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Abstract:

Small amplitude double layers (DLs) in a plasma with a suitable

electron distribution may be identified with shocklike solu-

tions of a modified Korteweg-deVries (mKdV) equation. A thought

experiment for the formation of such DLs is specified to clari-

fy the physical constraints and to demonstrate the emergence of

a DL from an initial disturbance. A scattering formulation of

the mKdV initial value problem may be diagonalised to give a

pair of Schrödinger equations with a scattering potential sa-

tisfying the ordinary KdV equation. The initial value problem

can then be treated using Khruslov's generalisation of the in-

verse scattering method which allows a difference in the asymp-

totic values of the potential. A necessary and sufficient con-

dition for the emergence of a shocklike soliton (DL) is found.

The existence or otherwise of a soliton (wave) train and of a

finite number of isolated solitons may also be determined from

the scattering properties of the initial potential.
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1. Introduction

An electrostatic double layer, as the name is meant to indi-

cate, consists of two layers of equal and opposite net charge.

The charge distribution is set up by ions and electrons moving

in the resulting electrostatic field. Outside the localised re-

gion of the double layer (DL) the net charge and electric field

are zero. However the DL supports a potential difference and

may carry a net current. In general the plasmas on either side

of the DL may have different densities and the DL may propa-

gate. In this respect DLs resemble shocks and are in fact clo-

sely related to electrostatic laminar shocks as treated by

Montgomery and Joyce (1969).

Steady state models of DLs may be found by self consistently

solving the Poisson equation and time independent Vlasov equa-

tions for ions and electrons in a frame of reference moving

with the DL velocity. One method used by Knorr and Goertz

(1974) follows that of Bernstein, Greene and Kruskal (1957) for

nonlinear waves. They solve the equations to find a trapped

particle distribution given the remaining particle distribu-

tions and the spatial profile of the electrostatic potential.

If instead suitable distributions for all particles are speci-

fied the DL potential profile may be found for a range of para-

meters . This procedure has for example been advocated by

Schamel (1983).

Time dependent DLs are intrinsically more complicated to deal

with. A fruitful line of approach is to use numerical simula-

tion methods as reviewed by Smith (1982). The plasma is de-

scribed either by following the motion of a large number of

particles or by integrating the time dependent Vlasov equation

for each species. In these treatments the system of equations

is in general strongly nonlinear. For small but finite pertur-

bations of the plasma simplified methods are available. For ex-

ample, Washimi and Taniuti (1966) have used the Korteweg de

Vries (KdV) equation to describe weakly nonlinear ion acoustic
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waves. The derivation of the KdV equation involves a

considerable simplification of the physica.". model. However, it

is then possible to apply well known methods to find the time

dependent behaviour. For a plasma with cold ions and a

suitably adjusted non-Maxwellian electron distribution Torvén

(1981) has shown, allowing for a higher degree of

nonlinearity, that a modified Korteweg de Vries (mKdV) equation

may be derived. This mKdV equation has both soliton and

shocklike solutions and may be used to describe the dynamics of

a weak DL.

Here we will consider a possible plasma experiment which may be

described by the mKdV equation. We apply the results of

Chanteur and Raadu (1985) to determine necessary and sufficient

conditions for the formation of a steady state DL, for given

initial conditions.

2. A Thought Experiment

Following Torvén (1981) we look at a plasma with cold ions and

non-Maxwellian electrons. We will consider perturbations in the

ion-acoustic regime for an idealised experimental situation

shown in Fig. 1 .

A first integral of the Vlasov-Poisson system for steady struc-

tures in a reference frame moving at the phase velocity a gives

the stress balance condition,

1 Eo ( H ) + V (0'a) = ° (1)

The "potential" V, known as the classical or Sagdeev poten-

tial, is to within a constant equal to minus the total particle

pressure (Torvén, 1980). Here we have

2 2e*V(*,a) - V - Mn a' { 1 - -^| } - P (*) (2)
0 0 Ma* e
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where M is the ion mass and no is the density.

The total electron pressure Pe (dynamical plus "thermal"

pressure) is approximately a function of «t only for phase velo-

cities much smaller than electron thermal velocities, i.e. for

the ion-acoustic perturbations considered here. All electrons

are assumed to originate at a plasma source to the right where

the potential 9 is defined to be zero and to be perfectly re-

flected by a metal surface to the left at an adjustable poten-

tial Q>i (Fig. 1). Also <t>i and all potentials within the

plasma are assumed to be less than zero. These conditions

taken together ensure that all regions of electron phase space

are in principle accessible from the plasma source and that

Pe(t>) is independent of the DL potential <t>o and the plasma

behaviour. Plasma conditions are assumed at the source so that

at 4> = 0 we require V = 0 (zero electric field E) and dV/dO = 0

(charge neutrality).

Our "thought experiment." consists in varying, by some unspeci-

fied means, the electron distribution function fe(v) at the

source and hence also the form of the total pressure function,

Pe(<t>) = it" fe(/v
2 - 2eO/m')mv2 dv (3)

First we look at conditions for steady state DLs to be possible

and then in a time dependent analysis we will find under what

conditions such DLs may be expected to form (the applied poten-

tial difference -<t»-| will be shown to be critical).

3. steady State Double Layers

As a specific example we choose a double Maxwellian distribu-

tion for the electrons at the source,

2
fe <v) " no J ¥ A ac,hTc,h"1/2 ex*(-2F^ > <4>

c, n

where no is the total density and ac,n> T c, n are the re-

lative proportions and the temperatures of the two components.
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In this case Pe(<«>) is just the total thermal pressure

Pe(*) = nQ {acTc exp(e*/Tc) + o hT h exp(e*/Th)} (5)

Here we regard aCrh, TCfh
 a s t n e variable source para-

meters. In particular they may be adjusted so that a DL solu-

tion is possible. The Sagdeev potential given by Eqs. (2) and

(5) is identical to that used by Nishihara and Tajiri (1981) to

describe large amplitude rarefaction solitons.

The plasma condition at <P = 0 together with Eq.(1) implies that

V has a maximum there. Eq.(1) is often interpreted as an energy

equation for a "particle" with "position" <P moving in the "po-

tential" V, where x is regarded as a "time" (Montgomery and

Joyce, 1969; Nishihara and Tajiri, 1981). Then for a DL with a

potential difference <t»o the moving "particle" starting at 0» =

0 must come to rest at another "point" <t> = -<J>O < 0 (here we

require that all potentials are ± 0). This means that there is

also a maximum V = 0 at • = * o i.e. plasma conditions, no net

charge and no electric field. If the "point" at which V = 0 is

not a maximum the "particle" will roll back to its initial

"position". In physical space this corresponds to the solitary

wave solutions discussed by Nishihara and Tajiri (1981). They

do not however comment on the existence of DL solutions.

Given maxima V = 0 at 0 = 0 and 0 = -<t>o and in addition that

V < 0 for -<PO < <J> < 0, Eqs. (1), (2) and (5) may be solved by

direct integration to find x(K>) and hence implicitly the poten-

tial profile of the DL, «(x) . This means that, within a sui-

table range of source parameters ac,h'
 Tc,h the phase velo-

city a can be adjusted so that a second maximum of V($) occurs

with V - 0 at a particular value of the potential $ =

-<t»o. Thus in general we can expect for each choice of source

parameters a discrete set of DLs with potentials and phase ve-

locities determined by the source parameters.
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We now suppose that the source parameters are adjusted to make

the DL potential difference <t>o small (e*o << Tc) . This

implies a constraint on the source parameters which we will

derive from self consistency requirements. Our procedure here

resembles that of Goswami and Bujarbarua (1985). If V(4>) is

developed as a power series up to fourth order this is just

sufficient to allow DL solutions. Then V(<t») must take the form,

V(«) = -C4>2(<D + O ) 2 ; C < 0 (6)
o

This is to be compared to the fourth order power series found

from Eqs. (2) and (5),

V($) = -no T e f f *
2 {{ (1 - s'2)

+ ± (A - 3 s~4) * + T* (B - 15 s"6) 02> (7)

Here we have introduced the following new quantities

a a. -1
1eff " * T + T. ' ( ö )

c n

* =e*/Teff (9)

s2 = M a2/Teff (10)

" ttc a h

c h

3 ac ah
B = T f f

J {=-f + ^ } (12)
eff Tc3 Th3

The normalisation given by Eq. (9) will be also used for other

potentials. Comparing Eqs. (6) and (7) the condition for a DL

solution is that B > 15 s~6 and that the quadratic term in

Eq. (7) has a double root. Now for consistency we introduce the

condition that e«o << Tc < Teff. This is the condition

for a weakly nonlinear DL. Then we require s * 1 (i.e. the
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phase velocity a is close to the effective ion acoustic

velocity (Te£f/M)
1/2). Using this condition we find the

following approximate results for the phase velocity

aQ - ± (Te£f/M)
1/2 < 1 + ! { | ^ ) >

and potential across the DL

2(A-3) ^eff 4 )

(B-15) e v H)

The condition of weak nonlinearity then requires that the

source parameters are such that A * 3 (cf. the defining

Eq.(11)). If this condition is not met DLs may still be pos-

sible but it is then necessary to use the full set of Eqs. (1),

(2) and (5). Here we note that for weakly nonlinear distur-

bances the source parameters, through A and B, determine uni-

quely the potential and phase velocity of the DL. Given that

the source parameters completely determine the parameters of a

single unique DL, in the weakly nonlinear regime, it is of

interest to see for what initial conditions such a DL will

develop. This requires a time dependent analysis, in which we

will keep in mind the particular thought experiment considered

here.

4. Time Dependent Double Layers

The time dependence of the weakly nonlinear disturbances con-

sidered here may be treated using a reductive perturbation

technique (Torvén, 1981). We have derived a modified Korteweg

deVries (mKdV) equation for the particular case of the double

Maxwellian electron distribution used above (Chanteur and

Raadu, 1985). The mKdV equation has also been derived for the

same situation in a paper by Tajiri and Nishihara (1985) which

was received during the preparation of the present work. We

treat (3-A) as a small non-zero quantity (Torvén's analysis

(1981) would imply 3-A = 0 ) . In order to find the canonical

form of the mKdV equation we then have to apply a linear

transformation



- 8 -

together with a change of frame and a change of the time unit.

The mKdV equation is

sgn(15-B) 6t V~ + f--- = 0 (16)

where x, t are defined by

2
x = A~1x - (1 + ) i|=^_) % i t (17)

t - 1 u,pLt (18)

In what follows we drop "~" and write x,t for x,t.

We have introduced an effective Debye length

*D = <eo T eff/n oe
2) 1/ 2. iupi is the ion plasma

frequency. Here we note from Eq.{15) that the new zero poten-

tial level T = 0 corresponds to <J> = -1/2 <t>o, the midpotential

of the steady DL solution, so that in terms of f the DL is sym-

metrically placed about the zero level.However, we have argued

that the plasma parameters should be

fixed at a source separate from the DL (where <t> = 0) and it

should be noted that the potential of this source is now

V = 1/2 $ o /TB-15)/12.'

In the case of real variables there are two distinct types of

mKdV equation

yi. + 6 f 2 ' » ' + y = O (19)
t - x xxx v '

depending on the chcice of ± sign which we designate here

roKdV* and mKdV". The mKdV* equation has been derived by

Watanabe (1984) for a plasma with a negative ion component. It

admits soliton solutions and such solitons have been demon-

strated in the experiments of Nakamura and Tsukabayashi (1984).

The mKdV+ equation has however no. steady state DL solutions.
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In addition to the case of a plasma with non-Maxwellian elec-

trons (Torvén, 1981) the mKdV" equation has been derived for

other physical systems e.g. for two superimposed fluids

(Kakutani and Yamasaki, 1978) and for a conducting fluid with

surface tension and charges (Perel'man e_t. al. , 1974a and

1974b). In all of the references the authors note the existence

of shocklike (DL) solutions. These may emerge from an initial

disturbance (Torvén, 1981) and exhibit soliton like behaviour

i.e. interact non-destructively with other solitons (Perel'man

et al.. 1974a and 1974b). From Eq. (16) the condition for an

mKdV" equation here is that sgn(15-B) = 1 i.e. B > 15, which

is one of the conditions derived in the previous section for

weakly nonlinear steady state DL solutions (the Mach number s *

1). A careful comparison of the DL solutions of Eq.(16) and the

steady state DL solution shows that the amplitude and phase

velocities are in agreement. Sc we may assume that the mKdV"

equation describes the dynamical aspect of the DL found above.

Tajiri and Nishihara (1985) include the effects of Landau dam-

ping. Their mKdV equation includes an extra term which is pro-

portional to the Hilbert transform of the first spacial deri-

vate (cf. Ott and Sudan (1969) for the KdV equation). This

extra term is negligible only if the relative density

perturbation An/n >> (m/M)1/4. Since An/n << 1 for weakly

nonlinear perturbations, they argue that for a hydrogen plasma

the Landau damping is crucial. Even for mercury the

perturbations should be much greater than 4\ if the Landau

damping effects are to be ignored. However for ions with a

drift velocity approaching the ion acoustic velocity the Landau

damping should be reduced so that the ordinary mKdV equation is

recovered. Real experiments should be made in a current

carrying plasma.

5. Initial Value Problem

We now investigate the initial value problem for the

mKdV" equation to determine conditions which lead to the

emergence of a weak DL. Here we apply a method allowing for
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freely chosen asymptotic potential levels at + -, described in

detail elsewhere (Chanteur and Raadu, 1985). We recast the

initial value problem into a scattering problem for an

eigenvector (nj>»

n 1 x + ik n-, = t n2 (20)

n 2 x - ik n2 = ^ n1 (21)

with a linear time evolution equation for <nj> implying that

f satisfies the mKdV" equation (cf. Wadati, 1975). The eigen-

values k are time invariant. Diagonalisation yields a pair of

Schrödinger equations for an eigenvector {xj>

*1xx + [X * (f2 + V 1 *1 = ° (22)

X2xx + CX - (y2 ' V 1 *2 = 0 <23)

The scattering potentials V+ = f2 ± fx now satisfy the

Korteweg deVries (KdV) equation (putting V = V+ or V_),

Vt " 6 VVx + Vxxx = ° (24)

The eigenvalues A = k2. Here we have modified Wadati's proce-

dure (cf. Chanteur and Raadu, 1985) so that T and V are real

functions. We note that the Miura transformation (1968)

relating V to I falls out naturally from the diagonalisation

procedure. Our analysis shows that the original initial value

problem is equivalent to the initial value problem for a pair

of KdV equations.

Refering to the experiment described above we assume initially,

at t = 0, that

\ To= \ V Q J(B-15)/12' (25)

$ + $ } J <B15)/12' (26)

where we recall that 4>o and <t>i are the DL potential and the

applied potential respectively (dimensionless). Then the ini-
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tial asymptotic levels of the functions V+ are

1 2
V (-••) -̂ V_(-«) -~ -j (Y + 2Y1) (28)

The inverse scattering method (ISM) of Gardner ejfe ai- (1967) is

only applicable if V±(+-) = V±(--) e.g. if Y^ = -Yo

corresponding to Torven's treatment (1981).

We apply a generalised ISM, due to Khruslov (1975), and

introduce in his notation

2
r- — V l + m l _ \J I - ^ \ = —u» IW 4- f \ IJQ}
t- — v \ T W ) » v ^ ; I l r t \ ^ J /

As in the standard method (Gardner e_fc ai. , 1967) he considers a

Schrödinger equation with V as a scattering potential. The

inverse scattering problem is solved using the method of

Buslaev and Fomin (1962) which allows for a net asymptotic

difference in the scattering potential. As for the standard

ISM, bound states with discrete eigenvalues correspond to

solitons. For c2 > O there is now a range of eigenvalues with

eigenfunctions that are only localised on the right

(exponentially decreasing as x -» +••) and bounded on the left.

The inverse scattering solution shows that these lead to a wave

train that asymptotically becomes a KdV soliton train. The

minimum eigenvalue determines the soliton amplitude 2 c2.

This result may for example be applied to the problem

considered by Gurevich and Pitaevskii (1973) and Tran e_t ai.

(1977). If c2 < O there is no soliton train.

In our analysis of the mKdV" equation (Chanteur and Raadu,

1985) positive and negative DL solitons (+ $ tanhpx) correspond

to zero energy (h = 0) eigenfunctions of eqs. (23) and (22)

respectively. The existence of zero energy eigenfunctions thus

indicates whether or not a DL will appear for given initial

conditions. Eqs. (22) and (23) have in fact simple solutions

just for the case X = 0 namely,
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Xi 2 = exp{±Jt dx} (30)

If xi or i(2 •• 0 at +- it is an eigenfunction. Therefore we

deduce that there is a positive DL if

V(-~) < 0 ; Y(+-) > 0 (31)

which ensures that X2 is localised. A negative DL forms if

Y(-~) > 0 ; V(+«) < 0 (32)

Refering to Eqs. (25) and (26) we deduce the remarkable result

that a positive DL will form if and only if

" *1 > I *o { 3 3 )

i.e. the applied potential difference -$i should exceed half

of the DL potential.

The parameters for the solitons and soliton train for the

mKdV" equation may be related to those for the KdV equation

by applying the Miura transformations to the general form of an

mKdV" soliton and comparing the result with the general forms

of the KdV solitons.Thus the mKdV" soliton

- 2v2 [1+ JT^72^cosh 29]~1} (34)

where

8 = ox + (6v~2 - 4) o3 t + no (35)

transforms to the KdV solitons

2 2 a2 sech2V+ = (ct/v)
2 - 2 a2 sech2 (8 ± A) (36)

where ± A are phase shifts determined by the soliton parame-

ters. The eigenvalues are then related by

K2 = A = (v-2_1)ot2>
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Far to the right at all times we have an asymptotic constant

level 1/2 Yo for the mKdV" problem. The solitons are super-

imposed on this level unless a DL forms. Since the DL has the

greatest velocity the solitons will then trail behind against a

background level -1/2 To. Hence comparing with Eq. (34) we

have a/v = ±1/2 fo and in both cases for an eigenvalue

A = k2 it follows that a2 = 1/4 V o
2 - K. From Eq. (35)

the phase velocity a is then given by

a = -2{(fo/2)2 + 2 X} (37)

and from Eq. (34) the amplitude Ay is given by

AV = 2{Yo/2 - /TT} (38)

For example the amplitude of the soliton train is determined by

the minimum eigenvalue A = 1/4(fo + 2 f<|)
2 (cf .Eqs. (22)

and (23); the soliton train corresponds to those xj which are

localised on the right only) which from (38) leads to Ay =

?o " |^o + 2 Y1 |.

If Y-l < -To there is no soliton train and also all eigen-

values K are less than 1/4 to
2. Hence all solitons have

phase velocities exceeding -6(Yo/2)
2. Therefore we expect a

nondispersive ramp with H*i < ¥ < -¥o/2 trailing behind the

solitons with velocities given by -6 ¥2(x) (cf. Eq. (19) for

mKdV").

We have also treated the initial value problem for the mKdV"

equation numerically (Chanteur and Raadu, 1985) using a

pseudospectral method of the type proposed by Fornberg and

Whitham (1978). The numerical results agree with the analytical

predictions. In particular we recall the condition for DL

formation, Eq. (31). Initial perturbations are of the form

y(x,o) £ u(x,o) = \ ("__„ + u . ) + i (u_.v - u . )tanh (ex)
d. max min z max min ....

so that u m a x = 1/2 yo and u mi n = 1/2 Yo + Ti. We note

that if uroax = -umin = C = 1 the profile is that of a DL
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soliton. Figs. 2-5 show typical results. Fig.2 corresponds to

the special cases discussed by Torvén (1981). u m a x = -u mi n

= 1 and C = 0.25 so that the profile is broader than that of a

steady state DL. Three solitary waves are produced (cf. Torvén,

1981) and the profile steepens to form a steady DL. For Fig.3
umax =0.8, u mi n = -1.2 so that u mi n < - u m a x and no

soliton train is formed. A DL is formed between ± u m a x. The

profile is sufficiently broad (c = 0.25) to lead to two

solitary waves.These have velocities and amplitudes in

agreement with the eigenvalues of the Schrödinger Eqs. (22) and

(23). The second soliton has a small amplitude and is not

clearly seen in the plots presented here. In the region
umin < u <~umax a nondispersive ramp forms with convective

velocity -6u2 determined by the local potential values. The

conditions for Figs. 4 and 5 are such that a soliton (wave)

train is formed (- u m a x < u mi n < u m a x ) . For Fig. 4 the

initial profile is sufficiently broad (c = 0.25) for two

isolated solitons to be formed. Here u m a x = 1.2 and
umin = -0-8 < ° so that a DL with potential difference
2umax 1 S formed. The soliton train

has a maximum amplitude 2(u m a x - lum^n]) = 0.8. For Fig.5
umax = ^ anc* umin = 0 so that no DL is formed. The

(negative) soliton train has a maximum amplitude * 2 u m a x =

2.

6. Discussion and Conclusions

Using the results of our analysis of the initial value problem

for the mKdV~ equation (Chanteur and Raadu, 1985) we can now

predict the outcome of the thought experiment illustrated in

Fig.1. We assume that the source parameters are adjusted so

that in a steady state a weakly nonlinear positive DL is

possible with potential difference <KO. If the potential <»>i

applied to the electrode on the left is positive no DL and no

soliton train will form, but a number of isolated solitons may

be produced depending on the exact form of the initial

disturbance. If $1 < -1/2 <*o a positive DL with positive

potential difference <D0 will form independently of the form
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of the disturbance. In the range -1/2 0 O < <t»i < 0 where no

DL forms a soliton train against a constant background level <t>

= 0 will be produced with maximum amplitude 2 1*1 I- In the

range -*o < «••) < -1/2 4>o the soliton train will follow

the DL with a background level -<DO and maximum amplitude

2(o0 - |*11 ) (-»0 as 0-) •• - * o ) . For <t>i < -0>o there

will be no soliton train and a non-dispersive ramp will form

with potentials <t> in the range *-| < * < -<t»o-
 A finite

number of isolated solitons are possible for all values of <t»i

and depend on the existence of discrete eigenvalues of the

Schrödinger Eqs. (22) and (23).

For a real physical system an initial disturbance will produce

ion acoustic disturbances traveling both to the left and to the

right at approximately the ion acoustic velocity. The deriva-

tion of the mKdV~ equation removes one of these branches.

Thus it is implicitly assumed here that the initial density and

velocity disturbance are related so as to excite only ion

acoustic disturbances travelling to the right. The analysis may

also be applied to a more general situation once the distur-

bance travelling to the right has separated out from the ini-

tial localised disturbance and a similar analysis then

applies to the other part of the disturbance propagating to the

left.

In view of the analysis of Tajiri and Nishihara (1985), real

experiments to verify the formation of mKdV DLs should be per-

formed in a plasma with high atomic mass or with a current

drift velocity approaching the ion acoustic velocity, in order

to minimise Landau damping. If the current is drawn by means of

an ion beam moving at about the ion acoustic velocity against a

background of stationary electrons this would have the added

advantage that the DL velocity in the laboratory frame would be

small.



- 16 -

Acknowledgements

We wish to thank Drs. A. Ramani and S. Torvén for interesting

discussions and valuable comments. This work was in part sup-

ported by the Swedish Natural Science Research Council.



- 17 -

References

Bernstein, I.B., Greene, J.M. and Kruskal, M.D., Exact
Nonlinear Plasma Oscillations, Phys. Rev. 108. 546
(1957) .

Buslaev, V. and Fomin, V., On the Inverse Scattering Problem
for the One-dimensional Schrödinger Equation on the Whole
Axis, Vestnik - Leningradskogo Universita, Seriya
Matematiki, Mekhaniki i Astronomii, No.1, 56 (1962).

Chanteur, G. and Raadu, M.A., Formation of Shocklike mKdV
Solitons: Application to Double Layers, in preparation
(1985) .

Fornberg, B. and Whitham, G.B., A Numerical and Theoretical
Study of Certain Nonlinear Wave Phenomena, Phil. Trans.
Roy. Soc. London Ä2M, 373 (1978).

Gardner, C.S., Greene, J.M., Kruskal, M.D. and Miura, R.M.,
Method for Solving the Korteweg-de Vries Equation, Phys.
Rev. Lett. 19, 1095 (1967).

Goswami, K.S. and Bujarbarua, S., Theory of Weak Ion Acoustic
Double Layers, Phys. Lett. 108A. 149 (1985).

Gurevich, A.V. and Pitaevskii, L.P., Nonstationary Structure
of a Collisionless Shock Wave, Zh. Eksp. Teor. Fiz. 6J>, 590
(1973) (Sov. Phys. - JETP Ifi. 291 (1974)).

Kakutani, T. and Yamasaki, N., Solitary Waves on a Two-Layer
Fluid, J. Phys. Soc. Japan 45., 674 (1978).

Khruslov, E.Ya., Decay of Initial Steplike Perturbation in the-
Korteweg-de Vries Equation, ZhETF Pis. Red. Zli 469 (JETP
Lett. 21, 217) (1975).

Knorr, G. and Goertz, C.K., Existence and Stability of Strong
Potential Double Layers, Astrophys. Space Sci. H , 209
(1974).

Miura, R.M., Korteweg-de Vries Equation and Generalizations
I. A Remarkable Explicit Nonlinear Transformation, J.
Math.Phys., £, 1202 (1968).

Montgomery, D. and Joyce, G., Shock-Like Solutions of the Elec-
trostatic Vlasov Equation, J. Plasma Phys. 2, 1 (1969).

Nakamura, Y. and Tsukabayashi, I., Observation of Modified Kor-
teweg-de Vries Solitons in a Multicomponent Plasma with Ne-
gative Ions, Phys. Rev. Lett. 52., 2356 (1984).

Nishihara, K. and Tajiri, M., Rarefaction Ion Acoustic Soli-
tons in Two-Electron-Temperature Plasma, J. Phys. Soc.
Japan 5fl, 4047 (1981).



- 18 -

Ott, E. and Sudan, R.N., Nonlinear Theory of Ion Acoustic
Waves with Landau Damping, Phys. Fluids 12, 2388 (1969).

Perel'man, T.L., Fridman, A.Kh. and El'yasevich, M.M., A Modi-
fied Korteweg-de Vries Equation in Electrohydrodynamics,
Zh. Exsp. Teor. Fiz, ££, 1316 (Sov. Phys. - JETP 3_9_, 643)
(1974a).

Perel'man, T.L., Fridman, A.Kh. and El'yasevich, M.M., On the
Relationship Between the N-Soliton Solution of the Modified
Korteweg-de Vries Equation and the KdV Equation Solution,
Phys. Lett. 4J7&, 321 (1974b).

Schamel, H., Weak Double Layers: Existence, Stability, Evi-
dence, Z. Naturforsch. 38a. 1170 (1983).

Smith, R.A., A Review of Double Layer Simulations, Physica
Scripta 1211, 238 (1982).

Tajiri, M. and Nishihara, K., Solitons and Shock Waves in Two-
-Electron-Temperature Plasmas, J. Phys. Soc. Japan 5_4_, 572
(1985) .

Torvén, S., Double Layers - Theory and Experiment, Proc. 1980
ICPP, Fusion Res. Ass. Japan, Nagoya, p.89 (1980).

Torvén, S., Modified Korteweg-de Vries Equation for Propaga-
ting Double Layers in Plasmas, Phys. Rev. Lett. 42, 1053
(1981).

Trän, M.Q., Appert, K., Hollenstein, Ch., Means, R.W. and
Vaclavik, Shocklike Solutions of the Korteweg-de Vries
Equation, J., Plasma Phys. 12, 381 (1977).

Wadati, M., Wave Propagation in Nonlinear Lattice. II, J.
Phys. Soc. Japan M . 681 (1975).

Washimi, H. and Taniuti, T., Propagation of Ion-Acoustic
Solitary Waves of Small Amplitude, Phys. Rev. Lett. 12» 996
(1966).

Watanabe, S., Ion Acoustic Soliton in Plasma with Negative
Ion, J. Phys. Soc. Japan 51, 950 (1984).



- 19 -

Figure Captions

Fig. 1. A thought experiment for the formation of weakly non-

linear DLs. All electrons (e~) originate at the

plasma source on the right (grounded, potential <t» =

0). The parameters can be adjusted to allow a positive

DL. Some electrons may be reflected at the DL by the

electric field E, and all that reach the left elec-

trode (at variable potential *-|) are assumed to be

perfectly reflected. The cold stationary ions (X+)

are accelerated to the left by the DL electric field

as the DL propagates to the right at about the ion

acoustic velocity. An adjustable potential -<t»i is

applied from an external source.

Fig. 2. A three dimensional plot of the potential u = T as a

function of space, x, (XMIN 1 X 1 XMAX) and time, t,

(TMIN 1 t 1 TMAX) with coordinates as indicated, u sa-

tisfies the canonical mKdV~ equation. The figure is

built up from 48 spacial profiles at equally spaced

time intervals. The number and size of the spacial

steps (nx and dx) and time steps (nt and dt) are as

indicated. The initial profile defined by um±n = -1,
umax = 1 a n d c ~ 0.25 (see text Eq. (39)) is such

that a DL and three positive solitons are produced.

Fig. 3. A similar plot to Fig. 2. Here the initial profile is

defined by u mi n = -1.2, u m a x =0.8 and C = 0.25.

The DL which forms is accompanied by two solitons and

to the right (from the perspective of the figure) a

nondispersive ramp spreading with velocities given by

-6 u2. The second soliton has a rather small ampli-

tude as predicted from the Schrödinger equation eigen-

value.
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Fig. 4. A similar plot to Figs. 2 and 3. For the initial pro-

file uroin = -0.8, u m a x = 1.2 and C = 0.25. The DL

is accompanied by two isolated positive solitons and a

positive soliton (wave) train on a background level =

""max = -1-2.

Fig. 5. A similar plot to Figs. 2-4. Here only 24 spacial

plots are included. The initial conditions (um^n =

°' "max = 1) do not allow a DL to form. Instead

there is a negative soliton train with maximum ampli-

tude *2 (measured downwards from a background level =

umax = 1>-
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mKdV EQUATION
formation of a DL and three solitary waves
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mKdV EQUATION
one DL, two solitary waves and a ramp
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mKdV EQUATION
one DL, two solitary waves and a wave train
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mKdV EQUATION
formation of a wave train without DL
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