. For the simple test problem mentioned above, the number of

iterations required to reach the steady state is practically independent of the

number of cells in the computational domain. The potential use of this method, both

in astrophysics and in other fields, is wide and may well outlast the particular

applications in the last part of this thesis.

In the third part, the two-dimensional quasi-steady flow in a disk galaxy is

computed. The weak bar generates a spiral pattern of strong shocks, as is shown in

Chapter 7. The multigrid method still provides fast convergence for this rather

fierce problem.

The dissipation in shocks causes an average radial inflow inside co-rotation,
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and outflow outside co-rotation. The material is dumped in a ring at the end of the

shocks, where it remains. As a consequence, a stationary solution does not exist. Two

types of galaxies can now be distinguished. The first type only has shocks inside co-

rotation. This results in a constant net inflow towards the centre of the galaxy. If

the inflow rate is small, a quasi-steady solution exists where gas from the reservoir

outside co-rotation gradually moves inward towards the centre. In the centre, the

density will slowly rise. The quasi-steady solution is obtained by excluding the

central region from the computational domain, while keeping the central density, used

in the numerical boundary conditions, at a fixed value. The net inflow turns out to

be very small in this case, of the order of the numerical discretization error, or

about 3x10 M per year. This suggests that the bar-driven spiral pattern can have a

fairly long life—time, if dissipation only in shocks is taken into account.

The behaviour of the second type of galaxy is entirely different. Here the bar

is stronger, or the sound speed lower, resulting in shocks both inside and outside

co-rotation. The net inflow inside, and outflow outside co-rotation causes the region

around co-rotation to be depleted of gas. In this case, a quasi-steady solution is

obtained by adding gas in depleted regions and removing it from high-density regions.

The addition and removal of very small amounts of gas is already sufficient. It may

be expected, however, that evolutionary behaviour is important for this second type.

The quasi-steady solutions are pre-eminently suited for modeling the observed

flow pattern in disk galaxies. This is demonstrated in the last chapter. One of the

numerical solutions is used to model the observed longitude-velocity distribution of

neutral hydrogen in our Galaxy. A substantial part of Chapter 8 is dedicated to the

search for the "best" position of the sun in the model.

The model offers a natural explanation for a number of distinct features in the

observations, for instance, the "expanding 3-kpc arm", the "nuclear disk", the high

velocities near the galactic centre and the "forbidden" velocities near the centre

and anticentre.

Because the model is based on a guess of the gravitational potential, an exact

quantitative correspondence with the observations can not be expected. On the other

hand, the observations offer few clues to an improvement of the nodel, due to the

irregular nature of the gas distribution in our Galaxy on smaller scales.

The bar generates large deviations from the rotational velocity corresponding

with the axisymmetric part of the potential. The model indicates that the central

peak in the observed rotation curve is mainly due to non-circular notions. As a con-

sequence, the interpretation of this peak in terns of circular notion is bound to

overestimate the mass of the central stellar component in our Galaxy.
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CHAPTER 2

Periodic orbits in a rotating triaxial potential
VV.A. Mulder and J.R.A. Hooimeyer

Summary. Some families of periodic orbits in a rotating triaxial
potential representing a weak bar are presented. The survey is
restricted to a number of low-order resonances. These already
reveal a wealth of structure and give an impression of the typical
behaviour in three dimensions.

Key words: periodic orbits - triaxial galaxy - rotating bar

1. Introduction

A barred spiral galaxy may be considered as a collection of stars,
gas and other material moving in its own gravitational field. One
way to obtain a deeper understanding of the dynamics of such a
system is to consider only the effects of gravity. The problem which
remains is the simultaneous solution of the Vlasov and Poisson
equations. This can be attacked by Af-body calculations or the
computation of individual stellar orbits. The first has a rather
empirical character but immediately provides a coarse solution to
the equations. The latter gives very detailed information about the
dynamical behaviour of the system, but the construction of a
realistic self-consistent model for a rotating bar has not yet been
accomplished. One reason for this is that the most important
families of orbits have not been fully classified in three dimensions;
another is the onset of stochastic behaviour in strong bars. This
paper concentrates on the first subject.

Since the work of Freeman (1966), the study of orbits in
rotating bars has passed through several stages. At first the
problem was approached analytically. Non-linear perturbation
theory for orbits in the equatorial plane of a rotating potential was
set up by e.g. Contopoulos (1975) and Vandervoort (1975).
Although analytical work generally gives a deeper insight than
numerical calculations, the emphasis gradually shifted to the latter
since these allow for accurate solutions and are less elaborate than
the approximative analytical theory. A lot of work on periodic
orbits in the plane of a rotating barred galaxy was carried out by
Contopoulos and his collaborators (e.g., Contopoulos et al., 1980,
1981; Papayannopoulos et al., 1983). During the last few years the
effects of stochasticity, as for the first time described by Hénon and
Heiles in 1964, have received a great deal of attention in
connection with rotating bars (e.g., Binney and Spergel, 1982;
Binney, 1982; Athanassoula et al., 1983; Teuben et al., 1983 and
Contopoulos, 1983). A general result is the growth of stochastic
regions as the bar becomes stronger. Except for the work by
Magnenat (1982b), these studies are restricted to two dimensions.

The three-dimensional study of orbits in rotating bars has
received less attention. This is somewhat surprising, since orbits in
the equatorial plane of a rotating triaxial system can be unstable
for perturbations perpendicular to that plane (Binney, 1978,1981).
Purely two-dimensional calculations are consequently not quite
appropriate for drawing conclusions about the structure of bars.
They can however function as a basis for calculating and studying
the full three-dimensional behaviour.

Periodic orbits play an important role in the study of
dynamical systems. Every stable periodic orbit is surrounded by a
torus in phase space filled by non-periodic orbits oscillating
around it. These tori are separated by regions of stochastic motion
which are of vanishing measure in integrable systems. In that case
one speaks of separatrices. The intersection of separatrices that
enwrap the same torus, coincides with an unstable periodic orbit.
A readable introduction to this subject has been given by Berry
(1978). In brief, periodic orbits constitute a framework for phase
space and reveal its basic structure.

Classification of orbits in the slowly rotating triaxial product of
jV-body simulations was carried out by Miller and Smith (1979)
and Wilkinson and James (1982). Schwarzschild (1982)
demonstrated the workability of the inverse approach: he
constructed a self-consistent model from a set of orbits, computed
in a given potential.

The most important families of orbits near the centre of a
rotating potential were outlined by Heisler et al. (1982). These
authors found a family of retrograde tilted orbits which were used
by Van Albada et al. (1982) to model the dust lanes in Centaurus A.
A more detailed analysis of these orbits was given by Magnenat
(1982a). He interchanged major, intermediate and minor axis with
respect to the rotation axis and found that in some cases this family
of tilted orbits became direct. Mulder (1983) found a family of
direct tilted orbits outside co-rotation.

Analytical work on rotating triaxial systems has been carried
out by Durisen et al. (1983). De Zeeuw and Merritt (1983) and
De Zeeuw (1982,1984). The first authors confirm results that were
already found numerically, the last finds a whole set of interesting
orbits. Many of these, however, have not yet been found in realistic
galactic potentials.

In this paper some families of three-dimensional orbits in a
rotating triaxial potential are discussed. There is an infinite
number of families, but most of them have a very small measure in
phase space. We restrict ourselves to some of the low-order
resonances without claiming any completeness.

The potential and the method for finding periodic orbits are
described in Sect. 2, results are described in Sect. 3 and some
concluding remarks are made in Sect. 4.
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2. Method

The potential is based on a triaxial power-law density distribution
representing a weak bar. The density is constructed by expanding
an ellipsoidal power-law in spherical harmonics and suppressing
the bar outside a given radius by a weighting function. In this way,
a weak bar ending at co-rotation and rotating in an oblate halo
can be obtained. Details and definitions are given in Appendix I.
We choose a power />= —1.8 and axial ratios 0.8 for the
intermediate and 0.5 for the minor axis. The major axis coincides
with the .\-axis, the minor with the r-axis. The figure is assumed to
rotate anti-clockwise around the r-axis with a pattern speed
w = 0.1. The bar ends at a co-rotation radius rCK = 8.36. The cut-off
of the bar at that radius is accomplished by the weighting function
given by Eq. (A1.6), using r'= 10 and ƒ = 2. For the expansion in
spherical harmonics only the terms with (n. m) = (0.0), (2,0). (2.2)
and (4.0) are used. The potential becomes:

V(r. 0. if,) = r"'2[<•„„ + c20ƒ>?(„) + <'40P°(/i) + c,,(r)/'i(/()cos(2</))].

(1)

The constants cou, r,0. c40 and the function cZ2{r) are given by
Eqs.(AI.I la-c). P™(/i) are the Associated Legendrc Functions with
/t=cos((>) as their argument.

Periodic orbits in this potential are computed numerically
using the following method due to Hadjidemetriou (1975). In a
hamillonian system an orbit is completely determined by its initial
conditions ,v0, y0. ô> xo< .t'o< -o- 'f ' n e Jacobi-integral
E=j(x2 + y2 + :2)—{or(.x2 + y2) + V is kept constant and a
starting plane is chosen (e.g.. vo = 0). four parameters
(.v0, :0, x0. z0) are left. These are mapped on the same plane after a
fixed number of revolutions. The mapping is linearized
numerically and Newton's method is applied to find the point that
is mapped on itself. Once this point has been found, the same
linearized mapping can be used to analyze the linear stability ofthe
orbit. There arc 4 stability types: (i) stability, (ii) semi-instability
(the orbit is stable in one direction and unstable in the other), (iii)
total instability, and (iv) complex instability (Brouckc. 1969:
Magnenat. 1982b). The last type seems to be associated with the
occurrence of stochastic regions in phase space.

The families of orbits can be analyzed by bifurcation diagrams:
plots of two characteristic quantities ofthe orbits. In this paper the
maximum x- or y-coordinate is plotted against the Jacobi-integral
E. A maximum space coordinate of an orbit, for instance .r„,„, is
found by comparing the absolute values of v at positions where the
velocity /changes its sign. The accurate positions of these turning
points can be found by interchanging time as independent variable
with y and integrating the modified differential equations back to
v=0. The same method, due to Magnenat, is applied to compute
the precise crossing points of the orbit with the starting plane.

The periodic orbits can be classified by the ratios of the
fundamental frequencies coo, <o, and OJ2, denoting the circular
frequency in the plane z = 0, the epicyclic frequency in the same
plane and the frequency perpendicular to that plane. Neglecting
the non-axisymmetric terms of the potential and expanding
around a fixed radius r in the plane z = 0 yields the following
estimates:

f with /o = [

fi">a W'th ƒ, = (p + 4)" 2 ,

= f1<0o with ƒ, = [ l += [l

(2a)

(2b)

(2c)

Kift. t. Bifurcation diagram showing the approximate locations of some low-
order resonances. The dots indicate horizontal and the squares vertical
resonances. In the shaded region, bounded bythe/ero-velocilyeune. no orbits
can occur

For the parameters chosen: f0 = 0.676, ƒ, = 1.483 and ƒ ,= 1.207.
Horizontal resonances in the plane r = 0 occur where the ratio
((y0 —<u):(U] can be represented by (small) integers, vertical
resonances perpendicular to the plane ; =0 occur if this happens to
(<u0— a>):ai2. For brevity a notation A:/:m is introduced to denote
the ratios (<att—o))Ml:v)2- An asterisk is substituted if the
frequency is not involved in the resonance. In this way, co-rotation
(CR) is denoted by 0:*:*, the Inner Lindblad Resonance(ILR) by
1:2:* and the Outer (OLR) by -1:2:*.

The approximate position of a resonance in the plane 2=0 is
given by:

L/OL' —./i(«/')]J
f°r a horizontal resonance and (3a)

ü T ] ] f o r a verlical resonance- ( 3 b )

These equations hold for retrograde orbits if —to is substituted for
u>. The corresponding value of the Jacobi-integral is
approximately:

E = 3 [<«?/(/> + 2) -2(uo<u]r2 (4)

Figure 1 shows r versus the Jacobi-intcgral £, computed with these
approximate formulae. Some of the horizontal and vertical
resonances are indicated.

An orbit is called direct if its sense of rotation measured in the
non-rotating frame is the same as that of the bar, and is called
retrograde otherwise. Orbits around the Lagrange points /.,, L,
on the .Y-axis or L4, Ls on the y-axis are called direct iftheirmotion
with respect to these points is anti-clockwise and retrograde
otherwise.
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3. Results

3.1. Presentation

Results for six low order resonances will be presented, namely, the
1:1 vertical resonances for the retrograde and direct orbits, the 1:2
vertical resonances for the direct orbits inside and outside CR, and
the 1:1 horizontal resonances for the retrograde and direct orbits.
Bifurcation diagrams with the maximum .x or v of an orbit plotted
against the Jacobi-integral E are given to demonstrate the
interweaving of several families. Stable orbits are marked by solid

2.5 E 30 32
Fig. 2a. Bifurcation diagram of the vertical retrograde I :*: 1 resonance, showing
the instability strip and two vertical branches

lines, semi-unstable by dashed and totally unstable orbits by
dotted lines. Orbits having vertical structure (z„ , * 0) are labelled
with a * V . Figure 1 may serve as an overall orientation. For some
of the orbits, projections on the planes x=0, y=Q and z=0 are
shown, as well as z plotted versus R=(x1+y2)111.

Many families have counterparts that are symmetric with
respect to the plane z = 0 or point-symmetric with respect to the
origin. These will not be mentioned separately.

3.2. The vertical retrograde 1:1 resonance (I:*:I)

Figure2a is a bifurcation diagram for the J:*:l resonance. The
instability strip of the retrograde orbits in the equatorial plane
(2=0) is clearly visible. There are two branches: a stable and semi-
unstable one. Some of the stable orbits are shown in Fig. 2b. Their
till with respect to the equatorial plane increases as E decreases,
until they become perpendicular to the equatorial plane at the
origin. The unstable orbits display a similar behaviour, but their
maximum tilt occurs along the y-axis. The orbits correspond to
those described by Heisier et al. (1982) and Magnenat (1982a).
However, their potentials have cores and the orbits become
perpendicular to the equatorial plane at a finite radius.

3.3 The direct vertical 1:1 resonance ( — !:*:!)

The direct orbits in the equatorial plane have a small instability
strip at the — 1: *: 1 resonance outside CR, from which two families
branch off. Figure 3a shows the stablr u ;d semi-unstable branch.
The stable orbits begin at the end of the instability strip where y is
highest (and £ lowest), and the unstable at the other end,
analogously to the 1 :*: 1 resonance. Some of the stable orbits are
shown in Fig. 3b. Their zm„ increases as £ increases. At £=4.02
they start to develop two loops. These loops become larger with £,
until at £=4.60 they intersect the z-axis. From this point on, at
higher values of the Jacobi-integral £, the orbits should be called
3:*:1 resonant in our nomenclature. Their :max still increases
somewhat, but soon starts to decrease with increasing £. until

-2

- 2 -

0 R
Fig.2h. Stable orbits at the 1 :«:l resonance at £=3.0 , 2.9, 2.8, 2.6,2.4 and 2.0.
The tilt with respect to the x-axis increases as E decreases

Fig.3i. Bifurcation diagram ofthedirecl vertical —I:*:] resonance outside CR,
showing the connection to the retrograde 3:«:l resonance
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Fig.3b. Stable orbils at the — 1 :•:! resonance, at £ = 2.75. 3.10, 3.40 and 4.40. Fig.3c. Stable 3 :•:! resonant orbit at E= 5. This type oforbit emanates Trom the
The last one hastwo loops. The tilt wilh respect to .x-axisincreasesas£ increases, previous ones if the loops become so large that they cross the r-axis
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Fig.4». Bifurcation diagram of the I :.:2 resonance, showing the connection to Fig. 4b. Bifurcation diagram of the direct vertical 1 :*:2 resonance, showing the
the retrograde 3>:2 resonance instability strip and the stable and semi-unstable vertical branch. The

interchange of stability type is associated with a new family of orbits

finally they join the retrograde orbits in the equatorial plane at the
instability strip of the 3:*: 1 resonance. A 3:«: 1 resonant orbit is
shown in Fig. 3c.

The behaviour of the unstable branch is qualitatively the same
as for the stable branch if the x- and y-axis are interchanged.

3.4. The direct vertical 1:2 resonance inside CR (1:*:2)

Figure4a is a bifurcation diagram for the 1:*:2 resonance. Part of
it is enlarged in Fig. 4b. The instability strip of the 1:*: 2 resonance

has a stable and semi-unstable branch, just as in the two preceding
cases. The family with the higher xm„ will be referred to as the
upper branch, the other as the lower. The lower branch is stable for
increasing £, until at £ = 2.8984 a new stable family branches off,
which joins the upper branch at £=2.8986. From that point on,
for increasing values of the Jacobi-tntegral, the upper branch is
stable. Orbits of the lower branch are shown in Fig. 4c. of the upper
in Fig.4d and of the intermediate in Fig.4e. The three families
differ in the point where they cross the equatorial plane (r=0). The
phase of this point is approximately 45° for the lower and 0° for the
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i - I

8 -4 0 O 8 -4 0
Fig. <fc. Orbits oflne lower I :«:2 branch.at £ = 2.89.2.94.3.10 and 3.30. The firsl Fig.4d. Orbits orthe upper 1 :«:2branch.at E=2.89.2.94,3.I0and 3.30. The first
one is stable, the others are semi-unstable. Their ; m „ increases with E

4 - 4

4

Z

O

- 4

Z

O <

O R 8 - 4 O X
Fig.4e. Stable orbit of the intermediate branch at £=2.8985

one is semi-unstable and the rest stable. Again ;„,,, increases with £

-6 6 - 6
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0
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0
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0

-6

6

Z

0

- 4 - 6 -

6

Z

O

- 6

6

T

O

-6
O R 1 2 - 6 0 X 6

Fig.4f. Semi-unstable orbit of the lower retrograde 3:«:2 branch at E=3.5.
which is a continuation of the orbits shown in Fig.4b

upper branch, whereas the intermediate has a gradual phase shift
between these values. Note that the phase difference between the
two branches of the vertical 1:1 resonances discussed before, is
90'.

We continue with the behaviour (or higher E (Fig. 4a). For
orbits of the lower branch the points with maximum distance to
the plane approach the z-axis more closely, as can be seen from
Fig. 4c. At E=3.33 the points in the plane x=0 intersect the z-axis,
at a little higher E=3.40 the points in y = 0 do the same. Above this
value of £ the orbits should be called 3:*:2 resonant. An orbit of

the last type is shown in Fig.4f. Ultimately this branch returns to
the equatorial plane at the vertical retrograde 3:*:2 resonance.

The upper branch has a similar behaviour. The transition from
l:*:2 to 3:*:2 is illustrated by Figs. 4g and 4h.

3.5. The direct vertical 1:2 resonance outside CR ( —1:*:2)

Outside CR, but inside the OLR, lies the direct - 1 : »:2 resonance.
There is an instability strip with a stable lower branch at the end
where £ is highest and ) m „ lowest, and a semi-unstable upper
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- - 4 - 6 -

O R 8 - 4 0 X 4
Fig.4g. Slablc orbit of'the upper I :»:2 branch at E = 3.3

O R 1 2 - 6 O X
Fig.4h. Stable orbit of the upper 3:«:2 branch at £ = 3.5

6

Z

0
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6

T

0

-6

- - m
ij

Fig.5«. Bifurcation diagram of the direct - 1 > : 2 resonance, showing the Fig.5b. Slablc orbits of the — 1 :.:2 resonance at E=3.l. 3.4 and 4.0. for which
connection to the retrograde 5:«:2 resonance ;„„ increases with E

branch at the other end, as displayed in Fig. 5a. Some orbits of the
stable branch are shown in Fig. 5b. At higher values of £ they start
to develop four loops. Contrary to the 1:*:2 resonance (Fig.4g),
the loops bend inwards. As they become larger and cross the z-axis,
the family passes on to the 5:»:2 resonance. An orbit of the last
type is shown in Fig. 5c.

The semi-unstable branch has a similar behaviour, as
demonstrated by Figs. 5d and 5e. Again there is a phase difference
of approximately 45° with respect to the stable branch.

3.6. The retrograde horizontal 1:1 resonance (1:1:*)
So far, we have only considered 4 vertical resonances that occur for
the direct and retrograde orbits in the equatorial plane. However,
the horizontal resonances can become unstable for perturbations
perpendicular to the plane as well, giving rise to new families of
orbits with vertical structure. This will be demonstrated for the 1:1
horizontal resonances in this and in the following section.

Bifurcation diagrams for the 1:1:* resonance are given as
Figs. 6a and 6b. The semi-unstable branch at the low £ end of the
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Fig.Sc. Stable orbi! of the 5:*:2 resonance at £ = 4.5
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Fig.Sd. Semi-unstable — 1 :*:2 resonant orbits at £ = 3.1. 3.4 and 4.0. Again ;
increases with E
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Kig.Sf. Semi-unstable 5:*:2 resonant orbit at E=4.5

350 E 360 3 65

Fig.6«. Bifurcation diagram of the retrograde horizontal 1:1:* resonance

instability strip (Fig. 6a) will be referred to as the lower branch, the
stable as the upper. The lower branch consists of orbits that are
fairly round, but have their centre shifted in the y-direction. The
upper branch orbits are shifted in the jc-direction. This causes the
large differences in ym,t in the bifurcation diagrams. If we had
plotted ym„ for the lower and xm„ for the upper, the two branches
would have appeared almost identical. Their main distinction is a
phase difference of 90°.

For larger values of >'„,„ both branches have a turning point in
£, where the stability type interchanges between the two. As £
increases, a vertical branch appears. The lower branch in the

equatorial plane becomes semi-unstable as the vertical branch
starts off, the upper becomes totally unstable at that point. The
vertical branches are 1:1:1 resonant. Some orbits of the stable
family are shown in Fig. 6c. They pass the z-axis completely as £
increases. From then on, they should be called 0:1:1 resonant. Just
after they have reached their largest r „ „ there is a turning point in
£ where again an interchange of stability type between lower and
upper branch occurs, as can be seen in Fig. 6b. The vertical families
finally return to the equatorial plane at the 0:1:1 resonance.

We continue to discuss the orbits in the plane. After the vertical
branches have appeared, the lower branch continues to shift in the
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Fig. N . S.table orbits in the equatorial plane of the family that interconnects the Fig. 7». Bifurcation diagram of the direct horizontal - 1 : 1 :• resonance
upper and lower 0:1:* resonant branches. The orbit that is mainly around L4 on
the y-axis has £ = 3.505» the one mainly around L1 on the x-axis has £=3.525
and the one in between has £=3.515

y-direction for increasing E, until it crosses the origin (Lagrange
point L^. The orbit that would go exactly through the origin does
not exist, since there the potential is singular. This point is
indicated by an open circle in the bifurcation diagram. As soon as
the origin has been crossed, the orbits are retrograde around the
Lagrange point L, (or L5). As E continues to increase, a turning

point occurs and the stability type interchanges between lower and
upper branch. £ now decreases and the point is reached where the
vertical branch returns to the plane. The lower branch finally
shrinks into the point L4 (or L5) on the v-»xis, the upper into L, (or
L2) on the x-axis. Before that happens, however, there is again an
interchange of stability type. Since this one does not coincide with
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a turning point of E, a new family of stable orbits exists. Some of
these are shown in Fig. 6d. The phase of the point where ym„
is reached, gradually changes from 90" to 0° as E increases.

3.7. The direct horizontal 1:1 resonance ( — 1:1:*)

Outside the OLR lies the instability strip of the -1 :1 :*
resonance. The bifurcation diagram is Fig. 7a; part of it is
enlarged in Fig. 7b. The unstable branch will be referred to as the
upper, the semi-unstable as the lower branch.

First consider the instability strip of the —1:1:* resonance.
The upper branch consists of stable orbits, which are fairly round
and have their centre shifted in the v-direction. From E=2.96 they
develop loops. Figure 7c shows some of these orbits. At £=4.11
the orbits become semi-unstable and a vertical branch appears at
the —1:1:1 resonance. At £=4.256 the orbits in the equatorial
plane become totally unstable as a new semi-unstabie branch
starts off. One orbit of this branch is shown in Fig.7d. They
ultimately join the lower branch, which becomes semi-unstable
from then on.
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We continue with the now totally unstable upper branch. The
loop increases its size as £ increases and crosses the Lagrange
point Lj (the origin). It is then called 2:1:* resonant. Before this
crossing occurs, however, there is a turning point in £ and the
branch becomes semi-unstable. After the passage of the origin,
there is another turning point and the branch becomes totally
unstable again. The opposite happens to the lower branch: it
passes from semi-instability to total instability and back. Around
£ = 5.493 there is a branch with a behaviour similar to that of the
orbit in Fig. 7d, going from the lower to the upper branch for
increasing E. The upper and lower branch finally end in the
retrograde 2:1:* resonance.

Finally, the behaviour of the vertical branches will be
discussed. One orbit of the lower vertical -1:1:1 family is shown
in Fig. 7e. Orbits of the upper branch have a similar shape, but with
a phase difference of 90 . Around £ = 4.3 there is another branch
with a gradual rotation of the point where rm„ is reached from the
y-axis to the .Y-axis as E increases. This family carries the stability
type from the upper to the lower branch. Orbits of the lower
branch have a loop that intersects the r-axis at E = 4.68. For higher
E, this branch should be called 2:1:1 resonant. They have their
largest rma, at £ = 4.64. The upper branch shows a similar
behaviour. Both branches return to the equatorial plane at the
vertical 2:1:1 resonance.

4. Conclusions

The study of periodic orbits in a rotating triaxial potential
representing a weak bar reveals a wealth of structure, even
considering only the low-order resonances. A number of orbits
have been found that were not described before in the literature.
Some of these are located in a small part of phase space and can be
easily missed in numerical surveys. However, if the stability type of
a family is followed accurately, most of them can be found in a
systematic way. Only perturbation theory will give more precise
information concerning all possible configurations at a specific
resonance.

The main conclusions of this paper are:
1. All non-resonant and resonant orbits in the equatorial

plane have instability strips where they are unstable for
perturbations perpendicular to that plane. Most of these strips are
rather small in weakly non-axisymmetric potentials. At the edges
of the instability strips new vertically resonant orbits branch off.
Some of these are stable and occupy a larger volume in phase space
as their maximum distance to the plane increases. Taking into
account that the width of the instability strips increases with the
bar strength (Binney, 1981), one must conclude that vertically
resonant orbits can not be neglected in describing the structure of
barred galaxies.

2. For the resonances studied here, we find a similar
connection between the direct and retrograde vertical resonant
families as 'described by Contopoulos (1983) for orbits in the
equatorial plane.

3. The change in stability type of a family indicates the
existence of a new branch, unless this change coincides with a
turning point with respect to the Jacobi-integral.

4. No complex unstable orbits were found for the resonances
studied here. This suggests that stochastic regions have a negligible
measure in phase space. For stronger bars these regions are
expected to become more important.
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thank P.T. de Zeeuw for helpful comments on the manuscript.

Appendix I. A potential representing a weak bar

The potential is constructed as follows. We start with an ellipsoidal
power-law density distribution that is in overall agreement with
the observed properties of weakly barred spiral galaxies. The
density is expanded in spherical harmonics. Then a smooth
weighting function is introduced to suppress the non-
axisymmelric terms outside a given radius. In this way a bar
ending at co-rotation can be obtained. Finally, the potential can be
found by immediate integration of the density distribution.

/. Observed properties

The overall shape of the density distribution is chosen to be:

i» = L>n'>'p- with » r = .Y 2 /« 2 + r /A 2 + :2/cz. (AJ. 1)

For the galactic bulge a value of p= — 1.8+0.3 can be derived
(Sanders and Lowinger. 1972; Isaacman. 1981). Burstein el al.
(1982) found p= - 1.7 + 0.1 from the rotation curves of a sample of
21 Sc galaxies. Rubin ct al. (1982) derived p= -1 .8 + 0.1 from
comparable data of 23 Sb galaxies. The density distribution
appears lo follow this law throughout the whole galaxy up to large
radii. It is interesting lo note that the power of the galaxy lwo-
point correlation function, which is proportional to the number
density of galaxies up to a scale of about 10 M pc. is also found to be
-1.8 (Peebles, 1980).

A bar or oval disk rotating around the r-axis will have u>h> c.
with typical ratios of 1:0.5:0.2 for bars and 1:0.8:0.5 for oval disks
or weak bars. The bar or ova) distortion generally slops at
co-rotation, i.e.. a =t h outside co-rotation. Apart from this, the bar
and halo are modelled here with the same density distribution,
neglecting the disk mass. This seems justified by the analysis of
neutral hydrogen in the outer Milky Way by Kulkarni et al. (1982)
and similar conclusions on the basis of photometry of edge-on
spirals by Van der Kruit and Searle (1982a.b).

2. Expansion in spherical harmonics

The formal expansion of a given density distribution in spherical
harmonics is given by:

(AUa)

where /i=cos (hind FH(n) are Associated Legendre functions. Here
0 is defined with respect lo the positive r-axis [which will be
assumed to be the axis of rotation later on] and ^ with respect to
the x-axis, in the (.v,>') plane. The functions A*m(r) can be found
from the density by:

(AI.2b)
- l o
. . .

with a normalization constant K__ =
(n+m)!

As Eq. (At. 1) has the form of a power-law, the /--dependence can
be removed from the integrals in Eq.(AI.2b) by letting:

nr=(r/c)2( 1 - It), with h=i:,(1 - tr) (1 - c sin2 «t).

Here e, = 1 -(c/a)\ ;:-, = 1 -{c/bf and E = I -c2/r.,.
Equation (Al.2b) now becomes:

(AI.3)

with

«?»=<•- ' * .
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Table I. The constants a„„ for some typical values of the power p
and axial ratios h/a of the intermediate and c/a of the short axis

p
h/a
c/a

-1.8
0.8
0.5

-1 .7
0.8
0.5

-1 .8
0.7
0.4

0.557025084
-0.373 577273

0.037607945
0.139475 667

-0.004447609
0.000 113 577

-0.047635 710
0.000874139
O.0O00O7I78
0.000000123

0.573781977
-0.365 345072

0.036198 353
-0.132966093
-0.004197 814

0.000106 137
-0.044644001

0.000813482
-0.000006631
0.000000113

Only the terms with both n and m even are non-zero, yielding:

n=0m-0

where u.m = 2«* for and a„o = "*o for m = 0. and n and m

The problem left is the evaluation of the constants a*„. For
(;, <̂  I this can be done by series, as demonstrated in Appendix II.

Table 1 gives the constants anm for some typical values of the
power p and the axial ratios h/a of the intermediate and c/a of the
minor axis. A table for the Lcgendre polynomials P°([i) can be
found in Abramowitz and Stegun (1965; Table 22.9 in the 9lh

printing). From these the other PJ"(/i) follow by the standard
recurrence relations .in the same volume. For practical purposes
only a finite and preferably small number of terms should be taken.

.?. Cut-off of the har at co-rotation

Observations show that bars and at a co-rotation radius r„,
implying «a:ft for r>r„. Although such a radius is strictly not
defined, an effective value can be obtained by neglecting the non-
axisymmetry.

One can force the density [Eq. (AI.5)] to become axisymmetric
outside a given radius i\ by introducing a weighting function that
brings the non-axisymmetric terms (m=)=0) to zero outside that
radius. Setting r, equal to the co-rotation radius rCK then results in
the desired cut-off of the bar.

A class of weighting functions is given by:

0.438 847739
-0.366 264 791

0.047005 392
0.171738 232

-0.006828 661
0.000225 206

-0.074178 157
0.001665 526

-0.000017 376
0.000000387

4. The potential

The density distribution as given by Eq. (Al.2a) has the poten-
tial (Prendergast et al.. 1970):

I \t,i>iijfl— l_^ ^ L „m\l f 1 n\ft) e , \/\l.Oiif

where

(Al.Sb)

For the density distribution as given by Eq. (AI.7) it is convenient
to write:

l / ( r .M) = (47rGrtn)r'
I*;;f

+ r

cnm(r)K(l>)cos(m</S). (AI.9)

where n and m are even.
If there is no cut-off of the bar. the cn are constants:

(AI 5) ^ ' t n a c u l ' 0 " - t n c following results arc obtained (for j=2):

I I form = 0.

[ I - ( r / r , ) ' ] ' for m*0 and c g r , ,

0 for m#0 and c g r , .

(AI.6)

For increasing /, w{r) is closer to 1 over a longer range of r<rCP;
larger values of j increase the number of times w(r) is continuously
differentiable. Generally, j = 2 will be sufïïcient.

The modified density distribution becomes:

n=0m=0

where n and m are even.

(A1.7)

c,o=--°

<'IIIII = <

(Al.lla)

2i) \r (2/1+1 ) I I , 1) (11, + 2/)

for /• S /•„ and in * 0.

and

(2l!+l)l!,l
for r>r„ and m+0.

(
)) (11 j + 2i)\r

(Af. 11 b)

(Al.llcl

Here n2 = p + 2 — it and n3,=p
Dimensionless units can be introduced by definingro=«= I as

the unit of length and r0 = ro{4nGQo)
s = 1 as the unit of velocity.

If a cut-off of the bar is desired, it is convenient to have a
relation between the co-rotation radius r,^ and the pattern speed
w of the bar. Considering only the oblate part (»i=0) of the
potential in the equatorial plane (: = 0or /<=0) we obtain:

<»=f«r1''2, where./"o
2 = (p+2)(<-Oo-l<K>+x'-4n-.n<V.(1+ •••••

(A1.12)

Appendix II. S< îes representation of «„„

The constants a*m as given by Eq. (4) can be evaluated by series for
E, < 1. Expanding (1 -A)1"2 in It yields:

(AIM)

with (f)=
k\
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Consequently, the constants afm become:

«„*m = e-"K„m £ ( f ) ( - l)kM:k,
4 = 0

with

and

(AII.2)

The integrals can be factorized by substitution of
/i=£,(l — fiz)(\ — £sin2^). Expansion in £ yields:

k

1

where ƒ, = ƒ d/iP?

(fc + H+l)! (2» + 2)! (-4c,)"
(2t + 2n + 2)! k\ '

~~2~2'

and ƒ , = fd</>e-lm*sm1Jê. (/+»')!. 7'!

These integrals can be found in Gradshteyn and Ryzhik (1965): F o r numerical evaluation it is convenient to derive the following
recurrence relations: / n \

/ ,= for fcS^.

0 otherwise;

7t for j>my
-m/2

(AII.4)

(AII.5)

0 otherwise.

Substitution in Eq. (AII.3) gives:

1 2

£y
(AII.6)

for n and m even and k & ;

Finally we find:

Jt=0 otherwise.

(AII.7)

where:

" (m/2)! '

(n-m)'. (2 if m+0
j C T ; i l if m = 0 '

for „ = 0.

6„=I for » i=0, ftmt2=

(2A+2n+l) k

(AH.8a)

(A I (.8b)

(-2e,)fJk_1; (AH.8c)
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CHAPTER 3

Periodic orbits and warps

Summary. Orbit calculations have been carried out in a relating
triaxial system having a density distribution in accordance wilh
recent observations of spiral galaxies. A search was made for
simple closed orbils that are tilted with respect to the equatorial
plane of the galaxy. A new family of stable prograde tilted orbits
was found which can explain warps as almost stationary
phenomena.

The results give strong support to Binney's proposal that
warps can be excited by orbital instability. A scenario is described
in which gas in the equatorial plane slowly spirals inward, is fed
onto the prograde tilted orbits by orbital instability and even-
tually ends up as high-velocity clouds due to the intersection of
the more inclined orbits.

No contradictions were found when the characteristic proper-
ties of the orbits were compared with the warps of our Galaxy and
NGC29O3.

Key words: triaxial systems - periodic orbits - warps - NGC29O3
- tilled rings

1. Introduction

Tilted disks are a common phenomenon observed in many early
type and elliptical galaxies (Bertola et al., 1978; Hawarden et al..
1981). A tilted distribution of gas is also seen near the galactic
centre (Liszt and Burton, 1980). Spiral galaxies often show
gaseous warps (e.g. Bosma, 1978). Attempts have been made to
explain these configurations in terms of stable closed orbits in
rotating triaxial systems. Merritt (Heisier et al., 1982) found a
family of retrograde tilted orbits in a slowly rotating system. A
model for the dust lanes in Centaurus A, based on these orbits,
was proposed by Van Albada et al. (1982). Binney (1978, 1981)
used Mathieu's equation to show that orbits in the plane of a
rotating triaxial potential can be unstable for perturbations
perpendicular to that plane.

in this paper, the most important results of a search for simple
stable tilted orbits in a rotating triaxial system are reported. The
density distribution was chosen in accordance with recent obser-
vations of spiral galaxies and of the bulge of our Galaxy.
Emphasis was placed on simple orbits because those are most
likely to be populated by gas. This excludes orbits that are self-
intersecting, have sharp turnings or a complex shape, or are
asymmetric with respect to the origin. A new important family of
prograde tilted orbits was found, which can be used to explain
warps as almost stationary phenomena.

The potential that was used is given in Sect. 2. Orbits in this
potential were calculated with the method given by Magnenat
(1982b).

The resulting orbits are given in Sect. 3. The importance of the
family of orbits found is investigated by applying results to the
warps of our Galaxy and NGC2903 in Sect. 4. Section 5 contains
the main conclusions.

2. Method

The triaxial density distribution is chosen to be:

e = y o m r . w i th m2 = x2/a2+y2/b2 + : 2 / c 2 a n d a>b>c. ( I )

Near-infrared observations of the galactic bulge by Becklin and
Neugebauer(1968) were used by Sanders and Lowinger(1972) to
derive values of p = - 1 . 8 , t>0 = 7.6105Mopc~3 at 1 pc and an
axial ratio c/a = 0.4 within 800 pc. Using the distribution of
planetary nebulae near the galactic centre, (saacman (1981)
found: p = - I . 8 ± 0 . 3 , c/u = 0.4, and M=(9±2) lO"Jtf0 within
1 kpc. Finally, Burstein et al. (1982) found p = -1.7+0.1 from the
rotation curves of a sample of 21 Sc galaxies. The density distri-
bution appears to keep this value even at large radii. Therefore,
bulge and halo are modelled here with a single density distri-
bution. The disk mass is neglected since this seems justified by the
analysis of neutral hydrogen in the outer Milky Way by Kulkarni
et al. (1982). They find a large increase in scale height with radius,
suggesting that the large mass of non luminous matter implied by
their rotation curve must reside outside the disk. A similar
conclusion with different arguments is reached by Van der Kruit
and Searle (1982) on the basis of photometry of edge on spirals.

The following parameters are chosen: p= —1.8, an axial ratio
c/a=0.5 for the minor axis and 6/a=0.8 for the intermediate. The
triaxial figure is oblate with a moderate oval distortion. It rotates
around the r-axis (the minor axis) with a rotation frequency
<y = 0.1. implying co-rotation (CR) to be at a radius rCR=8.37.

The triaxial density distribution results in a potential (using
theorem 12 from Chandrasekhar, 1969):

with

C=AnGe0

and

be
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Table I. Approximate locations and energies of the main resonances

<o l/k

-O.I (retro) 1/2
1

O.l(progr) 2ÜLR)
3
4

oo(CR)
- 4
- 3
-2(OLR)

1

-1 /2

17.7
3.73

1.86
3.92
5.00
8.37

11.9
13.1
15.5
23.0
38.7

6.08
3.56

2.72

3.00
3.08
3.15
3.10
3.07
2.98
2.58
1.45

m/'k

1/2
1

T

3
4

- 4
- 3
_2
- 1
- 1 / 2

12.1
1.35

3.05
4.76
5.65

11.2
12.1
14.1
20.0
32.5

5.19
2.77

2.92
3.06
3.10

3.12
3.09
3.03
2.75
1.94

where

/( = /. sin2 0 cos2 (f and >'= —Qi-4

Similar expressions are found for the forces. The function 1(8, (p)
and the corresponding functions for the forces were calculated
numerically at intervals of 2C in 0 and </>, respectively, and the
results were stored in tables. In the orbit calculations the angular
dependence of the potential and force was evaluated by linear
interpolation from these tables.

A system of units is defined by a unit of length r0 = a = 1 and
a unit of velocity uo = ro(4jrGeo)

1/2 = l. The mass contained
within a spheroid characterized by HI is:

M=M0(m/roy'3 with Mn=4nabcQ0/(p+i). (3)

Periodic orbits were calculated numerically with the method
described by Magnenat (1982b). In a hamiltonian system an orbit
is completely defined by its initial conditions .x0, v0, r0, x0, y0, z0.
By fixing the energy and choosing a starting plane (e.g. >0 = 0)
four parameters (xo,zo,xo<zo) are left, which are mapped on the
same plane after a specific number of rotations. The 4 parame-
ters are adjusted by a linear differential correction method until
a periodic orbit is found. Linear stability is analysed using the
linearized mapping from the point in the starting plane on itself.

With this method orbits in the plane perpendicular to the
rotation-axis (the z-axis) were calculated at various energies. If
an orbit became unstable to perturbations in the ^-direction, an
attempt was made to find a tilted orbit at the same energy.

The location of the resonances can be estimated by appro-
ximating the potential with spherical harmonics (derivations are
omitted):

Neglecting the term with cos(2<p) - thus retaining only the
oblate part of the potential - and expanding around a fixed
radius r in the plane 2=0 we obtain the frequencies:

a>B=for"!2 with f0 = Up + 2)U-OB-k2O)V2.

(o,=/,(u0 with ƒ, =(p + 4 ) ' 2 .

<o2=fi°>o w i t h fi

(5a)

(5b)

(5c)

Here w is the rotation frequency of the triaxial system. <a0 the
circular frequency in the plane z=0,a>, the epicycle frequency in
the same plane and ra, the frequency in the z-direction. There is a
horizontal resonance (in the plane ; = 0) when the ratio
(CUO-OJ):Ü), can be represented by (small) integers. Vertical
resonances occur when this is the case for the ratio (OJ0 — v>) :OJ2.
For brevity a notation k:l:m is introduced to indicate the ratios
(<o0 — cu):cu, :ai2. An asterisk is substituted if ihe frequency is
not involved in the resonance. The locations of resonances are
given by:

I2'" for a horizontal resonance (6a)

and

l-f2(k/m)2

2/P
for a vertical resonance. (6b)

With p = - 1 . 8 , c/a = 0.5, and b/a = 0.S we have ƒ„ =0.677.
ƒ, = 1.483, and f2 = 1.194. Co-rotation (CR) is represented by
0 : * : *, the Inner Lindblad Resonance (ILR) by 1:2:* and the
Outer Lindblad Resonance (OLR) by —1:2:*. Prograde orbits
have l/k>0 within CR and l/k<0 outside CR. Equations (6)
hold for retrograde orbits if —w is substituted for o>. The
corresponding value of the energy E=2i.i

2+y2 + :2)-2
L<o2

• (x2 + v2) + V{x, y, z) is approximately:

E = J-r2(co2 - 2CU0CU) + ( c 0 0 - \c20)r"* 2. (7)

Table 1 gives the approximate locations of the main resonances
and the corresponding energies.

It should be noted that the term "energy" used here actually
represents the Jacobi-integral in the co-rotating frame. For
almost circular orbits, it increases with radius up to CR where it
has its maximum, and then decreases as r increases outside CR.
Energy in its strict sense, as defined in the non-rotating frame
with a time-dependent potential, is not a conserved quantity.
However, far outside CR, the potential rotates relatively quickly
with respect to an orbital period and can be looked upon as an
effectively axisymmetric potential. The corresponding effective
energy increases monotonically with radius.

22P
2(cos0)cos(2(p)], (4) 3. Resulting orbits

with the Associated Legendre Functions:

For p = - 1 . 8 , c/a=0.5 and i>/u=0.8:

coo = 2.32094,

c20 = 0.06486,

and

There are 5 families of simple closed orbits in the plane
perpendicular to the rotation axis: (1) the retrograde orbits, (2)
the prograde orbits outside the OLR, (3) the prograde orbits
inside the ILR, (4) the x-axial orbits, which are nearly linear at
small radii, become more circular near the ILR and have
complex shapes when passing through the higher order re-
sonances up to CR, and (S) the y-axial orbits, which exist only
inside the ILR (see e.g. Contopoulos, 1980, 1981). At each
vertical resonance then is a strip in the plane ; = 0 where the
orbits are unstable to pertubations in the r-direction. At the edge
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Fig. la. Bifurcation diagram of the 1 : * : 1 resonance, showing Fig. lb. Bifurcation diagram of the - 1 : * : 1 resonance, showing
the retrograde tilted orbits branching off from the retrograde the prograde tilted orbits. The - 1 : 1 : * resonance in the plane
orbits in the plane ; = 0. Unstable orbits are indicated by dashes. 2 = 0 is shown as well
In the shaded region no orbits can occur
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Fig. 2a. Stable retrograde orbits at the ] : • : 1 resonance in
various projections. The co-ordinate R = {x2 + y2)"2. The plotted
orbits have energies £ of 3.10, 3.00, 2.80, 2.50, and 2.00. The tilt
with respect to the plane 2 = 0 increases as £ decreases

of an instability strip a family of tilted orbits branches off from
the orbits in the plane z = 0.

Gas is likely to accumulate in simple stable periodic orbits.
These were found at the ± 1 : * . 1 resonances, occurring within
CR for the retrograde, and outside the OLR for the prograde
orbits. The first type of orbits at the 1 : *: 1 resonance cor-
respond to those described by Heisier et al. (1982). A more
general analysis of this family was given by Magnenat (1982a).

-20 - - -20
20

Fig. 2b. Stable prograde orbits at the — 1 : * : 1 resonance. The
plotted orbits have energies £ of 2.75, 3.00, 3.25, and 3.50. The
orbits with the loops is at £=4.40. The tilt increases as E
increases

Figure la shows a bifurcation diagram of these orbits. One can
make such a diagram by plotting two orbital parameters of
orbits from several families. In this case the maximum x-value is
plotted against the energy. In the shaded region, bounded by the
zero velocity curve, no orbits can occur. Unstable orbits are
indicated by dashed lines. The curve with the instability strip
represents the orbits in the plane r = 0 . At the higher edge of the
instability strip the stable tilted orbits branch off [at an energy
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somewhat larger than the approximate value predicted by I:q. 17)
and given in Table I]. The orbits are shown in Fig. 2a. Their
distance with respect to the plane r = 0 has a maximum in the
direction of the major axis of the triaxial system (the .v-axis). The
tilt with respect to the plane r = 0 increases as E decreases. "I hey
become perpendicular to the .v-axis at the origin, contrary to the
work of Heisier et al. (1982) and Magncnat (1982a) where this
occurs at a finite radius. This is due to the fact that the potentials
used in those cases have cores.

At the lower edge of the instability strip at the I : * : 1
resonance in Fig. la an unstable family of lilted orbits branches
off. The behaviour of these orbits is similar to that of the stable
ones, but their maximum distance to the plane - = Q occurs in the
direction of the y-axis.

A bifurcation diagram for the — 1 : • : ! resonant orbits is
given in Fig. Ib. The maximum v-value ofan orbit is plotted as a
function of energy. Again there is an instability strip with both a
stable and unstable branch of tilted orbits. The stable ones are
shown in Fig. 2b. They are tilted in the direction of the major
axis of the triaxia! system. The tilt increases as the Jacobi-
integral £ increases. However, at higher values of E they start to
develop loops. The orbits with loops are still stable but gas
cannot reside in them. This implies that gas in this type of orbit
will have a maximum tilt.

The unstable branch of tilted orbits has the same behaviour
as the stable one. but the maximum tilt is in the y-direction. just
as is the case for the retrograde orbits.

The other instability strip shown in Fig. Ib corresponds to
the — 1 : 1 : * resonance in the plane r = 0. There is a stable
branch of orbits in the equatorial plane r = 0 that look rather
circular but have their centre shifted in the r-direction with
respect to the origin. As these orbits intersect each other at
varying energies they are not useful for explaining large scale
asymmetries in the outer parts of galaxies Isee e.g. Baldwin et al..
19801. The unstable branch consists of similar orbits shifted in
the x-direction.

4. Warps

4.1. General

Gas of sufficiently low temperature is likely to settle down
around the simple stable periodic orbits. If we assume this to be
the case in the outer parts of a spiral galaxy, a connection can be
made between the stable prograde tilted orbits at the — 1 : * : 1
resonance and a warp. In this way a warp can be explained as an
almost stationary phenomenon.

There are (wo obvious characteristic properties of Ihc de-
scribed orbits that can serve as observational tests to check the
correspondence between the orbits and warps. (1) The direction
of the oval distortion or bar should coincide with the maximum
tilt of the warp. (2) The location of the warp provides a length
scale for the galaxy, predicting the location of the other re-
sonances if the assumed density distribution is correct.

The location of the warp is mainly defined by the oblateness
of the galaxy. From Eq. (6b) it follows that:

2 = ' l + 3 c , 0 / / 0 - ) ' 2 . (8)

Increasing the oblateness (by a more oblate halo or disk)
enlarges c20 and causes the location of the warp rwatp to move
farther outward with respect to CR. According to Binney (1981)
the width of the instability strip increases as the strength of the

oval distortion or bar increases. (Cutting of the bar at co-
rotation would make the instability strip in Fig. lb smaller)

The question remains why the gas has settled in the tilted
orbits and not in the plane of the galaxy. Binney (1978. 1981)
proposed that the instability of orbits in the plane : = () to
perturbations perpendicular to that plane causes material to
move out of the plane. The present results give strong support to
this explanation and allow the development of a more complete
scenario based on the assumption that gas remains close to the
stable periodic orbits thinking now in terms of clouds rather
than a smooth distribution. Gas that is slowh spiraling inward
around the stable prograde equatorial orbits will be forced to
follow the stable tilted orbits when it reaches the instability strip,
since these families are interconnected on the ouisiJc of the
instability strip. The same dissipative process that makes the gas
spiral inward one may think ofcloud-cloud collisions causes
it to move up to increasingly tilted orbits, until the point is
readied where these orbits become self-intersecting. There. \io-
lcnt collisions will occur and the debris is likely to fall back to the
equatorial plane. Such fragments may be observable as high-
velocity clouds.

In the following sections, the results of Sect. 3 will be scaled
to our Galaxy and used to make a rough model for NGC2903.

4.2. The Kurp a) the Milky Way

The assumed density distribution can be scaled to our Galaxy
using the observed location of the warp and the velocity of the
sun. In this way an estimate of the mass of the bulge can be
obtained which should agree with the observational result if the
prograde tilted orbits at the - 1 : * : 1 resonance correctly mode;
a warp.

According to Kulkarni et al. 11982) the warp sets in at 18 kpc.
In the model this occurs at a radius i\,alp = 20.9 (this value is
derived from the orbit calculations and is slightly larger than the
value in Table 1) implying a unit of length /•„ =0.861 kpc.
Assuming the velocity of the sun to be 250 km s~'. as compared
to a rotational velocity r = <uor=/or' •'* * =0.865 at 10 kpc. yields
the unit of velocity ro = 289kms~ '. From these units it follows

that QO= —^'ï 'n/ ' 'o)2 = 1-̂ 2 10~"kgm~-' within »i = r0. result-

ing in a unit of mass MO = 5.5 IOgM0. Thus. Eq. (31 can be
written as: M = 6.6 109 [ni(kpc)]'2.MS. This mass within a
spheroidal volume characterized by in is in reasonable agreement
with Isaacman's (1981) result of M = (9±2)WMs at 1 kpc.
derived from the distribution of planetary nebulae near the
galactic centre and consistent with the result of Sanders and
Lowinger (1972) for the bulge of our galaxy.

From Henderson et al. U982) (he angle between the position
of the sun and the major axis of the triaxial density distribution
can be estimated to be - 80 . With Table 1 the locations of the
main resonances can be predicted using the unit of length
i0 = 0.861 kpc. There does not seem to be any relation between
these locations and the observed structures in our Galaxy. Nor
would this be expected, for the simple assumption of accumulat-
ing gas near the stable periodic orbits is certainly nol satisfied
within the solar radius.

43. The warp of NGC 2903

The orbits plotted in Fig. 2b can be projected on the sky to
model NGC 2903. In this way the two main characteristic
properties mentioned in Sect. 4.1 can be tested.
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Fig. 3a. Projections on the sky of the prograde tilled orbits from
Fig. 2b. the one with the loops excepled. The dotted lines are
circles at consecutively the ILR. CR. OLR and the location of
the warp. The arrow indicates the direction of the major axis of
the bar or oval distortion

Fig. 3b. The neutral hydrogen distribution of NGC2903 as
measured by Wevers (1983). North is on lop and easl on the left.
The horizontal length of the picture corresponds lo 20'

The relevant parameters for projection can be found from the
results of optical spectral measurements by Simkini (1975) and
neutral hydrogen measurements by Wevers (1983). Simkim
(1975) found a position angle of tile line of nodes PA =28 +2 .
an inclination ( = 72.3 + 2 and an angle between the major axis
of the bar and the line of nodes of 43 in the plane of the galaxy.
The neutral hydrogen measurements by Wevers (1983) clearly
show the warp of this galaxy. From the observed radial velocity
field a position angle for the line of nodes PA = 22 can be
derived. The position angle of the bar can be calculated from
Simkim's results to be 12". With a position angle PA = 22 for the
line of nodes and an inclination i'=72.3, it follows that the angle
between the bar and the line of nodes is 30 . These parameters
were used to project the orbits of Fig. 2b on the sky. Choosing
the eastern side as the near side and letting the orbits come above
the plane of the galaxy at the south west side yields Fig. 3a. The
dotted lines indicate consecutively the ILR. CR. OLR and the
location of the warp at model radii 1.86. 8.37, 15.5. and 20.9.
respectively. The arrow indicates the direction of the oval
distortion or bar. The orbits are dashed at the far side of the
projection plane through the centre of the galaxy.

Figure 3b shows the distribution of neutral hydrogen as
observed by Wevers f1983). Comparing the model of Fig. 3a with
the observations shows the following correspondences:

1. The central bar or oval distortion falls exactly within the
co-rotation radius of the model when measured over its major
axis. In the north, one of the two spiral arms starts where the
major axis of the bar or oval distortion stops.

2. The hole in the neutral hydrogen distribution near the
centre falls within the ILR.

3. The spiral arms extend to a radius between the OLR and
Ihe location of the warp. Observations of spiral galaxies aeneral-

ly show that the spiral arms become invisible at a radius
somewhat beyond the OLR.

4. The point at which the orbits seem to intersect (they do
not!), corresponding with the i-axis in the model, coincides in
the south west with a bright spot. In the north east this is not
clear.

5. When observing a distribution of gas in the projected
orbits the turning points will show up most brightly. The turning
points coincide with a strip of gas in the south west and less
clearly on the opposite side.

These correspondences give good support to the model, at
least qualitatively. The model predicts that in the southern part
of the galaxy, anomalous velocities should be visible in high-
sensitivity neutral hydrogen measurements, and also in the north
at places where the warp is not obscured.

5. Conclusions

The results presented above yield the following conclusions:
1. Under the assumption that the motion of gas in the outer

part of a spiral galaxy can be described in terms of simple stable
periodic orbits, a warp can be explained as an almost stationary
phenomenon in a rotating triaxial system.

2. The interconnection between the stable prograde lilted
orbits and those in the equatorial plane occurs on the outside of
the instability strip. This gives strong support to the excitation of
warps by orbital instability as proposed by Binncy (1978. I98II.
Gas spiraling slowly inward along the stable periodic orbits in
the plane will be forced to continue along the tilted orbits and
move progressively lo the more inclined orbits of this family,
until these become self-intersecting. Then violent collisions will
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occur. The debris that falls back to the equatorial plane may be
observable as high-velocity clouds.

3. The location of the warp defines a length scale for the
galaxy, related to the assumed density distribution. The maxi-
mum tilt in the warp defines the major axis of the bar or oval
distortion. No severe contradictions are found when applying
these results to the warp of our Galaxy and of NGC29O3.
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CHAPTER 4

Experiments with implicit upwind methods for the Euler equations

W.A. Mulder and B. van Leer

Abstract. A number of implicit integration schemes for the one-dimensional Euler

equations with conservative upwind spatial differencing are tested on a problem of

steady discontinuous flow. Fastest convergence (quadratic for the first-order

"backward Euler" scheme) is obtained with the upwind switching provided by van Leer's

differentiable split fluxes, which easily linearize in time. With Roe's nondifferen-

tiable split flux-differences the iterations may get trapped in a limit-cycle. This

also happens in a second-order scheme with split fluxes, if the matrix coefficients

arising in the implicit time-linearization are not properly centered in space. The

use of second-order terms computed from split fluxes degrades the accuracy of the

solution, especially if these are subjected to a limiter for the sake of monotonicity

preservation. Second-order terms computed from the characteristic variables perform

best.

1. Introduction

Implicit time-dependent methods for computing steady inviscid flows have been

around for some time [1], but there have been few applications with strong shocks. In

particular, the influence of a shock wave on the convergence to a steady state is not

well known. The aim of this paper is to study the performance of a number of implicit

schemes for time-integration of the one-dimensional Euler equations using conserva-

tive upwind-biased spatial differencing for a proper treatment of shocks.

The implicit method, "backward Euler", is formulated in Section 2. It is tested

on a one-dimensional model of the isothermal flow in a spiral galaxy, described in

Section 3. Computations of this flow with explicit methods were made by van Albada et

al. [2]. It makes a good test problem, because of the strong shock (Mach 2.5) and the

cyclic space-coordinate that prevents disturbances to leave the computional domain.

The performance of schemes with first-order spatial accuracy is described in
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Section 4. First, Roe's [3] approximate solution of the Riemann problem for neighbo-

ring cells is used to provide the upwind switching, with a modification to exclude

expansion shocks. Then we use flux-vector splitting [11], with continuously differen-

tiable flux-vectors according to van Leer [4].

The latter method is also used in the schemes with second-order spatial accuracy

tested in Section 5. Such accuracy can be achieved by assuming a set of independent

state quantities to have linear distributions in each cell, rather than the uniform

distributions of first-order schemes. The slope of a linear distribution can be found

through a difference-averaging procedure constrained by the monotonicity condition

[5]. The averaging was applied to differences of various sets of quantities: the

split flux-vectors, variables related to the characteristic variables, and the

correct characteristic variables.

Section 6 contains the main conclusions of this paper.

2. Formulation of the method

Let w denote the vector of M conserved state quantities, f(w) the corresponding

flux-vector and s(w,x) the source-term vector. The space-coordinate is x, time is t.

We wish to find a stationary solution for w of the hyperbolic equations:

3w 9f . .,.
— - - — + S = g, (1)

which is equivalent to the problem of determining w such that the residual g

vanishes.

To discretize Eq. (1) we define a grid with N zones centered at the points x^,

separated by Ax. Time at iteration step n is denoted by tn, the timestep by At*1, so

tn » tn + At . Differences with respect to time are written as A w » w1**"1 - w11 and

with respect to space as Ai+iW " w^+1 - wA. Here w^ represents the zone-averaged

value of w. The vector g is discretized by upwind differencing.

Let W be the vector consisting of NxM elements w ^ (k«l}2,...,M and

i-1,2 N), and let G be defined analogously with elements g^. A class of implicit

schemes is given by:

LHAtW = [ - ^ - a M11] AtW - Gn ( 2 )
At

where Iffi - MCW11) is a linear operator providing numerical stability for arbitrary
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values of the timestep At". For a=l and M = 3G/3W (the Jacobian of G with respect to

W), we have the backward Euler or implicit Euler scheme. The latter reduces to

Newton's method for finding a root if At -»• <*>, in which case quadratic convergence is

obtained. If the Jacobian 3G/3W is costly to form, it may be replaced by a simpler

approximation. As a consequence, the number of iterations required to obtain a con-

verged solution is likely to increase, but the lower cost per iteration may compen-

sate for this.

The right-hand side Gn of Eq. (2) contains all the physics of the problem and

defines the accuracy of the solution. The matrix Ln controls the convergence process.

Newton's method will work properly if W is sufficiently close to the stationary

solution. Therefore, the scheme is started with a small At to let the iteration

process mimic an explicit, time-accurate integration. Once W starts feeling the

attraction of the final solution, At may become large and, if a " 1, Newton's method

starts working. The stage of convergence can be monitored by:

, k=l,2,...,M, i»l,2,...,N, (3)RESn = max

where h ^ is some positive constant that prevents division by zero. The time-step is

derived from this quantity according to:

At" = e/RESn . (4)

Equation (4) guarantees that in the explicit case (a"0) the relative change of the

state quantities per time-step will nowhere exceed e :

Kwkil
< e, k«l,2,...,M and i»l,2,...,N. (5)i n | , . n

lwkil + \±

3. The test problem

The test problem, due to Woodward [12] and used previously for a comparison [2]

of explicit methods, is briefly summarized below. It describes the flow of isothermal

gas along an almost circular path through the stellar gravitational field of a

rotating two-armed spiral galaxy, as sketched in Fig. 1. The vector of conserved

quantities in this case is:



shock, associated w-

with spiral arm

stream I i ne

Fig. 1. Two typical streamlines in the gravitational field of a rotating
spiral galaxy.

w =
p
pu
pv

(6a)

where p is the density, u the velocity perpendicular to and v the velocity along the

spiral arms. The space-coordinate x measures distance perpendicular to the arras; the

vector of fluxes in this direction is:

f =
p u 2
P(u
puv

(6b)

with c the effective sound speed, a constant. The source-term vector is:

o
2

2ü (v-vQ)p + — p A sin (6c)

Here fl * fl(r) is the angular velocity at a radius r with respect to the center of the

galaxy. The spiral arms are assumed to be tightly wound, with small pitch angle e .

The unperturbed velocities are approximately v r(n - a ) and u
P o oac(Q - ft )

P
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where S2 is the pattern speed of the rapidly rotating spiral pattern and a = sin 6
P ry ry f. J r\ S

« 1. The epicycle frequency K is given by K = — -r~ (r ft), A is the • amplitude of

the spiral perturbation on the gravitational field, and n is the spiral phase defined
2x

by n = — • The source term with A is due to the gravitational field, the other source

terms are due to the Coriolis force. The problem is periodic: w(rr*-2ir, t) = w(n, t). A

procedure to find the stationary solution by integrating the stationary differential

equations is given by Roberts [6], For sufficiently large A this solution is

transonic and discontinuous.

The parameters are chosen as is thought to be appropriate for the solar neigh-

borhood: ft = 25 km sec~1kpc~1, K = 31.3 km sec~1kpc~1, Ü = 13.5 km sec-1kpc~ , c =

8.56 km sec"1, r = 10 kpc, ct = sin(6ï7), and A = 72.92 (km sec"1)2.

All calculations started from uniform initial values:

0 1 0 0 • 1 1 XT 11 \

Pi = 1, ui = U Q, v^ = VQ, i=l,2,...,N. (7a)

The constants h ^ in Eq. (3) are chosen to be:

hli = °» h2i = Pj.c > h3i = pi c » i=l»2,...,N. (7b)

Finally, we mention that the source terms are linear in w:

s = B w , (8a)

0

B(x) = | -2ftVQ + ̂  sin n

2° ^ ? I (8b)
K uo

0

0

2
K

2S2

0

in

0

4. First-order accurate results

Up to this point we have discretized Eq. (1) in time, yielding Eq. (2), and we

have specified the source term. We now have to discretize in space in order to eva-
9f

luate — . This is done by upwind differencing in two different ways: (i) using Roe's

[3] linearized Rietnann solution and (ii) using van Leer's [4] flux-vector splitting.

For a comprehensive review of upwind-differencing techniques the reader is referred

to Harten, Lax, and van Leer [7].
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4.1. Roe's approximate Riemann solver

An upwind method of discretizing the flux derivative 3f/3x has been described by

Roe [3,8]. We included Roe's own modification to suppress expansion shocks, reported

elsewhere [9]. The right-hand side of Eq. (2) becomes:

where A. i(w. ,,w.) and A.+,(w.,w .) are the positive and negative parts of the

discrete approximations to A(w) = 3f/3w . Roe's approximate Riemann solver includes a

simple recipe to calculate these matrices but their derivatives, needed on the left-

hand side of (2), are costly to compute and do not even exist in shocks and around
+

sonic points. We therefore freeze A at the old time-level when deriving 3g/3w.

Equation (2) becomes:

AA ] Vi-i+ [ ̂ - «v it (At-rA
toVl1 AtWi+l

giving the matrix Ln a cyclic block-tridiagonal structure. At this point we remark

that if the matrix M. is given by:

^ i i ^ U v t + V t ' W ' (11)

then Eq. (10) can be rewri t ten a s :

l - \ - a M"] Afcw = M ^ , i = l , 2 , . . . , N . (12)
At

The convergence behavior of this scheme is given in Fig. 2a, for orl, N=64 and

e»0.5. Plotted is 10log(RESn) as defined in Eqs. (3) and (7b) versus the number of

iteration steps n. After some almost explicit searching the convergence process sets

in, but it suddenly stops. Closer inspection reveals that the solution jumps symme-

trically up and down across the correct solution: the convergence process is locked

in a two-vector limit-cycle. An analysis of Eq. (12) makes this comprehensible. For

a»l and large At we have:

-Mn &tw - M
nwn , (13)

50



IS
)

0

r-, -2
m
11 i _ M

1 -6o
-> - 8

- 1 0

2

0

~ -2
m
±1 -14

u "6
o
-J -8

- 1 0
0

• '

-

-
1 1 1 1 1 1 1

j

ITERRTION

i i i i i i i i

rTERRTION

a

-

-

-

<n
UJ
cc

5"
o

250

c

-
-

-

CO
UJ
cc

o
—1

_

250

2

0
-2

-y

-e
-8
10

• i i i i i i

\ ^

\ .

f 1 1 1 1 1 1 ^ S . 1

0

2

0
-2

-<i

-6

- 8
10

0

ITERflTION

i i i i i i i i

- N.
- \ .

\

• i t i N i i i

HERflTION

' b

-
-

-

25C

'd

-
-

-

250

Fig. 2(a). Convergewe history for scheme (10), based on Boe's
approximate Riemann solver. The iteration process ends up in a two-veator
limit-cycle. Farametere: <x = 1, e = 0.5. (b) As in (a), but with fixed
boundary values, (e) As in (a), but with a = 1.2. (d) Convergence
history for the ̂ -scheme as given in Eq. (15). Barometers: a = 1, e =
0.5, and 0 = 0.5.

implying that M nw n + 1 » 0, but not necessarily M n + 1w n + 1 » 0 which is actually desired.

For the two solutions in the limit-cycle we find the following, almost exact

relation:

.,n+l n+1 wn n
M w * - M w •

(14)

Neglecting terms of the order 0((A w) ) we can write the left-hand side as:

w (15)

Thus we are confronted with the fact that the time derivative of A~, hence of M, was

neglected earlier.

It is worth mentioning that a run with fixed boundary values, taken from the

exact solution, converged properly (Fig. 2b). Clearly the boundaries provide enough

damping to avoid the limit-cycle.

Being aware of Eq. (14), we experimented with two different aaendments. The Most

obvious remedy is to make a > 1 , implying under-relaxation. It turned out that for
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a > 1.2 the scheme converged: the convergence slowed down with increasing a. The

behavior for a-1.2 is shown in Fig. 2c.

Another way out is to repair the inconsistency of Eq. (13). A consistent formu-

-Mn+1A w11, ensuring that M n + 1w n + 1 = 0. On the left-hand side

out reproach. To estimate Mn+1 for the right-hand si

we devised a predictor-corrector method that will be referred to as the "g-scheme":

lation would be -Mn+1A w

we may replace Mn+1 by Mn without reproach. To estimate Mn+1 for the right-hand side

Step 1: [ a M ] A~w = M w ,
At

from which follow w ., = w + Akw and M . , ;n+i n t n+i

(16a)

Step 2: t-^- - aMn] L^ = [(l-0)Mn + fSM1*1 ] w",
At

(16b)

after which follows the final update wn+* = wn+ A w. For B-0 we have the old version

of Eq.(12). The obvious choice g«l, does not lead to convergence. Eq. (1A) suggests

that e»| at least will destroy the limit-cycle. It actually does, as can be seen in

Fig. 2d, with a-1.

90 180 270
SPIRRL PHASE

360 Fig. 3. The converged solution using Roe's
approximate Riemann solver.
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Note that the inversion of the cyclic block-tridiagonal matrix in Step 2 is

identical to the one in Step 1. Since this inversion is the most elaborate part of

the scheme, the second step adds a relatively small amount of extra computer time.

All together the (3-scheme is almost twice as efficient as the original scheme

with a=1.2.

Attempts to optimize the (j-scheme by choosing a linear combination of Aw(0=0)

and A w((5=|) resulted in a somewhat faster convergence, but no significant decrease

in computer time resulted because of the extra work involved.

We end this section with fig. 3, showing the converged solution of Roe's scheme.

4.2. Flux-vector splitting

The previous results motivate a version of scheme (2) where M n is the exact

linearization of the right-hand side Gn. This requires a Riemann solver that allows

continuous differentiation. The simplest one is given by van Leer [4] on the basis of

flux-vector splitting, a technique due to Steger and Warming [11]. Another possibi-

lity is Osher's [10] solver, which leads to more complicated formulas and will not be

considered here.

In flux-vector splitting, the flux f is considered the sum of a forward flux f

and a backward flux f~. Here we use

f , u > c

f (u+c)2

0

111 < C

u < -c

(17a)

3f ~
— —

f" - f - f+

We now can readily derive the Jacobian matrices E'

upwind differencing scheme. Equation (2) becomes:

B w r i ï ( f i ~fi-i + fï+r f I ) f

The matrix L again has a cyclic block-tridiagonal structure.

(17b)

, needed in the implicit

(18)
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The improvement in convergence speed with regard to the previously described

schemes is dramatic. Figure 4a shows the convergence history: machine zero is reached

in 16 steps with quadratic convergence. The solution is displayed in Fig. 4b. Compa-

rison with Fig. 3 shows that Roe's modified scheme is superior in describing the flow

near the sonic point.

We end this section with the conclusion that quadratic convergence can be

achieved for discontinuous flows using an implicit first-order upwind-difference

scheme with a continuously differentiable numerical flux function. We shall use the

same numerical flux function in the second-order schemes of the next section.

90 180 270
SPIRflL PHASE

360

Pig. 4(a). Convergence history of the firat-
order accurate solution for scheme (18),
using flux-vector splitting. Parameters: « «
1, e * 0.5. (b) Converged solution correspon-
ding with (a).
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5. Second-order spatial accuracy

We can achieve second-order accuracy by assuming a set of (not necessarily con-

served) quantities q to have a piecewlse linear distribution in each computational

cell:

x-x.
I v t ^ - q ^ t, q̂ , t, = ^x , |4, | 2-

The undivided gradient A.q11, or simply A, is found by averaging the

differences A.+1q and A. j.q , or A and A • In this way information of 3 zones is

used, leading to the desired increase in accuracy. In regions where q varies smoothly

an obvious way of averaging is: A = 6 E J (A+ + A_) . However, this is not justified

at the head or foot of a discontinuity; some modification is recommended then to

limit A to 0(Ax). A clear account on this subject is given by van Leer [5] on the

basis of the monotonicity condition. A smooth approximation of the switches given in

[5], Eq. (66) has been proposed by van Albada [2]:

_ 2A+A_ + 2e2

6 , (20)2 2 2
< + A ! + 2e2a

where e is a small bias of order O(Ax), preventing clipping of smooth extrema.
a

The averaging-limiting procedure is valid for a given single convection

equation, implying that we should choose the quantities q to be the characteristic

variables of our equations. These variables are obtained by the diagonalization of

Eq. (1) without the source terms; they are listed in Eq. (24). In the following we

will consider averaging on (i) the components of the split flux-vectors f~ as given

by Eq. (17), (ii) variables related to the characteristic variables, as used in [2]

and (iii) the true characteristic variables.

We start with (i). To justify the choice of the split flux-vectors we mention

that the i~ themselves are the characteristic variables that follow from the diagona-

lization of (3w/3t) + (3f"/3x) = 0, albeit only for |u| < c. It is tempting to write

down the following second-order version of scheme (18):

ï+l]Atwi+l =
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The only change with respect to (18) is the explicit addition of the proper second-

order terms on the right-hand side; the left-hand side is the same as in (18) in

order to preserve the block-tridiagonal structure. The effect of the second-order

terms is that f± is evaluated at the right boundary of cell i and f~ at the left.

The convergence history and solution for scheme (21) with N«64 are given in

Figs. 5a and b. The solution is not as accurate as we expect from a second-order

scheme, neither in the supersonic nor in the subsonic region (cf. Fig. 6b). We can

think of two possible explanations for this. First, in the supersonic regions the

fluxes f~ are not the characteristic variables of the equations. Secondly, in a sonic

point the matrices E~ « 3f~/3w are continuous but not continuously differentiable, as
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required in a second-order method. The effect of this can be seen between in the plot

of u in Fig. 5b: the small jump that is typical for flux-vector splitting around the

sonic point in a first-order scheme has not dissappeared in the second-order scheme.
2

The bias e was given a fairly large value in the experiment of Fig. 5, implying

weak limiting. For smaller values, or stronger limiting, the solution becomes non-

unique, namely, different for different initial values. This, again, is an effect of
+

the nonsmoothness of 3f~/3w worsened by the limiter. Our opinion on the basic of

these results is that second differences of split fluxes, limited or not limited,

should be avoided.

Continuing with (ii) we choose:

q =

lnp

u/c

v/c

» A-s 9

V

A.u
l

V

=

p i A i q l

c A ^ 2

c A.q.

(22)

We first evaluate p, u and v at both cell boundaries, then use these values to

compute f. at the left boundary and f. at the right. It is necessary to evaluate the
1± 1

matrices E. on the basis of the same boundary values for proper convergence. The use
1 +

of mid-zone values of E. as in (21), causes the convergence process to end up in a

limit-cycle. The deviation from the steady state is largest on the subsonic side of

the sonic point, suggesting that the limit-cycle is caused by the nonsmoothness ofE~

around the sonic point.

Convergence for the scheme with E~ evaluated at the same position as f" was
2

achieved within 90 steps for N=64 and e =0.008, as in [2]. The resulting solution is

almost indistinguishable from solution obtained with the explicit time-accurate

scheme of [2]. Comparison with the first-order solution in Fig. 4 shows that the kink

across the sonic point has disappeared, a result of the second-order approach.

We have also tried a different averaging procedure, somewhat closer to the

switches in Eq. (66) of [5J than Eq. (20):
4A A_ + 2z2

A ' — —I 2 & ' (23)

a
This does not appear to significantly affect the convergence or the accuracy of the

scheme.

Finally, we discuss the averaging (iii) applied to differences of the true

characteristic variables:
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Fig. 6(a) Convergence history of the solution
with averaging procedure (20) based on the
characteristic variables (24) ( a. = 1, e =
0.5, 0.008). (b) Second-ordev accurate
solution corresponding with (a).
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JA+ lnp

c
1

A±u

A-jv

ic (Aiq2 (24)

We use ea»0.008 in the averaging procedure (20), as in {2], and evaluate f * and

E~ both from the same boundary values of p, u and v in zone i. Results are shown in

Fig. 6. Convergence is significantly faster than for the previous second-order
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schemes. The solution is a notch better in the regions where the flow is smooth.

Apparently , interpolating the characteristic variables yields the most efficient

second-order scheme. This scheme is also more efficient than the first-order schemes

of Figs. 3 and 4b, which require a mesh-refinement of about a factor 1/6 in order to

match the accuracy of Fig. 6b (see [2], Table 1).

6. Conclusions

Our test of implicit upwind-differencing schemes for the Euler equations, inclu-

ding two different Riemann solvers lead to the following conclusions,

(i) Quadratic convergence to a steady state incorporating a shock can be achieved

with first-order upwind differencing.

(ii) Incomplete linearization in time of the implicit scheme may cause the iteration

process to end up in a limit-cycle. One economic way to avoid this is our f$-scheme.

Another, more obvious remedy is to use an exact linearization. This requires a

Riemann solver that allows continuous differentation. Such a solver is provided by

[4] (tested) or [10] (not tested).

(iii) If the second-order terms, needed in second-order upwind schemes, are computed

directly as differences of split fluxes, the accuracy of the solution degrades consi-

derably in our test problem. The best results are obtained from differences of the

characteristic variables.

(iv) The decrease in convergence speed for a second-order upwind scheme with an

incomplete linearization in time is amply compensated by the increase in accuracy of

the solution. The convergence speed is comparable to that of the non-conservative

schemes of Napolitano and Dadone [13].

The extension of the present method to more than one dimension poses the problem

of inverting the linear system (2). Several approximative techniques, including

multigrid, will be discussed in two forthcoming papers [14, 15].
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CHAPTER 5

Relaxation methods for hyperbolic conservation laws

B. van Leer and W.A. Mulder

Abstract. A class of unconditionally stable integration schemes for finding steady

solutions to the time-dependent Euler equations is discussed. The schemes are time-

accurate for small time-steps and turn into a relaxation method for large time-steps;

the spatial discretization is upwind biased. Examples of these switched evolution/

relaxation (SER) schemes, and a numerical comparison, are presented. Some attention

is given to the standard ADI and AF methods, which do not belong to the SER family.

1. Introduction

Numerical methods for solving problems of steady compressible flow often are

based on the time-dependent flow equations. In marching toward the steady state it is

useful to distinguish two phases [1].

In the first or searching phase the numerical solution follows a path to the

steady state with reasonable time-accuracy, a safeguard against selecting an unphysi-

cal solution. In the second or converging phase the numerical solution feels the

attraction of the steady state and converges to it rapidly.

It is possible to go through both phases with a single numerical method. The

paragon is Euler's method "backward"; for the equation

u t - R(u) , (1)

with R(u) some nonlinear finite-difference expression, it reads

n n n+1
Atu - T R ; (2)

here T = t - t , Afcu = u - u . If R(u) is continuously differentiable, with

61



K(u) = dR(u)/du , (3)

linearization of (2) is possible:

,_ n„n. . n n„n f,\
(I-T K ) Atu = T R . (*)

In the present paper we study a class of methods that includes (4), namely,

,~ n n. n n„n ,cx

(I-T M ) Atu - T R , (5)

where M(u) is a linear operator providing numerical stability for arbitrary values

of T.

For small T scheme (5) is time-accurate, with truncation error in A..U of the
2

order 0(x ) or better; for large T it reduces to the relaxation scheme

n n n ,,. *
- M Atu = R . (6)

This is Newton's method if M = K, in which case the right-hand side of (6), the resi-

dual, converges quadraticly to zero. While this type of convergence is highly desi-

rable, achieving it usually involves a lot of work. The matrix K may be costly to

form and too costly to invert by direct methods. The classic way out, represented by

scheme (5), is to replace K by a simpler matrix M, usually one with a narrower band-

width. The utmost simplification is to replace K by a scalar.

A convenient choice of the time-step is

tn-e.||u
n||/||Rn|| , . • (7)

where e is a number determining the temporal accuracy. If the residual is large, as

in the searching phase, (7) ensures that

that is: the relative change of the numerical solution per time-step is of the order

of e. (In [2] the same accuracy constraint was enforced by a posteriori checking,

reducing T in case of violation, and recomputing Atu .) Upon entering the converging

phase the residual drops sharply and T rises correspondingly, switching the scheme

from (5) to (6).
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Schemes of the form (5) that allow switching through (7) will be called Switched

Evolution/Relaxation (SER) schemes. The aim of this paper is to indicate matrices M

suitable for SER schemes approximating hyperbolic systems of conservation laws (§2),

compare these in a numerical experiment (§3) and make recommendations about their use

(§4).

Before getting to the main subject (§2.3 ff) we discuss two schemes that do not

belong to the SER category but are very popular in aerodynamics, namely, Alternating

Direction Implicit (ADI) and Approximate Factorization (AF) schemes.

2. Relaxation Methods for hyperbolic equations

2.1. General considerations

When solving flow problems in one dimension using a three-point discretization

we have no excuse for not choosing Newton's method as the relaxation method. For

example, the Jacobian K associated with a first-order-accurate upwind-difference

approximation of the Euler equations is block-tridiagonal, and the main block-

diagonal of -K is semi-dominant within a margin O(Ax). Thus, the matrix I-fK in (4)

is block-diagonally dominant for all but the largest values of T, and its block-LU

decomposition requires no pivoting [1].

For one-dimensional upwind-biased schemes of a higher order of accuracy the

formation and direct solution of the linear system (4) is more cumbersome but,

possibly, worth-while; for two-dimensional schemes of even the first order of accu-

racy the direct solution of (4) is out of the question. In- this paper we choose to

abandon (4) in favor of (5).

Nevertheless, it is fully legitimate to use a relaxation scheme of the type (4)

in solving the more complete system of equations (5). The relaxation scheme may serve

as a preconditioner, in conjugate-gradient methods, or as a "smoother", in multigrid

methods; the latter possibility is briefly discussed in §2.5.

All classic iterative methods exploit that R is the sum of two one-dimensional

expressions,

R(u) - R (u) + R (u) , (10)
x y

each with its own Jacobian
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K(u) = K (u) + K (u) . (11)
x y

This suggests relaxation schemes with

M(u) - M (u) + M (u) ; (12)
x y

we shall restrict ourselves to these from §2.3 onward. First we discuss two different

ways to benefit from (10), not leading to SER schemes.

2.2. Alternating Direction Implicit and Approximate Factorization schemes

The ADI scheme commonly used for relaxation is a sequence of two different time-

steps, each unstable by itself:

(I- Tn M* ) A u11 = Tn Rn , (13.1)

n+1 n+1 n+1 n+1 n+1 , - x
(I-T My ) Atu = T R , (13.2)

n+1 n
T = T • (13.3)

The original intention of ADI [3] was to combine unconditional stability with second-

order accuracy in time through the choice Mx = i Kx, My = i Ky.

The related, more modern AF scheme [4] is a nesting of similar steps, without

intermediate updating:

(I-tV)(I-iV) Atu
n = O T V ; (14)

here o is a parameter which, for the present purpose, may take the value 1 or 2.

With a « 1 and MJJ - K^, M^ = Ky, scheme (14) obviously approximates the backward
3

Euler scheme (4) within a margin 0(T ):

(I-T"K"+(T'TK" KV> ***" - ^ ' <15>

x y t

It is equally obvious that this is not an SER scheme, since

lira Atu
n - 0 , (16)
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regardless of the magnitude of Rn.

With a = 2 the one-'step scheme (14) advances as far in time as the two-step

scheme (13). Inserting H^ = 1^, My = Ky in both (13) and (14) and assuming that R(u)

is linear in u, e.g. Rx = Kxu, Ry = Kyu, we may rewrite these schemes as

(ADI) un+2 = a-r\f1a+r\)U-r\fl(.l+x\) u" , (16.1)
j x A y

(AF,a=2) u
n+1 = (I-TnK )"1(I-T

nK r ^ I + A > ( I + T V ) u11 , (16.2)

showing their identity. Equation (16) also reveals why ADI and AF are such effective

relaxation methods for discretized parabolic equations like the scalar diffusion

equation. In this case the eigenvalues of KJJ and Ky are negative real, and the

corresponding eigenvectors can be efficiently removed from the solution by cycling

the value of 1/T through the spectrum of eigenvalues; see Wachspress [5]«

For discretized hyperbolic equations the eigenvalues of 1^ and Ky are complex or

purely imaginary; therefore, time-step cycling is useless if done with real values

of T. One must resort to complex arithmetics, a fact that was well understood by the

authors of [3] (J. Douglas, private communication, 1983) but seems to have fallen

into oblivion. A correct implementation of time-step cycling for the Euler equations

is due to Liu and Lomax [6].

The eigenvalues of 1L^ and Ky, whether complex or real, usually are obtained from

Fourier analysis, i.e. under the assumption that the eigenvectors are harmonics. When

this assumption breaks down, e.g. for strongly variable coefficients and/or strongly

nonuniform grids, time-step cycling becomes hard to implement and ADI and AF methods

lose their appeal.

Abarbanel, Dwoyer and Gottlieb [7] have succeeded, for the linear diffusion

equation, in reducing the sensitivity of AF to the choice of the time-step, by adding

to the right-hand side of (15) a term that roughly balances the factorization error

on the left-hand side:

(I-TnK+(xn)2KxKy) Atu
n = T

n(I+7TnKxKy) R
D . (17)

For the parameter y they derive an optimum value. One observes, however, that for

large T this scheme reduces to

KxKy Atu
n - Y KxKy R

n , (18.1)
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which is a hard way to implement the explicit scheme with time-step y:

Atu
n= Y Rn • (18.2)

An SER scheme of the form (5), with Mn = -I/y, would achieve the same.

We conclude that ADI and AF do not have special properties that make these

schemes advantageous in finding steady solutions to hyperbolic equations.

2.3. SER schemes of first-order accuracy

It is surprising how well the classic relaxation schemes for the discretized

diffusion equation i.e. Jacobi, Gauss-Seidel and line relaxation, are suited for

discretized hyperbolic equations. Block versions of these methods may be applied, in

all possible combinations, to any first-order upwind discretization of the Euler

equations, for an arbitrary number of space dimensions. The more powerful combina-

tions also apply to second-order upwind discretizations.

To fix our thoughts, let us examine the possibilities in two dimensions, with

flux splitting providing the upwind logic, as in [1]. The Euler equations in a Carte-

sian frame read

here u is the state vector of conserved quantities and the vectors f(u), g(u) contain

there fluxes in the x-, y-direction. The fluxes can be split in forward fluxes f*"(u),

g (u) and backward fluxes f~(u), g~(u), that are continuously differentiable [8].

Now define a computational grid of adjacent rectangular volumes; the voltme

centered on (xj,yj), measuring Ax by Ay., is referred to by a subscript ij. The

operators causing a shift over one volume in the forward x-, y-direction are called

Tx> Ty. In this notation the first-order flux-split upwind discretization of the

right-hand side of (19) becomes

g+.- ̂  ._1+ g" j+1- g-.f/Ay, . (20.1)

We may write the full backward Euler scheme as
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with

(20.3)

> 0 , (21.2)

Owing to the upwind differencing in (20.1), the main diagonal blocks of -Kn are

comfortably large: if the matrix elements (21.1)-(21.6) vary smoothly with i and j,

-Kn is semi-dominant within a margin 0(Ax). The matrix Ln will actually be block-

diagonally dominant for a bias I/T that is sufficiently large, but still

only 0(Ax). Nevertheless, we shall not attempt to solve (20.2) directly by Gaussian

elimination.

The classic relaxation schemes for the linear system (20.2) may be thought to

arise from one particular way of approximating Kn: in (20.3) one or more shift

operations are replaced by scalar multiplications. This is common practice in Fourier

analysis, where, for a single mode with spatial frequencies £ and n> we have

f I . T f - e ^ I , (22.1)

or

*tuï±i j • e ± i 5 v ï j • (22-2)

V i j±i • e ± i n v ï j •

However, we wish to avoid complex arithmetics and complete dependence on Fourier

analyses; see §2.2. In replacing T , T we shall restrict ourselves to real-valued
± ± x y

multipliers s , s :
x y
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x x

+ +1 +

~ I , T" = s~ I ,
» y y »or

n + n
Atui±l j = Sx V i j '

Atui j± sy Atuisy Atuij '

(23.1)

(23.2)

(23.3)

-1, 0There are three important values: s
±1 ±

of T by s = -1 is exact for a saw-tooth component in

and
n

1. The approximation

It is seen from (20.3)

and (21) that this choice makes the main-diagonal blocks more strongly dominant,

leading to underrelaxation for long waves. The longest waves would be best repre-

sented by s = 1, but this value makes scheme (20) unstable. The stability condition

on s, as shown in the Appendix, is

s < 0 . (24)

The value s = 0 will be considered the standard value. It is computationally attrac-

tive: an off-diagonal block multiplied by zero need not be computed at all, and does

not influence the main diagonal.

In simplifying the rightrhand side of (20.3), it is useful to distinguish the

five cases listed below.

(i) All four shift operators replaced.

The block version of point/Jacobi relaxation. If the volumes with i+j even and

i+j odd are.updated alternatingly, checkerboard relaxation results,

(ii) Three shift operators replaced.

A combination of Jacobi 'and Gauss-Seidel relaxation. If, for instance, T is

the one operator that is not replaced, the Gauss-Seidel process requires sweeps

in the forward x-direction.

(iii) Two shift operators replaced that work along different coordinate axes.

Full Gauss-Seidel relaxation. If, for instance, T and T are retained, one
x y

must make sweeps in the forward x-direction and the forward y-direction.

(iv) Two shift operators replaced that work along the same coordinate axes.

Line/Jacobi relaxation. If, for instance, T and T are retained, the line

relaxation is in the y-direction; updating the volumes with i even and i odd

alternatingly yields zebra relaxation,

(v) One shift operator replaced.

Line/Gauss-Seidel relaxation. If, for instance, T is the one operator that is
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replaced, the line relaxation is in the y-direction and the Gauss-Seidel sweep

goes in the forward x-direction.

It is generally recommended in the cases (ii)-(v) to cycle through all shift opera-

tors when replacing one or more. Gauss-Seidel relaxation should not be used in the

direction of a cyclic coordinate, as this causes a long-wave closure error which is

hard to remove. Pattern relaxation (checkerboard, zebra) does not have this drawback.

A non-linear variant of the Gauss-Seidel scheme results when the fluxes at tn ,

needed in the original backward Euler scheme (2), are not all approximated linearly,

(fV+1 = (f*)n + ( g V Atu
n (25.1)

but are actually updated,

(O 1* 1 = r(un+Atu
n) , (25.2)

in any volume where A u is already known. Implemented this way, the scheme no longer

includes the corresponding off-diagonal blocks of Kn.

A very radical simplification, one that significantly reduces the relaxation

power of the schemes, is achieved in replacing any of the blocks of Kn by its

spectral radius. Particularly well-known is the simplified point/Jacobi scheme
+ +

with s = s = 0 , that is,
x y

(I/tn + p"jl) A t u ^ = RJJ , ' (26.1)

or

VÏ = —hr Rj • • <26-2>
l+T P i j

where p. . is the spectral radius of (A +A ). .. The factor multiplying R. . may be

interpreted as a locally adjusted time-step value, which for T + <*> approaches the

local stability limit (p?.) .

2.4. SER schemes of second-order accuracy

The upwind spatial discretization of second-order accuracy, described and tested

by Mulder and van Leer [1] for the one-dimensional flow equations, applies in a

straightforward way to the two-dimensional equations. In a Cartesian grid the two

dimensions completely decouple, owing to property (10).

The relaxation schemes are essentially those of §2.3, but with the Jacobians in



(20) evaluated at (i±i,j), (i,j±i), rather than (i,j),(i±l,j),(i,j±l); for details

see [1]. Except for this adjustment, the second-order terms in the scheme are not

accounted for in M and Mn . The second-order SER schemes therefore deviate more
x y

strongly from the full backward Euler scheme than the corresponding first-order

schemes.

The stability analysis in the Appendix reveals that Jacobi relaxation is no

longer stable, pattern relaxation is stable with sufficiently strong underrelaxation,

whereas Gauss-Seidel relaxation is stable only when forward and backward sweeps are

alternated (symmetric Gauss-Seidel). In demanding computations, e.g. on strongly non-

uniform grids, with strong oblique shocks in the solution, without a preferential

flow direction, it is recommended to use the best possible relaxation methods, i.e.

symmetric line/Gauss-Seidel and symmetric point/Gauss-Seidel.

2.5. Multigrid relaxation

Any of the SER schemes of §2.3 or §2.4 may be used as "smoother" in a multigrid

cycle, with the symmetric Gauss-Seidel scheme as the first choice. The nonlinear

version is suited for use in a "full-approximation-storage scheme" (FAS; for a review

of multigrid concepts see [9]), while the linearized version is appropriate for a

"correction scheme". The latter combination was successfully applied to the test

problem in § 3 by Mulder [10]. The FAS scheme for the Euler equations implemented by

Jameson [11] does not include an SER scheme; relaxation is provided by a four-stage

Runge-Kutta method with local time-step values.

3. A numerical comparison

The SER schemes of §2.3 and §2.4, and also the ADI and AF schemes in §2.2, were

used to compute the transonic steady flow through a straight channel with a circular

bump on the lower wall. The inflow Mach number was 0.85, the thickness of the bump

was 4.2% of the chord length. The steady flow exhibits a shock almost choking the

channel.

In marching toward the steady state, the isenthalpic Euler equations were used.

At the walls reflection conditions were imposed with the help of mirror-image zones;

the arc was described according to small-disturbance theory (thickness ignored, flow

angle prescribed). Total pressure and cross-flow velocity («0) were given at the

inlet, static pressure at the outlet. The details of the equations and the boundary
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Fig. Ka). Pressure coefficient on lower (+) and upper (x) wall for Mach
0.85 flow in a channel with a circular arc of 4.2% thickness on the lower
wall, as computed from a solution on a 32x16 grid with first-order accu-
racy. Boundary conditions on the arc according to thin airfoil theory,
(b) As before, but aomputed with second-order accuracy.

conditions can be found in [10], where the same problem was used for a multigrid

experiment; for numerical solution to this problem by other authors see [15].

Figure 1 shows the distributions of the pressure coefficient on both walls,

obtained from solutions with first-order (a) and second-order (b) spatial accuracy,

on a uniform grid of 32x16 zones.

In Table 1 and Table 2 are listed some of the many data gathered on the conver-

gence speed achieved by the various schemes. The convergence process was monitored by

the quantity RESn defined by

_ n i i

RES * max
K

(27.1)

ij

where k«l,2,3 indicates the different conservation laws and h is a bias vector pre-

venting division by zero. The time-step for SER schemes was chosen according to

(27.2)

which is similar to Eq. (7).

As a rule, the number of iterations needed to reduce the residuals by a factor

10',-10 is smaller when a scheme deviates less from the backward Euler scheme. This
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Expe-
riment
number

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

Kind of
relaxation

line/GS

line/GS

line/GS

line/GS

line/GS

line/GS

line/GS

line/GS

line/GS

zebra

zebra

zebra

zebra

line/Jacobi

line/Jacobi

line/Jacobi

ADI

AF(a-l)

Order
of
appro-
ximation

1

1

1

1

1

1

2

2

2

1

1

2

2

1

1

1

1

1

One
cycle
involves

line(x),GS(+y)
line(x),GS(-y);
line(y),GS(+x),
line(y),GS(-x)

line(x),GS(+y),
line(y),GS(+x)

line(x),GS(+y),
line(x),CS(-y)

line(y),GS(+x),
line(y),GS(-x)

line(x),GS(+y)

line(y),GS(+y)

see nr. 1

see nr. 3

see nr. 4

line(x),pat(y)

line(y),pat(x)

line(y),
pat(x,s=-0.25)

line(y),
pat(x,s=-1.0)

line(x),Jac(y)

line(y),Jac(x)

line(x),Jac(y),
line(y),Jac(x)

line(x),line(y)

line(x),line(y)

Number of
iterations
per cycle

2

1

1

1

1
2

i
2

1

1

i
i
1

i

i
l

l

l

Number of
iterations
till con-
vergence

123

174

204

92

243

162

183

221

313

243

162

796

575

466

294

234

486

452

Cpu-tirae
spent
(minutes)

1.2

1.7

1.7

0.83

2.1

1.4

2.4

2.6

3.8

2.0

1.4

9.3

6.8

3.5

2.2

1.8

3.7

2.3

Table 1. Data on the convergence speed achieved by the line-relaxation
schemes (SER and other) in solving the transonic flow problem of 3, on a
grid of 32x16 zones. Problem parameters; M = 0.85, are thickness 4.2% of
the chord length. The iteration count is^based on a unit including two
line relaxations (regardless of their direation), making comparisons more
or less meaningful. The apu-time is given in minutes on an Amdahl V7B
computer, the value of e in the time-step formula (27.2) was 1.0 for all
SER schemes, with ADI and AF the time-step, based on e = 0.5, was frozen
at the start, fixing the free-stream Courant number at a value of 4.13
for both experiments. Underrelaxation was applied only in the second-
order zebra scheme (s = -0.25, -1.0), for the sake of stability.
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Expe-
riment
number

19

20

21

22

23

24

Kind of Order
relaxation of

appro-
ximation

point/GS

point/GS

point/GS

point/GS

point/GS

1

1

1

1

2

point/Jacobi 1

One
cycle
involves

GS(+x,+y);
GS(-x.-y)

GS(+x,+y);
GS(+x,-y)

GS(+x,+y);
GS(-x,+y)

GS(+x,+y)

see nr. 19

Jae(x.y)

Number of
iterations
per cycle

2

2

2

1

2

1

Number of
iterations
till con-
vergence

557

597

606

713

575

1367

Cpu-time
spent
(minutes)

2.6

2.8

2.6

3.0

4.0

4.4

Table 2!. Convevgenae data for the point-relaxation schemes (SER only).

rule applies, too, when comparing schemes of the first order of accuracy to those of

the second order.

Among the schemes bearing the same name there is considerable spread in perfor-

mance which is hard to explain in detail, especially because it appears to be very

sensitive to the precise implementation of the boundary conditions. Line/Gauss-Seidel

relaxation, for instance, seems to solve the present test problem most efficiently

with the line in the y-direction and symmetric sweeps in the x-direction. This result

was obtained, however, by ignoring at the solid walls the contribution from the

mirror-image zones to the relaxation matrix. If these contributions are included, as

they should be in the full backward Euler method, the relaxation process does not

even converge, in flagrant disagreement with our rule-of-thumb. Obviously, an analy-

sis of the interference of numerical boundary conditions with relaxation schemes is

due; meanwhile we chose to use the less complete linearization for all line relaxa-

tions in the y-direction.

Zebra relaxation, while second best for the first-order scheme, slows down con-

siderably when used for the second-order scheme; this is due to the strong under-

relaxation needed for stability or for convergence.

The performance of the ADI and AF schemes is found to depend critically on the

value of the time-step; when regarded as relaxation methods these can not be called

robust. Attempts to optimize the choice of the time-step were not uniformly success-

ful and therefore did not make the schemes more robust. In the present experiments a

fixed time-step was used, determined by RES0 and e - 0.5. The choice e - 1.0 leads to
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divergence for ADI and non-convergence for AF.

When comparing the number of iterations till convergence to the cpu-time spent,

one must realize that the block-elements of the matrix L n used in the relaxation

schemes were not computed at every time level. Their values, and the value

of T , were updated only when RES n dropped below some control level and remained

frozen until the next lower level was reached. For these levels the following
rv-1 ,-2sequence of fractions RES° were used: 10 , 3x10 , 10 , 10 , 10 , 10 . Freezing

has no significant effect on the relaxation process, except for AF, where it may

change slow convergence into non-convergence (observed for e * 1.0).

Along with the blocks of L n, all blocks derived from these were frozen, i.e.,

the inverses of the main diagonal blocks needed for point relaxation, or the block

elements of all line-wise LU-decompositions needed for line relaxation. This strategy

leads to large savings on cpu-time; its weakness lies in the prerequisite that lots

of storage space be available. In practice one will have to trade the upper limit to

storage space for a lower limit to cpu-time; the trade-off is highly computer-

dependent. Consider, for example, point/Jacobi, checkerboard and symmetric nonlinear

point/Gauss-Seidel relaxation, each requiring the storage of only one block: the

inverse of the main-diagonal block. While the Gauss-Seidel scheme offers the

strongest relaxation per iteration, it may finish last when implemented on a super-

computer, since its update step does not vectorize.

Figures 2 through 7 show the convergence histories of some of the experiments

compiled in Tables 1 and 2; RES stands for RES n/RES°. In most cases the residual norm

does not decrease monotonically; various periodic and quasi-periodic fluctuations can

ITERATION
500 ITERATION 500

Fig. 2. Convergence histories for the experiments with line/Gauss-Seidel
relaxations RES denotes RES*/RES0, see Eq. (27,1). (a) Experiments nr. 3
(slower convergence) and nr. 4 (faster convergence); (b) nr. 1 (first-
ordert fast) and nr. 7 (second-ordery slow).
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ITERATION
500

ITERflTION 500

Fig. 3. Convergence histories for
zebra relaxation, experiments
nr. 11 (first-order, fast) and
nr. 13 (second order, slow).

Fig. 4. Convergence histories for
line/Jacobi relaxation, experi-
ments nr. 14 (slow) and nr. IS
(fast).
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Fig. 5. Convergence histories for non-SER relaxation, (a) Experiment
nr. 1? (ADI); (b) nr. 18 (AF).
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Fig. 6. Convergence histories for
point/Gauaa-Seidel relaxation,
experiments nr. IB (fast) and
nr. 22 (alow).

Fig. 7. Convergence history fop
point/Jacobi relaxation, experi-
ment nr. 24.
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be discerned, these correspond to the sequencing of sweep directions (as in Figure 6)

or line directions (as in Figure 2b) and to the bouncing of disturbances from wall to

wall (as in Figure 4).

4. Conclusions and reconaendations

In the preceeding sections it has been demonstrated that Switched Evolution/-

Relaxation schemes incorporating a classis relaxation method are robust means to

compute steady discontinuous solutions of hyperbolic systems of conservation laws

such as the Euler equations. It is crucial that the spatial discretization be upwind

biased. If storage space is not restricted, the most complex relaxation methods are

also the most efficient, owing to the possibility of keeping the coefficient blocks

frozen during many iteration steps. Alternating-Direction Implicit and Approximate-

Factorization methods are less efficient than equally complex SER methods, aad not at

all robust.

It is not surprising that other advocates of upwind differencing, independently

or through interaction, have come to the same conclusions. Chakravarthy [12] has

applied the point/Gauss-Seidel scheme to a variety of aerodynamic problems, with

remarkable success; Dadone and Napolitano [13] recently turned from using AF to using

SER schemes.

All SER schemes allow of underrelaxation, which improves short wave damping. It

turns out that overrelaxation, a standard routine for the iterative solution of

second-order elliptic equations, does not work for first-order schemes (see the

Appendix).

We recommend the further development of and experimentation with SER schemes

requiring only one block evaluation and inversion. Neither the complexity nor the

storage requirements of such schemes are extravagant, so that their application, even

to three-dimensional flow problems, is within the capacity of today's computers. This

view differs somewhat from Jameson's [11], who puts more emphasis on the storage

aspect and therefore excludes any blocks from his relaxation schemes. A modification

of his technique proprosed by Turkel [14] indsed introduces a coefficient block, for

the sake of efficiency.
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Appendix. Stability of SER schemes

A necessary condition for the stability of the schemes of 5 2.3 and §2.4 is that

plane waves moving in the coordinate direction shall not be amplified. Any such wave

can be described by the scalar linear convection equation

qt + aqx = 0 , (Al.l)

starting from the discrete initial-value distribution

0 0 i£k • ,A1 0N
qk = q0 * (A1.2)

In practice it appears that, in the special case of the Euler equations, this condi-

tion is also sufficient; the proof remains to be given. The present stability analy-

sis is still based on the initial-value problem (Al). Pattern relaxation requires a

more elaborate analysis; we shall only state some results.

In the case of first-order upwind differencing, the one-dimensional SER scheme

including line relaxation is identical to the backward Euler scheme, hence is stable.

With Gauss-Seidel relaxation it still is identical to the backward Eüler scheme if

the sweep direction is the same as the wave direction. A wave travelling against the

sweep direction is accounted for in the relaxation matrix only by a main-diagonal

element, just as in Jacob! relaxation. It therefore suffices to study Jacobi relaxa-

tion; introducing the Courant number

° - £ > ° • (A2)

the SER scheme for Eq. (Al.l) reads

{l-hx(l-s)} AtqjJ - - ad-T"
1) qj . (A3)

As explained in §2.3, a scalar s has taken the place of the shift operator T~ . The

amplification factor g(g,a,s) of this scheme follows upon inserting (A1.2):

or
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This corresponds to the forward Euler scheme with effective Courant

number <j/{ l-t-a(l-s)}, which for first-order upwind differencing is stable up to a

Courant-number value of 1. It follows that

s < - (A5.1)
o

for stability; if we insist on stability for arbitrarily large a we find

s < 0 , (A5.2)

which is Eq. (24). This condition also suffices to stabilize pattern relaxation,

which is closer in performance to Gauss-Seidel than to Jacobi relaxation.

Overrelaxation, meant to damp efficiently the longest waves ( 5 = 0 , T » 1), can

not be achieved through the approximation (23.1). In approximating T~ , two diagonals

must be involved:

T±l - si + (l-s)T+1 . (A6)

The scheme for adverse waves, e.g. with T expressed in I and T during a backward

sweep, becomes

{l-hj(l-s)U-T)} Atq° - - ad-T'S q£ , (A7)

with amplification factor

g - 1 i=S — . (A8)
I/a + (l-s)(l-eH)

For small £ this reduces to

8 1 l/o-i1-8)15+0(5*) »

and if we choose a much larger that the largest spatial frequency that can be repre-

sented on a finite grid, e.g. I/a • 0(£2), we finally get

8 - 1 + p j + 0(5) . (A10)

For s » 2, g is of the order of 5, which is precisely the aim of overrelaxation. From
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(A6) we see that this choice means to replace backward differencing by forward diffe-

rencing and vice verse, i.e.

I - T"1 = T - I . (All)

Unfortunately, s = 2 leads to violent growth of the shortest waves for all but the

smallest values of a; e.g., £ = it and a = { make the denominator in (A9) vanish while

the numerator remains finite.

We may therefore conclude that overrelaxation with first-order upwind SER

schemes is not possible.

It is tempting to investigate if underrelaxation may be improved through the use

of two diagonals. If we appriximate T~* according to

T"1 = si + (1+s) T+1 , (A12)

which is satisfied by the shortest waves (£ = it, T = -I), the scheme for adverse

waves becomes

Atq£ = - ad-t"
1) q£ , (A13)

with amplification factor

g = 1 ^ 7— . (A14)

{e *}
Inser t ing £ » T-<|>> with <j> small, we get

l/o-i(2+s)j,+0U2)
8 * l/o+2-i(l+B)t+Ö(#Z) * ( A 1 5 )

For large enough a, i.e. I/a » 0($2), this leads to

g - -i(l+£s)(j> + o(<|>2) , (A16)

indicating extra strong damping if

s - -2 . (A17)

Inserting (A17) into (A12) yield
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I + T"1 = - (I + T) , (A18)

which, for the shortest waves, is as good an extrapolation as (All) is for the

longest waves.

It is easily verified that scheme (A13) with (A17) is unconditionally stable.

With second-order upwind differencing the SER schemes including line relaxation

and downwind Gauss-Seidel sweeping deviate from the backward Euler scheme, as the

second-order terms are not treated implicitly. For Eq. (Al.l) these schemes read

{l+o(l-T~ )} Atq£ = - a (l-T~
1){l+i(T-T~1)} 5 (A19)

their amplification factor is

-i£ i 2 £ 2 E 2 £
l-o(1-e ) •ösin E, 1 + 2a sin 5 cos ^ - la sin £, sin" y

g •=£ — r r > (A20)

l+ö(l-e 4 ) 1 + 2a sin -| + ia sin E.

with modulus not exceeding 1. For a > °° we have g = - -r sin £,; hence jg| < i.

With Jacobi relaxation, or upwind Gauss-Seidel sweeping, the second-order SER

scheme becomes unstable for any value of a. like scheme (A3) it is equivalent to the

forward Euler scheme, used with an effective Courant number a/|l+a(l-s)}. The locus

of the Fourier transform of the spatial-differencing operator in the complex plane

now has fourth-order contact with the imaginary axis for E. = 0, whereas the stabilty

domain for the forward Euler scheme has only second-order contact. To match the sta-

bility domain with the spectral locus, a two-step technique would have to be used.

The instability is insuperable for pure Jacobi relaxation, but can be suppressed

for pattern relaxation by taking negative values of s (down to /2 if necessary), and

for Gauss-Seidel relaxation by alternating between upwind and downwind sweeps. In the

worst case, a •*• °°, the amplification factors are

8upwind - 1 - YZ^(l-e~i?)(l+|sin E.) ,

g, , . - - -̂ sin E , (A22)
6downwind 2 * *

and the modulus of their product remains safely below 1, for s < 0.

Underrelaxation through the use of two diagonals works as well in the second-

order case as in the first-order case. Inserting (A12) into scheme (A19) yields, for

small <)> • IT-? ,
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„ _ i /o- iP+sH+QU) , A 2 3 ,
8 l/a+2-i(l+s)<j>+O(<t>2) '

from which it is seen that, for sufficiently large o, extra strong damping results

when

s = -3 . (A24)

With this value of s the second-order scheme for adverse waves is unconditionally

stable.

It is worth-while to mention that underrelaxation makes a scheme, whether first-

order or second-order accurate, a good smoother for use in a multigrid strategy.
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CHAPTER 6

Multigrid relaxation for the Euler equations

Abstract A multigrid method for finding stationary solutions of the Euler equations

is described and tested. Spatial discretization is obtained by upwind differencing.

Implicit time-discretization is applied to construct a switched evolution/relaxation

(SER) scheme. The multigrid method, a correction scheme, accelerates the inversion of

the large linear system that arises in the SER scheme.

In a two-dimensional transonic test problem the correction scheme is used in

combination with symmetric block Gauss-Seidel relaxation. Restriction is carried out

by the addition of residuals and corresponding blocks; prolongation by the simple

distribution of coarse-grid corrections to the finer grid. It turns out that the

total amount of work required to obtain a converged solution is roughly proportional

to N , N being the number of zones, both for a first-order and a second-order

accurate solution. The gain in efficiency with respect to a single-grid scheme there-

by becomes proportional to about N * in both cases.

1. Introduction

Implicit time-discretization, combined with upwind space-differencing, yields a

fast and robust method for finding stationary solutions of the Euler equations. Par-

ticularly successful is the switched evolution/relaxation (SER) scheme, which provi-

des a smooth switching between explicit time-integration and Newton's method for

finding zero values of a given function. For one-dimensional problems quadratic con-

vergence can be obtained, as shown in an earlier paper [1].

In two dimensions the exact inversion of the linear system arising in the impli-

cit formulation is too costly» Various approximate solvers are described in [2],

yielding a convergence speed that is considerably better than the speed of the popu-

lar ADI- or AF-methods.

In this paper an efficient approximate solver based on the raultigrid method for
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the solution of large linear systems, the correction scheme, is introduced. An out-

line of the basic multigrid concepts can be found in [3]. Here they are formulated in

the context of the upwind-differenced Euler equations for problems containing discon-

tinuities (Section 2). In Section 3 a test problem is described: transonic flow

through a channel with a circular bump at one wall. Numerical results for single grid

and multigrid, with first- and second-order spatial accuracy, are given in Section 4.

Section 5 contains some conclusions and suggestions.

2. Method

For clarity the multigrid method will be explained for a one-dimensional scalar

hyperbolic equation. Generalization to a system of equations in one or more dimen-

sions is straightforward and will be presented further on.

Let the equation be

ff=-ff+q(w) _=r(w) . (1)

Here f(w) is the flux of the state quantity w, q(w) is a source term and r(w) is the

residual, the function that must be made to vanish. The implicit scheme of our choice

is the linearized "backward Euler" scheme:

n n . 1 dr n, n n nx ,„.
L Atw = [ — - (—) ] A tw = r (w ) . (2)

At

The superscript n denotes values at a time tn, while Atn =tn -t n and Atw
n =wn -wn.

The spatial coordinate x is assumed to be discretized according to x^ = (i~i) Ax •

The discrete values w^ of the state quantity are obtained by volume-averaging:

1 \
w^ = —— ƒ dx w(x) , i = 1,...,N . (3)

The local residual r^(w) is computed, for the present purpose, by a first-order

upwind-difference scheme on a 3-point stencil: r^(w) = *4(wi_ii **•?» Wĵ .i)« The time-

step At is determined by

Atn = e/RES
n , RESn = m a x ( — - — — — ) , (4)

i jwj + ht

where h. is some bias to prevent division by zero. In this way the implicit scheme
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(2) becomes a SER-scheme. In the initial phase of the iteration process, Eq. (4)

guarantees that the relative variation of w is at most of the order of e, the value

of which is chosen in advance. If &t is small, the implicit scheme behaves very much

like an explicit time-accurate scheme. This is a safe-guard against approaching an

unphysical solution. Once the solution is getting closer to the steady state, At be-

comes larger and the scheme automatically switches to Newton's method. Quadratic

convergence can be obtained, but need not be the ultimate goal. Experience teaches

that once the residual RESn has dropped to a level between 10 and 10 times its

original value, an explicit scheme usually loses its convergence speed. Switching to

Newton's method may provide a fast way to reach a level between about 10 and 10 ,

which is sufficient in most cases. Newton's method requires the solution of the

linear system (2), so it pays to put some effort in a reasonably accurate inversion.

At this point a multigrid strategy becomes desirable.

The basic ingredients of a multigrid scheme are: (i) relaxation, (ii) restric-

tion and (iii) prolongation. To simplify the notation we introduce the linear system

L u = f, (5)

where f = r11.

to

The single-grid relaxation scheme provides an approximate solution sra according

m ~— 1 _m
s := L f ,

m+1 m m ,_*
u := u + s , (6)

.m+1 _m m
f := f - L s .

Here L is an approximation to L. If the initial values are chosen to be f°= r11 and

u°= 0, then a proper relaxation scheme will converge to the exact solution u = L f.

It practice, one will find an u after M sweeps which is a reasonable approximation

to u , and assign this u to Afcw. Suitable relaxation schemes are described in [2],

The multigrid correction scheme tries to solve the linear system

L em= f™ , (7)

where the defect em = u - um. A simple restriction operation is
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implying that the coarse-grid values Vj are obtained by averaging the quantities v^

and VJ.i« This is consistent with (3) if v = w and preserves the conservation form of

the right-hand side of Eq. (2) if v = r. The linear system (7) can now be restricted

as follows:

( R Lf R"
1) ( R ef ) = ( R ff ) +

or (9)

f + ec c

The subscript f corresponds to the fine grid and c to the coarse grid; e is an error

term to be specified shortly. The matrix R may be defined as

R 1 = 2RT (10)

If both the left-hand and right-hand side of Eq. (9) are multiplied by 2, the compu-

tation of fc and Lc reduces to simple additions, as all the weights in (2R) and R

are equal to unity. Now R iC is the identity operator; the combination R~*R,

however, is not. In fact, the operation R R e,, occurring in Eq. (9), replaces two

neighboring values of ef by their average:

'i+l
(11)

The resulting error can be described by an operator Q - 1(1 -1) and its generalized
-1 T

inverse Q - 2Q . We have

= I
ei "
ei+r

'i+l
(12)

so that R~ R + Q~ Q results in the identity operator. It follows that the error term

in Eq. (9) equals

- R LfQ Q e^ (13)

As seen from Eq. (12), e contains the information about the difference between

values in neighboring zones and therefore represents a high-frequency error. As the

defect ef is yet unknown, the error term has to be dropped from the coarse^grid

equation (9), which is reasonable if ef only contains low-frequency components. This

can be accomplished by using a fine-grid relaxation scheme with good high-frequency
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m
S f

m+1
u f

ff1

M
:= e

c

:= u * H

:= fj-

- sm

s f

L s*

damping before restriction.

An approximate solution of the coarse-grid equation Lcec = fc can be found by

applying the relaxation scheme (6), starting with f° = fc and e° = 0. After M sweeps

one obtains a approximate solution ec , which has to be transferred to the fine grid.

For the prolongation of any variable Vj- from the coarse grid to the fine grid one

only has the conservation condition v-j- = Kv^ + v£+i)« In principle this leaves the

freedom to choose a gradient in the zone I, yielding a difference between v^ and
vi+l" Such a gradient could be computed on the coarse grid by a finite-differencing

procedure, similarly as in the second-order accurate upwind-difference scheme descri-

bed in Appendix II. However, the experiments described later showed that the computa-

tion of gradients reduced the number of multigrid cycles by a few, but that the total
M

amount of cpu-time increased. The most cost-effective way is to distribute ec uni-

formly over the fine grid:

(U)

Some relaxation sweeps on the fine grid can be carried out subsequently to reduce the

interpolation error.

The multigrid strategy used in this paper is a simple V-cycle. Of course it

could be made as subtle as one would wish. For instance, more effort could be spent

on solving the linear system as the solution moves into the regime where Newton's

method starts working. At present, however, our only aim is to demonstrate the uti-

lity of multigrid relaxation.

A full V-cycle has the following stages:

(i) Compute rn(w) and Ln(w) on the finest grid and initialize f£ = rn(w) and u£ =

0.

(ii) Perform one or more relaxation sweeps as given by Eq. (6) to reduce the high-

frequency error mentioned earlier,

(iii) Restrict the present f^ and the matrix Lf and carry out (ii) on the coarser

grid. Repeat until the coarsest grid is reached.

(iv) On the coarsest grid one has the choice between an application of the relaxa-

tion scheme or an exact inversion.

(v) Prolongate the coarse-grid correction e™ to the finer grid according to (14).

One or more relaxation sweeps must follow in order to reduce interpolation

errors. Repeat until the finest grid is reached.
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•w

(vi) Assign the final Uj to & w.

This multigrid scheme may be generalized to a system of equations by replacing

the scalar functions w(x,t) and r(x,t) by vector-functions of x and t; thus, the

local -,— becomes a matrix and L gets a block structure. The generalization of res-

triction (averaging) and prolongation (uniform distribution) to more than one dimen-

sion is straightforward. For non-uniform grids it is convenient to multiply Eq. (2)

by the local cell-volume. This ensures the appropriate weighting during the restric-

tion, which then reduces to a simple addition. Details for the two-dimensional case

are given in the following section. '

3. Test Problem

The method is tested on the two-dimensional problem of transonic flow through a

straight channel. The flow runs along the x-direction and is obstructed by a circular

arc on the lower wall. The channel has an x-coordinate running from -1.5 to 2.5 and a

y-coordinate running from 0.0 to 2.0. The circular arc between x = -0.5 and 0.5 at y

= 0 has a maximum thickness equal to A.2Z of the chord. Thin-airfoil theory is used

to transfer the boundary conditions at the arc onto the flow. For simplicity a uni-

form grid with square zones is adopted. The free-stream Mach number is chosen to be

0.85, resulting in a transonic but unchoked flow.

In this setting the isenthalpic Euler equations in conservation form are solved

for an ideal gas with y = 1.4:

9w
3t

p
pu
pv

, f =
p U 2 2,
p(u +C / y )
puv

» 8 =
pv

puv„ „
P(V +C / y )

(15)

Here w represents the vector of state quantities aid f and g the fluxes in the x- and

y-direction, respectively. The system of equations, is closed by specifying the total

enthalpy:

H C2/(Y-1) + u2+ ) H (16)

In the test problem the free-stream values are chosen to be: p = 1, c - 1, u »

0.85, v • 0. The bias in the timestep given by Eq. (A) can be generalized by letting

RES" max

ijk

- ) , k-1,2,3, 1-1.....N , J-1.....N (17)

hijk
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with the bias hj.^ = 0 and h^^ = h^-n = Pc# The parameter e is taken to be 1, but

this choice is not very critical.

For the unchoked case two boundary conditions at the inlet and one at the outlet

should be specified. At the inlet the direction of the flow (v = 0) and the total

pressure are given, at the outlet the static pressure is specified. For the test

problem the inlet- and outlet-parar.eters are chosen in accordance with the free-

stream values. Boundaries at the lower and upper wall are simulated by the introduc-

tion of an extra zone having reflected state quantities. Further details can be found

in Appendix 1.

The system (2) is discretized in space with the aid of flux-vector splitting to

accomplish the upwind differencing. The split fluxes used are those proposed in [4],

as these can be easily linearized. They are given below for completeness:

f+ + f"

pu
2 2

Ac,

pYl(u

puv

- (u + e ,) ' 2Yici

if u >

i f l u l < c , , ( 1 8 )

i f u K - C ] L .

and . The fluxes in the y-direction areHere c* = 2Y2(H - |v 2), Yl « "£
split similarly.

Flux-vector splitting is used for the interior flow and at the lower and upper

boundaries. At the inlet and outlet the full flux is computed from the boundary con-

ditions and extrapolations (see Appendix I). Equation (2), multiplied by A,xA.y >

becomes:
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rdf"\ „ X ,df"

, + , -
-V /dg N _v ,&.%. \B' . = A.x \-f- |. . . , C. . - - A.x \-f- |. ., .ij i -̂dw J i, j— 1 ' ij i ^dw -'i,j+l

Restriction simply adds the contributions of zones (i,j), (i+l,j), (i,j+l) and

(i+l,j+l) for i = 1,3,5,...,N-1 and j = 1,3,5,...,M-1 and assigns the result to zone

(I,J) = (~~Z~, ~2~) °f tne coarser grid. For r we obtain

r =r +r +r +r (20)
rl,J r i , j i+l,j i,j+l i+1,j+1

and for the linear system

,j j ,j j
(21)

B X = R X + B X cK - r* + cx

*I,J Bi,j ai,j+l ' °I,J " Li+l,i i+l,j+l '

BI,J = Bi,j + Bi+l,j ' CI,J = Ci,j+1 + Ci+l,j+l *

The right-hand side r^., if multiplied by the local volume A,XA.y» can be considered

as the integral along the zone-boundary of the flux perpendicular to that boundary.

This property is preserved by the restriction operator: all the flux-contributions

from the interior of the coarse zone cancel, leaving only those at the coarse-zone

boundary.

The relaxation scheme used in this paper is a linearized version of the symme-

tric block Gauss-Seidel scheme, with the first sweep in the positive x- and y-

direction and the second sweep in the opposite direction. A forward Gauss-Seidel

sweep implies that in computing sm.. the forward elements s™+^ ^ and s* J+J are

assumed to be zero, while for 'the backward elements sm_^ i and s™ ..j the values most

recently obtained are used. This linearized block Gauss-Seidel involves the inversion

of A£j, and a number of matrix multiplications. The combination of two sweeps in
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opposite directions results in a good short-wave dampening, for both the first-order

and the second-order scheme [2].

Second-order spatial accuracy is obtained by assuming the discrete

quantities pj-s, u-{4 and v-̂-s to be piecewise linear rather than piecewise constant in

a zone. The linear dependence can be represented by the x- and y-components of the

gradient. These are computed from differences across the zone-boundaries by an avera-

ging procedure that preserves raonotonicity. The gradient is used to find the quanti-

ties p, u and v on the zone-boundary where the split flux-vectors are computed.

Details can be found in Appendix II. The linearization of the flux-vectors, required

for the implicit time-discretization, is complicated. Therefore, an incomplete linea-

rization is adopted by using the same Jacobians as in the first-order scheme, but

computed from the boundary values (see Appendix II). In this way, the matrix L has

the same structure as in the first-order scheme. Obviously, Newton's method is not

exactly obtained in the relaxation phase of the SER-scheme, which leads to some loss

of convergence speed. Nevertheless, it still pays to carry out the raultigrid scheme,

as will be shown in the following section.

h. Results

The performance of the multigrid scheme was compared with that of the embedded

single-grid scheme. The single-grid scheme consists of two block Gauss-Seidel

relaxation sweeps in opposite directions, after which u' ' is assigned to A w. The

multigrid scheme includes two relaxation sweeps before every restriction, and two

after every prolongation. On the coarsest grid (2x1) an exact inversion was pro-

grammed. It turned out that this exact inversion made the multigrid scheme very sen-

sitive to the treatment of the boundary conditions. For instance, a version of the

computer program with a different kind of extrapolation at the inlet and outlet -

using the quantities p, u and v directly instead of the characteristic variables (see

Appendix I) - showed a convergence speed that was considerably worse with the exact

inversion than without. Apparently, the exact inversion couples the boundaries so

strongly together that any deviation from the proper treatment deteriorates the

multigrid convergence.

The efficiencies of the multigrid and single-grid scheme can be measured by the

usual quantity "work". Our restriction and prolongation operators are so simple that

the relaxation routine is the most time-consuming part of the multigrid scheme.

Therefore, the total amount of "work" can be found by counting how many tines the
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relaxation routine is applied on each grid, weighting each grid-total with the rela-

tive grid-size ( number of zones divided by number of zones on the finest grid ) and

summing over all grids. Defined in this way, the unit of "work" is independent of the

number of zones on the finest grid.

A single-grid iteration involves two relaxation sweeps, so the amount of work

per iteration is 2. The work involved in a multigrid V-cycle starting, for instance,

from a 32x16 grid, equals 4(1 + -r + T T + T^O + Tog' = 5.3 . In the latter number the

computational effort in restriction and prolongation is neglected. On the other hand,

in iterating with the single-grid scheme, there is one non-linear computation if

rn(w) per 2 work units, as opposed to one per 5.3 for the multigrid scheme.

Especially for the second-order-accurate rn(w), the non-linear computation is more

costly than the linear update of f_ in Eqs.(6) and (14). This amply compensates for

the additional effort in restriction and prolongation.

Besides the amount of work, the cpu-time per iteration was monitored. In

comparing the two one should be aware of the following efforts to keep the total

amount of cpu-time low:

(i) The inverse of AJ^ required in the block Gauss-Seidel relaxation scheme is

actually computed and stored in memory, so that it can be used in all relaxa-

tion sweeps per iteration on the same grid.

(ii) After a non-linear computation of rn(w), the block matrices required for Ln(w)

are not always computed. These matrices are frozen now and then, which avoids a

new linearization, all the inversions for relaxation and all the restrictions

of matrices in the multigrid cycle. To control the freezing, a sequence of

levels is defined, specifically, 10"1, 3xlO"2, 10~2, 10"3, 10~4, 10~fi and 0. As

soon as RESn/RES°, defined in Eq. (17), drops below the first level, the

matrices are frozen until the next lower level is reached. Then all the

matrices are computed again and frozen until the following level is reached,

etcetera.

It may happen that RES passes through a certain level from below. Then the freezing

is postponed for a few iteration cycles until RES drops below this level again. The

choice of levels is somewhat arbitrary, and problem dependent. For our test problem,

convergence histories in terms of work were practically identical with or without

freezing.

Convergence histories of the first-order accurate solutions are shown in Fig. 1,

for a 16x8, a 32x16 and a 64x32 grid. In all cases the multigrid scheme requires less

work than the single-grid scheme, and the gain in efficiency is more dramatic as the

number of zones increases. Figure 2 shows the convergence of the second-order
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Fig. 1. Convergence histories of
the first-order aoauvate solu-
tions on 3 different grids. In
all oases the multigrid saheme is
faster than the single-grid
saheme. For the multigrid saheme,
the total amount of work increa-
ses only slowly with, the number
of zones.

Fig. 2. As Fig. 1, but for the
second-order accurate solutions,
due to the approximate lineari-
zation! convergence is somewhat
slower than in the first-order
case.
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number
of
zones

16x 8

32x16

64x32

16x 8

32x16

64x32

T

20
37
29

39
76,
58,

91.
143,
117.

26,
41.
34.

47.
73.
60.

99.
142.
121.

single-grid

.4

.9

.1

.7

.4

.0

.8

.3
,6

,1
,8
0

,7
9
8

7
7
2

iter.

51
95
146

99
191
290

230
358
588

65
105
170

119
185
304

249
357
606

cpu-time
(sec)

7,
11
18,

44
78
122

380
558
938

10.
15.
26.

68
96
164

520
713
1233

.1

.1

.2

9
,1
0

T

7.2
8.4
7.8

11.6
11.6
11.6

13.8
12.6
13.2

16.7
19.8
18.3

21.2
31.4
26.3

26.9
23.0
25.0

multigrid

iter.cpu-time

7
8
15

11
11
22

13
12
25

16
19
35

20
29
49

25
22
47

(sec)

3.1
2.2
5.3

14
11
25

65
48
113

6.0
5.3
11.3

26
32
58

128
94
222

WRF

2.8
4.5
3.7

3.4
6.6
5.0

6.6
11.4
8.9

1.6
2.1
1.9

2.2
2.4
2.3

3.3
6.2
4.8

CRF

2.3
4.9
3.4

3.2
7.2
4.9

5.8
11.6
8.3

1.8
2.8
2.3

2.6
3.0
2.8

4.1
7.6
5.6

order
of

accuracy

1st

1st

1st

2nd

2nd

2nd

Table I. Convergence data.

accurate solutions. The total amount of work has increased, due to the incomplete

linearization of the right-hand side rn(w).

For the quantitative analysis of the convergence results, a quantity i is

introduced:

T =
Awork

A log10(RES)
(22)

being the amount of work required to bring the residual RES down by a factor 10.

Table I shows the convergence data for the 3 grids, for first-and second-order

accurate solutions. Three values of T are given: the first one is computed for the
—5 —5

drop of RES from its initial value to 10 , the second one for the drop from 10 to

10~10, and the last one for the full drop from the initial value to 10~10. The

corresponding number of iterations is given as well. One iteration involves 2

relaxation sweeps in the single-grid case, and a full V-cycle in the multigrid case.

In both cases, the number of iterations is equal to the number of non-linear

evaluations of the right-hand side rn(w). The cpu-time required for these iterations
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is given in seconds on an Amdahl V7B. WRF is the work-reduction factor being the

ratio of T for the single-grid and for the multigrid scheme; CRF is the corresponding

reduction-factor of the cpu-time.

The single-grid runs show that the work increases with the number of zones N:

roughly as N̂ *-' for both the first-order and second-order accurate solutions. With

the multigrid scheme we find a dependence proportional to about N^ in both cases,

making the amount of iterations required to obtain a converged solution almost

independent of the number of zones. For elliptic equations it is well-known [5] that

the number of iterations should be independent of N, if N is large. In the hyperbolic

case such a result can not a priori be expected, certainly not for solutions with

discontinuities. Indeed, the weak dependence on N found here is encouraging.

We end this section with Figs. 3a and 3b, showing the distribution of the

pressure coefficient on the bottom and top wall, obtained with the first-order and

the second-order scheme, respectively. The pressure coefficient, defined

as C « (p-p )/(ip u2), is computed from the values of p, u and v at the wall

obtained by zeroth-order extrapolation from the first-order solution and first-order

extrapolation from the second-order solution. Thus, the same values are adopted as

used for computing the fluxes at the wall, although formally one could go one order

higher in accuracy when extrapolating towards the wall.

0.0

- 0 . 8
-1 .5

1.0

-CP

0.0

- 0 . 8

b

jü""""""""""

-

i i i i i i i

- 1 . 5 2.5

Fig. S(a). Pressure coefficient on bottom (+) and top wall (x) for a 4.2%
circular arc and a free-stream Mach number 0.85 > as computed from the
first-order solution on a 64x32 grid. Thin-airfoil theory ia applied to
transfer the boundary conditions to the flow, (b) te (a)3 but computed
from the second-order accurate solution.
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5. Concluding Remarks i
(i

It has been demonstrated that the raultigrid technique can be successfully

applied to compute a stationary transonic solution of the Euler equations. For the

two-dimensional test problem the gain in efficiency with respect to a single-grid

scheme is of the order N^ , where N is the total number of zones. Consequently, the

number of iterations required to obtain a converged solution, whether first- or

second-order accurate, increases only slowly with N: roughly as IT" . This result

certainly justifies the additional effort of coding the multigrid scheme, which does

not require more programming effort than a line-solver, even in FORTRAN (see [6]).

While these results are encouraging, two important issues must still be

addressed.

The first one is: how to go through the initial phase of the iteration process?

The searching phase of the SER scheme is almost explicit and the multigrid scheme

solves the linear system (2) more accurately than is necessary. A single-grid

solution would suffice. For our test problem the searching phase only takes a few

iterations, but for a more difficult problem this phase may take much longer. In that

case it would be more efficient to use a single-grid scheme until the residual hss
_2

dropped to, say, a fraction 10 of its original value. One could also make

successive grid refinements to speed up the searching phase.

The second issue is: the choice between saving on storage and saving on cpu-

time, which are mutually exclusive. The linearized block Gauss-Seidel relaxation

scheme is very efficient, but requires the storage of all the necessary matrices. An

alternative would be to change from a correction scheme to a Full Approximation

Storage (FAS) scheme [3]. The Gauss-Seidel scheme could then be implemented non-

linearly and would require only the computation and inversion of the local main-

diagonal block A^j ( see Eq. (19)).

A FAS scheme for the Euler equations has been successfully applied by Jameson

[7]. His relaxation scheme is a four-stage method of the Runge-Rutta type, Involving

four non-linear updates of the residual per step but no matrix evaluations. In

consequence the method requires little storage. The multigrid scheme by Ni [9] (see

also [10]) does not exploit the full capacity of the multigrid technique, but merely

helps to communicate local corrections to the solution through the entire computa-

tional domain. A symmetric non-linear Gauss-Seidel scheme has the same effect and

probably performs just as well, without the use of multiple grids. To make such a

scheme as simple as Ni's, the matrix A ^ in Eq. (18) can be replaced by its spectral

radius; this, however, will result in a slow-down of the convergence. The off-
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diagonal matrices are not needed in a non-linear formulation. For a vectorized

version one could use a checkerboard instead of a Gauss-Seidel scheme* Finally, we

mention the work by Jespersen [81 that is based on the same ideas as the present

method, i.e. upwind differencing through flux-vector splitting and linearized Gauss-

Seidel relaxation. His scheme, however, adopts a nodal-point approach, whereas we use

a finite-volume discretization with corresponding restriction and prolongation opera-

tors. His use of non-differentiable split fluxes might cause problems (see [1]). It

is not clear whether his scheme can provide convergence down to machine-zero or just

to a level comparable to the discretization error. In the latter case, the numerical

solution may still contain a systematic deviation from the steady state.

It is our hope that the present paper will contribute to the standard use of the

multigrid technique in computing stationary solutions of the Euler equations, either

in the form of a correction scheme or a FAS scheme. As the computational effort

becomes less important, one may concentrate more on accuracy, for instance by intro-

ducing a more sophisticated spatial discretization of the equations or by implemen-

ting adaptive grid-refinement.

Acknowledgement. It is a pleasure to thank Bram van Leer for his encouragement and

detailed comments on the manuscript.

Appendix I. Boundary Conditions

The test problem requires a separate treatment of the boundary conditions at the

inlet, at the outlet and at the lower and upper wall. At the inlet the direction of

the flow (v • 0) and the total pressure po are given; at the outlet the static

pressure pr is specified. The other state quantities at the boundary are obtained by

extrapolation from the interior solution.

The natural variables for extrapolation are the characteristic variables. For

the isenthalpic Euler equations used in our test problem the eigenvalues of -=— and

the corresponding characteristic variables are

.„ dn du v dv dp du . .

V u"c-: dJi" -J - ̂  - <*-i)-r- P " r » (A1'la)

Aj- u : dJ2- 21 f (A1.2b)
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ap , au vv av ap au . .
X = u+c, : dJ,= —^ + — - (v-1)—\7~ = —^ + — . (AI.2c)

+ J D C ' L P C
- C +

2
Here p = pc /y = pc c is the pressure, and the modified velocities of sound are

given by

c+= -Y3U + (c
2/Y + Y ^ V , (AI.2a)

c_ = Y311 + (c /Y + Y311 )2> (AI.2b)

de
with y_= YiY2= (Y~1)' (2Y)« From -p- similar expressions arise.

At the inlet the boundary values p , u , v are computed from 4 conditions:
Xt Xt At

2
c 2 2

(i) the total enthalpy: H = -fy + | (u + v ) ;
Y x x .

(ii) the total pressure: p0 = p { y~2 } *" ;

(iii) the direction of the flow: v = 0 ;

A P A u
(iv) one outgoing characteristic: A J, = ~~^ - "^ •

I 1 P c_

The boundary values are denoted by a subscript I , the average values in the zone

next to the boundary have no subscript. The difference A.a = a ~ ac ^ o r a n v variable

a. In a first—order accurate scheme we set A«Ji = 0; for a second-order scheme A,Ji

is taken equal to half the difference of A.Ji over the other side of the zone: A.JJ

* i (AJI)2_1 i f°r any J (see Appendix II). If the conditions (i) and (ii) are linea-

rized, the follow linear system of equations is obtained:

2c
u A„u + v A„v + r A c = 0 , (AI.3a)

I I Y"1 I

Y 3 f " -J- -0-, (AI.3b)

A.v - v , (AI.3c)

V .
P c_ Vl *

From this it follows that:
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Pt- p + p

(v - ucjA

uc
(AI.4)

( 1 +

Condition (ii) now can be used to compute c? and by (i) and (iii) u is found.
7Finally, the density p » yp./c^.

The implicit time-discretization requires the linearization of the flux f, with

respect to the conserved state quantities w in the interior zone. The only dependence

of f̂  on w is through Eq. (AI.4), so we take

dw * dp * dw ~ dp * dw *
i. I

(AI.5)

At the outlet the static pressure is specified and there are two outgoing

characteristics. We now have the conditions:

2

(i) total enthalpy: H - ~ + $(«* + \) ;

(ii) static pressure: p » p » 1/y ;
L O»

(iii) ArJ2 - -7-

A_P A_u

t
The values at the boundary are denoted by the subscript r, the values in the zone

next to. the boundary have no subscript and the difference ^ a - ar - a for any a.

Again we set ArJ2* ArJ3* 0 for the first-order scheme and extrapolate for the second-

order scheme. We readily obtain

u + c
P-P,

ArJ3) ,
(AI.6)

2 2
From these values c£ follows by condition (i) and Pr« yPr^

cr • F o r t h e derivative of

the flux fr with respect to the internal state quantities w we neglect the deriva-

tives of c+, LrJ2
 a n d ArJ3«

At the lower and upper wall the boundaries are simulated by Che introduction of

an extra zone having reflected state quantities:
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p'= p »

u'= u , (AI.7)

v'= -v + 2u tan a •

Here p, u and v are the quantities in the interior zone next to the boundary, whereas

the primed quantities are the reflected ones. The angle a denotes the local angle of

the wall with respect to the horizontal axis, which is zero except at the arc. From

the primed quantities the split flux is computed and its linearization is found by

using (AI.7).

Appendix II. Second-Order Accuracy

Second-order accuracy in space can be obtained by assuming a set of basic quan-

tities to be piecewlse linear rather than piecewise constant [11]. The distribution

of a quantity q in zone (ij) can be described by

(AII.1)

The x- and y- components A q and A q of the gradient within a zone can be found from
x y

neighboring values by finite differencing and averaging with a procedure that preser-

ves monotonicity. It has been found in an earlier paper [1], that the differences of

the' characteristic variables (given by Eq. (AI.l) for our test problem) are best

suited for the determination of gradients. The computation of the x-component of the

gradient is described below. For the y-component similar results are obtained.

In a given zone (i,j) the x-component of the gradient can be found by first

computing the differences AJfc (k • 1,2,3) across zone boundaries, for instance

Here we have assumed an equidistant grid. The obvious way of determining 4=(i J.)..

from A =(l J,). , . and A.=(A J,)..I . would be ̂  * K A . + A )» but this leads to
~ x i i—f, j + x 1 1+5,3 + +

oscillations at the foot or head of a discontinuity. To preserve monotonicity near

discontinuities, the value of ~E has to be limited to O(AX) [11]. A smooth switch due
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to Van Albada [12], is given by

2 2 2 2
A. (A + O + A (47+O

It adopts the arithmetic mean of A_ and A in smooth regions, but tends to the

smaller of the two in the neighborhood of discontinuities. The bias e prevents divi-

sion by zero and may be tuned to prevent the clipping of smooth extrema. It is recom-

mended to use such a smooth switch rather than a non-smooth one. The latter kind

might cause problems during convergence.

In our test problem we used the L^-nprm of AxJk and AyJfe (k=l,2,3) to determine

an optimum value for e„, resulting in e„ * 0.08 AX for all our second-order runs

(note that AX = Ay). This value was determined a posteriori. For practical purposes

the optimum value of ca could be determined at several stages of the iteration

process, for instance just before the freezing of the linearization as described in

Section 4.

At the lower and upper wall the differences across the boundary are computed

with the aid of the reflected quantities. At the inlet and outlet the procedure

described in Appendix I is followed.

The differences (AxJ^^+i J and (AyJk)^ -i+i are averaged by (All.3) to find

(A J, ) . and (A J. ). . . which are then transformed into gradients for p, u and v
x k i , j y » ii]

through Eqs. (AI.la-~). We have thus obtained all the numerical values required to

evaluate (AII.l), for q * p, u or v.

For the computation of the split fluxes at the zone boundaries we now can use

(AII.l) instead of zeroth-order extrapolation. For the x-direction we obtain

( A I 1* 4 )

These values are used to compute the split fluxes at the zone boundaries: f7

df±
d f

The quantities (— V . needed in scheme (2), are computed only approximate-
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ly. Their dependence on w^, WJ_J and w^+^ is simplified by assuming that:

-** af*

:- (f^- ) , (All.5)

as in fl]. This incomplete linearization yields a linear system of the same form as

for first-order space-differencing, i.e. the block-pentadiagonal form (19). For

large At, however, the second-order scheme does not turn into Newton's method, imply-

ing some loss of convergence speed.

References

1. W.A. Mulder, B. Van Leer, "Experiments with some Implicit Upwind Methods for the
Euler Equations", J. Comput. Fhys., in press.

2. B. van Leer, , W.A. Mulder, "Relaxation Methods for Hyperbolic Equations", _in_
"Proceedings of the INRIA workshop on Numerical Methods for the Euler Equations
for Compressible Fluids", Le Chesnay, France, Dec. 1983; to be published by SIAM.

3. A. Brandt, in "Lecture Notes in Mathematics", Vol. 960, p. 220-312, Springer,
Berlin, 1981.

4. B. Van Leer, in "Lecture Notes In Physics", Vol. 170, p. 507-512, Springer,
Berlin, 1982.

5. W.Hackbush, in "Lecture Notes in Mathematics", Vol. 960, p. 177-219, Springer,
Berlin, 1981.

6. F.C. Thames, "Multigrid Applications to Three-Dimensional Elliptic Coordinate
Generation", presented at the International Multigrid Conference, Copper Moun-
tain, Colorado, April 1983.

7. A. Jameson, "Solution of the Euler Equations for Two-Dimensional Transonic Flow
by a Multigrid Method", Appl. Math. Comp. 13 (1983), 357-374.

8. D.C. Jespersen, "Design and Implementation of a Multigrid Code for the Euler
Equations", Appl. Math. Comp. 13 (1983), 357-374.

9. R.H. Ni, "A Multiple Grid Scheme for Solving The Euler Equations", AIAA paper 81-
1025, June 1981.

10. R.V. Chima, G.M. Johnson, "Efficient Solution of the Euler and Navier-Stokes
Equations with a Vectorized Multiple-Grid Algorithm", AIAA paper 83-1893, July
1983.

11. B. van Leer, J. Comput. Phys. 23 (1977), 276-299.
12. G.D. Van Albada, B. van Leer, W.W. Roberts, Astron. Astrophys. 108 (1982), 76-84.

102



PART III

FLOW IN A DISK GALAXY



CHAPTER 7

Computation of the quasi-steady flow in a spiral galaxy

by means of a multigrid method

Suaaary. An efficient numerical method for finding stationary solutions of the Euler

equations is described. The method is applied to the well-studied problem of the

quasi-steady flow of isothermal gas in the gravitational potential of a weakly barred

galaxy. Spatial discretization is obtained by upwind differencing through flux-vector

splitting. Implicit time-discretization results in a large linear system, which is

solved approximately by a multigrid correction scheme. The basic relaxation scheme is

symmetric line/Gauss-Seidel.

Convergence on a 64x64 grid typically takes 100 to 300 multigrid cycles for a

second-order-accurate solution. Comparison with first-order-accurate solutions shows

that second-order schemes are to be preferred, despite their slower convergence.

To obtain a quasi-steady solution, a distinction has to be made between two

types of galaxies. Type I has only shocks inside co-rotation, resulting in a net

average inflow. A quasi-steady solution is obtained by keeping the central density

fixed. The inflow rate turns out to be very small, of the order of the numerical

discretization error. In addition, the solution is practically independent of the

actual value of the central density. These two results justify the use of a constant

central density in the numerical computation. The small magnitude of the inflow rate

suggest that the inflow in a real galaxy is likely to be determined by processes

other than dissipation in shocks.

Type II solutions have shocks inside and outside co-rotation. The first cause

inflow and the latter outflow, thus depleting the region around co-rotation and

creating two rings, one at a radius well within the ILR and one at a radius beyond

the OLR. A quasi-steady solution is obtained by adding gas in depleted regions and

removing it from high-density regions.

Edge-on rotation curves of the quasi-steady type II solution are presented. They

show that the assumption of circular notion for the interpretation of observed rota-

tion curves can be misleading.
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1. Introduction

A large class of evolutionary problems can be described by a set of hyperbolic

partial differential equations. These appear, e.g., in aerodynamics, biology, chemi-

stry, econometrics and, of .course, astronomy. An important subset is formed by those

problems where one is not interested in the actual evolutionary behaviour, but only

in a steady state that can be reached asymptotically. Whereas the numerical time-

integration of hyperbolic equations may require excessive computer resources, the

pursuit of a stationary solution allows for substantial short-cuts. Some recent

advancements in this field can be found in a series of earlier papers (paper I:

Mulder and van Leer, 1985; paper II: van Leer and Mulder, 1984; paper III: Mulder,

1985b). There, the development of an efficient and powerful method for computing

steady solutions of the Euler equations for gas dynamics is described.

The motivation for the work presented in this paper is twofold. In first place,

we want to test the method,on a difficult but well-studied problem: the quasi-steady

flow of gas in a disk galaxy. Secondly, the availability of the code allows for the

relatively fast computation of accurate solutions. These can be used to model the

observed velocity fields in spiral galaxies.

It is well known that a non-axisymmetric pertubation'like a1spiral density wave

or an oval distortion creates a spiral pattern of shocks in a gaseous disk. Computa-

tions of this response problem by a one-dimensional approximation can be found in

papers by Fujlmoto (1968), Roberts (1969) and Woodward (1975) for a gravitational

potential with a spiral density wave, and by Roberts et al. (1979) for a barred

potential. Full two-dimensional computations have been carried out by S^renson et al.

(1976), Sanders and Huntley (1976), Sanders and Tubbs (1980), van Albada and Roberts

(1981), Stfrensen and Matsuda (1982), Schempp (1982) and van Albada (1985). The self-

gravity of the gas is included by Berman et al. (1979) and Huntley (1980). Although

the results roughly agree in a qualitative sense, large quantitative differences

arise. The lack of numerical accuracy of some of the numerical schemes causes details

to be smeared out and mixes numerical with physical effects. This may lead to ambi-

guous conclusions concerning the global transport properties and timescales. Accurate

time-dependent numerical solutions have been presented by van Albada and Roberts

(1981) and van Albada (1985). , '^

The quality of a numerical solution to a steady problem can be characterized by

two types of errors: (i) the spatial discretization error, and (il) the deviation

from the steady state. The first type originates in the spatial representation of the

flow by a finite set of state quantities on a grid. The local discretization error is
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defined as the difference between the numerical and the exact value of a state quan-

j'tity at a given position. If a two-dimensional problem is treated on a square Carte-

slan grid with AX"Ay> then the discretization error is proportional to (AX) . Most

schemes are first-order-accurate (s«l). Differences in accuracy arise from the con-

stant of proportionality, which may strongly vary between several schemes. Second-

order schemes have s=2 and can provide a very good accuracy even on medium-sized

grids. A general method for the construction of higher-order schemes has been inven-

ted by van Leer (1977). A second-order scheme in combination with flux-vector split-

ting (van Leer, 1982) has been shown to yield good results (van Albada et al. ,1982;

van Albada, 1985). It will be used in this paper as well. It should be remarked,

however, that the method is second-order-accurate only in smooth regions of the flow,

so formally it should not bear this name. Nevertheless, the improvement in accuracy

with respect to a first-order scheme is so large that the name will be used anyhow.

The second type of error is the deviation from the steady state and is associa-

ted with the discrete temporal representation of the state quantities. It is repre-

sented by the so-called residual, a term which either refers to the local time-deri-

vative or to its global norm. Deviations from the correct numerical steady state

remain if the time-integration is stopped too early, or if the integration scheme is

unable to bring down the residual well below the level of the discretization error.

The above distinction between' spatial and temporal errors is appropriate for

most methods designed uniquely for finding steady solutions. It is, of course, possi-

ble to use time-accurate methods in marching towards the steady stata. Although this

is far from efficient, it is often done because of the more general availability of

time-accurate* codes. In some of these schemes, the residual depends explicitly on the

size of the timestep. Then, the spatial and temporal errors can not be clearly sepa-

rated. An example is the second-order-accurate scheme described by van Albada et al.

(1982). A comparison between their one-dimensional steady solution and the one obtai-

ned in paper I reveals no noticeable differences in spatial accuracy, implying that

the dependence of the residual on the timestep does not matter in this case. For two-

dimensional steady problems, the use of time-splitting may worsen the effect of a

tiraestep-dependent residual.

The method described in this paper is designed to quickly bring down the resi-

dual tc a desired level. In this way only the spatial discretization error remains. A

prerequisite is the existence of a steady or quasi-steady solution.

Section 2 of this paper describes the problem of determining the quasi steady

flow in a disk galaxy. Spiral structure is generated by an oval distortion or weak

bar. Some general properties of the solution are reviewed.
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The numerical scheme is described in Section 3. First, the discretization in

space is described. The numerical representation is constructed in such a way that

the numerical solution for the axisymmetric case exactly equals the analytical solu-

tion. Then the method for finding the steady state is discussed. It is a mixture of

time-accurate integration by means of an implicit scheme and relaxation by Newton's

method. A multigrid correction scheme is used to solve the large linear system that

arises in this method. The basic principles can be found in the earlier papers I,II

and III. Some fundamental improvements are added in this paper. First, the timestep

is based on a local rather than a global value (§3.2). Secondly, the timestep is used

in the relaxation scheme, but not in the linear updates during the multigrid cycle

(§3.3). Thirdly, an approximate linearization is introduced for the second-order-

accurate spatial discretization, that has the same structure as in the first-order-

accurate scheme, but preserves the homogeneity of the equations (§3.4).

The results are presented in Section 4. First, the convergence speed of the

method is considered. Then some properties of the quasi-steady solutions are discus-

sed. Finally, edge-on rotation curves are presented.

Section 5 discusses the results and summarizes the main conclusions of this

paper.

2. The problem

2.1. The isothermal Euler Equations

In this paper the gaseous components of the interstellar medium are described by

the two-dimensional inviscid Euler equations. The basic assumptions that lead to this

choice will be briefly reviewed (Shu et al.,1972).

First, the timescales for thermal balance are relatively short, so that the

effective temperature of the ISM may be taken constant. Secondly, most of the gas is

confined to a thin layer. If the state quantities of the gas are averaged over the

thickness of the layer, the three-dimensional equations reduce to a two-dimensional

set. Thirdly, the various components of the ISM are modelled by an ideal gas with

negligible viscosity. In addition, the self-gravity of the gas is ignored.

Consider a galactic potential V(R,$) rotating with a pattern speed u. The equa-

tions describing the flow of isothermal gas in the co-rotating frame are
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Here w represents the vector of conserved state quantities, f(w) and g(w) are the

fluxes in the R- and (Ji-direction, respectively, and s(w) is the source term. If p is

the local density and u and v are the velocities in the R- and ((redirection, then

Rp Rp
2u .

U + C 2uv 2
V + C I

and

8V + c2 +

(2.1.2)

- a * " u(v+2ü)R)

The integral form of Eq.(2.1.1) is

3 _ J/dRd4> w - //dRd<J> s - j ( f
8 t S S 3S

- g dR) (2.1.3)

for a domain S with boundary 3S. The Euler equations in this form allow for disconti-

nuous or weak solutions. It should be kept in mind that the Euler equations represent

the limit for zero viscosity of the full Navier-Stokes equations. If one simply sets

the viscosity to zero in the latter, solutions with shocks where energy is created

instead of dissipated, are formally allowed. To exclude these unphysical solutions an

entropy condition has to be specified In addition to (2.1.3) which states that energy

is always dissipated or at least conserved. This condition is automatically fulfilled

by a proper numerical scheme (Harten et al., 1981).

2.2. The gravitational potential

The potential used in the numerical computations is a two-dimensional version of

the one given by Mulder and Hoolmeyer (198A, paper IV hereafter). It corresponds to a

triaxial power-law distribution of gravitating matter (the gravity of the gas will be

neglected throughout):

P0
with m2- (x/a)2+ (y/b)2+ (z/c)2. (2.2.1)

This expression is written in spherical coordinates and expanded in spherical harmo-

nics. The potential is found by simple quadratures. A weighting function suppresses

the ^-dependence outside a given radius. In this way, a weak bar in an oblate halo

can be obtained (see Appendix I of paper IV).

The power p is chosen to be -1.8, in agreement with observations of the galactic
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bulge (Sanders and Lowinger,1972; Isaacman,1981) and measured rotation curves of Sc

galaxies (Burstein et al.,1982) and Sb galaxies (Rubin et al.,1982). The axisymmetric

rotation curve, corresponding to this value, is

(2.2.2)

where l+ip-0.1 for our choice. This type of rotation curve is very steep near the

centre and almost flat at large radii.

The other parameters that define the potential are: the axial ratios b/a and c/a

of the intermediate and short axis with respect to the long axis, and the radius

where the bar ends. The axial ratio c/a of the short to the long axis has no meaning

in the two-dimensional case. It is set to 0.5 when the constants for the potential

are computed. The parameters describing the weighting function are identical to those

in paper IV.

Dimensionless units are defined by TQ = a = 1 as the unit of length and VQ =

rGp0)* - 1 as the unit of velocity.

The potential in the plane z=0 is

cQ+ c2(R) cos(24>) } , (2.2.3)

2 2 i
where R =(x +y ) . The higher-order terms of the expansion in spherical harmonics

have been neglected. The constant CQ is related to the constants c ^ of Appendix I in

paper IV: cQ- C QQ - 2C 2Q + g
c4o » up to n«4. The function c2(R)"3c22(R) c a n be found

in the same Appendix. If there is no cut-off of the bar, C2(R) is a constant.

2.3. The steady state

The aim of the present paper is to find a stationary solution of Eq.(2.1.3).

However, the existence of such a solution is not immediately clear. In this and the

next two paragraphs we consider the conditions for which a steady state can be rea-

ched.

Equation (2.1.3) can be written in a more transparant form by the introduction

of the total time-derivative along a streamline:

IF-fc+ uf i+RH * (2'3*1)

The result is
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dt = - R 3R " R 3+ ' (2.3.2a)

It = ~ 3R( V + ^ln p ) + < v + u R) 2'' R (2.3.2b)

3F = ~ I fé* V + c 2 l n P > " u (v+2uR)/R . (2.3.2c)

If Eq.(2.3.2b) is multiplied by u and Eq.(2.3.2c) by v, it is. found after addition

that

HH S 9 9 9 9 9 9

^r = f^(c In p) , with H ( " +v ) - iu R + V(R,<|>) + c"ln p . (2.3.3)

Consequently, the "integral" H is constant on a streamline in the stationary case. In

the presence of shocks this is not true any more, as shown by Roberts et al. (1972).

At a shock there is a jump in H, caused by dissipation. If u^ is the velocity perpen-

dicular and U£ parallel to the shock, then u and v can be transformed in u^ and U2 by

a local rotation of the coordinate frame. The pre- and postshock state are related by

the jump equations for a steady shock:

PLU1L = PRU1R '

PL ( U1L + c 2 ) = PR(U1R+ ° 2 ) • (2.3.4)

U2L " U2R '

where L denotes the preshock and R the postshock values. The entropy condition can be

satisfied by the additional requirement that uj^ is supersonic and uj^ subsonic. From

Eq.(2.3.4) it follows that Mj^ = 1/MJIR and PL"PRM|R» where the mach number M = u./c.

The jump in H becomes

+ ln M1R J • <2-3'5>

which is always negative since M^R < 1 • The obvious conclusion Is that streamlines

are not closed, so there must be a net inflow or outflow in the presence of shocks.

A solution with a non-zero inflow or outflow clearly cannot be stationary. But

if we only consider a domain S given by R . < R < R and 0 < 4> < 2ir and neglect the

evolution of the flow outside S, the flow inside the domain may become steady. This

type of solution will be called quasi-stationary.
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2.4. The axisymmetric case

More insight in the quasi-stationary state can be obtained if the axisymmetric

case is considered. The equations then can be. solved analytically. In the absence of

shocks Eqs.(2.3.2a-c) can be replaced by

w„ = Rpu = constant , (2.4.1a)

|*j- - J2/R3 - |R < V c2ln P ) ' (2.4.1b)

|jf- 0 , (2.4.1c)

where we have introduced the angular momentum J • R(v+(oR). The axisymmetric part of

the potential in Eq.(2.2.3) is denoted by V~= c_R . An obvious stationary solution

is

2 2 1 3V0
w2=0, p-p 0, u-0, J=UJ0R w i t h u 0 - - — . (2.4.2)

Every streamline now is a circle with its own value of J (and H). The rotation curve

becomes

Vrot* V+Ü)R = J / R = lüoK " ^ P + 2 ^ c
0
 R 1 » (2.4.3)

in agreement with Eq.(2.2.2).

If w„*0 this situation changes drastically. A streamline now covers the whole

domain S. On the streamline we have both J and H conserved, with

H - H (w2/pR)
2+ (J/R)2 ) - o,J + VQ(R) + c

2ln p . (2.4.4)

The quantities p, u and v follow from w2, J and H. The rotation curve is v r o t«R ,

which is not quite what we would like to have. The density can be found approximately

by expansion around a fixed radius RQ. Let J and H be computed at RQ according to

(2.4.3) and (2.4.4), assume w2 to be very small and define x=R-R. Then

2

p = pn exp( -i u x /c ) , where u.- 3oy. + r . (2.4.5)
3R

The epicycle-frequency u» - (p+4) mQ for our potential and is of order unity, whereas
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c is at least an order of magnitude smaller. The width c/u. of the Gaussian density

distribution (2-4.5) is consequently fairly small, implying that most of the gas is

concentrated in a ring around Rg. We thus have the odd situation that an arbitrary

small deviation from zero inflow or outflow results in a totally different stationary

solution. Although the time-scale required to reach such a steady state may be unac-

ceptably large for very small w2, it would be better if we had a smooth transition

between the solutions for zero and non-zero W2« The answer lies in the fact that the

Euler equations are the limit for zero viscosity of the full viscous equations. We

will therefore continue with the latter.

The viscous equations for the axisymmetric case are

f 3R(Rpu) = ° » (2.4.6a)

iH + u iS . I T2 / R3 . 1 1 , c.23fi U + 3 U ) 1_ 1 3 _ , R u . (2 4
a t + U 9R L J / R 3R J p 3R + p 9 R R a ? * 0 ' ( 2 . 4 .

3J 3J Ru 3 1 3J , . , , £ • *
ÏÏ+US p SR^Ï • ( 2*4-6 c )

Here y and A are the coefficients of shear and bulk viscosity, respectively. Both are

positive. The steady solution of (2.4.6a) is w_=Rpu>« constant. This can be used to

simplify Eq.(2.4.6c), which results in the solution

2 + w /u
J - JQ + JXR * , (2.4.7)

where JQ and Jj are constants. For Jj»O we obtain the previous inviscid solution

for w„*0. But if it is assumed that w «}pjj, the proper rotation curve can be obtained

for JQ»0 and J^»{(P+2)CQ} . Because p is negative, W2 is negative as well, which

implies inflow. Furthermore, this inflow is proportional to the coefficient of shear

viscosity. The limit for vanishing viscosity still gives the proper rotation curve,

as desired.

If it is assumed that the angular momentum J balances the potential, as in

Eq.(2.4.2), then Eq.(2.4.6b) becomes in the steady case

2

y2 *-?• + e (y2-D ̂  - (y2+B) y - o . (2.4.8)
dx dx

Here y—u/c, x-ln R and B—w2/(X+3v). A solution of (2.4.8) in general contains

shocks, but at the moment we are only interested in a solution for small y. An appro-*

ximate solution for y<<l is y«e «1/R. Through w.«Rpu it follows that the density is
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independent of R. Thus, a steady solution óf the viscous equations in the axisymme-

tric case is

p=p
o,

i 2+w /p
}2 z

0 ) , J={(p+2)co}
2R z =woR

z, w2=JPlJ<0 . (2.4.9)

This solution gives a smooth transition to (2.4.2) for a vanishing coefficient of

shear viscosity p. The earlier solution with vrot«: R and p according to (2.4.5) is

hereby avoided.

The solution (2.4.9) can serve as the initial condition for the numerical com-

putations, with W2 s e t to zero. It also describes the flow in regions where the

influence of the bar or oval distortion is small.

2.5. The general case

The occurrence of shocks in the non-axisymmetric case causes a net inflow or

outflow, as mentioned in § 2.3 . To determine the sign of this flow at a certain

radius, we assume the deviations from axisymmetry to be small. The dominant part of

the tangential velocity then is v=(w -co)R, u as defined in Eq.(2.4.2), whereas u=0

and P^PQ» For pn=*» t n e constant H becomes

H * K <DQ- 2WÜ)0 ) R
2 + VQ(R) . (2.5.1)

The derivative of H with respect to R is

dH , 2, . . AH ,„ c „.
dR " * ul/ü)0 ( t ü0" u ) R " AR * (2.5.2)

The factor wo~w is positive inside and negative outside co-rotation. A negative jump

AH will therefore cause inflow inside and outflow outside co-rotation.

We now may distinguish two types of solutions. Type I only has shocks inside co-

rotation (CR). There is a net inflow. The solution outside CR can approximately be

described by Eq.(2.4.9), apart from periodic terms. The shocks pump gas from this

reservoir towards the centre, where it will accumulate in a region without shocks.

From the equation of continuity, the first of (2.1.3), it follows that the average

inflow per ring is constant throughout the entire domain S (as defined at the end of

§2.3):

1 2ïï
< w > = — fdij) w,(R,<|>) - constant . (2.5.3)

/. ZÏÏ Q i.
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This results holds even in the presence of shocks. As long as <»2> is small, the

evolution outside the domain S indeed may be neglected.

The second type of solution has shocks inside and outside co-rotation. This type

II canaot be stationary, as the shocks inside CR pump gas towards the centre and the

shocks outside CR pump the gas outward, to the end of the shocks, which usually will

be at a radius somewhere outside the Outer Lindblad Resonance (OLR). At that point a

ring like the one decribed by Eq.(2.4.5) may be formed. Near the Inner Lindblad

Resonance (our potential has only one ILR) a similar ring will be created. A steady

solution can be obtained by the introduction of an additional source-term that crea-

tes mass in highly depleted regions. One might think of mass loss by stars and infall

of intergalactic matter. Also the thin-disk assumption may break down in this case,

thus affecting the global transport properties of the system. As ring-like structures

are observed anyhow, the use of a time-dependent integration-scheme is more appro-

priate in this case. Van Albada (1985) has shown that the timescale for significant

depletion in the case of a weak bar is well above the 5 Gyr. As we still would like

to use our computer program for this kind of solution, we simply introduce an addi-

tional source term for mass-creation and —loss (van Albada, priv. comm.):

1
sM= R M(p) , with M(p) = (^(pg-p) . (2.5.4)

V
Here aM is a small positive parameter, to be specified later. If the local density is

smaller than p , gas is added; if it is larger, material is removed. The velocities

u and v_ are the prescribed velocities of the matter that is added or removed. As

most of the material is removed from the region around CR, we favour this region by

letting u = v = 0. The source term (2.5.4) is added to the right-hand side of

Eq.(2.1.1), and in the equations derived from this one. Now a steady state can be

attained.

3. Numerical Method

3.1. Spatial discretization

The discretization in space of the Euler equations involves the formulation of a

large set of simultaneous finite-difference equations that mimic the continuum equa-

tions reasonably well on a grid with finite cell size. The numerical solution should

approach the solution of the continuum equations in the limit of vanishing cell size.

115



In this paragraph the discretization in space of the right-hand side of Eq.(2.1.3)

will be discussed.

Let the computational domain S cover a region with R between Rmin and Rfflax and

£ between 0 and n. The symmetry of the problem requires only one half plane. The

domain is divided in N=N^xN(j) cells. The grid has a constant spacing AifPir/Ni in the <jj-

direction. The R-grid is stretched in such a way that £ = R-+K is equidistant: A£ =

^Rmax~RmiiP/'%" F o r K =^ w e ^ a v e a n equidistant grid in R, for «=p/2 the rotation

curve (2.4.3) has a constant derivative with respect to £. A cell will be denoted by

indices i and j for the <f>- and R-direction, respectively, with 1=1,... ,N. and

j=l,...,N^. The centre of a cell is labelled by (i,j), the interfaces by (i±i,j) or
11 (i+K-^

(i,j±£)« The gridsize in R can now be written as AjR=Rj+i-Rj_i. Here R j ' 1 1 l f - ' '

and 5 iH4=Rmin + J^5' ̂ e c e n t r e °^ a cell is positioned at a radius R.=

and angle ij)£=l((j)̂ _i.+ <j>i+i) with

The vector of state quantities w can be discretized by volume averaging:

wk,i,j= TTJÏ / dR / d* VR«*> ' k=1'2'3 ' (3-u)

3 Rj-i *i-i

In this way a piecewise constant representation of the state quantities is obtained.

Eq.(2.1.3) becomes, for every cell (i,j),

(3.1.2)

The discrete source term s^ j(w,R,<(i) is approximated by s(w^ j,Rj,4n). The problem

left is the evaluation of the fluxes f^ j+i and gi+i j at the cell interfaces. This

is done by upwind differencing, which method will be briefly explained below. More

detailed descriptions are given by, e.g., van Leer (1977, 1984), Harten et al. (1983)

and Woodward and Collela (1984).

In upstream differencing the flux f̂  i+i at the interface between cells (i,j)

and (i,j+l) is assumed to depend on the state quantities w^ J+I and w^ J^I, where the

superscripts denote the result of some kind of interpolation from the average value

in a cell to the average value on the boundary of the cell (Fig, la). Because in

general w^ j+J^wJ j+i. there is a discontinuity at the Interface between the cells

(i,j) and (i,j+l) in our numerical representation. To avoid ambiguities, we will

reserve the term interface for continuous functions: the interface (i,j+i) is the

line segment separating cell (i,j) and (i,j+l). The flux across this interface is
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Fig. la. Geometry of the computa-
tional domain, showing the posi-
tions of the various quantities
defined in §3.1. The lines of
constant R and <j> ave indicated by
small arrows. The ^-grid is equi-
distant t the R-grid is not. The
state quantities w^j are defined
as aell averages, the line ave-
rage at the left side of the
interface (isj+l/2) is denoted

i

•P..1—

- i.j-1

t t

Ü+1

•f ƒ d* w(R,^) .

denoted by f̂  -+i. For a function that is discontinuous at the interface, we define

its value at the boundary of cell (i,j) near the interface (i,j+i) as the average

over the line segment between «^ i and ij>i+i in the limit for RtR.^i. For the state

quantity w we thus have

(3.1.3)

The simplest type of interpolation from the cell averages to the boundary values is

zeroth-order interpolation: WJ j+ja wi j (Fig» lb). This yields a first-order-accura-

te scheme. Higher-order extensions can be made by a more complex type of interpola-

tion. Let us leave this subject for a moment and just assume that wt ..i and w7 ..1

are known. Then the computation of f. jji(wf .ji.wT ^,) basically is a one-dimensio-
1«J+T i, J+f i J 3+t

nal problem. Consistency requires f(w,w)=f(w). In general wt ._1_i*wZ ..i. In the case
1 > 3+t i » 3+t

of zeroth-order extrapolation, the physical analogue is an infinite tube with gas in

two states, separated by a diaphragm. As soon as the diaphragm opens, the gas starts

streaming. The solution of this so-called Riemann problem is time-dependent, but

yields a unique time-independent state at the position of the diaphragm. This unique

value wR(wij j^.wj^ j^) can be used to evaluate ft j+i»f(wR). In the case of super-

sonic flow, wR equals the initial state quatities at the upwind or upstream side,

hence the name of the method. The original scheme that solves the Rieraann problem

exactly at each interface is named after Godunov (1959). The numerical evaluation of

w R involves a transcendental equation, which makes the method less attractive for

large-scale computations. Various approximate Riemann-solvers have been proposed that
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W*j-

H j-J

Fig. 1b. One-dimensional cross-
cut at constant ̂ ^ for a first-
order scheme, showing one compo-
nent of the veotov of state quan-
tities. The boundary values
WX 3+1/Z.' et0'' are obtained by
zero-order interpolation from the
cell averages w^ ,.

j-1 H J

Fig. le. As Fig. lb, but for a
second-order-aacurate scheme. The
boundary values are obtained by
first-order interpolation. The
discrete state-quantities are
assumed to be pieaewise linear.

solve the Riemann problem within an error of the order of the discretization error

(for instance: Roe, 1981; Osher et al., 1983). In this paper, flux-splitting will be

used for the upwind differencing. Flux-splitting can be considered as an approximate

Rieraann-solver, although it does not recognize stationary contact-discontinuities.

The method splits the flux in a forward and backward component:

(3.1.4)

The Beam-scheme (Sanders and Prendergast, 1974) is basically a flux-splitting scheme.

It was re-invented by Steger and Warming (1981). Here we use a continuously differen-

tiable version due to van Leer (1982). It emerges as the best scheme in the compara-

tive study by van Albada et al. (1982). For the present problem we have

f+=

f + -

f=

R
4

Rp
2? 2u +c
uv

-2 1
2c

V

if u

if |u|<

if u <-c

(3.1.5)

For the flux in the ifi-direction we have
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=0
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u

2c

i f

i f

i f

V

|v

V

> c ,

< c ,

<-c .

(3.1.6)

The f" and g~ follow likewise. Note that the exact upwind values are obtained in the

supersonic case. In the subsonic case an approximate solution to the Riemann problem

is obtained.

We now return to the subject of the interpolation of the state quantities. From

the cell averages w^ j we would like to find the line averages at the cell bounda-

ries, for instance w't .+^. Zeroeth-order interpolation simply sets w^ J+I=W^ j, re-

sulting in a first-order-accurate discretization. In this way the discrete represen-

tation is piecewise constant. Discontinuities in the flow are placed at the interfa-

ces between cells, giving rise to numerical eTors of the order of the gridsize.

These numerical errors must always contain a dissipative term in order to satisfy the

entropy condition (Harten et al.,1983). This guarantees that the correct physical

solution is obtained. On the other hand, the presence of numerical dissipation causes

the details of the solution to be smeared out.

The accuracy of the discretization can be improved by a more sophisticated

interpolation to determine the quantities of Eq.(3.1.3) on both sides of an interface

(van Leer, 1977; Collela and Woodward, 1984). The interpolation does not have to be

carried out on the conserved state quantities w. Any set of quantities q(w) which has

a one-to-one correspondence with w in principle can be used. An important restriction

on the interpolation is that it should be monotone. It must not create under- or

overshoots, since these create numerical oscillations in the solution. Consider for

the moment a one-dimensional distribution qj. Then the interpolated value q^j of the

k-th component at the right boundary of cell j must obey the relation q^.<q£.<q, ...

to ensure monotonicity.

In this paper we use a first-order interpolation, which yields a second-order-

accurate discretization. A linear distribution is computed in every cell by monotone

interpolation (Fig. lc). The discontinuities at the interfaces still remain, but they

are an order of magnitude smaller in smooth regions of the flow, thus reducing the

discretization error. Because the dissipative term of the discretization error is

reduced as well, the second-order-accurate solution will generally show more detail

then a first-order one on the same grid.
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The linear distribution of a quantity q in a cell can be described by the com-

ponents of the gradients in the R- and «((-direction:

with and

(3.1.7)

A.R

The computation of the differences (A q) and (A q).. is basically a one-dimensional
f l] K ij

affair. In the «((-direction

(3.1.8)

The procedure ave(A,,A_) should yield i(A +A ) in smooth regions of the flow. A

smaller value must be chosen in the presence of discontinuities to preserve monotoni-

city. A smooth limiting-averaging procedure has been given by van Albada et al.

(1982):

2 2 2 2 2
(A - A )

ave(A+,A_) = KA ++A_) { 1 - -jj—
-f è -

2?
A.T + A

-

2
(3.1.9)

3/2Here e. is a small bias of the order A«(i for the «((-direction (not (Aiji) ' as stated by;

van Albada et al., 1982), preventing division by zero and^clipping of smooth extreraa.

A proper value for e., and similarly for e^, can be determined during the numerical

iteration process, as will be described inS 3.6.

For the R-direction a similar procedure is used, but now a correction is inclu-

ded to compensate for the fact the grid is non-equidistant:

a v e (

with h.
2 A.R

and h
2 A R

j* A.R+A, ,R '

(3.1.10)

Once the (ADq) and (A q) are computed, the values at the interface follow immediate-

ly, for instance,

from which w?'^ can be found.
i« J

So far, the quantities q have not been specified. Following van Leer (1977), the
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natural choice for q is the set of characteristic Variables. One-diinensional experi-

ments in paper I favour these variables as well» The characteristic variables for the

R-direction are

R
In p + u/c

v/c
In p - u/c

(3.1.11a)

and for the ^-direction

In p + v/c
u/c

In p - v/c
(3.1.11b)

Note that a different set of quantities is used for either direction. The numerical

interpolation requires the differences across cell boundaries. For the R-riirection we

adopt

R R

R R
q2,i,j+rq2,i,j

R R

(v. i.,-v. .

.q3,i,j+l-q3,i,j = H P . . + 1+ P l ,)

Here we have used the quantities

(3.1.12)

j / Rj' Uij=W2ij/wlij a n d Vij=w3ij/Wlij'
(3.1.13)

whereas

' w i t h

JJ
f d R R v (R) and

Vi c
R . (3.1.14)

After averaging by (3.1.9) the vector ADq is transformed to the average differences
1

of p, u and v by

(3.1.15)
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For the ^-direction similar expressions arise. Finally, the state quantities at the

cell-boundary follow by

and likewise for the other three boundaries. Note that the interpolation of vc is

done explicitly, outside the limiting-averaging procedure. In this way the result is

more accurate than if VJJ would be used for the interpolation, especially near the

centre where v is rather steep. The quantities u ^ and v. . are now of the same order

of magnitude, and both are generally much smaller than vc.

Equation (3.1.16) has the attractive property that in the axisymmetric case the

solution with constant density is an exact solution of the numerical equations. The

same is true for the first-order scheme, if such a scheme is constructed by setting

the average differences A p etc. of Eq.(3.1.16) to zero.
is.

It should be emphasized that the interpolation and the computation of fluxes are

carried out separately. Interpolation is performed on quantities describing the state

of the gas, and provides values at the boundaries of each cell. This a the mathema-

tical stage of the numerical scheme. The values at the two sides of an interface are

used to compute the flux across that interface, thus describing the flow of the gas.

This part is the physical stage of the discretization. Mixing the two, by performing

the interpolation and limiting on the fluxes, may severely degrade the accuracy of

the solution, as shown in paper I. Similar problems may arise in Flux-Corrected

Transport methods (Boris and Book, 1973), as demonstrated by van Albada et al.

(1982). In the latter, some interpolation is done before a timestep, whereas limiting

and interpolation is performed after the timestep, which is equivalent to operating

on the fluxes.

We end this paragraph with the determination of e, and eR as used in Eq.(3.1.9).

We would like to avoid the effect of the llmiter in smooth regions of the flow. This

can be accomplished by taking t, equal to the average of the differences in q'over a

smooth part of the flow. As shocks occur at one-dimensional subsets of the computa-

tional domain, the L^-norm of the differences in q* per ring j gives a good estinate:

e * j * 3 ^ l\ k E l ^ i + l j " « k l J I > (3.1.17a)
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where it is understood that i is periodic, so the values at i=N.+l are equal to those

at i=l. In smooth regions the differences in q^ are of the order A<j>, whereas the

difference across a shock will be of order unity. The latter, however, occurs only in

a few cells and is brought to order 0( 1/NJ )=0(A<|>) by the normalization. In the In-

direction the situation is less straightforward, since a shock may occur along a

large part of the ring j. We therefore adopt

, N 3 R R R R
eRj= 3N^ ±ll k^

 minl hk,i,j+l-qk,i,jl > lik,i,j-<lk,l,j-ll J- (3.1.17b)

Some smoothing over 3 rings with weights i,i,i is performed afterwards.

3.2. Discretization in time

In this paragraph we will discuss the discretization of the upwind-differenced

Euler equations in time. The right-hand side of Eq.(3.1.2) can be written as r^. =

r^i(wn) and is called the residual. The superscript denotes the situation at time tn.

For a timestep Ant=tn+1-tn we let

a r £ + (1"a) r"j • C3*2a)

implying that the evolution of w per timestep is based on a weigthed mean of the

residuals at the old and new time-level. The scheme is called explicit if a~0 and

implicit otherwise. For a»l we obtain the "backward Euler" scheme. This scheme will

be used throughout.

Equation (3.2.1) can be linearized:

_n , n+1 n. f A ^ f 3 r ^ n ] iri-1 n. n. . . .
L (w -w ) - -^z— - (—J (w -w ) - r (w) . (3 .2 .2)

[ A t d J

Here (r^)n is the Jacobian of vn with respect to the state quantities w11. Equation

(3.2.2) behaves like an explicit scheme for small At. For large At, Newton's method

for finding a zero-value solution of r is obtained. This property can be exploited by

choosing At small if the residuals are large and At large if the residuals are small.

For an initial guess w of the solution, the residual will be large, so the integra-

tion in time will be explicit and fairly time-accurate. As the steady state is

approached, the residual becomes smaller and the scheme gradually switches to

Newton's method. Quadratic convergence can in principle be attained (paper I). In

practice, the timestep is computed from the normalized residuals:
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n max
Ant.. £ k=l,2,3

1J
n

+ h k i j

(3.2.3)

The term h ^ ̂  prevents division by zero: we use hj^-=O and ^ii^Si 1=wliic

(3.2.3) determines a local timestep Antij which ensures that the local variation of

the solution wn+^-wn is at most of the order e- We choose e=l throughout this paper.

Equation (3.2.3) differs from the definitions of At in paper I and II, where the

maximum over the entire grid was adopted. The present approach is better suited for

problems with large spatial variations in the state quantities. The definition of the

timestep by Eq.(3.2.3) makes the numerical scheme unconditionally stable and enables

fast convergence to the steady state. The switching from small to large titnesteps

ensures that the correct steady state is approached.

There is one crucial problem left: the inversion of the linear system (3.2.2).

We attack this problem by a powerful method, namely multigrid relaxation. This will

be the main theme of the following paragraph.

3.3. Multigrid relaxation

The multigrid technique attempts to find a solution of a large set of not neces-

sarily linear equations by considering them at several grids, from the finest where

the solution has to be found, to a coarsest. It requires an operator to find an

approximate solution at every grid: a relaxation operator. Also two operators are

required to convey information between different grids: a prolongation operator

brings information from a coarse to a fine grid, and a restriction operator does the

opposite. The motivation for this approach lies in the fact that most relaxation

schemes can adequately compute the high-frequency content of the solution, but have

problems with the low-frequencies, which cover a larger part of the computational

domain. By restriction every long wave can become a short one on one of the coarser

grids. There the relaxation operator can take care of it very efficiently.

An introduction to this subject can be found in Brandt (1981). In the ideal

case, a multigrid method solves the problem in an amount of work proportional to N,

where N is the total number of cells on the finest grid. Of course, the constant of

proportionality should not be too large. For elliptic equations it can be proven that

the amount of work indeed obeys this proportionality to N in the asymptotic limit for

large N (Hackbush, 1981), The development of a multigrid scheme for hyperbolic equa-

tions of the type studied here, has taken some time, but successful results have been

obtained in the last years (Jameson, 1983; Mulder, 1985a; paper III).
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The multtgrid method applied in this paper will now be discussed. To shorten the

notation, Eq.(3.2.2) is rewritten in standard multigrid form:

L u = (oI-M) u = f , (3.3.1a)

where I is the identity matrix and

A .RA<f> n
a.^-1 , M = (, 1 and f = rn . (3.3.1b)
ij n k3w'

ij

The solution u updates wn according to w11 =wn+u. The matrix L consists of 3x3

blocks. Every block corresponds to a cell. The total number of blocks in N , with

N=N^xNx. Fortunately, most of the blocks in this enormous matrix contain only zeroes.

Consider for instance our first-order scheme. Then, according to Eqs.(3.1.2), (3.1.4)

and (3.1.16) with the average differences set to zero, the residual is computed on a

5-point stencil:

r..=r(w. . ,,w. . .,w. .,w.,, .,w. .Ll) . (3.J.2)
IJ i,J-l' l-l,J' i,J i+l,3 i»J+l

The matrix L consequently has one main-diagonal and 4 off-diagonals (in terms of 3x3

blocks). The rest is nought, leaving 5N blocks.

A relaxation scheme provides an approximate solution of (3.3.1) by inversion of

a matrix L that is a reasonable approximation to L. A comparison of various relaxa-

tion schemes for the upwind-differenced Euler equations can be found in paper II.

Here we use symmetric line/Gauss-Seidel (SLGS) relaxation. The line-part is performed

in the periodic ^-direction. For a given ring j, an exact inversion is carried out on

a matrix consisting of the main-diagonal blocks and the two off-diagonals correspon-

ding to the <j>- or i-direction. The diagonals corresponding to j-1 and j+1 are neglec-

ted. This leaves a cyclic block-tridiagonal system that can be solved by a standard

procedure (see the Appendix). The solution on line j thus obtained can be substracted

from the right-hand side of (3.3.1a), for which the matrix M is used. Then the next

line at j+1 is processed, which has already been influenced by the previous line-

relaxation through the update with M. This technique is known as Gauss-Seidel relaxa-

tion. The symmetric component of the scheme comes in by first performing all line-

sweeps with increasing j, from j«l to N^, and then repeating the line-inversions in

the reverse direction, from j*N^ to 1. Such a scheme has a good high-frequency dam-

ping (paper II).

The complete SLGS relaxation scheme can be written as
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8(m) sm ~-lf(m) f

u(nri-l).= u(m) + s(m) > (3.3.3)

,(m+l). (m) (m)

The initial values are: f(O)=f=rn and u^'=0. The scheme can be repeated several

times, as indicated by the superscripts m and m+1. The final solution u ^ is used

to update w11, according to w =w +u * , after which the new residuals and the new

linearization can be computed. Here we use m^=l for a single-grid SLGS relaxation

step.

The accuracy of the single-grid, approximate solution u^ra^ can be improved by a

multigrid correction scheme (CS). For the upwind-differenced Euler equations such a

scheme has been described in paper III. The CS tries to find a solution of the equa-

tion

T ,(m) /•-, Q , \

L e = f (3.3.4)

by using coarser grids. Here e is called the defect. The communication between fine

and coarse grids is regulated by restriction and prolongation operators. Consider for

instance a fine N^XMR grid and a coarse (iN.)x(lNR) grid. Restriction lets

(0)_ (m) (m) (m) (m)
fI,J- fi,j + fi+l,j + fi,j+l + fi+l,j+l ' U.3.5)

where i=l,3,...,N -1 and j=l ,3,... ,%-l are indices on the fine grid and I=Ki+l) and

J=i(j+1) on the coarse. Alternatively, the fine grid will also be denoted by the

subscript f, the coarse by the subscript c. Writing the restriction operator as I.

abbreviates (3.3.5) to f£°^= If f ^ . The linear system Lc can be found by addition

of the corresponding blocks of M, whereas

controls the relative change of the solution. If the original residual is of the form

(3.3.2), the coarse grid matrix Lc has the same structure as Lj and the SLGS relaxa-

tion scheme can be used on the coarse grid as well:

(m) ~-l (m)
Sc <= Lc fc

M sc c
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where the initial values are: e =0, f =I^fc ^ •
c . x c f f

The. coarse grid correction e ^ is prolongated to the fine grid by the pro-

longation operator I*. Here we take a trivial operator which simply distributes the

coarse-grid values to the fine grid:

f c c c
(m+1) (m) (in) ,, , ...

u- :=uf + sf > (3.3.8)

This introduces some interpolation errors on the fine grid which are effectively

removed by an extra SLGS relaxation step.

Extension of the CS to more than two grids is straightforward. We use a coarsest

grid of 2x2 cells and perform an exact inversion on that grid instead of the SLGS

relaxation. On all the other grids, one SLGS step is made before restriction to a

coarser grid, and one after each prolongation to a finer grid. This sequence is known

as a V-cycle. The total number of relaxation steps per grid is 2, except on the 2x2

grid.

3.4. Linearization of the residual

So far it has been assumed that the residual r is of the form (3.3.2) and can be

easily linearized. This is true for a first-order scheme. For a second-order scheme,

however, the residual is computed on a 9-point stencil:

Instead of taking the Jacobian of the above expressions with respect to all its

arguments, we will adopt an approximate linearization that has the same structure as

the linearization of the first-order scheme and still preserves the homogeneity of

the equations.

First consider the source-term s, as given by Eq.(2.1.2). Its Jacobian is

/ 0 0 0 \

• •jTg' + < J ) R + ' J | - ^ 0 2{w + u) » ( 3 . A . 2 )

_1_ 3V_ uv v u
\ 1? a T "*" ~~a ~(ïT •*" 2(i)j - i r J
' Iv O Q) IV v I x ' IS. i

no matter if the scheme is first- or second-order-accurate. The source term is homo-
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geneous of degree one:

- f (3.4.3)

In the numerical scheme s is evaluated with the cell-averaged values w^. and the

derived quantities given by Eq.(3.1.13).

Now consider the flux in the R-direction. If f in Eq.(2.1.2) is simply differen-

tiated to w, we obtain

3f
3w

0
2 2

c -u
-uv

1

2u
V

0

0
u

(3.4.4)

The full flux is a homogeneous function of the degree one:

f = [7~] w . (3.4.5)

Contrary to the source-term, the numerical flux is computed from values at the cell-

boundary, so Eq.(3.1.16) has to be used during the differentation. To simplify the

notation, we denote the values at the boundary by an asterisk and drop all the sub-

scripts, so Eq.(3.1.16) becomes

R*

(3.4.6)

W3 = wl vc "

and similarly for the other three cell boundaries. In a first-order scheme the

average differences ADp etc. are zero. To give the second-order linearization the

same structure as the first-order one, we neglect the dependence on w of these

average differences. The derivative of the full flux f now becomes

u - u(p/p ) 1 0

3w wl/wl (u +c )(p/p )-2uu
* * * *
u (v -v)-uv (p/p )

2u 0 (3.4.7)

V U

This expression does not have the property of homogeneity. However, if Eq.(3.4.7) is

replaced by
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*
3f *,
9^7= wl/wl

*
u -u

*2 2 *
(u +c )-2uu
* * *
u (v -v)-uv

2u (3.4.8)

we again obtain f =(3 Jw • T'lus> Eq.(3.4.8) is used for the linearization of the

full flux f*, regardless whether the scheme is first- or second-order-accurate.

For the split fluxes f* and full and split fluxes g and g£ in the ^-direction,

the same type of linearization is applied. We only give the result for f*:

±* 1 , * J
f = Ï4c~ ( u ± c )

3 f *,
3̂  = Vwl

1

±2c

v

(u ±c)(u

Hu*±c)(u
*

±c-2u)/(±4c)
*
±c-2u)

(u

u

±c)/(±2c)

±c

*

0

0

*
(u ±c){(u ±c)(v -v)-2uv } v (u ±c)/(±2c) (u ±c) /(±4c)/

(3.4.9a)

(3.4.9b)

Again f~ = ( — )w .

Finally, we remark that the matrix M, as given in Eq.(3.3.1b) and the right-hand

side f=rn (not to be confused with the flux) are now related according to rn=Mnwn,

whether the scheme is first- or second-order-accurate.

3.5. Boundaries and initial values.

The final quasi-steady solution of the numerical equations will depend on the

source term and the boundary conditions. The initial values are unimportant for the

final solution. For fast convergence, however, the initial values should be fairly

close to the quasi-steady state. We will first concentrate on the boundary condi-

tions.

In §3.1 a computational domain S has been defined by Rjnin^R^Rmax an<* O*^*» As

the problem is periodic in 2<(>, the boundaries in the <j>- or i-direction are treated in

the same way as the interior cell boundaries. For the R- or j-direction the analyti-

cal solution at \&n and R^x is used. Assume that the bar ends at a certain cut-off

radius Rco. Then the ^-dependence of the potential can be neglected for

thus can use the axisymmetric solution
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p(R )=pn, v(R )=v (R ) and u(R )=0.
max O max c max max

(3.5.1)

At the centre things are less easy. Our potential has one Inner Lindblad Resonance

(see paper IV) and for Rmin^^^ILR t^ie s°l u ti° n will contain no shocks. If, in addi-

tion, the cut-off radius RCO>>
RILR> t h e n t h e potential around \^n is approximately

,(|)) = R P + 2 { c Q + c2cos(2<f>)} ,

where CQ and C2 are constants. If a small parameter z=

introduced, a stationary solution up to order e can be found:

In p = In p + eR
2 P A0(R)cos(2<f>) ,

u = eR
1+iPA1(R)sin(2<(,) ,

v = eR
1+*PA2(R)cos(2<j>) .

(3.5.2)

with fg=(p+2)2Cg is

(3.5.3a)

(3.5.3b)

(3.5.3c)

Substitution of (3.5.3) in Eq.(2.3.2) yields, up to order e:

A0 " A2

2 2

/R (
2 2

- Ü)0A2 = -(1+TP)Ü)O - Ic /R (ipA0 +

2
iu>l/ü)()Ai -

2 2
A2 = wo + c /R Ao

(3.5.4a)

(3.5.4b)

(3.5.4c)

Because c is small as compared to the unit of velocity, the terms of order C^AQ may

be neglected. A\ and A2 can then be solved from (3.5.4b) and (3.5.4c) and AQ follows

from (3.5.4a):

A2= [(l+ip)
2u + 4üioho]/h2

A 1 = (a)0/h0) [A2-
2

8ü)ho[ (l+ip)ho+uo]/h2} ,

(3.5.5a)

(3.5.5b)

(3.5.5c)

2 2
where hQ=(a)Q-u)) and h2=ü)i- ̂ (tiiQ-m) . In the expression for Ag we have used the fact

that ü)0"fo^ J hence (oi=(p+4)*aio and Rj^ = ipiDj. The denominators become zero if

hQ=0, which happens at co-rotation, or if h2=0, which occurs at the ILR or OLR. The

solution (3.5.3) and (3.5.5) can be used for the boundary conditions at \in, as long

as R m l n lies well within the ILR.

There is one parameter left: the average central density pc. This value can
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either be specified in advance and kept fixed, or it may be taken equal to the

average in the ring j=l next to Rmin»

At the boundaries, flux-splitting is used in the same way as in the interior

region of the computational domain. For the second-order scheme, however, some re-

strictions are necessary for the determination of the gradient in the cells next to

the boundary. First, the weights in Eq.(3.1.10) that correct for the non-equidistant

R-grid, have to be K7=ht =2 for the differences between boundary and the average
i :\iR

values in the cell. Secondly, a distinction should be made between outgoing and

incoming characteristics. The eigenvalues corresponding to q^ in Eq. (3.1.11a)

are X1=u+c, X9=u and X3=u-c for the first, second and third component of q
R, respec-

tively. For a cell with j=l, a characteristic variable q^ is outgoing if its corres-

ponding eigenvalue X^O, and for j=NR if Xk>0. The numerical boundary conditions are

stable if the outgoing signal is not contaminated with information from the outside.

Therefore, extrapolation is used for outgoing characteristics, for instance, at j=l:

(\i2-\il> i f \<0' (3'5'6)

' i. 1 L 1

For incoming characteristics the difference with respect to the prescribed boundary

values is adopted. The resulting differences are used as input for Eq.(3.1.10).

The extrapolation described by Eq.(3.5.6) is based on the underlying assumption

that the flow is smooth near the boundary. In choosing the grid, care should be taken

that there are always a few rings near the boundaries of the computational domain

that contain no discontinuities. Of course, one can always set the extrapolated

differences to zero for safety.

3.6. Program control

In this paragraph some additional features of the method are described that are

of more practical use. First, some quantities for the description of the performance

of the method are defined. Secondly, the stopping criteria are described. Thirdly, it

is discussed how to speed up the program by freezing of the linearization. Finally,

the use of successive grid-refinement is mentioned.

The state of convergence can be measured by a norm of the residual:

max(REs".) / RES . (3.6.1)

max( RES1.) as computedwhere RES » max( RES. .) as computed from the axisymmetric initial values. A quasi-
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steady solution is obtained when RESn vanishes. For a single-grid relaxation scheme

we may plot convergence histories of RESn versus the number steps. In order to make a

fair comparison with the multigrid scheme, a quantity "work" is introduced. It is

defined as the number of times that the SLGS relaxation step is applied, normalized

to the number of points on the finest grid. Thus, a single-grid relaxation step

requires an amount of work 1, and a raultigrid V-cycle 2(l + T̂ + Jg" +•.. ) = 2~J •

The iteration process has converged to the quasi-steady state when the deviation

from this steady state is much smaller than the discretization error. For solutions

of type I (S2.5), where there is net average inflow per ring <W2>, the constancy of

the inflow over the computational domain can be used as a stopping criterion. Instead

of <W2>, the numerical scheme will tend to make the following quantities constant:

a
j+r « ^ + f>I,J+±

):> • (3-6-2)

being the average density-flux across the interface between rings j and j+1. The

average is taken by summation over i=l,...,Nx, and normalization by N,. The discre-

tization error generally causes a .+ i £<W2> 1*^2* M-l ^or a"*"* J* W e c n o o s e to stoP the

iterations if a.+i is constant within 1% over all rings j=0,1,...,NR. The deviation

of <W2>.s from this average inflow gives an indication of the discretization error.

For solutions of type II with otM*0 ( see Eq.(2.5.4) ), the above does not hold any

more. In that case we stop the iteration process if RESn<10 . This value functions

as machine-zero for our FORTRAN single precision (about 6 significant digits) compu-

tations.

The amount of cpu-titne required to obtain a converged solution may be shortened

by freezing the linearization Ln as given by Eq.(3.2.2). Instead of computing Ln at

every iteration n, the matrix is kept constant during a number of iterations. The

matrices required for the block-tridiagonal line-inversions can be stored in memory

as well (see the Appendix), and also the restricted linearizations on the coarser

grids of the multigrid scheme. One thus avoids the computation of a new lineariza-

tion, part of the line-inversions and the restriction for a number of steps, which

leads to. substantial savings of cpu-time. To control the freezing a number of levels

is defined, namely 0.3,0.1,0.03,0.01 etcetera. As soon as RESn drops below the first

level, the matrices are frozen, until the next level is reached. There everything is

recomputed and frozen again, until the next lower level is reached, etcetera. In the

case that RESn rises from below to above a certain level, the freezing is postponed

for a number of steps.

The computation of cR and e, (§3.1) may be controlled in the same way. As soon
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as a new level is reached, these constants can be determined by Eq.(3.1.17). Then a

new linearization is computed, and the iteration process continues as described

above. The new values e^ and e, usually introduce some high-frequency components

which result in a sudden increase of RESn, but these are effectively removed in the

next step.

Instead of the axisymmetric initial conditions, a solution on a coarser grid

(not to be confused with the coarser grids of the multigrid correction scheme) can be

used. For instance, first a solution on a 8x8 grid can be computed to a residual,

say, RESn<10 . This solution is interpolated to a 16x16 grid to serve as initial

guess, etcetera. On the finest grid, on which the actual solution is desired, the

computation is carried out until the inflow per ring is constant within 1% (for type

I solutions), or until RESn<10 (for type II solutions). This technique is known as

nesting or successive grid-refinement. To allow a fair comparison between runs with

or without succesive grid-refinement, we always use the RES as computed from the

axisymmetric initial values, even if nesting is used.

During the initial phase of the iteration process, the residuals are still

large. The state quantities still vary considerably from step to step. The lineariza-

tion is not very constant either. This implies that the linear system (3.2.2) is

already solved with sufficient accuracy by a single-grid relaxation step. The multi-

grid correction scheme does more work than is required. Therefore, we use single-grid

relaxation as long as RESn>0.1, and proceed with the multigrid correction scheme once

RESn has dropped below this level.

Finally, we remark that the velocities are scaled to the sound speed c in the

numerical computations. The potential is rescaled correspondingly. The initial

uniform density pg*!»

4. Results

A.I. Convergence speed

In this paragraph the performance of the method is considered. As a standard

problem we use a potential with a power p«-1.8 and axial ratio of the bar b/a»0.8.

The bar is cut-off at CR (as in paper IV). The constants of Eq.(2.2.3) become: CQ«

2.2858, c2(0)—0.019»75 at the centre and c2(R)—4.6052xl0"
3 (R/R^)" 3* 2 outside co-

rotation. The sound speed is chosen to be 0.035, which equals 8.75 km/s if the unit

of velocity VQ" 250 km/s. For a pattern speed u - 0.1, the ILR is at 1.86, CR at 8.36
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Fig. 2. Convergence histories for
the fivst-order-acaurate solu-
tions on a 32x32 and a 64x64
grid. In both oases the multigrid
scheme (thick line) is more effi-
cient than the single-grid scheme
(thin line).

Fig. 3. Convergence histories for
the seaond-order-aacurate solu-
tions on a 32x32 and a 64x64
grid. Again the multigrid scheme
(thick line) is faster than the
single-grid scheme (thin line).

and the OLR at 15.49 units of length. The unit of length typically is of the order of

a kpc. These parameters yield a type I solution (§2.5) with a net average inflow and

no shocks outside CR. Due to this inflow, the central density will continue to rise.

A quasi-steady solution is forced by setting p «p »1.

The best results in terms of convergence speeds are expected for a first-order

scheme, since the linearization (3.2.2) is exact in that case. Figure 2 shows conver-

gence histories for a 32x32 and a 64x64 grid. The multigrid scheme is clearly supe-

rior in performance during the later stages of convergence.

The iteration process can be split in two parts: an evolution or searching phase

and a relaxation or convergent phase. During the first, the solution varies conside-

rably, in the second the slope of the convergence history is almost constant. In the

latter phase, Newton's method is fully applicable and the multigrid correction scheme
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performs best. It is precisely this relaxation phase where most explicit schemes lose

their convergence speed, or even may not convergence at all, due to their incapabi-

lity to dampen the low-frequency components of the residual. \

The iterations for the type I solution are stopped as soon as the average inflow

per ring is constant within 1%. Figure 2 shows that the multigrid scheme reaches this

point at a higher level of RESn than the single-grid scheme. Thi's is due to the

superior damping of all frequencies by the multigrid scheme. The residual norm RESn

of Eq. (3.6.1) tends to favour the high-frequency components of thei| residual. Thus,

for a given value of RESn, the 'multigrid scheme provides a more accurate solution

than the single-grid scheme, in which the low-frequency component ofi! the residual is
'I ,1

still large. H 'I

Figure 3 shows the convergence histories for the second-order-accurate solu-

tions. Again the multigrid scheme is more efficient than the single-grid scheme. The

glitches in the relaxation phase of the iteration process are caused || by the recompu-

tation of e^ and e. (§3.1). At the end of the 64x64 run the effect of numerical

round-off errors becomes visible. The same is true for the single-grid run, but here

the effect is less pronounced. Because the multigrid scheme combines data from the
entire grid, starting from the 64x64 up to the coarsest 2x2 grid, it is more sensi-

tive to round-off errors than the single-grid scheme. A 128x128 grid would definitely

require double-precision arithmetic (about 14 significant digits per number).

Convergence for the second-order runs is considerably slower than for the first-

order-accurate solutions. One expects the incomplete linearization to result in a

loss of convergence speed, both for the single-grid and multigrid scheme. The effect

on the latter may be worse, since the multigrid scheme tries to improve the approxi-

mate result of the single-grid scheme, which already might be more accurate than

justified by the incompleteness of the linearization. The faster convergence of the

multigrid runs shows that this is not yet case, at least not in the convergent phase.

However, the incomplete linearization is not the only cause of tjhe observed

slow-down. The second reason is the difference in structure of the various solutions.

The first—order solutions have a fair amount of numerical dissipationIJthat causes

details to be smeared out. Consequently, it is much easier to reach a quasi-steady

state. The second-order solutions contain a higher

our integration scheme has to work harder to find

I !
amount of detailed structure and

- -1 r
a solutionl Figure 4 shows the

density distributions of the various solutions. The main direction of the flow,

measured in the non-rotating frame, is clockwise. The contrast has been enhanced by

normalization with the average density per ring <p>-s« This causes the spiral arms to

stand out clearly. The increase in detail when going from a first-order to a second-
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32/1

Fig. 4. The logarithm of the density scaled by the average density per
ring, ln[p/<p>). A darker shade corresponds to a higher density. The
upper row shows the solutions on a 32x32 grid, the lower on a 64x64 grid.
The results on the left are first-order- and on the right second-order-
accurate. Each side of the figure corresponds to 40 units of length. The
ILR is at 1.22, CR at 8.56 and thë OLR at 15.49.

136



order spatial discretization is impressive. The second-order solution on the 32x32

grid is even slightly better than the 64x64 first-order result. Both require about

the same amount of cpu-time, about 45 minutes on our VAX 11/750.

It should be remarked that Figure 4 has been obtained from the cell averages by

a monotone first-order interpolation. For the second-order-accurate solutions this a

little crude. In principle, second-order interpolation with shock-fitting can be used

for the latter, since all the information is available, but this has not been attemp-

ted.

Because of the variations between the solutions mentioned above, it is hard to

make any definite statements about the behaviour of our integration scheme for a

large number of cells N. An ideal method yields a number of iterations or "work"

independent of N, in the limit for large N. In order to test this on a specific

problem, one either needs a simple problem like that in paper III, where the asymp-

totic behaviour already sets in for relatively small N, or one has to go to very fine

grids for a more complicated problem like the one described here. We have refrained

from doing so for two reasons. First, our second-order 64x64 solution has sufficient

accuracy for modelling purposes. A multigrid run takes nearly 3 hours to converge,

using 2.5 Mbytes of virtual memory. Secondly, a 128x128 computation would require 2x4

times as much memory (the factor 2 accounts for the to double-precision arithmetic

and storage, required for grids finer than 64x64), which is well above the 5 Mbytes

virtual memory limit of our VAX 11/750.

The superiority of the raultigrid scheme with respect to a single-grid scheme is

obvious for the first-order runs. For the second-order runs, the difference between

the two looks smaller. However, if one compares the slopes of the convergence histo-

ries for the 64x64 runs in Fig. 3, and neglects the noisy part just above 10 due

the single-precision round-off errors, it is clear that the multigrid scheme has a

much better damping than the single-grid scheme. A quantitative measure is defined by

A work
Alog10(RES)

(4.1.1)

being the amount of work required to reduce the residual by a factor 10. The ratio

of T for the multigrid scheme and the single-grid scheme is about 0.19 during the

convergent phase of the second-order 64x64 runs. The gain in efficiency with respect

to a single-grid scheme is sufficient to justify the additional effort of coding the

multigrid correction scheme. The actual improvement for an arbitrary problem will

strongly depend on the required level of convergence and the structure of the flow.
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Fig. 5. Averages per ring for the 64x64 second-order type I solution
with a fixed average central density po*l. The dashed line in the plot
of U|/c indicates the average value of the 04+2/2* tJiat are constant
within l%for all j. The deviations from this line give an impression of
the numerical discretization error.
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4.2. Quasi-steady solutions

In this paragraph the properties of the quasi-steady solutions are described. We

concentrate on the density distribution and the inflow rate. In the next paragraph we

consider the velocity pattern by means of edge-on rotation curves.

First the effect of the average central density pc on the solution is investi-

gated. In the preceding paragraph we had p =1. Figure 5 shows the averages per ring

of the quantities ln(p), u/c, v/c and w2/c for this case. Two additional runs were

made: one with the average central density fixed at pc= 10, and one with varying pc

equal to the average in the ring j=l. In the latter, we find a final p =3.05 when the

solution has become steady. Figure 6 shows the averages per ring of ln(p) for these

two runs. Apart from the very centre, there is hardly any difference between the

various solutions. The differences are even smaller for the ring-averages of u/c, v/c

and W2/C (not shown). Thus, the exact value of the average central density pc is not

very important for the final flow pattern. It should be remarked, however, that the

convergence for a run with varying pc is somewhat smaller than in the case of a fixed

value. The Euler equations of our problem are homogeneous of the degree 1 in the

density. This implies that the density of a quasi-steady solution, when multiplied by

Fig. 6a. The average density per
ring for a 64x64 aeoond-order
type I solution with a fixed
average central density po=10.

Fig. 6b. The same as 6a, but for
a pa equal to the average in the
ring j*l. The final value beco-
mes pa*3.05. Note that there is
hardly any difference between the
Figs. 5, 6a and bt apart from the
centre.
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an arbitrary factor, yields another quasi-steady solution. An unique result can only

be obtained by the specification of a fixed boundary value. If pc is allowed to float

freely, the density obtains its scale solely from the given value at the outer

boundary. This causes the slower convergence.

The type I solution has only shocks inside CR, which cause the gas to be swept

inward. This effect is visible in the density shown in Fig. 5. The density is low in

the region of the shocks. The material swept inward, is dumped in a ring with high

density at the end of the shocks, at a radius somewhat inside the TLR. The region

with the shocks is replenished by gas from the reservoir outside CR.

The inflow rate of the type I solution is very small. The average mass outflow A

= 2iT<Rpu> J=2TT<W2>-: or 2ira.=+i, where a-+i is constant for all j. For the 64x64 second-

order-accurate solution we obtain a value ft = -4.13x10" . This result is obtained

both for pc=l and pc=10 (within a few percent) and also for the varying pc that

becomes 3.05, For a unit of length rQ= 1 kpc, a unit of velocity vo= 250 km/s and a
—9 —3 —1

surface density pQ= 3 Mgpc , this corresponds to -3.16x10 Mgvr . From Fig. 5 it
can be seen that the average inflow, as indicated by a dashed line, is of the order

of the discretization error. The actual value of M therefore only provides an esti-

mate of its order of magnitude. Its smallness certainly justifies the assumption of a

constant central density pc, which enabled us to find a quasi-steady solution. On the

other hand, the above shows that the determination of a realistic value for A is

likely to involve the large-scale effects of processes other than dissipation by

shocks, for instance, shear, bulk and turbulent viscosity, star formation, super-

novae, infall of intergalactic matter, et cetera.

We continue this paragraph with a type II solution. The same parameters as above

are used, but now the bar is cut off at the OLR (RQm=15.49). This generates shocks

outside CR that pump the gas outward. To avoid the depletion of the region around CR,

we add the source-terra (2.5.4), with ô j-3.5xlO . The average central density is

determined from the average in ring j=l.

The convergence history is given in Fig. 7. The speed of convergence is compa-

rable to that of the preceding problem. The average central density becomes pc= 12.4

when the steady state is reached.

The averages per ring are shown in Fig. 8. The plot of ln(p) displays two rings.

The shocks inside CR sweep the gas inward, as discussed in §2.5. The gas piles up in

a ring where the shock ends, at a radius well within the ILR. Outside CR the gas is

swept outward and a similar ring is created. The two rings are expected to be roughly

of the gaussian form (2.4.5), apart from a modification due to the additional source

term (2.5.4). The pumping of the shocks and the corresponding directions - inward
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Fig. 7. The oonvevgenoe histopy of
a 64x64 seoond-ovder type II solu-
tion, with varying central pa.
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inside and outward outside CR - are confirmed by the plot of u (Fig. 8): there is a

change of sign at RCR=8.36. The minimum and maximum of u coincides roughly with the

end of the shocks.

The source term (2.5.4) was introduced as a function describing the creation and

annihilation of gas. From a numerical point of view it can be considered as a device

to keep the density-contrast within an acceptable range. The span of this range is

determined by the actual value of ctM. A smaller value of o^ allows for a larger

density contrast, with a higher density in the rings and a lower around CR. The

present, rather arbitrary value avoids a contrast larger than can be handled by our

single precision code.

Figure 9a shows the two-dimensional density distribution of the quasi-steady

type II solution, this time without the contrast enhancement of Fig. 4. The spiral

arms and the locations of the main resonances are sketched in Fig. 9b. The two spiral

arms within CR can be traced starting from the central ring. They are driven by the

Inner Lindblad or 1:2 resonance (the ratio is defined as W Q - U : ^ ) . A little more

outward they are joined by two additional arms, driven by the 1:4 or Ultra-Harmonic

Resonance (UHR) and containing shocks as well. Near CR they all disappear. Outside CR

we first pass the -1:4 resonance, again driving two extra arms, and then the Outer

Lindblad or -1:2 resonance, which results in strong shocks. The shocks die out even-

tually and the outer ring comes up, as mentioned earlier.

A type II solution is generated if the gravitational potential of the bar

outside CR is strong enough to shock the gas. Here we obtained such a result by

letting a weak bar extend up to the OLR. If one prefers to cut off the bar at CR,

which is more realistic in view of observations (Kormendy, 1982), N-body simulations

(Miller and Smith, 1979; Sellwood, 1980,1981) and orbit calculations (Contopoulos,

1980), a type II solution can still be obtained by a stronger bar. Alternatively, or

in addition, the gravitational potential of the spiral arms, which has been neglected
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here, may provide the extra forcing required for shocks (Contopoulos, 1980). Finally,

lowering the sound speed enables a weak bar to generate shocks outside CR, even if

the bar ends at CR.

The type II solution is basically distinct from the type I solution. Its main

observable characteristics are the shocks outside co-rotation that stand on the

outside of the spiral arms, and the presence of an outer ring at the end of these

arms. The shocks are observable through their association with dust-lanes and by the

velocity field of the galaxy. An example of such a galaxy may be NGC 2217 (Athana-

soulla, 1983). The relative strength of the ring is time-dependent (van Albada, 1985)

and depends strongly on the viscosity and temperature of the gas, and on the proper-

ties of additional source terms of the type (2.5.4) that describe star formation,

supernovae, etcetera. An estimate of this timescale is beyond the scope of this

paper. However, the occurrence of shocks outside CR must eventually lead to ring

formation. Clearly, the different characteristics of type I and type II solutions

provide a physical base for the distinction between what one calls spiral (S) and

barred (SB) galaxies.

4.3. Rotation curves

The type II solution of the preceding paragraph is used here to construct rota-

tion curves as seen by an observer in the plane of the galaxy. For reference, Figure

10a shows the rotation-curve as obtained from an axisymmetric potential. The disk is

cut off at R=20 units of length. The next figures (10b) display the effect of

the cos(2(j))-term: a weak bar or oval distortion with axial ratio b/a=0.8. The pattern

changes with varying angle <)>obs of the observer with respect to the x-axis, the long

axis of the bar. This angle is measured counterclockwise. Most outstanding is the

velocity peak of the central ring, which reaches a maximum at <t>obs~90°« Here the

velocity rises well above the almost flat rotation curve. These velocities are

usually qualified as "anomalous" in the literature.

Outside the inner ring there is a clear "hole" in the density distribution. The

first, lightest gray-level is chosen to start just above zero, and the corresponding

gas will in general be hardly observable This gap corresponds to the region of lowest

density in Fig. 9. The rotation curves clearly show loops associated with the various

arms. The arms at the ILR and OLR stand out clearly, those of the Ultra-Harmonic

Resonances are weaker. The velocity u can be fairly large at the shocks. The result

is that the arms pass the line R«0 at a definitely non-zero velocity.

It must be emphasized that Figure 10 is the result of a simple power-law poten
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Fig. 9a. The logarithm of the two-dimensional surface density, ln(p), for
the 64x64 seaond-ordev type II solution. A darker shade corresponds to a
higher density. The length of a side is 40 units of length. The ILR, CR
and OLR are at 1.86, 8.36 and 15.49, respectively. The polar grid is
stretched in the Redirection, with a larger cell size for increasing R.
This, in combination with the crude interpolation, causes the jagged
irregularities near the shocks at larger radii.
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Fig. 9b. Sketeh of the spiral arms in Fig. 9a. The wain resonances are
indiaated by dashed lines.

145



tial, slightly deformed to contain a weak bar-like perturbation. The differences

between Fig. 10a and 10b are due solely to this perturbation. An analysis of the

rotation curves in terms of circular motions would obviously not reproduce the

underlying mass-distribution of gravitating matter. The result would depend on the

actual angle <j>oks of the observer. If an observed galaxy is not edge-on, nor face-

on, a better impression of the underlying mass-distribution can be obtained on the

basis of a rotation curve constructed by averaging per ring, with the correct

deprojection. However, the plot of v/c in Fig. 5 shows that there still can be a

significant deviation from a simple power law in that case. Therefore, one should not

attempt do derive too refined mass-models from observed rotation curves under the

assumption of circular motion.

A property that _is_ strongly associated with the underlying distribution of

gravitating matter, is the spacing of the spiral arms. The power p of the power-law

distribution determines the relative distances of the resonances, hence of the spiral

arms. A larger value for p, for instance -1.6 instead of -1.8, results in a larger

pitch angle for the spiral arms. Figure 11 shows a type II solution of this kind. The

pattern speed w has been given a larger value to yield the same R^R as in the pre-

vious case.
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Fig. 10a. The rotation curve corresponding to the flow in the axisymme-
tric part of the potential. The density is constant in this oase. Only
the part within R*20 has been used for this figure.
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20

20

Fig, 10b. Rotation curves as seen by an observer in the plane of the
galaxy. The curves are based on the 64x64 second-order type II solution
(of. Fig. 7-9). The angle ^^g is measured counterclockwiset starting
from the direction of the long axis of the bar, which is the horizontal
axis in Fig. 9. Approaching velocities are taken positive, contrary to
the usual convention. The velocity scale is based on a unit of velocity
vo*250 km/s, the distance scale is in model units. Only the part of the
solution within E*20 has been used for these figures.
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Fig. 11. As Fig. 9a, but for a potential with power p=-1.6 instead of
-1.8. The pattern speed is chosen in such a way, that R^R is the same for
both figures, whereas the ILR now is at 1.30 and the OLR at 17.13.
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5. Discussion and conclusions

The multigrid method described in this paper is an efficient tool for the compu-

tation of steady or quasi-steady solutions of the Euler equations. Its application to

the problem of quasi-steady flow in a weakly barred galaxy provides accurate solu-

tions in typically 500 work units. The method is recommended for computing steady

discontinuous solutions of hyperbolic equations in general. These equations occur not

only in astrophysics, but also in other disciplines, particularly in aerodynamics as

an approximation to the Navier-Stokes equations.

The use of upwind differencing allows for the construction of a stable and effi-

cient relaxation scheme, which is the most important ingredient of our multigrid

method. Here we have used symmetric line/Gauss-Seidel relaxation, with the line sweep

in the periodic ^-direction.

The second-order-accurate spatial discretization offers accurate solutions on

medium-sized grids, such as the 64x64 grid used here. The discretization error of the

first-order scheme is still too large for the solution to be of practical use on such

grids. The slower convergence of the second-order scheme is amply compensated by the

higher accuracy. Part of this slow-down could be compensated by an exact lineari-

zation and the use of a cyclic block-pentadiagonal solver (Thomas et al., 1985), but

this has not been done because of the increase in complexity of the code. Instead, an

approximate linearization with the same structure as for a first-order scheme has

been used, with a modification to preserve the homogeneity of the equations.

A disadvantage of the present method is its memory requirement. The linear!- '

zation of the M equations on the N-cell computational grid requires 5M N real numbers

to be stored. The factor 5 is due to the 5-point stencil of our first-order discreti-

zation. In addition, 4M N real numbers are kept in memory to enable an acceleration

of repeated line-inversions (see the Appendix). For two-dimensional problems, these

storage requirements are still manageable. Extension of the method in its present

form to three dimensions is not advisable. In principle, the multigrid method can be

reformulated in a non-linear form, known as Full Approximation Storage (Brandt,

1981). In combination with a relaxation scheme that only uses the local MxM block of

the full linearization, substantial savings on storage can be made. Such a non-linear

multigrid method would be more appropriate for three-dimensional problems, or more

complicated equations like the Navier-Stokes equations. It can be used on vector-

computers if pattern relaxation is applied (see paper II). Then, the computaion of

the residual and its linearization, as well as the relaxation scheme are vectori-

zable.
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To obtain a quasi-steady solution for the flow of isothermal gas in a weakly

barred galaxy, a distinction has to be made between 2 types of solutions, that are of

fundamental difference. The type I solution only has shocks inside co-rotation,

resulting in a net inflow. This inflow is small enough for the galaxy to maintain its

appearance during a Hubble time. It is doubtful whether such an inflow can provide

sufficient material to feed the active nucleus of a Seyfert galaxy, as proposed by

Simkim et al. (1980). The gas mainly concentrates in a ring at some distance from the

centre. The smallness of the net average inflow found in this paper, indicates that

its actual value is likely to be determined by the large-scale effects of processes

other than dissipation by shocks, such as shear, bulk and turbulent viscosity, star

formation, supernovae, infall of intergalactic matter, etcetera.

Many regular spiral galaxies must be of this type I. Because star formation can

be related to regions behind the shocks, most of the young and brightest stars will

be found inside the co-rotation radius. The optical image of this type of galaxy will

probably not extend beyond that radius. However, the neutral hydrogen extent may be

much larger.

The type II solution has shocks inside and outside co-rotation. As the shocks

pump in opposite directions, the first inward and the second outward, the region

around co-rotation will be depleted. Two rings form at the end of the shocks, one at

some distance within the ILR for the shocks inside CR, and one at the outside the OLR

for those outside CR. In this case a steady state can be forced by creation of mass

in depleted regions and annihilation in high-density areas. In reality, such a situ-

ation will tend to result in a galaxy with two distinct rings, like the type obtained

by the particle simulations of Schwarz (1981), albeit that the latter results on a

too short timescale for this global process (van Albada, 1985). The fundamental

difference between the type I and type II solutions shows that evolutionary aspects

will be important for the latter, which is confirmed by the actual appereance of

rings in such galaxies (Athanassoula, 1983). A distinction between the two types in

the classification of spiral and barred galaxies is desirable.

Our two goals, testing the multigrid method on a well-studied problem and provi-

ding a code for the relatively fast computation of models, have been reached. There

is still room for improvement in terms of storage. The present study was not intended

to cast new light on the subject of the origin and persistance of spiral structure.

However, a few remarks are appropriate. First, the overall appearance of Fig. 9

hardly reveals the driving bar. A galaxy of this type would probably be classified as

non-barred. This complicates the interpretation of studies like those of Kormendy et

al. (1979) and Elmegreen et al. (1982). These have been carried out to find observa-
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tional evidence for the various driving mechanisms that may generate spiral struc-

ture, like density waves, bars and nearby galaxies. On the other hand, the similarity

between the present results and the spiral arms obtained by a driving density wave

(e.g. Visser, 1978), makes one wonder if a unambiguous distinction can be made

between a weak bar and a spiral density wave. Secondly, the rotation curves of Fig.

10 demonstrate how misleading an interpretation on the basis of circular motions can

be. If one compares the figures at <t>Oks
=0° a n d ^obs~9Q°' neglects the lightest gray-

level and concentrates on the radii below R^„=8.36 - the "active" region of a type I

galaxy - the figure at 0° would provide a fairly flat rotation curve, whereas the

figure at 90° has a slowly rising one. Apart from the central ring, the latter almost

suggests rigid-body rotation. Arguments by Kormendy et al. (1979) that link observed

properties of rotation curves with possible driving mechanims for spiral structure

thereby become less convincing, despite the obvious importance of such studies.
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Appendix. A cyclic block-tridiagonal inversion

For a first-order scheme , and for the approximate linearization of our second-

order scheme, the matrix L in Eq.(3.2.2) has one main-diagonal and 4 off-diagonals,

where a diagonal-element is understood to be a 3x3 block. The blocks of the main-

diagonal are denoted by A.., of the off-diagonals by B , C . and ^f-> ̂ f-> according

to

T T — A A » f-
i-J J-J Ij o

„

B4> . rllij -, C4> _ f!liJ ,
lj dwi-l,j 1 J " i+l,j

A line-sweep at ring j requires the inversion of the cyclic block-tridiagonal matrix
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O

v-C„

O

O

O

o

AN-l,j "Vl,j
*

"Yj

(A2)

N % j "N,j AN,j I

Here the superscript § for B^j and C^^ has been dropped, and the same symbol is left

out for N . The inversion of KJ for the non-cyclic case (i.e., B, .==0 and CN4=0) is

standard. It is carried out by the decomposition of K^ in a lower and upper block-

bidiagonal matrix, K=KAKU, which directly yield the solution of Ks = f through K^g=f

and K s=g, thus requiring two sweeps. The cyclic version requires an additional third

sweep.

We now give the algorithm. The subscript j is omitted. The first, forward sweep

is

8i : = flal : = Al' D1 : = B1

3i:=Biai-l' ai:=Ai~BiCi-l'

8i:=fi+eigi-l f o r i=1>'**'

The second, backward sweep is

and (A3)

aT
1D 1 and (A4)

* -1
5 : t8i for

So far, s is computed as if the problem was non-cyclic. To obtain the final cyclic

solution, we have to solve the linear system

-Q

"PN N
SN

(A5)

which yields the correct values of s at 1»1 and i»N. Finally, a third sweep is per-

formed to correct for the periodicity:

Si + PiSl (A6)

For the SLGS-scheme, this solution is subtracted from fj* by using Eq.(3.3.3).
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Note that for a given j this affects fj. in the rings j-l,j and j+1.

As these cyclic tridiagonal inversions have to be carried out with identical

block 2 times during one SLGS-step, 4 times in a full multigrid V-cycle and even more

times when the linearization is frozen, it is useful to store the blocks o. . , B. . ,

P^j and Q^j in memory. In this way, a repeated line-inversion only involves multipli-

cations of vectors by blocks. The multiplications of blocks by blocks and the inver-

sion of a. . is avoided. This saves a substantial amount of cpu-time.
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CHAPTER 8

Construction of a global gasdynamical model for our Galaxy

W. A. Mulder and B.T. Liera

Sunaary. This paper describes an initial effort to construct a global gasdynamical

model for our Galaxy. The model is a two-dimensional quasi-steady solution of the

gasdynamical equations in the gravitational potential of a weakly barred galaxy. From

this solution we construct longitude-velocity diagrams that are compared with obser-

vations of neutral hydrogen in our Galaxy.

The main problem is the determination of the "best" position for the sun in our

model. We find a position that, for the present model, correctly reproduces the 3-kpc

arm, the high-velocities near the centre, the "forbidden" velocities near the centre

and anticentre, and some other distinct features in the observations.

It turns out that the (£,v)-diagram is mainly determined by the non-circular

velocity field of our numerical solution. This indicates that the interpretation of

the observed (Jt,v)-dlstribution in terms of high-density arms and circular motion may

lead to incorrect results.

The rotation curve corresponding to the axisymmetric part of the potential is

proportional to R . The bar generates large deviations from this rotation curve.

The model (£,v)-diagram has high-velocity wings near the centre. This indicates that

the central peak in the observed galactic rotation curve is mainly due to highly non-

circular motions. As a consequence, the interpretation of this peak in terms of cir-

cular motion is bound to overestimate the mass of the central stellar component.

1. Introduction

Since the early neutral hydrogen observations of the Milky Way in the 195O's,

the large-scale structure of our Galaxy has been a subject of intensive study by both

observers and theoreticians. "In the meantime, the question of galactic spiral

structure remains, as over the past 30-year history of HI, open." The last conclu-

sion, quoted from a review by Liszt (1985), pointedly summarizes the current state of
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affairs.

The main hindrance for disentangling apparent structures in the data is, of

course, our own position right in the middle of the pattern. Additional problems are

caused by the irregular nature of the neutral hydrogen distribution on smaller

scales, a nature similar to that in other galaxies. When viewed too closely, any

large-scale pattern seems to disappear, or, worse, new structures seem to show up

that are not really there (Liszt and Burton, 1981). Furthermore, the representation

of observed line-profiles in longitude-velocity diagrams reveals ridges and loops

that are partly caused by high densities in specific regions of our Galaxy, but also,

and to a significant extent, by a concentration of velocities along the line of

sight. This velocity crowding is an important effect in the presence of non-circular

motion and causes material at different positions, but with the same radial velocity,

to appear as a ridge in the (£,v)-diagram. This considerably complicates the inter-

pretation of these diagrams. It is difficult, if not impossible, to unambiguously

determine a large-scale pattern from the observations.

On the other hand, one can hope to reconstruct a global pattern on the basis of

an acceptable physical model. Such a model may provide the additional information

required for a correct interpretation of the data. Attempts along these lines have

been made on the basis of the density-wave theory, e.g., by Yuan (1969), Burton

(1971), and Simonson (1976). The main drawback of the models is the freedom to con-

struct almost any kind of spiral pattern. This leads to a sophisticated kind of curve

fitting and at the same time discards any additional information that might be sup-

plied by a proper physical model.

The obvious need is for a physical model based on as few parameters as possible.

It should at least give a good explanation for those features in the observed (A,v)-

diagratns that can be identified without ambiguity. One then may hope to find a

correct interpretation for other patterns by looking at the model. This is the moti-

vation for the present work.

Our model is a two-dimensional quasi-steady solution of the gasdynaraical equa-

tions in the gravitational potential of a weakly barred galaxy. The suggestion that

our Galaxy contains a bar has already been made by Kerr (1967) as an explanation for

the 3-kpc arm. A kinematical model for this arm was made by Peters (1975) on the

basis of a flow pattern suggested by Roberts (1971). Only recently, two gasdynamical

models for the 3-kpc arm have been presented. The first one, by Yuan (1984), assumes

a spiral density-wave with an extremely rapid rotation, that drives an arm at the

Outer Lindblad Resonance. The gas in that arm has the desired radial velocity. The

second, more plausible, model, by van Albada (1985), is based on a fully two-

158



dimensional time-dependent computation of the gas flow in a barred galaxy, and provi-

des an arm with a similar radial velocity under more reasonable assumptions.

Here we use a two-dimensional quasi-steady numerical solution of the Euler equa-

tions for isothermal gas flow. The potential is a simple power law with a weak bar-

like perturbation, as used in two earlier papers (Mulder and Hooimeyer, 1984: paper

I; Mulder, 1985: paper II). We deliberately use this simple form rather than a more

sophisticated mass model for our Galaxy, because the actual form of the latter may be

affected by a wrong interpretation of measured velocities. The power of the potential

can be derived from observed rotation curves of other galaxies. For that reason it is

kept fixed. This leaves the axial ratio of the bar as a free parameter. In addition,

we allow the bar to end either at co-rotation (CR) or at the Outer Lindblad Resonance

(OLR).

The numerical method for finding the quasi-steady state is described in paper

II. It efficiently computes a steady solution of the Euler equations by means of

multigrid relaxation.

In the next section we describe the potential and the method of constructing

(Jl,v)-diagrams from our model. Section 3 describes the search for the "best" position

of the Local Standard of Rest (LSR) in the model. The result and the comparison with

the observations are presented in Section 4. Some concluding remarks are made in

Section 5.

2. Model

Our model is a quasi-steady solution of the gasdynamical equations in the gravi-

tational potential of a weakly barred galaxy. The basic assumptions leading to the

choice of the two-dimensional isothermal Euler equations as a description of the

gaseous components of the interstellar medium are described by Shu et al. (1972).

Paper II describes the numerical technique for the computation of the quasi-

stationary solution.

The potential in the plane of the galaxy is a power law with a bar-like pertur-

bation:

V(R,((.) - R1*2 ( c0 + c2(R) cos(24>) ) . (1)

Here R and <f> are galactocentric polar coordinates in the equatorial plane, with

measured counterclockwise with respect to the positive x-axis of our model, corres-
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pjtiding to the long axis of the bar. For the power we choose p = -1.8, in accordance

with observations of the galactic bulge (Sanders and Lowinger, 1972; Isaacraan, 1981)

and measured rotation curves of Sc galaxies (Burstein et al., 1982) and Sb galaxies

(Rubin et al., 1982). Note that no distinction is made among bulge-, disk-, and halo-

components in our model.

The amplitude c2(R) of the bar relative to cQ is related to its axial ratio. If

the bar extends to infinity, C2(R) Is a constant. The R-dependence comes in if the

bar is cut off at a certain radius. For a weak bar, the amplitude C2(R) is much

smaller than CQ. Further details can be found in paper I and II.

The thin disk of gas is assumed to be in hydrostatic equilibrium against the

vertical component of the gravitational potential. The density of the gas can be

written as:

2 2
p(R,<j>,z) - p(R,(|>,0) exp( -iz /H J , (2)

where the scaleheight H may depend on R and <j>. Because H is generally much smaller

than R, the full three-dimensional problem can be replaced by a set of equations in

two dimensions. The solution of these equations yields a surface density p , a radial
s

velocity u^ and a tangential velocity UJ,, as a function of R and <f>. The rotational

velocity u, is positive for clockwise rotation. This choice introduces a minus sign

in the relation between u, and £, since the latter is measured counterclockwise. Note

that Uĵ  and u. refer to the galactocentric co-ordinates in an inertial frame. The

line-of-slght velocity, which is radial with respect to the LSR, will be denoted by
vrad o r s*-mPly v» The surface density is related to the local density in the plane

by:
00

Ps(R,<t>) » ƒ dz p(R,((1,2) - /2ïr H p(R,<j>,0) . (3)
—00

For the scaleheight H we assume the following dependence on R:

(4a)

(4b)

(4c)

The angular dependence is neglected. Within Rg the scaleheight is assumed to be

constant. A typical value for HQ is 120 pc (Spitzer,1978). Outside Rj the scaleheight

increases linearly with R. This assumption is based on results by Kulkarni et al.
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(1982), from which a value a2=0«084 can be derived. Equation (4b) merely provides a

smooth transition from the constant to the linear part of the scaleheight. If RQ

and a? are specified, the requirement of smoothness implies:

S = 2H0/a2 , ax= a^'(.2O , R: = R0+ 5 • (5>

A choice has to be made for RQ: we, rather arbitrarily, adopt the co-rotation radius

Rp„ of the model.

The observations of neutral hydrogen in our Galaxy can be displayed in the form

of longitude-velocity diagrams. In order to make a comparison between our model and

these observations, we have to transform the set of quantities pg, u^ and u^ as a

function of the position (R',<f>) in the model to a corresponding (£,,v)-diagram. This

requires a position for the LSR in our model. Once this position has been chosen, the

model is automatically scaled. The problem is, of course, to find the "best" position

of the LSR, given a certain model. This will be discussed in the next section.

We continue with the technical details of the contruction of model (Jt,v)-

diagrams. As mentioned above, a choice for the position of the LSR defines the scales

of the model. Let TQ be the unit of length and UQ the unit of velocity in our model.

These units are expressed in physical units by the relations:

rQ= 10 kPc / RLSR , uQ= 250 km s~V u ^ L S R . (6)

Here RT c o is the distance of the LSR to the galactic centre and u, T C D the rotational

velocity of the LSR, both expressed in model units. For the rotational velocity we

use a value based on the axisytnmetric part of the potential:

' RLSR ' ( 7 )

The radial velocity uR ^gj^ is assumed to be zero. For a given position

the model we want to find the distribution of the brightness temperature T(£,v). In

view of the assumption of constant temperature, the brightness temperature can be

related to the optical depth T(A,V) by:

TU.v) » T ( 1 - exp( T U . V ) ) ) . (8)

For the gas kinetic temperature TQ we adopt 120 K. The optical depth along the line

of sight, for given I and v, is found from:
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TU,V) = J
0

max
(9a)

where:

1.69 10
dxU.v) = — ds (9b)

Here s is the distance from the LSR, measured along the line of sight in model units.

The numerical constant is computed from values in Spltzer (1978). The temperature T

equals the constant Tg mentioned above. The unit of length TQ provides the proper

scaling for s; UQ does the same for the velocity distribution P(w). The latter is a

gaussian:

1 2 2
P(w) = — exp( -•£• w la ) ,

o/2ir

(10)

where a denotes the velocity dispersion of the gas. For our model, it is convenient

to improve the resolution by choosing a smaller than the usual value of 5 km s .We

use a = 0.2 c . The sound speed c denotes an effective value for the mixture of

gaseous components in the Interstellar Medium. Its value is taken to be 0.035 in our

model units.

The local density of the gas is related to the surface density by:

nHI * "HI.O "
PsU,s)

(11)

Here pg Q is a reference density for the surface density of our model: we adopt the

average of pg over the area within co-rotation. The reference density njj-j- Q is of the

order of 1 cm . Instead of adopting the observed value, we use nHI Q to provide the

proper scaling of the temperature in the model (£,v)-diagram. Note that Eq.(ll)

implies the assumption that the neutral hydrogen everywhere constitutes a constant

percentage of the total amount of gas.

The actual numerical evaluation of T(£,v) is done in the same way as by Burton

(1971), but with some improvements. We define an array T^J, where i denotes a se-

quence of longitudes l^t separated by AH, and j a sequence v., spaced by Av. For the

evaluation of Eq.(9), we march along the line of sight, with increasing s. The incre-

ment is is allowed to vary, in order to follow details of the solution without

wasting computational efforts in slowly varying regions of the flow. At every dis-

crete Sfc, the local density n ^ and radial velocity vra<j with respect to the LSR are
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computed. Both values are averaged with the previous ones at s^—j, and the average

density n̂ -j as given in Eq.(ll), multiplied by the actual value of As, is added

to TJJ. The index j corresponds to the average radial velocity vra(j between ŝ _i and

sk. The integration is stopped at smax, which is determined by the radius where the

disk is cut off. In principle, our solution extends to infinity. At large radii, well

beyond the OLR, the surface density is constant, the radial velocity uR vanishes and

the tangential velocity u^ is determined by the axisymraetric part of the potential,

in the same way as given in Eq.(7). In practice, the extent of the disk is limited by

specifying a maximum radius. After the integration along the line of sight, the

convolution with the guassian P(w) of Eq.(lO) is carried out. The results are multi-

plied by the remaining factors of Eq.(9b) and then converted to the brightness tempe-

rature.

The parameters that determine our model (H,v)-diagram are summarized below,

(i) The gravitational potential is determined by its power p and the axial ratio

b/a of the short axis with respect to the long axis of the bar. For p we use

-1.8. In addition, a cut-off radius for the bar is required, which is chosen

either at CR or at the OLR.

(ii) Other than on the potential, the flow field of the model depends on the sound

speed c. We always use c • 0.035, as in paper II.

(iii) The other parameters describe the transformation from the model quantities ps, -'

u^ and Ux to T(Jl,v). We use the values given above, unless specified otherwise.

In short, the only basic freedom we allow ourselves, is the choice of the axial ratio

of the bar and its cut-off radius. In addition, the model (H,v)-diagram is determined

by the choice of the position of the LSR.

We end this section with a description of a quasi-steady solution. Figure la

shows the surface density for a bar with an axial ratio 0.7 ending at the OLR. In the:

terminology of paper II, this results in a type II solution with shocks both inside !

and outside CR. The cut-off of the bar is accomplished by means of the weighting

function described in Eq.(AI,6) of paper I, using the powers i«4 and j-2. For the

potential, we have a constant CQ- 2.1160. The function c2(R) has a practically con-

stant value of -0.028844 near the centre. The weighting function causes C2 to de-

crease if R approaches the OLR. Outside the OLR, c2(R) - -4.1205 10~
3 (R/ROLR]~3*2«

The pattern speed of the bar is 10 * 0.096213, causing CR to be at 8.3612 . Further

details can be found in paper I.

As mentioned in paper II, dissipation by shocks causes inflow inside, and

outflow outside co-rotation. A quasi-steady solution can be obtained if depletion of

the region around CR is prohibited by an additional source tern that adds gas in low-
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Fig. la. Surface density of our model, for a bar with an axial ratio 0.7,
ending at the OLR. The sides of the figure correspond to 40 units of
length. The ILR is at 1.86, the IUHR at 5.00, CR at 8.36, the OUHR at
11.8? and the OLR at 15.49. The long axis of the bar coincides with the
horizontal axis.
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Fig. ïb. Sketah of the spiral arms based on Fig. la. The various arms are
described in the text.
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density regions and removes material from high-density regions. This keeps the den-

sity range within acceptable limits. Here we use a source term that is slightly

different from the one in paper II, in that the prescribed velocity of the material

that is added or removed, equals the local velocity rather than zero velocity. The

constant cxM of Eq.(2.5.4) in paper I is taken to be 10

Figure lb is a sketch corresponding to Fig. la. It shows the main features of

the quasi-steady solution. In the centre there is a small ring, from which two arms

spiral outward, across the Inner Lindblad or 1:2 resonance. The ratio indicates

(ü)g-w) :<n>i, where u is the rotation frequency, Wĵ  the epicycle frequency, and to the

pattern speed of the bar. At the Inner Ultra-Harmonic or 1:4 resonance (IUHR) two

extra arras appear, resulting in a four-armed spiral pattern in this region. Around CR

all the arms vanish. The shocks inside CR occur on the inside of the spiral arms.

Outside CR, the shocks are along the outside of the spiral arms. There are two strong

arms at the Outer Lindblad or -1:2 resonance and again two additional arms at the

Outer Ultra-Harmonic or -1:4 resonance (OUHR). The arms at the OLR continue outwards

until they end in a ring where the shocks disappear.

3. The position of the LSR

If it is assumed that our model is more or less correct, our task is to find a

position for the LSR that gives the "best" correspondence with the observed (A,v)-

distribution. A number of methods that may lead to a proper choice are discussed

below.

Our first approach is based on the tangential points. These lie, by definition,

on a circle through the LSR and the Galactic Centre (GC). In the case of purely

circular motion with a flat rotation curve, the maximum radial velocity vra<] (cor-

rected for o) measured along the line of sight for X. <90° is due to material at the

tangential points. At this point, the rotational velocity v is parallel to the line

of sight. Or, for a fixed H, the tangential point is the position on the line of

sight that is nearest to the GC. Any change of the velocity at the tangential point

may show up as an irregularity, or bump, in the otherwise smooth (A,v)-diagram. If it

is assumed that the change in the rotational velocity is associated with a nearby

spiral arm, the occurence of bumps or peaks in the (A,v)-diagram can be related to a

spiral arm near the tangential point.

This method is usually applied to find the distance of spiral arras to the LSR

from the observed (X, ,v)-distribution. Here it is used to determine the position of
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the LSR in our model. Suppose we have a set of values {\}, with k=l,2,... , the

longitudes of suspected bumps in the observed (Z,v)—distribution. The

positions (R,^)^ of the arms at those points can be related to the position of the

LSR by:

RLSR " V C O S ( V ' (12a)

*LSR = V *k + s i8 n (V * 90° ' (12b)

Here $ is measured counterclockwise with respect to the long axis of the bar, the

horizontal axis in Fig. 1. We draw a spiral pattern as shown in Fig. lb. For every k,

this pattern is transformed by means of Eq.(12), which merely represents an enlarge-

ment (12a) and a rotation (12b) of the pattern. If all these transformed patterns are

overlayed, the "best" position of the LSR is the point that all patterns have in

common.

We approached this problem by computing a crude pattern from our solution by

finding those positions where the surface density ps reaches a maximum in the radial

direction. These positions were then transformed by Eq.(12) for every k, and the

resulting patterns were overlayed on a Coratal Vision One image-processing system,

using a different color for every pattern.

The method turned out to be unsuccessful, for reasons that can be easily under-

stood. First, it was difficult to find a reliable set of ü^-values from the observa-

tions. One set we used was {-80°, -60°, -35", -22°, 30", 50° }. Here the inaccuracy is

about 5*. Secondly, the method yielded about 10 candidates with this set. Thirdly,

the corresponding model (I,v)-diagrams showed quite interesting features, but none of

them looked very satisfactory. In many cases the expected bumps or peaks did not show

up at all, despite the obvious presence of an arm at the tangential point. This

indicates that the method of the tangential point s not likely to be useful for the

determination of spiral arms from the observations. It clearly is not useful for the

present purpose.

Because of these disappointing results, we continued with a second approach. In

the above, local extrema in the tangential-point velocities are interpreted as indi-

cators of spiral arms near the tangential points. Instead of extrema In the radial

velocity for varying longitude, one may consider extrema in longitude for varying

velocity. These "turning loops" clearly must be associated with spiral arms. At the

extremum, the line of sight coincides with the line tangent to the spiral arm. In the

previous method, it turned out that the arms in our model not always reach the enve
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Fig. 2. The radial velocity with respect to the galaatia centre scaled to
the sound speed, uR/c, for the model presented in Fig. 1. Contour's are
drawn at integer values of the mach number Ut/c. The lighter shades cor-
responds to negative velocities, the darker to the positive.
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Fig. 3. Sketch indicating
nuclear ring and the 3-kpc ar»n

the
3kpc-arm

Nuclear
disk

lope of the (I ,v)-diagram. The identification of a turning loop (an extremum in

longitude) involves structures that extend over larger portions of the (£,v)-diagram,

and therefore seems more appropriate. One again can try to find a set of longitudes

{X.̂ } with |A(C|<90° from the observations, draw straight lines at these angles through

one point on a transparancy and adjust this over Fig.l until every line is tangent to

one of the spiral arms. The point at which all the lines intersect is the position of

the LSR. The limitation of this method again is the irregular nature of the observed

gas, which complicates the identifications of turning loops. One set of longitudes

might be {-80°, -55°, -35°, -22°, 33°, 55°}, with an uncertainty of about 5°. A large

number of positions for the LSR can be found that are reasonably consistent with the

larger part of this set. There is a multiplicity that arises from the more or less

self-similar character of a spiral arm. For a perfect, infinite two-armed logarithmic

spiral, the present method would be inadequate. This pattern would look the same from

all angles, for all radii at some fixed distance from the nearest spiral arm. For our

gasdynamical model, the method of lines tangent to spiral arms provides some infor-

mation, but the uncertainty in the identification of turning loops, combined with the

effects of multiplicity, makes is impossible to find an unique position for the LSR.

Fortunately, the observations contain some easily recognized features that can

be used rather unambiguously to sort out a position for the LSR. The one of most

importance to this work is the 3-kpc arm. It has an "expansion" of about 50 km s"1 at

zero longitude, and occurs on our side of the GC (van Woerden et al., 1957; cf. Oort,

1977). To find the azimuth <t>LSR» w e on^y have to make a plot of the radial velocity

uR (uR is radial with respect to the GC) and to look for an arm having a positive

velocity of about 50 km s~ . Figure 2 shows uR/c, the radial velocity plotted as a

mach number. For a sound speed of about 10 km s~ , we indeed can identify an arm with

the correct "expansion". The arm is sketched in Fig. 3. For a bar with an axial ratio

0.7, we find a range of angles <jiLSR between 16° and 36° where the velocity uR/c

exceeds 4. For a weaker bar with an axial ratio 0.75 this range vanishes, leaving a
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highest value around 30° that is smaller than 4. For a stronger bar with an axial

ratio 0.65, the range lies between 11° and 43°. Our model 3-kpc arm lies in a region

oE "expansion". This expansion is due to the elliptical character of the streamlines.

As can be seen from Fig. 2, there is a region within the central ring, where the

"expansion" takes place in the second quadrant (defined by 90°<<j><180°). Across the

ILR the region of "expansion" gradually rotates to the first quadrant (0°< <j> < 90"),

until, around the OLR, it again rotates to the second quadrant. In terras of

elliptical streamlines, this implies that the streamline-ellipses have their long

axis in the vertical direction within the ILR and beyond the OLR, and in the horizon-

tal direction between these Lindblad Resonances. This behaviour has been described by

Contopoulos (1980) while considering the shape of periodic orbits. It implies that it

must be possible to construct a self-consistent bar all the way up to the OLR.

If Fig. 1 and Fig. 2 are compared, it turns out that the 3-kpc arm is formed by

an arm of high density behind a shock, with a local radial velocity uR smaller than

that of the surrounding flow field. The systematic ellipsoidal character of the

overall flow pattern provides sufficient "expansion" to compensate the dip in the

radial velocity. Therefore, this feature still shows up with as an "expanding arm"

with respect to the GC.

The second feature to be considered is the "nuclear disk" (cf. Oort, 1977), the

disk with the high velocities near the galactic centre. Fig. 4 shows (Jl,v)-diagranis

for the central part of our model between longitudes -15° and 15°, as seen from

various angles <t>LSR» assuming a provisional distance RLSR = 10 model units. At first

sight, it seems that an azimuth around 90° would be best (compare Fig. 6). However,

in that case the positive "forbidden" velocities for K0° cannot be explained.

For <|>LSR. around 0", we get a band of "forbidden" velocities on both sides of the GC.

These velocities are less prominent in the observations at positive longitudes and

negative velocities, but are certainly there (see, e.g., Burton and Liszt, 1983, Fig.

4g). The observed asymmetry is probably due to extensive absorption against the

nuclear continuum emission sources.

If we combine our findings for the 3-kpc arm and the centre, we must conclude

that «ji-LSR lies on the lower side of the interval between 16* and 36°. We choose to

fix ,(>LSR at 20°.

The distance RLSR to the galactic centre can now be found by trial and error. We

have made a series of (£,v)-diagrams at (ĵ sR* 20* for various RJ^SR» Figure 5 shows

the result for RLSR= 8.5 and <|>LSR* 20*, which we present as our "best" position of

the LSR in our model. The main criterion for selecting the distance of 8.5 model

units is the observed ridge at about -50 km s between longitudes 90* and 140*. For
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the computation of the (2. ,v)-diagram, the disk has been cut off at 25 model units,

which is just outside the outer ring. The average neutral hydrogen density n̂ j- Q= 0.8

=m . The scales of our model become, through Eqs.(6) and (7): TQ= 1.18 kpc and VQ=

310 km s , implying a sound speed c = 10.9 km s .

Figure 6 shows the observed (£,v)-distribution. The data are taken from̂  the \

..eiden-Greenbank survey (Burton, 1985). The longitudes between 267° and 339° !\are j

:aken from the Parkes survey by Kerr et al. (1981).

•• Discussion

Now that we have made a choice for the position of the LSR in our model, we can

ompare the model with the observations. An exact Jcorrespondance can not be expected
rith our crude guess of the galactic potential, but the model should at least give a

ualltative explanation for a number of features in the observations. Before discus-

ing this in some detail, we consider the influence of the density distribution and

he velocity field on the model (A,v)-diagram.

Figure 7a shows the influence of the model velocity field. Here the surface

ensity has been taken from the model, but the velocity field has been replaced by

urely circular rotation, following the axisymmetric part of the potential. Most of

he features have disappeared; others are only weakly present. Figure 7b shows a

SL ,v)-diagram with the proper velocity field, but now the surface density has been

ept constant. The resulting (£,v)-diagram looks quite similar to the original one.

e conclude that the features in the (A,v)-distribution are mainly determined by the

elocity field of our solution. Velocity crowding is much more important than the

ccurrence of high-density arms. This confirms the conclusions by Burton (1971) and

iszt and Burton (1982). Any interpretation or modeling of the observed (£,v)-diagram

hat is carried out on the assumption of circular rotation and that tries to find a

lobal pattern on the basis of high-density arms must yield incorrect results, if in

act velocity perturbations of amplitude more than a few km s are present.

We continue with the discussion of several features in our model (fc,v)-diagram

s compared to the observations. Figure 8 shows where the various arms that are

fetched in Fig. lb, appear in the (Jl,v)^diagram. An arm is defined by a distinct

ensity enhancement associated with a shock. We have included the offshoots of these

rms where the shocks have disappeared but the density is still higher that that of

he surrouding material. Some of these arms are discussed below. We will look for

srresponding features in the observations.
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As already mentioned In Sect. 3, the central ring has high-velocity wings that

exceed the circular velocity corresponding to the axisymmetric part of the potential.

Any mass model based on an interpretation of these high-velocity peaks in terras of

circular motion is bound to overestimate the central mass in our Galaxy (a similar

suggestion has been made by Burton and Liszt, 1978). Most mass models for our Galaxy,

e.g., by Schmidt (1965), Oort (1977), Caldwell and Ostriker (1981) and Bahcall et al.

(1982), incorporate a massive central component to account for the high-velocity peak

near the centre. The smooth power law used in this paper is, because of its bar-like

shape, capable of creating the high-velocity peaks without such a massive component.

Recently, Sellwood (1985) has studied the gravitational stability of the model by

Bahcall et al.(1982) by means of an N-body code, and showed that a bar forms if the

massive central component is removed. In this way, we obtain a consistent picture on

the basis of a mass model without a massive central component, like the one used

here. An initially axisymmetric mass distribution with a gently rising rotation curve

develops a bar that drives the spiral pattern.

The 3-kpc arm has already been discussed in Sect. 3, where we have used this

feature to find the azimuth of the LSR. In our model it corresponds to the ILR-arm at

the near side of the GC. It reaches an extremum of negative radial, velocity at a

longitude of about -20° and then turns back towards the centre of the (£,v)-diagram.

This is consistent with the observations. The counterpart of this arm on the far side

of the GC has a somewhat different behaviour, due to the perspective. It has a posi-

tive velocity at I = 0° that is higher (in absolute value) than that of the 3-kpc

arm. However, for negative longitudes it turns very quickly to negative velocities,

causing a distinct asymmetry in the (£,v)-diagram. At Z = -10°, it appears as a thin

line going to negative velocities at an almost constant longitude. For positive

longitudes, this arm bends towards the envelope of the (£,v)-diagram at the positive

velocities, until, just inside the LSR (cf. Fig. la, where the LSR is indicated

by ©), it turns again to smaller longitudes and becomes practically indistinguish-

able. The part of this arm near zero longitude may be identified with the van der

Kruit feature VII (1970) in the observations.

Between longitudes 10° and 20° the observations show the "connecting arm" (van

der Kruit feature III, 1970; Cohen feature Ilia, 1975) at the positive velocity

envelope. This "arm" is also found in the model (A,v)-diagram, as the effect of

velocity crowding in the smooth part of our velocity field.

The model (£,v)-diagram does not show many distinct features between 30* and 80°

at positive velocities. At about 30* there is an offshoot of the inner UHR-arm on the

near side of the centre, but its radial velocity does not exceed that of the
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"connecting arm". Near about 55° a weak ridge reaches a maximum positive velocity.

However, this maximum is not high enough to produce a bump in the envelope of the

(£. ,v)-diagram. It is caused by a part of the outer UHR-arm that passes the anticentre

just outside the LSR.

In the interval between -80° and -30° there is also not much distinct structure

in our model (£,v)-diagram. A weak, offshoot of the outer UHR-arm almost reaches the

envelope of the (£,v)-diagram at negative velocities. A distinct ridge with a nega-

tive velocity comes all the way from the positive longitudes towards the negative,

until it reaches an extremum of about -40 km s around -50°. Between -60° and -80°

it causes a bump in the envelope and then gradually disappears. This ridge is due to

the inner UHR-arra at the near side which has been mentioned above. A similar ridge is

not clearly present in the observations.

At a longitude of about 40°, near zero velocity, the OLR-arm starts and sets off

towards -50 km s as X, increases. The correspondence with the observations is ob-

vious, and for that reason this arm was used to determine the distance of the LSR to

the centre in our model. The arm can be followed throughout the model (£,v)-diagram

until, at about -40° it reaches the outer ring. The other OLR-arm at the opposite

side of the GC, can be followed from the outer ring at about 120° on the negative-

velocity side of the model (I,v)-diagram. For decreasing Z, its velocity increases

more rapidly than that of the outer ring as its distance to the GC decreases, until,

at about -50° it vanishes. This arm and the outer ring can be identified with the

double structure at negative velocities between 10° and 50° in the observations.

The anticentre is another region of interest. The observations show an inclined

ridge that has zero velocity at about 185° rather than 180°. A similar behaviour can

be found in our model: there is a crossing at longitude 185° of the ridge associated

with, the outer ring and the ridge associated with the local gas. This shift to a

higher longitude is caused by the slight positive radial velocity of the gas just

outside the radius of the LSR (cf. Fig. 2). Outside the OLR-arra, the radial velocity

suddenly becomes negative. This gives rise to a wing of negative velocities around

the anticentre, which is also present in the observations (see also: Burton and

Moore, 1979, Fig.3).

An obvious shortcoming of our model is the magnitude of the velocities at large

radii. This may be amended by adopting a bar that is weaker around the OLR. This will

cause the shock of the OLR-arm to end at a smaller radius. As the outer ring is

created by material that is pushed outwards by dissipation In the shocks outside CR,

this ring will occur at a smaller radius, thus reducing the apparent velocity in the

U,v)-diagram. On the other hand, if the bar is cut off at CR, our model does not
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have shocks outside CR. In that case, the OLR-arm is not present (apart from a very

slight density enhancement that does not show up in the (£,v)-diagram) and the -50 km

s ridge between 90° and 140" can not be explained. Clearly, we need a function

C2(R) in Eq.(l) that is somewhere between a bar extending to the OLR and one ending

at CR.

An entirely different amendment for the high velocities around 90° in the model

can be obtained if the -50 k s"' ridge between 90° and 140° is represented by the

outer ring rather than the OLR-arm. This requires a larger value for RLSR.» ^ e l a r8 e r

distance to the GC causes the longitude of -20°, where the 3-kpc arm turns, to move

towards the centre. This can be compensated by increasing the azimuth <j>LgR> thus

enlarging the longitudinal extent of the 3-kpc arm. At the same time, a stronger bar

is required to maintain the correct "expansion". In addition, the longitudinal extent

of the 3-kpc arm may be enlarged by changing the power p. This power is related to

the radial scaling of the spiral pattern. A value closer to -2 brings the locations

of the ILR, IUHR, 0UHR and OLR closer to CR, thus reducing the pitch angle of the

spiral arms, enlarging the central region of the model, and shrinking the region

around CR.

Figure 9 illustrates the above effects and gives an impression of the room to

manoeuvre with the present class of models. We have changed just about all relevant

parameters: the power of the potential p = -1.95 and the axial ratio of the bar b/a =

0.65. The pattern speed w=0.083891, bringing CR at the same radius as in the previous

model. Qualitatively, the quasi-steady state is very similar to the one presented in

Fig. 1, but the spiral arms have a smaller pitch angle and are slighly more concen-

trated around CR. The position of the LSR has been chosen just outside the OLR-arra:
RLSR= ^ anc* ^LSR"^'>° "^Cle P r e s e n t value of p effectively increases the central velo-

cities of the "nuclear disk". For the tangential velocity u, L S R of the LSR we have

used the local value of the gas instead of the one prescribed by Eq. (7). The latter

is considerably smaller than the first (about 22 km s ); using the latter will

result in the absence of gas with zero velocity vra(j in the region between 90° and

270°. The radial velocity uR L S R is set to zero, as before. The jagged structure in

the (&,v)-diagram around 50°, where the nearby OLR-arm turns, is caused by the compu-

tational grid of our quasi-steady solution. It should be emphasized that most of the

differences between Figs. 5 and 9 arise from the change in position of the LSR.

Furthermore, this last choice of parameters and of a position for the LSR is not

proposed as a serious candidate for a global galactic model. The remainder of this

paper refers to the first choice.
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An independent estimate of the position of the LSR has been given by Mulder

(1983) on the basis of a simple model for the warp of our Galaxy. The gravitational

potential in that paper is more or less the same as the one used here. A family of

stable periodic orbits at the vertical 1:1 resonance is proposed as a model for the

warp. The orbits are almost circular and tilted with respect to the equatorial plane.

If these orbits describe the warp correctly, the line of nodes of the warp should

coincide with the short axis of the bar. The distance R^g^ was found to be 11.6 model

units, which, in view of the uncertainties in that and in this paper, is not in

contradiction with the present value. However, as the line of nodes is at -10* from

the sun, as seen from the galactic centre (Henderson et al., 1982), we must have

either (jî gR » 80° or 100". This indicates that the simple warp model is too simple.

On the other hand, if a stable steady or quasi-steady pattern at the same vertical

1:1 resonance, but rotated by 90*, could be obtained, this would be practically

consistent with the present work. It may be worthwile to investigate the effect of a

pressure-terra on the motions around this resonance.

5. Concluding remarks

Our initial model is successful in explaining a number of distinct features in

the observed neutral hydrogen longitude-velocity distribution. The position of the

LSR in the model could be found by concentrating on the nuclear disk, the 3-kpc arm,

and the OLR-arm between longitudes 90° and 1A0* at -50 km s .We found a distance
RLSR o f tlle L o c a l Standard of Rest to the Galactic centre of 8.5 model units, which

is in the region of co-rotation. The azimuth <t>LSR is 20*, measured counterclockwise

with respect to the long axis of the bar. There is not much freedom to choose a

different position, at least not more than by about ±2 model units of length

and ±20*. The axial ratio of the bar should be 0.7 at most in the region within co-

rotation. A weaker bar (0.75) cannot give a high enough apparent "expansion" for the

3-kpc arm.

The bar-like perturbation to our simple power-law potential is sufficient to

provide large non-circular motions. These can explain the high-velocity wings near

the centre, the "expansion" of the 3-kpc arm, and the "forbidden" velocities in the

centre and anticentre. The rotation curve that corresponds to the axisymmetric part

of the potential is gently rising. No massive central component is required to

account for the high-velocity peaks near the centre.

The model (£,v)-diagram is mainly determined by the velocity field of the model.
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If the model is correct, then the interpretation of the observed (£,v)-distribution

in terms of high-density arms and almost circular motion must yield incorrect re-

sults.

Our initial guess of the Galactic potential yields surprisingly good results.

Therefore, a gasdynamical approach towards the problem of the large-scale structure

in our Galaxy seems to be a promising one.
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SAMENVATTING

Spiraalstructuur werd 140 jaar geleden ontdekt in M51, met de door Lord Rosse

gebouwde telescoop. Tachtig jaar later toonde Hubble definitief aan dat spiraalnevels

in feite melkwegstelsels zijn.

De komst van radiotelescopen verruimde de mogelijkheden voor het bestuderen van

gas in melkwegstelsels. Dit leidde tot de ontdekking van een ander verschijnsel dat

regelmatig voorkomt in schijfstelsels: de dunne schijf van gas blijkt aan de rand

krom te trekken, in de vorm van een integraalteken ( ƒ ). Dit werd voor het eerst

gevonden in ons eigen Melkwegstelsel. Later bleek dit kromtrekken vrij algemeen te

zijn bij andere spiraalstelsels.

Spiraalstructuur is zichtbaar in het gas en in jonge sterren. De vorm «van het

spiraalpatroon loopt van zeer regelmatig en symmetrisch tot onregelmatig en vlokkig.

Het kroratrekken van de schijf is voornamelijk zichtbaar in het gas. Dit verschijnsel

treedt op aan de buitenrand van spiraalstelsels en kan worden beschreven als een

serie gasringen die gekanteld zijn ten opzichte van het equatorvlak. Deze ringen gaan

steeds schever staan naarmate de afstand tot het centrum van het melkwegstelsel toe-

neemt. Nog verder naar buiten keren ze soms weer terug naar het vlak. ïn ons Melkweg-

stelsel bLijken de snijpunten van deze gekantelde ringen met het equatorvlak op een

vrijwel rechte lijn te liggen. Een soortgelijke scheve schijf is waargenomen bij het

centrum! van ons Melkwegstelsel. Een verwant onderwerp zou het optreden van scheve

gasringen in elliptische stelsels kunnen zijn, maar daar is sprake van aanzienlijk

minder gas dan in spiraalstelsels.

Het theoretisch werk aan deze verschijnselen wordt bepaald door de volgende

overwegingen. Ten eerste suggereert de grootschaligheid van de structuren een mecha-

nisme dat over grote afstanden werkzaam is. Hier dient de zwaartekracht zich onmid-

delijk aan. Ten tweede wijzen zowel de regelmatigheid en symmetrie van de spiraal-

structuur in vele (niet alle) schijfstelsels op een lange levensduur. Hetzelfde geldt

voor de vaste oriëntatie van de kromgetrokken gasschijf in ons Melkwegstelsel. Ten

derde: het is duidelijk dat bij deze structuren zowel gas als sterren betrokken zijn.

Bij het theoretisch onderzoek aan schijfstelsels is veel aandacht aan de spi-

raalstructuur besteed. Het is duidelijk geworden dat vrijwel elke verstoring van een

schijf met differentiële rotatie aanleiding geeft tot spiraalstructuur. Uit het

bestuderen van door zwaartekracht aangedreven instabilitetten in sterschijven is

gebleken dat spiraalarmen zich spontaan vormen, maar helaas weer snel verdwijnen.
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Onder bepaalde omstandigheden onstaat er een ronddraaiend, balkvorraig patroon, dat

zich na verloop van tijd niet meer wijzigt.

Deze balk is bij uitstek geschikt om een spiraalpatroon in het gas aan te drij-

ven. Computerberekeningen duiden er echter op, dat ook in dit geval de spiraal-

structuur van voorbijgaande aard is. Deze conclusie is echter sterk beïnvloed door

het gebruik van onnauwkeurige rekenmethoden, en in sommige gevallen door het toe-

passen van foute randvoorwaarden.

In dit proefschrift wordt het zwaartekrachtveld van alle sterren tezamen als

gegeven beschouwd. De zwaartekracht van het gas wordt verwaarloosd. Het zwaarte-

krachtveld wordt bepaald door massaverdeling, die een zwakke, ronddraaiende balk

bevat. De keuze van een balk is gebaseerd op waarnemingen van schijfstelsels en op

het eerdergenoemde theoretisch resultaat. De beweging van het gas wordt sterk bepaald

door het zwaartekrachtveld. Het probleem is nu om het precieze stromingspatroon van

het gas in dit veld te berekenen.

In het eerste deel van dit proefschrift wordt de drie-dimensionale stroming

bestudeerd. Om technische redenen is het probleem sterk vereenvoudigd door de druk

van het gas buiten beschouwing te laten. Wat overblijft, is in feite het berekenen

van sterbanen in het gegeven ronddraaiende zwaartekrachtveld. Dit probleem was tot

nog toe nauwelijks onderzocht in drie dimensies. Het onderzoek in dit proefschrift

richt zich op eenvoudige gesloten banen, aangezien het gas zich bij voorkeur daarin

zal ophouden.

De resultaten van de met dit doel uitgevoerde computerberekeningen zijn weer-

gegeven in Hoofdstuk 2. De speurtocht naar eenvoudige gesloten banen leverde een

familie van bijna cirkelvormige banen op, die gekanteld zijn t.o.v. het equatorvlak.

In Hoofdstuk 3 wordt deze familie gebruikt als eenvoudig model voor het kromtrekken

van de gasschijf in melkwegstelsels. De banen van deze familie snijden het equator-

vlak op een lijn, die overeenkomt met de kortste van de twee assen van de balk in dat

vlak.

Een ander resultaat van de berekeningen is het ontbreken van eenvoudige gesloten

banen die de scheve schijf bij het centrum van ons Melkwegstelsel zouden kunnen ver-

klaren. Hiervoor is 6f een nogal kunstmatig zwaartekrachtveld voor nodig, 5f een

ander mechanisme.

Wat gebeurt er als de drukterm wel wordt meegenomen? Het bleek dat er geen doel-

matige numerieke methoden beschikbaar waren voor het berekenen van stationaire stro-

mingen met sterke schokgolven. Zelfs in de aërodynamica was men nog maar net begonnen

met het ontwikkelen van efficiënte methoden voor stromingen met zwakke schokken. Deze
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omstandigheden, en mijn eigen interesse voor numeriek werk, hebben geleid tot het

tweede deel van het proefschrift. Het belangrijkste uitgangspunt is het bestaan van

een stroming die niet verandert in de tijd, een zogenaamde stationaire stroming. In

dat geval moet een grote winst in rekentijd te behalen zijn ten opzichte van methoden

die de stroming nauwkeurig volgen in de tijd.

Hoofdstuk 6 beschrijft een methode voor één-dimensionale stationaire problemen.

De methode is bijzonder efficiënt. Een rechtstreeks toepassing van deze techniek in

twee of meer dimensies is niet vanzelfsprekend, omdat de methode aanleiding geeft tot

een groot stelsel lineaire vergelijkingen. In meer dan één dimensie kan dit niet

eenvoudig worden opgelost. Het blijkt echter dat allerlei klassieke benaderings

methoden zonder meer bruikbaar zijn. De doelmatigheid van verschillende van deze

zogenaamde relaxatiemethoden wordt in Hoofdstuk 5 bekeken door toepassing op een

eenvoudig aerodynamisch probleem.

De convergentie naar de stationaire toestand kan aanzienlijk worden versneld met

de multirooster-techniek, zoals in Hoofdstuk 6 wordt aangetoond. Het toepassen van

deze techniek voor stromingen met sterke schokken betekent een beduidende vooruitgang

in de numerieke stromingsleer. Voor het eerder genoemd eenvoudig testprobleem bleek

dat de rekentijd, nodig om de stationaire oplossing te bepalen, vrijwel recht even-

redig is met het aantal cellen in het rekenrooster. Een methode met deze eigenschap

is optimaal. De mogelijke toepassingen van deze methode bestrijken een veel groter

gebied dan in dit proefschrift aan de orde komt.

Na dit uitstapje naar de numerieke wiskunde is het derde deel van deze disser-

tatie weer aan de sterrenkunde gewijd. In Hoofdstuk 7 wordt de berekening van het

quasi-stationair, twee-dimensionaal stromingspatroon in een schijfstelsel besproken.

De multirooster-techniek geeft nog steeds een snelle convergentie voor dit niet een-

voudige probleem.

De schokken in de stroming veroorzaken energieverlies in het gas. Er is een

straal waar de balk net zo snel draait als het gas in de schijf: de zogenaamde co-

rotatiestraal. Het door de schokken veroorzaakte energieverlies geeft aanleiding tot

een instroming als de schokken zich binnen co-rotatie bevinden, en uitstroming als ze

buiten co-rotatie optreden. Het blijkt dat er twee typen oplossingen zijn. Het eerste

type heeft alleen schokken binnen co-rotatie, zodat er een systematische instroming

naar het centrum plaatsvindt. Aangezien zich in de loop van de tijd steeds meer gas

zal verzamelen in het centrum, bestaat er geen stationaire oplossing. Een quasi-

stationaire oplossing kan worden verkregen als de dichtheid in het centrum op een

constante waarde wordt gehouden door het toestromende gas in het niets te laten

verdwijnen. In de op deze manier berekende oplossingen blijkt de instroomsnelheid erg
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klein te zijn. Bovendien blijkt de precieze uitkomst van de berekening nauwelijks af

te hangen van de waarde die voor de centrale dichtheid wordt opgegeven. Dit recht-

vaardigt de veronderstelling van een constante dichtheid in het centrum. De zeer

kleine waarde die voor de instroming gevonden wordt, suggereert dat de spiraalstruc-

tuur kan blijven bestaan gedurende een tijdsduur die overeenkomt met de leeftijd van

het heelal.

Het tweede type heeft zowel binnen als buiten co-rotatie schokken. De schokken

binnen deze straal veroorzaken een instroming, terwijl de schokken buiten co-rotatie

aanleiding geven tot een uitstroming. Dientengevolge loopt het gebied rond co-rotatie

leeg. In deze omstandigheden wordt een quasi-stationaire oplossing verkregen door

zeer kleine hoeveelheden gas toe te voegen in leeggelopen gebieden, en gas weg te

halen uit gebieden waar grote hoeveelheden voorkomen. Voor dit type valt in sommige

gevallen te verwachten (als het balkvormige patroon een grote bijdrage heeft in het

zwaartekrachtveld) dat de levensduur van de spiraalstructuur korter is dan die van

het heelal, en dat andere verschijnselen een rol gaan spelen.

De quasi-stationaire oplossingen zijn bij uitstel geschikt voor het maken van

modellen voor het waargenomen stromingspatroon in melkwegstelsels. Hoofdstuk 8 laat

de toepassing op ons eigen Melkwegstelsel zien. Naast de vraag of het model wel goed

is, komt hierbij nog het probleem om een zodanige positie voor de zon in het model te

kiezen, dat een goede overeenkomst met de waarnemingen wordt verkregen.

Het blijkt dat het eenvoudige zwaartekrachtveld, die door het hele proefschrift

heen gebruikt wordt, een stromingspatroon oplevert dat een natuurlijke verklaring

geeft voor een aantal opvallende structuren in de waargenomen gasverdeling, zoals de

"expansie" van de zogenaamde 3-kpc arm, de "verboden" snelheden in het centrum en het

anticentrum en de snelheidspieken bij het galactisch centrum. Bij de laatstgenoemde

hoge snelheden wordt er doorgaans van uitgegaan dat het gas zich in cirkelbanen

beweegt. Hiermee wordt dan de massa van de centrale stellaire component van ons

Melkwegstelsel bepaald. In het model worden deze snelheidspieken veroorzaakt door

grote afwijkingen van cirkelbeweging. Dit wijst erop dat de massa van de centrale

component wordt overschat*
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