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Abstract 
I studied the statistics of detected neutrons that leaked from four subcritical re

flected, enriched-uranium assemblies, to explore the feasibility of developing a criticality 
warning system based on neutron noise analysis. The calculated multiplication factors 
of the assemblies are 0.59, 0.74, 0.82, and 0.92.1 studied three possible discrimina
tors, i.e., three signatures that might be used to discriminate among assemblies of vari
ous multiplications. They are (1) variance-to-mean ratio of the counts in a time bin 
(V/M), (2) covariance-to-mean ratio of the counts in a common time bin from two differ
ent detectors (C/M), (3) covariance-to-mean ratio of the counts from a single detector 
in two adjacent time bins of equal length, which I call the serial-covariance-to-mean ra
tio (SC/M). The performances of the three discriminators were not greatly different, but 
a hierarchy did emerge: SC/M > V/M > C/M. An example of some results: in the 
neighborhood of k = 0.6 the A/c required for satisfactory discrimination varies from 
about 3% to 7% as detector solid angle varies from 19% to 5%. In the neighborhood 
of k = 0.8 the corresponding A/cs are 1% and 2%. The noise analysis techniques stud
ied performed well enough in deeply subcritical situations to deserve testing in an appli
cations environment. They have a good chance of detecting changes in reactivity that 
are potentially dangerous. One can expect sharpest results when doing comparisons, 
i.e., when comparing two records, one taken in the past under circumstances known to 
be normal and one taken now to search for change. 

Introduction and Summary 

Current practitioners of the nuclear criticality safety art employ two basic tools at the work site: 
(1) administrative and mechanical controls of magnitudes, positions, and movements of masses of 
fissile materials, and (2) criticality alarm systems. If the first tool works, there is zero nuclear-critical-
ity consequence. If the second is activated, a catastrophic situation has developed. Note the wide 
gap between these two circumstances. Can we bridge this gap? Can we develop instruments and 
methods to warn operators who work with fissile materials of undesired but less than catastrophic 
increases in multiplication? 

* Work performed under the auspices of the U.S. Department of Energy by Lawrence Livermore National Laboratory un
der ContractW-7405-Enp,-4». _ _ — — . m 
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Suppose a flexible system of instruments and methods were developed to sense changes in re
activity. For convenient reference, give the system a name: criticality warning system (CWS). Possi
ble safety applications of a CWS are (1) monitoring reactivity changes at various points in a chemical 
processing line at which an excess mass of fissile materials might accumulate and lead to near-criti
cal configurations, (2) monitoring reactivity changes at similar points in a fuel fabrication facility, (3) 
helping to minimize the probability of inducing a criticality during recovery from accident situations, 
such as fire, flood, earthquake, criticality. 

Tied to the safety implication of a CWS is an economic one. The reactivities of process configu
rations are often difficult to calculate reliably; hence, design and operational safety limits are set at 
quite conservative levels, levels that constrain production rates. Perhaps a CWS would safely allow 
relaxation of limits imposed for criticality safety reasons. 

I undertook the work reported here to explore the feasibility of developing a criticality warning 
system, of closing the gap referred to above. I hasten to add that the gap did not close, but I think it 
is perhaps a fraction smaller. 

A Game 

To set the scene, consider the following imaginary situation. In a laboratory I have set up a 
fixed-geometry neutron counting arrangement. The counting apparatus records the time at which a 
detection occurs and the identity of the detector if more than one is used. In the stockroom you 
have available n subcritical assemblies of fissile material. Their multiplications are M 1 > M 2 > . . - > M n , 
and each assembly contains a source of neutrons. All are packaged in identical containers. You 
have adjusted the neutron source strengths in each assembly so that all assemblies give a common 
mean count rate when placed in our fixed-geometry counting apparatus. 

We play a game as follows: you use some kind of device, a roulette wheel perhaps, to randomly 
choose an assembly from the stockroom and place it into the counting apparatus. I turn on the 
counter until K counts, say, are recorded. You spin your roulette wheel again and select another (or 
the same) assembly and place it into the counting apparatus. Again, I record K counts. 

My problem is to try to decide, from the two records I have, whether or not you placed different 
assemblies into the apparatus. Observe that the problem is constructed so that I cannot use count 
rate as a discriminator. If any useful information is available, it is stored in the way in which the de
tections are spread along the time line. And it is known that useful information is stored in such 
records. The statistical properties of a high-multiplication record are different from those of a low-
multiplication record. 

One way I might proceed is to select a statistical parameter that tends to be high in high-
multiplication records and low in low-multiplication records, and design a processor to estimate that 
parameter. I then apply the processor to the two records and announce "different assemblies" if the 
two estimates are sufficiently far apart and "same assembly" otherwise. The more I know about 
your random selection scheme and about the M„ the better I am able to determine what "sufficiently 
far apart" should be. Also, "sufficiently far apart" will depend upon the reward and penalty agree
ments. But, because of the inherent statistical nature of the source emission and fission processes, 
my decision procedure can never be perfect. 

The game just described is an idealization of the problem of detecting changes in reactivity at 
fissile material work stations or processing points. The roulette wheel and the set of subcritical as
semblies of various multiplications simulate the uncertainties that always accompany machine and 
human interaction. The requirement that count rate cannot be used as a discriminator corresponds 
to the fact that at the workplace neutron source strengths will vary in ways not controllable by the 
observer. For example, increased count rate does not necessarily imply increased reactivity; it may 
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just mean that a stronger source of neutrons has entered the area of interest or that the extraneous 
background rate has increased because of additional neutron emitters brought into the vicinity of the 
workplace. 

The Work Done 

Enough said for setting the stage. I now turn to summarizing the work that I did. 

In the briefest of terms, here is what transpired. I assembled enriched uranium subcritical units 
of different multiplications, drove them with a neutron source, and recorded detection times of 
leaked neutrons. I used four assemblies, the most reactive having a multiplication of about 10, and 
two neutron sources, one nonfission and one fission. Sixteen detectors were placed near the as
sembly, and each time a detection was recorded, the identity of the firing detector was also 
recorded. 

All these records were then stored on a medium accessible to a CDC 7600 computer I then 
subjected the records to various algorithms designed to extract statistical signatures that could be 
tested for their ability to discriminate among various levels of multiplication. In accord with my com
ments above, count rate was not used as a discriminator in any of the algorithms. 

I concentrated effort on three discriminators that I found to be serviceable. They are (1) variance-
to-mean ratio of the counts in a time bin, (2) covaiiance-to-mean ratio of the counts in a common 
time bin from two different detectors, (3) covariance-to-mean ratio of the counts from a single detec
tor in two adjacent time bins of equal length (which I call the serial-covariance-to-mean ratio). Notice 
that with software I could arrange for any subset of the 16 detectors to become a single detector. 

I now make a few comments about the performances of the three discriminators. To tighten the 
discussion, I abbreviate their names to V/M, C/M, and SC/M. 

The performances of the three discriminators were not greatly different, but a fairly consistent 
hierarchy did emerge: SC/MsV/MaiC/M. Notice that the C/M discriminator was tfie least effective 
of the three, an observation at variance with the lore that covariance-to-mecn techniques should be 
superior to variance-to-mean techniques because C/M estimators avoid estimating the variance of 
the Poisson component of the counting process. 

As preparation for giving more detail about discriminator performance, I give a slightly more de
tailed description of the apparatus. 

The fuel for the subcritical assembly consists of eight enriched (93.2%) uranium shells—four 
sets of twins. Inside diameter of t?ie smallest pair is 11.8 cm; outside diameter of the largest pair is 
15.9 cm. The shells nest snugly, making it convenient to assemble, starting from smallest to largest, 
a sequence of one-shell, two-shell, three-shell, and four-shell configurations. That sequence of as
semblies was used for the work reported here. The corresponding sequence of uranium masses 
was 5.49,11.67,16.31, and 22.64 kg. Each assembly was reflected internally by an 11.8-cm-o.d., 
1.9-cm-thick spherical shell of acrylic resin and reflected externally by 16.0-cm-i.d., 10-cm-thick 
spherical shell of acrylic resin. The central void of 8-cm diameter accommodated the driving neutron 
sources. The calculated multiplication factors for the four assemblies were 0.59,0.74, 0.82, and 
0.92. Calculated median energies of neutrons inducing fission varied from 0.4 keV for the one-fuel-
shell assembly to 100 keV for the four-fuel-shell assembly. 

Leaking neutrons were detected by two identical planar arrays of helium-3 detectors, eight de
tectors per bank. Detectors were 2 in. in diameter by 36 in. long; they were backed by a 2-in.-thick 
block of polyethylene. The solid angle subtended at the center of the assembly by a single detector 
averaged 1.2%. 
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The detection time and detector number data pairs were recorded on floppy disks. For any 
given assembly configuration, a single run terminated when one floppy disk was full of data. Typi
cally, about 120,000 counts were recorded per run. The number of counts recorded varied slightly 
1rom run to run because some disk space was required to record clock cycle completion times. 
Hence, disks from low-count-rate runs contained slightly fewer counts than disks from high-count-
rate runs. The sum of the count rates from all 16 detectors varied in the neighborhood of a few kilo-
hertz when assemblies were driven by either of two neutron sources, fission or nonfission, each 
emitting about 10 4 neutrons per second. For each major configuration of interest, I made 20 runs, 
giving 20 disks of data. 

Now I can say a bit more about how discriminator comparisons were made. Focus attention on 
one discriminator, V/M, say. The following steps gave me one V/M estimate. Pick an assembly con
figuration, pick one data disk for that configuration, and decide on a detector subset (all 16, for ex
ample). Calculate variance-to-mean ratios for several different time bin widths, for example, 250 /is, 
500 /JS Perform a two-parameter, least-squ?.ies fit of these data to the theoretical curve that is 
derived later in this report. One of the parameters is our V/M estimator; the other is the assembly 
decay time constant. Repeat the process for the remaining 19 disks of data taken under identical cir
cumstances. I now have 20 samples of the V/M estimator, generally all different because of the ran
domness inherent in the processes from which the data were extracted. Fit a cummulative probabil
ity distribution function to these 20 samples. 

Repeat the process sketched in the previous paragraph for the other three assembly configura
tions. We now have cumulative distribution functions for the four assemblies with fuel masses of 
5.49,11.67,16.31, and 22.64 kg of uranium. Interpolate between these four mass points and get a 
recipe that assigns a V/M cumulative distribution for any fuel mass between 5.49 kg and 22.64 kg 
(hence a recipe for any calculated multiplication factor between 0.59 and 0.92). 

I now have sufficient information to predict the performance of a V/M threshold decision proce
dure. I illustrate with an example. Suppose I wish to find out how well I can discriminate between a 
6.0-kg-mass assembly and a 6.5-kg-mass assembly with my apparatus placed as it was when all the 
data were collected. I generate the V/M distribution functions for the 6.0-kg and the 6.5-kg cases. 
Then, by moving the V/M threshold from low to high values, I generate a curve of true high decision 
probability vs false high decision probability. That is, I can compute, for any threshold setting, two 
important conditional probabilities: (1) the probability that a disk of data from a 6.5-kg assembly, 
when processed as described above, will yield a V/M value greater than that threshold (true high de
cision probability), and (2) the probability that a disk of data from a 6.0-kg assembly, when so pro
cessed, will yield a V/M value greater than that threshold (false high decision probability). A set of 
such pairs generates a curve inside the unit square, which curve I call the decision rule performance 
characteristic (DRPC). From that curve I can determine the false high decision probability that I must 
accept for any desired true high decision probability. 

I constructed DRPCs as just described for the V/M discriminator for three sets of detectors (all 
16, a subset of 8, and a subset of 4), for fuel mass pairs in the neighborhood of 6.0 kg and 16.0 kg, 
and for two neutron sources (fission and nonfission). By similar means I generated corresponding 
DRPCs for the C/M and SC/M discriminators. Since the C/M and SC/M discriminators use covari-
ance techniques, two detector subsets are required. The sets chosen were symmetric halves of the 
sets used for the V/M case. Also, each of the C/M and SC/M techniques requires least-squares fits 
to unique theoretical functions that have time bin width for domain and discriminator value for range. 
Those functions are derived in the main body of the text. 

It was by using the D R O C s as measures of goodness that I arrived at the performance order 
mentioned earlier: SC/M>V/M>C/M. The sample size of 20 on which each DRPC is based is not 
large, so there is uncertainty in each. Nevertheless, I find it convincing that the stated order emerges 
in case after case. Here are two quantitative examples of relative performances of discriminators 
taken from DRPCs that appear in the main body of the text. Case I: nonfission source, 16 detectors, 
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task is to discriminate between 16.0-kg and 16.4-kg assemblies, 5% false high decision probability 
accepted. Corresponding true high decision probabilities for SC/M, V/M, and C/M discriminators are 
97%, 86%, and 81%. Case II: same as Case I except assemblies are driven by a fission source. Cor
responding true high decision probabilities for SC/M, V/M, and C/M discriminators are 86%, 75%, 
and 75%. 

I have just completed a summary sketch of the relative performances of the three discrimina
tors. A word about the increment in multiplication factor (Ak) required for satisfactory discrimination 
is in order. 

I chose two operating points for discussion in this report: 6.0-kg fuel mass and 16.0-kg fuel 
mass. These masses correspond to calculated multiplication factors (k) of 0.6 and 0.8. In the neigh
borhood of k = 0.6 the Ak required for satisfactory discrimination by the best of the three discrimi
nators varies from about 3 to 7% as the number of active detectors varies from 16 down to 4. In the 
neighborhood of k = 0.8 the corresponding AJfs are 1 and 2%. By "satisfactory discrimination" I 
mean that the Ak that separates the two assemblies to be discriminated must be greater than or 
equal to the quoted numbers if the true high decision probability is to be essentially 1 and the cor-
tesponding false high decision probability is to be essentially 0. 

The discriminators whose properties I investigated exploit the stochastic nature of the fission 
process and the stochastic nature of neutron emission from nonfission and fission neutron sources. 
Hence an interpretive probabilistic model is required. For the fast spectrum systems I studied, the 
no-delayed-neutrons, point model seemed to be adequate. 

In the main body of the text I give a fairly careful derivation of the various relations that I need. 
In the model I allow for two neutron detectors, a mixed neutron source (nonfission plus fission), and 
extraneous background flux on the detectors. 

Here are the steps used to derive the needed relations: (1) write probability balance relations for 
the three-dimensional state space (one dimension for the neutron population and one dimension 
each for the two detectors), (2) pass to the limit of small time increment and obtain a triply infinite 
set of ordinary differential equations for the probability mass function that assigns probability to ele
ments of the state space, (3) collapse that array of ordinary differential equations to one partial dif
ferential equation for the probability generating function, (4) extract from that partial differential 
equation a system of ordinary differential equations for selected low-order moments, (5) solve the 
system derived in step 4. Finally, selected members of that solution set are combined to yield the 
theoretical expressions for the three discriminators: variance-to-mean ratio, covariance-to-mean ra
tio, and serial-covariance-to-mean ratio. 

Implications 

Enough said about the work that I did, work done in laboratory situations that approach an ideal 
not found in the world of applications. What are some of the implications of this work for the global 
picture of criticality safety? The ground now gets a bit shaky, but I think a few statements are 
supportable. 

The noise analysis techniques studied performed well enough in deeply subcritical situations to 
deserve testing in an applications environment. They have a good chance of detecting changes in 
reactivity that are potentially dangerous. One can expect sharpest results when doing comparisons, 
i.e., when comparing two records, one taken in the past under circumstances known to be normal 
and one taken now to search for change. Further, to be most effective, the geometry of the past and 
present arrangements should be as nearly identical as possible. In particular, the detector positions 
relative to the center of the zone being surveyed should be faithfully reproduced if possible. The 
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situation is analogous to that of a physician reading two electrocardiograms, one taken when the pa
tient was known to possess normal health and one taken later to try to detect change. 

By now it is obvious that I have avoided discussion of the possibility of the direct measurement 
of the multiplication factor, k. If we possessed the ideal machine, we could wheel it into the vicinity 
of any assemblage containing fissile material, turn it on for a specified time, and it would announce 
the value of k. I know of no avenue that leads toward that ideal. The methods I examined could be 
calibrated in terms of k for use in production testing and inspection applications but seem not to 
lend themselves to direct measurement of k unless one knows or assumes additional information 
about the assembly being interrogated and the detector efficiency. 

There is, I think, a good chance that these noise analysis techniques could usefully estimate the 
decay time constant of fast spectrum assemblies with multiplications greater than about 10, multipli
cations just above those I explored. If JO, good, because the decay time constant r, is, according to 
the lumped-kinetics model, an intrinsic property of the assembly, whereas the V/M, C/M, and SC/M 
discriminator strengths vary with detector efficiency. 

Probabilistic Model 
The deterministic version of the model I employ is known by various names: point model, 

lumped model, one-speed lumped model, space-and-energy averaged model. In our idealization all 
chain carriers have equivalent properties—a neutron exists or not. No account is taken of the fact 
that neutrons have space and velocity descriptors. One further assumption: no delayed neutrons. 

Characterization 

The system sketched in Fig. 1 is characterizable by eight fixed times and two random-variable 
describing functions: 

— = Mean rate of disappearance of neutrons from the assembly by parasitic capture and 
T c non-detected leakage when the neutron population in the assembly is n, 

— = mean fission rate in the assembly fuel when the neutron population in the assembly is 

— = mean count rate in the L-counter caused by neutrons leaked from the assembly when 
T>- the neutron population in the assembly is n, 

— = mean count rate in the M-counter caused by neutrons leaked from the assembly when 
T M the neutron population in the assembly is n, 

T R S = mean time between neutron emissions from the nonfission source, 

r F S = mean time between fissions in the fission source, 

r L B = mean time between extraneous background counts in the L-cour.ter, 

T M B = mean time between extraneous background counts in the M-counter, 

v = number of prompt neutrons emitted when a fuel nucleus fissions, a random variable. 
The probability mass function that describes v, pv is given, 
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^ Neutron 
detector, .. . _ 
L-counter Neutron 

detector, 
M-counter 

o 

Multiplying assembly 
Fig. 1. Schematic of the multiplying assembly and 
neutron detection system. RS represents the 
nonfission (random) source; FS represents the 
fission source. 

fj = number of prompt neutrons emitted when a fission-source nucleus fissions, a random 
variable. The probability mass function that describes n, p^ is given. 

Our list of primitive, intrinsic descriptors is complete. One can invoke various neutronics models 
and express the is in terms of cross sections, geometry of the assembly, and detector efficiency, 
but I prefer to leave the characterization as it stands. 

Until further notice, assume that the L-counter shown in Fig. 1 is turned off. The one-counter 
model lends itself to clear exposition and, when complete, can easily be extended to the two-counter 
case. 

Now let 

N(t) = neutron population in the multiplying assembly at time f. N(t) is a random variable. 
M(i) = number of counts accumulated in the M-counter by time t. M(t) is a random 

variable. 

Observe that, for given t, N(t) and M(t) are indeed random variables, but N and M are random func
tions or stochastic processes. 

Differential Equations Satisfied by Joint Probability Mass Function 

Our notation and assumptions are established. Turn now to the task of finding a family of ordi
nary differential equations satisfied by the joint probability mass function (JPMF) that describes N(t) 
and M(t). To that end, let 

pn.JV =» P[N(t) = n n M(t) = m] = the probability that N(t) assumes the value n and M(t) 
assumes the value m. Variables n and m range over the non-negative integers. 
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m + 2 

m + t 

m 

m - 1 

m-2 

n-2 n + 2 n-1 n n + "\ 
State space for N(t) 

Fig. 2. Sketch of a portion of the state space for the 
random vector (N(t),M(t)). 

P„Jt) is the JPMF that describes N(t) and M(t). To find the differential equations satisfied by P n m , 
we set up a balance relation. Consider Fig. 2, which represents a portion of the state space in which 
N(t) and M(t) assume values. The cell bordered in bold lines is the (n,m) cell. The idea of the deriva
tion is to write down a rate equation that shows how "probability mass" flows into and out of the 
[n,m) cell. 

Now, assume that the probability of a transition in a small time increment h is proportional to h 
and to the mean transition rate. Further assume that in the limit as h — 0 one and only one of the 
following can occur: 

The system state remains unchanged. 
A single fuel nucleus fissions. 
A single neutron from the assembly is detected by the M-counter. 
A single neutron is lost from the assembly by parasitic capture or nondetected leakage. 
A single neutron is emitted from the nonfission source. 
A single fission-source nucleus fissions. 
A single extraneous neutron is detected by the M-counter. 

Then it can be shown, after a fair amount of work,* that the differential equations satisfied by the 

M VC *F W \*RS *FS *MB/ 

*C *M *p fa 
rn+1-v',m 

1 " 1 1 
+ — X Pn M Pn-n:m + T - * V - 1 , m + — P".<"-1 •' " ~ °- m ~ 

*FS /i '-0 
TRS *MB 

(D 

* For details of the work presented here, see C. S. Barnett, An Experimental Study of Neutron Noise with CrWeaHty Safety 
Applications in Mind. Lawrence Livermore National Laboratory, Livermore, CA, UCRL-53657 (1985). 
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We have in Eq. (1) the doubly indexed array of ordinary differential equations satisfied by the 
joint probability mass function that describes the random point [N(t), M(tf\. Now, turn the L-counter 
back on and write down the triply indexed array that describes the random point [N(t), L(t), M(tJ\. We 
can do it by trivial extension of Eq. (1). With consistent abuse of notation, let 

Pnj.mW - PWH = n n « i ) = /n/M(() = m] . (2) 

Then the system of differential equations satisfied by Pnlm is 

<* o ^ 1 1 1 1 \ „ / 1 1 1 1 \ D 

~Jt Pn.l,m = -r{— + — + — + —) Pn.l.m ~ — + — + ~ + ~ I Pn.l,m 

, (n + 1) p + C + 1 ) P + < " + 1)p 
+ Z rn+1.lm + ; — rn+1,/-1,m + —I rnt1,/,»-1 

1 " 1 " 
+ 7 Y (" + 1 - O P . W P

n + 1 - W , m + " - X P" (' l' ) P"-"'.'.m 

+ zh Pn-Um + ̂ ~ Pn,,-1,m +-T-P,U,m-1 • O > C , / > 0 , m > 0 . (3) 
"RS "LB TMB 

The first phase of our model construction is complete; system (3) is the grand result. Equip sys
tem (3) with initial conditions and solve, and you have a complete description of the first-order statis
tics of the three-dimensional random process (N, L, M). Alas, I do not know how to solve that sys
tem, so we must be content to solve for various low-order moments, the task to which I now turn. 

Partial Differential Equation Satisfied by Probability Generating Function 

The triply infinite system of ordinary differential equations displayed in system (3) will be re
placed by a single partial differential equation, an equation satisfied by the probability generating 
function (PGF) that describes [N(t), L(t), M(t)], 

Let 

g = the PGF that describes [N(t), L(t), M(t)J, 
gv = the PGF that describes v (the number of neutrons emitted in a fuel fission), 
gp = the PGF that describes p. (the number of neutrons emitted when a fission-source nucleus 

fissions). 

Then 

g{x,y,z,t) = (VM /<* z**>) ; (x,y,z) e unit cube and t >: 0 

g„(x) ^ (x1) ; xe[0,1] 

9„W - <**) ; *e[0,1] W 

Now, multiply system (3) by xny'zm and sum over all triples (n,l,m)- The task is tedious but relatively 
straightforward. I forgo grinding out the details here. The result is 

\ *RS TFS TLB T MB / \ % T C *L T M / S x 
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Differential Equation System Satisfied by Selected Mcments 
Our next step is to apply various partial derivative operators to Eq. (5) and evaluate at (1,1,1,f) 

to obtain a system of nine ordinary differential equations satisfied by selected low-order moments. 
Use subscript notation for partial derivatives: gx = dg/dx, g„y = sPg/dxdy, etc. Observe that: 

9,(1.1,1,0 - <MO> 0V(Li.1.9 = <uo «»> 
9,(1,1.1,0 - mt» 0«(1.1.1.0 = (mm 
0?(i,i,i,o = <m> fl^o.i.1.0 = mm) (6) 
0„(1.1 , i , o - ( M O w o - 1 ) > fliyn.i.i.o-<aowo-1» 

0« (1.1,1.0- <m(m - 1 » 
The partial derivatives to be applied to Eq. (5) are those suggested by Eq. (6). The results of that 
application will be more compact and informative if we first introduce the characteristic time constant 
of the assembly. Let r be that time constant. Then 

l , ± + ± + J__M_Ll . (7, 
* *C \ *M *F 

Using this definition of r, recognizing that the time derivative becomes total, and suppressing the time 
argument in the expectation symbols, we obtain the following results: 

£ { W , - 1)> = - | < M W - 1)> + [<*^» + 2(f + M)l W + <&fM ( 8.4) 
* T L T F \ T H S WJ T F S 

£ <UV> = - 1 <Lftf> + -J- <MW - D> + P - + - ^ ) (L) + - L <W> (85) 
Of T T L ^ T R S T F S ; T L B 

-£ <AM> = - - (MW> + — <W(A/ - 1)) +(— + ^ ] (M) + — <Af> (8.6) 
* r *M Ws W *MB 

iL <LM> = — (M) + — (L) + 1 <AfA/> + — (Z.W) (8.7) 

^ < y L - 1 ) > - f < i . A r > + ^ - ( L > (8.8) 

75<M[M - 1)> = - f <MN> + - ? - (M) . (8.9) 

After following such a tortuous path, it is comforting, even if required, that we recapture the 
famous point kinetics equation wtth external source that describes the time behavior of the average 
neutron population, Eq. (8.1). Equations (8.2) and (8.3) are, if not familiar, at least easily interpret-
able. Interpretation of the remaining six members is not so ciear. 
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Dimensionless Version 
In preparation for solving system (8) it is useful to render that system dimensionless. The natu

ral t ime unit is r. Hence, make the fol lowing replacements for the dependent variables: 

<AW> - X, (f/t) 

<u«> - x 2 (f/z) 

<«w> - x 3 (//«> 
(MW (MM --1)> - x 4 (f/*) 

wo m) - *s (W 
<M» M0> - * ( W 
(qo M[0> - x 7 (f/z) 

wo wo - i)> - x 8 (f/*) 
MO WO -1 )> - Xg (f/*) 

In addition, make replacements for the independent t ime variable and characteristic t imes of the as
sembly as fol lows: 

t/r*-6 

T F s / T " — ^FS 

W T ^ .̂B 

W * - Q m (10) 

— + M _ 1 
0RS 3rS #S 

<v<v - 1)) 1 

(filM - 1)> _1 
^=S ^FS 

I am interested in the "steady-state" solution of the dimensionless version of system (8), steady-
state in the sense that dx^/d6 = dxJdO = 0, the state in which the pure neutron population mo
ments are constant. Invoking the steady-state requirement leads to immediate solutions for x , and 
x 4 . Further, assume that up to t ime zero both the L- and M-counters are turned oft. Hence, at 6(, = 0 
all of the Xj equal zero except x 1 and x 4 . 

The steady-state requirement and the zero starting condition lead to the fol lowing solution of the 
dimensionless version of system (8). 
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(11.4) 
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e s \3w % Qua) 2^ , \<£ ftj ^ s / 

\A #s * W \^i 3s 3MB/ ^ I A. \*£ 3S 3FS/ 

Variance-to-Mean and Covariance-to-Mean Ratios 

Application of some algebraic manipulation will now yield the variance-to-mean and covariance-
to-mean ratios. Observe that, for a generic random variable (X, say) with a second moment and a 
nonzero mean, 

<X) - ^ + <X) W • ( 1 2 ) 

where 1/represents the variance operator. Equation (12) and the replacements tisted in Eq. (9) suggest 
that if we desire the variance-to-mean ratio for the L-counter, then we need to compute vL(6), where 

Vi{<*= 1 + ~%k ~Xz(0> • < 1 3 ) 

Equations (11.2) and (11.8) into Eq. (13) yields 

\W . (14) •"••"fTx^^i^' 
where 

1 - e-° m = 1 - ±-£- • (15) 
-12-
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Fig. 3. Graph of function f defined in Eq. (15). Function f 
is sometimes called the Feynman function. 

Figure 3 shows a graph of f. By symmetry, replace subscript L with M in Eq. (14) and you have an 
equation for the M-counter. 

Now, restore the notation that was abandoned when we adopted dimensionless notation, and 
Eq. (14) gives us the following equation for the variance-to-mean ratio for the L-counter: 

vtmL (f) = mm 

1 + — 
1 + \ t 1 + . • 1 \ 

1 (<v(v-
1 V 1 *iM rF/j 

D> i 0<P ~ 1)) 
</*> + W W Wt) (16) 

Some remarks about Eq. (16) are in order. First recall that we assumed a spontaneous fission 
source, a nonfission source, and a nonzero background in deriving Eq. (16). If you turn off the fis
sion source (rFSf<») and turn off the background source (ILBT00). Eq. (16) reduces to 

vtmL(t) = 1 + Mv-V) m (17) 

the first "neutron noise" result ever obtained. Second, observe from Eq. (16) that, if the background 
rate is high (T L B is small), then the variance-to-mean ratio tends toward 1, the value for a "pure ran
dom" or Poisson process. Finally, notice how the randomness in the number of neutrons emitted in 
a spontaneous fission increases the variance-to-mean ratio via the term containing (ft{ft-1)). 

To find the cross covariance-to-mean ratio between the L- and M-counters, start with the 
definition 

dm (f) •• 
<L(Q M M ) - <KQ) « H Q > 

<L(l)) 1 / a «WW>1 / 2 
(18) 
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This definition suggests thai we compute CJJ, (0), where 

^(9>~ new** • ( 1 9 ) 

Equations (11.2), (11.3), and (11.7) into Eq. (19) yields 

Restore the primitive notation and obtain 

1 
ctm (r) = 1/2 

L *LB \W* W V J L *MBWS/T ^ W V . 

Except for the added 1 in Eq. (16), Eqs. (16) and (21) are similar; taking the cross covariance 
suppresses the 1, which is the variance-to-mean ratio for a Poisson process. Observe that the ex
traneous background pushes the covariance-to-mean ratio toward 0 just as it pushes the variance-
to-mean ratio toward 1. 

Serial-Covariance-to-Mean Ratio 

So far we have employed the model to find the variance-to-mean ratio of the number of counts 
in a time bin vs time bin width and the covariancei-to-mean ratio of the numbers of counts accumu
lated in a time bin by two separate counters vs time bin width. It turns out that we can find the 
covariance-to-mean ratio of counts accumulated in two sequential, nonintersecting time bins by ex
ploiting the stationarity of a process closely related to the counting process (which is not stationary). 
I now do that. 

First I state the result. Pick times 0 < t, < £ and h > 0 such that the time intervals [f„ *, + h] 
and [f2, *2 + h] intersect, if at all, at only one point. Then, within the context of our probabilistic 
model, the following assertion is true: 

Cov[L ((, + ft) - L (r,), L (fe + ft) - L ($] coBtKW - 1 - ^T , _ 

m) = d m e • ( 2 2 ) 

where Cov represents the covariance operator and 

d ;—'- - V f < v ( v : 1 » + , y r i . (23) 1 1 /<v(v-D) + < f i ( n -D ) \ 

Once again, observe that the extraneous background pushes the serial-covariance-to-mean ratio to
ward 0 just as it pushes the variance-to-mean ratio toward 1. 
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To establish Eq. (22), I need a technical but key result concerning second moments of a sto
chastic process whose increments are stationary. Let X{t), 0 < f < « be a stochastic process with 
stationary increments, i.e., X(f + ft) - X(f) is at least second-order stationary. Assume that X(0) = 0. 
Then 

Cov[X{t), X(t + ft)] = 1 |y [X(f + ft)] + l/[X(f)] - V[XO)]l . (24) 

To establish Eq. (24), observe that, since Cov is bilinear, 

Cov[X{t), X{t + ft)] = Cov[X(f), X{t + ft) - X(f) + X(f)] 

= Cov[X(% X(f + ft) - X(r)] + Cov[X{t), X[tft 

= Cov[X(t), X(t + ft) - X(t)] + V[X{t)] , (25) 

and that 

V[X(f + ft)] = V[A(f + ft) - X(f) + X(f)] 

= l/[X(r -t ft) - X(t)] + V[X(f)] + 2Cov[X(f + ft) - X(f), X(f)] . (26) 

Now, eliminate Cov[X{t), X(t + ft) - X(f)] between Eqs. (25) and (26) to obtain 

Cov[X(f), X(f + ft)] = 1 | V[X(f + ft)] + V[X{t)] - V[X{t + ft) - X(f)]) • (27) 

But by hypothesis X(f) has increments that are second-order stationary. Hence, 

V[X(t + ft) - X(t)] = V[X(h) - X<0)] = V\nm • (28) 

Substitute Eq. (28) into Eq. (27) and you have the assertion displayed in Eq. (24), the required tech
nical result. 

I return to the task of deriving the main result, Eq. (22). First, observe that 

Cov[L{t, + ft) - L(f,), L(t2 + ft) - L(f2)] = Cov[/.(f, + ft), L(t2 + ft)] 

- Cov[L(ty + ft), L(t2)] - CovlUtt). l.(i2 + ft)j + CovlL(tt), Z.(f2)] . (29) 

Again, Eq. (29) follows from the bilinearity of the covariance operator. Now, replace each term on 
the right side of Eq. (29) with the appropriate version of Eq. (24) to obtain 

Cov[L(f, + ft) - L(f,), lift + ft) - L(f2)] = I [VWf2 - f, - ft)] 

- 2V[Z.(f2 - f,)] + V[L{t2 - t, + ft)]) . (30) 

The next sequence of steps en route to proving Eq. (22) is: (1) multiply Eq. (16) by (L{t)), keeping in 
mind that <i.(f )> = x2(f/*); (2) use the result obtained in step (1) to find V[Uf2 - t, - ft)], V[L{tz -
t,)], and V[L{t2 - f, + ft]; (3) plug the results of step (2) Into Eq. (30); (4) divide the.result of step (3) 
by <^(ft)>. You arrive at Eq. (22), which I call the serial-covariance-to-mean ratio. Execution of the in
dicated steps requires some uninteresting algebraic manipulation. I do not display it. 
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A useful special case of Eq. (22) arises if f2 - r, = h, the case in which the two time increments 
are adjacent and of equal length. In that case Eq. (22) becomes 

CovjUJt + h) - Ufi, Ljt + 2/7) - m + h)] dw(h/i) (31) 

where 

w(x) = e . . c o s h x - 1 (32) 

re 4 is a graph of Eq. (32). 

Fig. 4. Graph of function w defined in Eq. (32). 

Measured Discriminator Values 
In this chapter I display the data collected from the multiplying assembly (detailed in the Appen

dix) so that I can examine the implications of these data in the next chapter. The first and major sec
tion of this chapter displays graphs of mean values of discriminator intensities vs two independent 
variables: assembly fuel mass and calculated assembly multiplication factor. Curves appear for three 
discriminators:'(1) asymptotic increment in the variance-to-mean ratio, (2) asymptotic value of the 
covariance-to-mean ratio, and (3) coefficient of the serial-covariance-to-mean ratio function. 

The second section shows graphs of mean values of estimators of the assembly time constant 
vs assembly fuel mass. Estimators of assembly time constant were not useful as discriminators. 

Many two-parameter least-squares fits of data to theoretical formulae were required to win the 
discriminator curves from the raw data. The last section displays several examples of such curve 
fits. 
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Mean Values of Discriminator Intensities 
Asymptotic Increment in the Variance-to-Mean Ratio 

Figure 5(a) shows plots of the asymptotic increment in the variance-to-mean ratio vs fuel mass 
for three different detection situations. All three curves are the result of measurements taken while 
the detector banks were in the configuration described in the Appendix. The different curves were 
obtained by selecting three different subsets of the sixteen detectors for data processing. 

Each datum of Fig. 5(a) is distilled from 20 raw data records, each containing approximately 
120,000 detections. Variance-to-mean ratios were calculated for each raw data record at several dif
ferent time bin widths. Then a two-parameter least-squares fit was made to 

' ( ' - ^ V/M = 1 + X(1)(1 - l—£-—| , (33) 

where 

V/M = the variance-to-mean ratio, 
x(1) = one of the parameters, the asymptotic increment in variance-to-mean ratio, 

f = the time bin width, 
r = the other parameter, the assembly decay-time constant. 

The result was 20 pairs of numbers, (X(1),T;). Each datum of Fig. 5(a) is the mean ± the standard de
viation of the twenty samples. ^ 1 ) / , 1 < / < 20. 

The points on the 16-fietector curve were generated with all 16 detectors active. The four points 
represent data taken with one, two, three, and four fuel shells. The points on the 8-detector curve 
were generated from the events recorded by detectors 3,4,5, 6,11,12,13, and 14. The remaining 
detectors were turned "off" by the computer program. The points on the 4-detector curve were gen
erated as in the 8-detector case except that only events from detectors 4, 5,12, and 13 were used. 

Figure 5(b) is similar to Fig. 5 (a) except that the data shown in Fig. 5(b) were generated while 
the assembly was driven with the fission source. 

Figure 6 displays the asymptotic increment in the variance-to-mean ratio vs the multiplication 
factor. The multiplication factor (k) was calculated for each of the four fuel loadings with a determin
istic neutron transport code (the SAN code with a 92-group cross section library). 

Asymptotic Value of the Covariance-to-Mean Ratio 
Figure 7(a) shows plots of the asymptotic covariance-to-mean ratio vs fuel mass for three detec

tor situations, obtained by selecting three different subsets of the set of 16 detectors. Calculation of 
a covariance-to-mean ratio requires that two detectors be employed, so for the 16-detector curve 
the 16 detectors were grouped into two sets, the first consisting of the odd-numbered detectors and 
the second consisting of the even-numbered detectors. 

The steps performed to arrive at Fig. 7(a) are similar to those described for the variance-to-
mean ratio case except that covariance-to-mean ratios were calculated and the least-squares fits 
were made to the formula 

' ( ' - ^ QM= x(1) 1 - ' • (34) 
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where 

C/M = the covariance-to-mean ratio, 
x(1) = one of the parameters, the asymptotic covariance-to-mean ratio, 

f = the time bin width, 
r = the other parameter, the assembly decay-time constant. 

For the 8-detector case, the detector selection was 

Set #1 = (3, 5, 12, 14[ 
Set #2 = (4,6,11,13) . 

For the 4-detector case the detector selection was 

Set#1 = [4,5) 
Set #2 = |12,13) . 

Figure 7(b) is similar to Fig. 7 (a) except that the data shown in Fig. 7(b) were generated while 
the assembly was driven with the fission source. 

Coefficient of the Serial-Covariance-to-Mean Ratio Function 
Figure 8(a) shows plots of the coefficient vs fuel mass for three different detector situations. The 

steps performed to arrive at Fig. 8 (a) are similar to those described for the variance-to-mean ratio 
case except that covariance-to-mean ratios were calculated for counts in adjacent equal-length time 
bins and least-squares fits were made to 

S C / M = x ( 1 ) e - ' A c o s h i ; g - 1 , (35) 

where 

SC/M = the covariance-to-mean ratio of counts in adjacent, equal-width time bins, 
x(1) = one of the parameters, the coefficient of the serial-covariance-to-mean ratio function, 

t = the time bin width, 
r = the other parameter, the assembly decay-time constant. 

Detector sets chosen for the 8-detector and 4-detector cases were |3,4, 5, 6,11,12,13,14) 
and 14, 5,12,13), respectively. 

Figure 8(b) is similar to Fig. 8(a) except that the data shown in Fig. 8(b) were generated while 
the assembly was driven with the fission source. 

Influence of Extraneous Background on Discriminators 
Recall that I included provision for extraneous background counts in the probabilistic model and 

that according to the model, extraneous background had a common effect on each of the three dis
criminators [see Eqs. (16), (21), (23), and the discussions in the neighborhoods of those equations]. 
Figure 9 demonstrates the background effect. 

Each panel of Fig. 9 consists of two curves. The upper curve is a repeat of the corresponding 
upper curve in Fig. 5. The lower curve is based on data taken under conditions identical to those 
that underlie the upper curve, with one exception. Data for the lower curve were taken when the de
tectors were exposed to neutrons from an extraneous nonfission neutron source. Also, the lower 
curve was distilled from only 5 disks of data, whereas the upper curve was distilled from 20. Similar 
curves were generated for the other discriminators (C/M and SC/M) but, to save space, are not 
shown. 
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The) curves show that qualitatively the various discriminators are weakened by extraneous back
ground roughly as predicted by the thacry. To support this assertion for the variance-to-mean ratio 
case, consider Eq. (16), which displays the theoretical variance-to-mean ratio. The extraneous back
ground enters Eq. (16) through the term that contains T L B , the mean time between background 
counts. Call that term b. Then 

o = 1 . ( 3 6 ) 

i + Kit? 
( 1 / T n s + < / ! > / T F S ) ( T / T L ) 

Observe that 

1 
1 + r * (37) 

where r = (mean count rate from extraneous neutrons)/(mean count rate trorn assembly neutrons). 
Factor b multiplies the asymptotic increment in the variance-to-mean ratio. It is 1 if no extraneous 
background exist* (,- = 0) and tends toward 0 as the extraneous background increases (r large). 

Table 1 shows some effects of background on the asymptotic increment in the variance-to-
mean ratio discriminator. Compare the last two columns and see that the oxpertmental and theoreti
cal results agree reasonably well except perhaps in the first row. Entries in the first row show re
sults obtained with one fuel shell while the assembly was driven with the nonfission source. That 
case delivers a weak signal, especially when the extraneous background source is present. I ascribe 
the discrepancy in the first row to that weakness. 

Mean Values of Estimators of Assembly Decay Constant 

As discussed above, least-squares fits to theoretical formulae were used to estimate values of 
the three discriminators. For each such estimate, an estimate of the assembly time constant was 
also obtained. Figure 10 displays results for the variance-to-mean ratio case. Results from the other 
two cases are similar. 

Table 1. Asymptotic increment in the variance-to-mean ratio with and without extraneous back
ground. Data correspond to those used to generate Fig. 9. All detectors active. 

Source No. of fuel 
sheNs 

XI)* 
WOB/WB type 

No. of fuel 
sheNs woe" WBC WOB/WB b = 1/(1 + D* 

Nonfission 1 0.217 0.109 0.50 0.42 
2 0.640 0.338 0.53 0.53 
3 1.44 0.873 0.61 0.61 
4 S.S9 4.30 0.77 0.75 

Fission 1 0.444 0.222 0.50 0.49 
2 0.952 0.545 0.57 0.58 
3 1.87 1.28 0.68 0.67 
4 6.43 5.16 0.80 0.81 

* Measured asymptotic increment in the variance-to-mean ratio. 
* '.Vili-.out extraneous background; based on 20 disks of data. 
c With extraneous background; based on 5 disks of data. 
" r = (WB count rate - WOB count rate)/(WOB count rate). Th» numerator ot r varied somewhat with different runs but 
wan nominally 2000 counts/second. 
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Observe from the figures that the time constant changes slowly with fuel mass over the range of 
masses available and that the estimators of time constant are noisy. Hence, estimators of assembly 
time constant were not useful as discriminators. However, observe that the curves are beginning to 
show a significant rate of increase at the higher fuel mass points. That behavior suggests that for 
multiplications just above the maximum investigated (~10), estimators of assembly time constant 
may be useful discriminators. 

Sample of Two-Parameter Least-Squares Fits 

Figures 11 through 14 show a small sample of least-squares fits to theoretical formulae of V/M, 
C/M and SC/M data. Figures 11 and 12 display common data on different scales so that both quality 
of fits and discriminator strength vs number of fuel shells are visible. Space limitations prevent such 
double displays for the other cases. 

Assessment of Discriminator Performance 

We are at an appropriate point to start evaluating the relative performance of the three discrimi
nators: vaiiance-to-mean, covariance-to-mean, and serial-covariance-to-mean. To do so, I need 
some measure of goodness for a discriminator. I chose what I call decision rule performance 
characteristic (DRPC) for that measure. Apparently, communication and radar engineers were the 
first to use DRPCs to characterize detection algorithms, calling them receiver operating 
characteristics. 

In describing a DRPC, it is convenient to strip away the details of the situation at hand and 
imagine a general setting. Consider a general binary decision problem in which two possible sig
nals—strong and weak—are received by an observer. Either because of noise or because of the in
herent statistical nature of the signals (our case is plagued with both), discrimination between a 
strong and a weak signal is not a trivial, deterministic task. Instead, it is necessary to construct a de
cision procedure that will, with acceptably high probability, discriminate between the two signals. 

I model the set-up by assuming that the received signal is a sample of a stochastic process. 
The two signal generators (strong and weak) emit sample paths of stochastic processes. I operate 
on a received sample path with some kind of processor that delivers a single number, X. If X is 
greater than some chosen threshold, x, I announce that the received signal is strong; otherwise, I 
announce that the signal is weak. Observe that since each signal generator sends sample paths 
from a stochastic process, Xis a random variable. Hence, the decision procedure will sometimes 
yield false decisions. 

Let T be the "truth" random variable. If the received signal was sent by the strong generator, T 
assumes the value 1; if by the weak generator, the value 0. Let Dx be the "decision" random vari
able if the threshold is set at x. If the decision procedure says "strong," Dx = 1; otherwise, Dx = 0. 
Observe that Dx is a member of a family of random variables indexed by the threshold setting. X, T, 
and Dx are jointly distributed. 

Now, of the various conditional probabilities that can be constructed, I attach names to two: 

P[DX = 1| T = 1] (true high decision probability when the threshold is set at x) 

P[DX = 1| T = 0] (false high decision probability when the threshold is set at x) (38) 

Consider the map 

x ^ (P[DX = 1| T = 0], P[DX = 1| r = 1]) . (39) 
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by the fission source, with all 16 detectors ac
tive. Tne parameter values that correspond to 
the best fit are displayed inside the frame as 
X(1) and TAU (microseconds). 
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Fig. 12. Least-squares fit to the variance-to-mean ratio function. The data 
displayed here are identical to those displayed in Fig. 11; this format was 
chosen to afford easy visual comparison of the effects of different fuel 
loadings. 
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Fig. 13. Least-squares fit to the covariance-to-mean ratio function. The 
assembly was driven by the nonfission source, with odd-numbered detec
tors active in set # 1 and even-numbered detectors active in set #2. 
Curves are shown for the 0-, 1-, 2-, 3-, and 4-fuel-shell cases. 
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Fig. 14. Least-squares fit to the serial-covariance-to-mean ratio function. 
The assembly was driven by the fission source, with all detectors active. 
Curves are shown for the 0-, 1-, 2-, 3-, and 4 fuel-shell cases. 

As the threshold x runs over its domain, Its image traces a curve in the unit square. That curve is 
the DRPC. Observe that 

P[DX = 1|7= 1] = P[X> x[7" = 1] 

P[DX = 1|T = 0] = P[X> x\T = 0] . (40) 

We return now to the situation at hand. Figures 15 and 16 show DRPCs for two different condi
tions, conditions created by variations in driving source. To see how those curves were generated, 
suppose we are interested in trying to discriminate between two assemblies with fuel masses 
m, < m2. Pick a discriminator, a detector set, and a driving source (V/M, all 16, nonfission, for ex
ample). Measure the mean strength and the standard deviation of the V/M discriminator under these 
two conditions for four different fuel masses. Interpolate to find the^mean strengths and the stan
dard deviations at the masses m, and m2. Call them (vu a,) and (v2, cr2). Now, construct a ORPC as 
described above, where the processor output random variable A'is normally distributed with mean v^ 
and variance o? if the incoming signal is weak, normally distributed with mean ~v2 and variance of if 
the incoming signal is strong. Similarly, DRPCs can be generated for other discriminators and other 
conditions. 
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Fig. 15. Decision rule performance characteristics for a nonfission source, high fuel maus, 16 
detectors active, and a full record of detections processed. S is the serial-covariance-to-mean ra
tio curve; V is the variance-to-mean ratio curve; C is the covariance-to-mean ratio curve. Mass 
callouts identify the weak and strong signal sources; e.g., "16.0 kg vs 16.2 kg" means the low-
multiplication assembly is fueled with 16.0 kg of uranium and the high-multiplication assembly is 
fueled with 16.2 kg of uranium. 

-31-



1.0 

0.9 -< 
o.« s(/r • 

0 .7 / A v - S • 

O.S 

If c 
• 

o.s • 

0 .4 • 

0 . 3 if • 
0 .2 • 

0 .1 

(•) 16.0 kg vj 16.2 kg 
a •\ 

0.9 • 

o.e //\ • 
0 . 7 

/ ^ • 

o.« 
• 

o.s 1 c 
• 

0 .4 

0.3 

0 .2 

0 .1 

(b) 16.0 kg vs 16.3 kg 
0 

FflLfC HIGH DECIttOH MtaWlLITV FhUC HIGH tCCISKM t 

rfg*~ 
- - l — • • -t 1 1 i - c 

0 . * rfg*~ / / ^ s 
o.e If ^ V 

0 .7 / ° 
o.c 

0.S 
• 

0.4 

0.3 
• 

0.2 • 
0 .1 

lc) 16.0 k B v i 16.4 k 9 

0 

1 1 1 1 - 1 " 1 • 1 1 

0.9 

^ 
N s • 

0.9 N Xv • 
0 .7 \ - c 

0.C 
• 

0.5 • 

0.4 • 
0 .3 

• 

0.2 

0 .1 

(d) 16.0 kg vi 16.6 kg 
0 i . . . 

HU£ HIM DEC1IMN m m t L l l v 

Pig. 16. Decision rule performance characteristics for a fission source, high fuel mass, 16 detec
tors active, and a full record of detections processed. S is the serial-covariance-to-mean ratio 
curve; V is the variance-to-mean ratio curve; C is the covariance-to-mean ratio curve. Mass 
callouts identify the weak and strong signal sources; e.g., "16.0 kg vs 16.2 kg" means the low-
multiplication assembly is fueled with 16.0 kg of uranium and the high-multiplication assembly is 
fueled with 16.2 kg of uranium. 

A word about my choice of the normal distribution to describe the discriminator data is in order. 
First, a disclaimer. I do not claim that the normal model is singularly appropriate. I have no a priori, 
theoretical reason to think so. I chose the normal law because it appears from visual inspection to 
represent the data fairly well and because it is familiar. Figure 17 shows two pieces of evidence: 
variance-to-mean ratio data for the one-fuel-shell case and for the four-fuel-shell case, with the as
sembly driven by the nonfission source. I assert that the other 70 cases are also reasonably well 
represented by the normal law. 
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Fig. 17. Empirical distribution functions (EDF) constructed from asymptotic increments in the 
variance-to-mean ratio data. Each EDF represents a 20-sample data set. In both cases, the neu
tron source was nonfission and all 16 detectors were active. The smooth curves are normal cu
mulative distribution functions with means and standard deviations equal to the means and stan
dard deviations of the underlying data sets. An EDF of a data sample of size n is the cumulative 
distribution function that corresponds to a probability mass function with an atom of mass 1/n lo
cated at each of the n data points. 

Observe from Figs. 15 and 16 that the performances of the three discriminators are consistently 
different but not greatly so. The ordering that emerges is serial-covariance-to-mean ratio > variance-
to-mean ratio > covariance-to-mean ratio. Although space limitations prohibit their display, I also as
sert that DRPCs constructed for other conditions (fuel masses, detector sets) exhibit the same 
order. 

These experiments do not support the conjecture that covariance-to-mean (C/M) techniques 
should be superior to variance-to-mean (V/M) techniques because C/M techniques avoid estimating 
the uncorrelated Poisson variance-to-mean ratio.* 

Table 2 summarizes the increments in fuel mass that are required for satisfactory discrimination 
between low-mass and high-mass situations. For example, the entry in row 1, column 1 (1.0 kg) says 
that with 16 detectors and a nonfission source, 6.0 kg and 7.0 kg (6.0 + 1.0) of fuel can be satisfac
torily distinguished but 6.0 and <7.0 cannot. Table entries were extracted from 12 DRPCs, two of 
which are displayed in Figs. 15 and 16. 

Table 3 summarizes the same information for the multiplication factor, k. Entries display the 
value of Ak that must be added to low k if the best of the three discriminators is to satisfactorily 
separate low k and high k situations. Multiplication factors were calculated as explained in the 
Appendix. 

* This conjecture has been made by Nicola Pacilio in Reactor Noise Analysis in the Time Domain, U.S. Atomic Energy 
Commission/Division of Technical Information, TID-24512 (1969), p. 53, and by Robert E. Uhrig in Random Noise Techniques 
in Nuclear Reactor Systems (The Ronald Press Company, New York, 1970), p. 78. 
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Table 2. Increment in fuel mass, in kilograms, required to obtain satisfactory discrimination. 
Low mass Nonfission source Fission source 

No. o f " " ^ 
detectors 

Low mass 

6.0 16.0 6.0 16.0 

16 
8 
4 

1.0 
1.4 
2.8 

0.5 
0.6 
1.2 

1.0 
1.6 
2.8 

0.6 
0.7 
1.0 

Table 3. Increment in multiplication factor (k), required to obtain satisfactory discrimination. 
Low* Nonfission source Fission source 

No. of ^~~" v -
detectors 

Low* 

0.605 0.B19 0.605 0.819 

16 
3 
4 

m
 II

I 0.025 0.010 
0.040 0.012 
0.068 0.017 

We see from Table 3 that in the neighborhood of k = 0.6 the Afc required for satisfactory 
discrimination varies from about 3% to about 7% as the number of active detectors varies from 16 
to 4. In the neighborhood of k = 0.8 the Afc required for satisfactory discrimination varies from 
about 1% to about 2% as the number of active detectors varies from 16 to 4. 
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Appendix. Experimental Apparatus 
My experimental apparatus consists of two systems: the multiplying assembly, a subcritical as

sembly of enriched uranium that is used to generate neutrons from different fuel configurations; and 
the data-collection and recording system, which collects all data for subsequent processing by a va
riety of algorithms. 

Multiplying Assembly 

The subcritical assembly consists of spherically symmetric shells of enriched uranium, internally 
and externally reflected with acrylic plastic. When the assembly is fully fueled, the mass'of uranium 
in place is approximately 23 kg. Figure A-1 displays a sketch of the essentials of the assembly. Fuel 
and reflector components are hemispherical shells that nest snugly together. There are four pairs of 
fuel shells, three pairs of Internal reflector shells (also called moderators), and three pairs of external 
reflector shells. Table A-1 shows dimensions and masses of the fuel shells. The acrylic resin moder
ator shells have a common outside diameter of 11.8 cm and varying inside diameters to yield spheri
cal shells of masses 331, 539, and 700 g. The acrylic resin reflectors fit snugly around the largest 
uranium shell to provide 2-, 5-, and 10-cm-thick reflectors. Several combinations of these compo
nents may be assembled to obtain arrangements with different reactivities. 

The assembly machine consists of a fixed stand that supports a 0.15-cm-thick stainless steel 
platen, and a movable inner stand positioned below the fixed stand. The platen has a hole punched 
in its center to accommodate a neutron source. 

An assembly sequence goes somewhat as follows: (1) assemble selected components on lower 
movable stand, (2) mount platen on fixed standards, (3) assemble matching components on the 
platen, (4) partially raise the lower stand, leaving enough space for the source, (5) insert neutron 
source, (6) raise lower stand until it mates with the platen, (7) take data. 

The apparent leakage multiplication of the maximum reactivity configuration is ~10 (Fig. A-2); 
hence remote assembly is not required. 

Figure A-3 is a graph of cdlculated multiplication factor vs mass of fuel in the assembly. Calcula
tions were performed for the one-, two-, three-, and four-fuel-shell cases. The corresponding 
masses of 93.2%-enriched uranium fuel are 5.49,11.67,16.31, and 22.64 kg. The calculations were 
done with the SAN discrete ordinates neutron transport code and a 92-group cross section library. 
The calculated median energy of neutrons inducing fission varies from 0.4 keV for the one-fuel-shell 
case to 100 keV for the four-fuel-shell case. 

Table A-1. Enriched uranium parts for multiplying assembly. 
Hemispherical Outer Shell 

shell diameter (cm) thickness (cm) Mass (g) 

1 A 13.1 0.63 2746 
1 B 13.1 0.63 2747 
2 A 14.2 0.55 3096 
2B 14.2 0.55 3085 
3 A 15.0 0.40 2321 
3B 15.0 0.40 2313 
4 A 15.9 0.45 3169 
4B 15.9 0.45 3162 
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Fig. A-1. Subcritical assembly. Top hemishells are sectioned to show detail. 
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POLYNOMIAL FIT OF ORDER 2 
A PUBE SOURCE 
B CF SOURCE 

URANIUM MASS KG 

Fig. A-2. Apparent leakage multiplication of the subcritical assembly vs 
fuel loading. The circumstances were as follows: (1) maximum moderator 
mass of 700 g, (2) maximum reflector thickness of 10 cm, (3) counts taken 
with two 3-tube banks of BF 3 tubes, each tube 2.5 cm in diameter and 30 
cm long, each tube bank embedded in a polyethylene block 17 cm in diam
eter and 38 cm long, (4) base or normalizing count taken with no fuel 
shells in place. Nominal range of accumulated counts is 10,000 to 95,000. 
Note the greater apparent effectiveness of californium source neutrons. 
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Fig. A-3. Calculated multiplication factors of the four subcritical assem
blies. Calculations were performed with the SAN discrete-ordinates trans
port code, using a 92-group cross section library. 

Data-Collection and Recording System 

The system I used is quite similar to one described elsewhere,* but I include a brief description 
for completeness. The system consists of 16 neutron detectors, circuitry and a system clock for pro
cessing and tagging the data, and an LSI-11/23 microcomputer for storing and analyzing the data. 
Figure A-4 is a block diagram of the system. 

A fraction of the neutrons that leak from the multiplying assembly is detected by the 16 neutron 
detectors, which are tubes filled with heiium-3. Each is approximately 2 in. in diameter and 36 in. 
long; the tubes are arranged in two banks of eight, backed by polyethylene. Each tube has its own 
preamplifier—discriminator and amplifier mounted on the tube assembly. The 16 independent detec
tor channels provide a better signal-to-noise ratio fhan a large capacitance parallel combination. An
other advantage: deadtime is reduced because, while one detector is recording a neutron event, the 
other fifteen are still active. 

* A. S. Zolnay, C. S. Barnett, and H. P. Spracklen, "Passive Neutron Multiplication Measurements," IEEE Trans. Nuc. Set. 
NS. 30(1), 811 (1983). 
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Pre-amp Conditioner 16-bit bus 

Bus load 
timing 

Fig. A-4. Block diagram of the data collection and recording system. 

Data pass from the preamplifier-discriminator-amplifier module through optical coupling that en
sures proper matching and reduces noise pickup. Each input line has a synchronizing circuit that al
lows random input signals to be synchronized with the next 1-/JS pulse from the system clock. The 
system clock consists of a 16-MHz crystal source, a divide-by-16 precounter that delivers 1-MHz 
pulses, and a 16-bit binary synchronous scaler that delivers time information. The scaler counts 
65,536 1-̂ s time intervals before it restarts. Pulses occurring during each clock time are latched into 
a 16-bit register; each bit is assigned to a particular detector. The clock also latches a 16-bit counter 
in a register that is used as a time tag for the data bits. Hence, an ordered stream of word pairs (nf, 
t), is generated, where n, is the detector identification number and t, is the clock time at which detec
tor number n, fired. Every 65,536 /is, when the time counter overflows, a gate is enabled to the bus 
and a unique word pair is generated to identify clock cycle completion. Observe that the sequence 
of pairs (n,>Q, ordered by increasing time, contains all the information that can be obtained from the 
detectors. There is no destruction of information by collapsing counts into time bins or by averaging 
operations. Thus I can process the data record with several algorithms and compare their 
performances. 

The data and time words go to the bus sequentially and are loaded into a first-in, first-out 
buffer. This FIFO device, with its temporary storage capacity of 32 events, provides a storage place 
for closely spaced events until the computer is ready to accept them. The data then go to a direct 
memory access card (DMA) in the computer and are deposited in memory. When a block of memory 
is full, it is dumped to a disk; this process continues until the experiment is over or the disk is full. 
Data can be stored permanently on floppy disks and are then available for preliminary analysis on 
the LSI-11/23 computer and further analysis on the CDC 7600 computer. 

Collection of Data 

Figure A-5 shows a schematic (approximately to scale) of the arrangement of the multiplying as
sembly and the detector banks that existed during the data-collection phase of the work. The circle 
in the center represents the outer surface of the 10-cm-thick reflector that surrounded the enriched 
uranium shells. The detector banks were oriented such that the htlium-3 tubes were located be
tween the multiplying assembly and the 2-in.-thick polyethylene slabs that are part of the detector 
banks. The set of helium-3 tubes divides into four classes when the solid angle that each subtends 
at the center of the multiplying assembly is calculated: 1.15%, 1.18%, 1.20%, and 1.21%. By solid 
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Fig. A-5. Schematic, approximately to scale, of the assembly and detector arrangement during 
the data-collection phase of the work. 
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angle I mean that subtended by a certain rectangle associated with each detector. The rectangle in 
question is the one generated by the intersection with the surface of the helium-3 tube of the plane 
that contains the long axis of the tube and is normal to the line that contains the center of the tioe 
and the center of the multiplying assembly. Thus reckoned, the solid angle subtended by all detec
tors is 19%. 

The vertical distance from the floor (concrete) to the center of the multiplying assembly was ap
proximately 45 in.; the horizontal distance from the nearest wall (concrete) to the center of the as
sembly was approximately 63 in. Room-return effects were probably comparable to those that one 
would encounter in applications. 
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Bibliographic and Background Notes 
The general approach, point of view, language, and notation that I employ in constructing the 

model are common in present-day literature on the theory of stochastic processes. See, for exam
ple, the two books by P. G. Hoel, S. C. Port, and C. J. Stone, Introduction to Probability Theory 
(Houghton Mifflin Company, Boston, 1971) and Introduction to Stochastic Processes (Houghton Miff
lin Company, Boston, 1972). 

The inspiration and some of the notation for my approach to the derivation of the probability 
balance relations comes from the book by J. Lewins, Nuclear Reactor Kinetics and Control 
(Pergamon Press, Oxford, 1978), Chapter 6. The general method has been known to mathematicians 
for a long time. The probability balance relations I derived correspond to what probabilists call for
ward Kolmogorov relations. [See, for example, A. T. Bharuch-Reid, Elements of the Theory of Mar
kov Processes and Their Applications (McGraw Hill, New York, 1960), p. 61]. In deriving the expres
sion for the serial-covariance-to-mean ratio, I found the book by D. R. Cox and P. A. Lewis, The 
Statistical Analysis of Series of Events (Methuen, London, 1966) to be useful, especially Chapter 4. 

I borrowed from communication and radar engineers the idea of using decision rule perfor
mance characteristics (DRPCs) for comparing discriminator performances. Engineers use what they 
call receiver operating characteristics (ROCs) as measures of performance for detection systems. 
ROCs are plots of detection probability vs false alarm probability; hence ORPCs are equivalent. A 
good discussion of ROCs and associated ideas appears in A. D. Whalen, Detection of Signals in 
Noise (Academic Press, New York, 1971). 
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