
IC/65/125
INTERNAL REPORT

(Limited Di s t r ibu t ion )

^international Atomic Energy Agency

and

United Hatjjsi/Educational Scientific and Cultural Organisation

NATIONAL CENTRE FOR THEORETICAL PHYSICS

SURFACE GREEN FUNCTION

MATCHING FOR A THREE-DIMENSIONAL NOM-LOCAL CONTINUUM •

J.O.A. Id iod i • •

International Centre for Theoretical Physics, Trieste, Italy

ABSTRACT

With a view toward helping to bridge the gap, from the continuum side,

•between discrete and continuum models of crystalline, elastic solids, explicit

results are presented for non-local stress tensors that describe exactly some

lattice dynamical models that have been widely uaea in the literature for cubic

lattices. The Surface Green Function Matching (SGFM) method, which has been

used successfully for a variety of surface problems, is then extended, within

a continuum approach, to a non-local continuum that models a three-dimensional

discrete lattice. The practical use of the method is demonstrated by performing

a fairly complete analytical study of the vibratlonal Burface modes of the SCC

semi-infinite medium. Some results are presented for the [100] direction of

the (001) surface of the SCC lattice.
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I. INTRODUCTION

Certain kinds of calculations related to the dynamical proper-

ties of solids appear to be more easily carried out on the basis

of continuum theory at the present time than by lattice theory

[1,2]. However, the continuum theory that is usually employed

rests on the macroscopic picture provided by the theory of classical

J:his theory. r

elasticity andyis known to be incomplete L3-61• A m o r e exact

(microscopic) picture of the actual processes in crystals may be

obtained by the methods of crys tal lattice dynamics which takes

into account the existence of long-range, cohesive forces and also

the effects of microstructure [6-10].

Efforts to improve the classical theory of elasticity, within

the domain of continuum mechanis, have led to numerous theories

being proposed [i1-13]. These theories are still to be widely

used in solid-state physics. It is now well known that nonlocal

theories of elasticity posses the important effects of dispersion

that are missing in the local classical theory of elasticity. Thus

nonlocal elasticity, if sufficiently well developed, plays an

intermediate role between the usual approaches of the local cla-

ssical elasticity and the lattice dynamics and It can be used as

a bridge between both of them.

The purpose of this paper is to extend the surface Green func-

tion matching (SGFM) formalism, developed by Garcia-Moliner and

co-workers [i^, to a nonlocal continuum which models a three-

dimensional discrete lattice of point masses connected by spring

forces. This is an extension to three dimensions of a previous

work which was restricted to one dimension \\ s]. In passing from
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one dimension to three dimensions, we are confronted by the

nontrivial problem of constructing a nonlocal stress tensor.

The outline of this paper is as follows. The main features

of the nonlocal model employed in this work are presented in

Section II. The nonlocal model is based on the works of Kunin

[16,17], where further details can be found. In Section III, we

present explicit expressions for nonlocal stress tensors that

describe exactly some lattice dynamical models that have been

widely used in the literature. We address, in Section IV, the

problem of determining surface modes of a semi-infinite three-

dimensional medium. The surface problem is handled by employing

the EGPM technique, and this leads to a simple formula for the

surface mode. The usefulness and practically of the SGFM method

have been widely demonstrated in several problems in the theory

of surface or interface waves [i4]. The theory of surface vibra-

tions, both in continuum and lattice models, has been the subject

of a number of reviews (see, for instance, Farnell [i8], and re-

ference 8); these reviews are recommended for general background

and for details falling outside the scope of this study.

Conclusions are presented in Section V.

II. THE NONLOCAL MODEL.

Consider a triple of noncoplanar vectors ea(a=1,2,3) with

a common origin. The set of points obtained through all displa-

cements of the origin by vectors nan01? (here and in the following,

by identical superscripts and subscripts we contemplate summation,

and na is an arbitrary integer) forms a three-dimensional lattice

with an elementary cell of the form of a parallelepiped, construc-

ted on ea. In this work we shall focus on cubic lattices.

Now suppose that a pointwise particle of mass m is located

at each knot of the lattice at equilibrium, and that the particles

interact by means of linear elastic bonds of the most general

nature. Then the resulting system is a three-dimensional medium

of simple structure and by definition, the only kinematic variable

of the medium of simple structure is displacement; it determines

the state of the medium completely. In what follows,We shall model

this three-dimensional medium by an infinite homogeneous nonlocal

elastic continuum of constant mass density p.

Let Ua {o=1,2,3) be the displacement of the particles from

the equilibrium position; then, in the harmonic approximation,

the equation of motion of the homogeneous medium in the (r,t) and

(k,<j) representations take the forms [^^\

9t2

-p

(2.1)

(2.2)

where qa(r,t) is the external force density at the position r



and at time t, and the nonlocal symmetric stress tensor T a is

defined by

operator will be considered in the approximation by first

roots [15-17].

TXa(r,t> =

i.e. *

in terms of the usual strain tensor defined by

(2.3)

£,,a(r,t) =3, <r,t) or e -<]c,u>) = ik. U (2.4)

where, here and subsequently, indices which are contained in

brackets (parentheses) are assumed to be subject to the operation

of alternation (symmetrization) £ 19]. The operator of elastic

moduli c al1 (k) possesses the sywmetry properties

it) = = CXaBlJ(Jt) cyBXa ( K ) (2.5)

i.e. C a)J <k") is symmetric Inside the first and second pairs and

is hermitian with respect to the permutation of the pairs.

It will be assumed in the following that action at a distance

is bounded (i.e. cXawS(r-r')=0 for |r-r'|>L, L being some charac-

teristic radius of interaction). When we consider fields which

change slowly enough over distances of the order of the radius

of interaction L, we can perform a transition to approximate

models by replacing the integral operator in (2.3) by a differen-

tial operator. This will be assumed, and the resulting differential
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III. NONLOCAL STRESS TENSOR FOR SOME LATTICE MODELS.

In this section we present explicit expressions for the non-

local stress tensor in the k-representation for some lattice

models that have been widely used in the literature. In view of

equation (2.3) it is sufficient to give the expressions for the

operator of elastic moduli C a (Jc). Only the nonzero components

of CXaw6(it) are presented.

(a) The SCC lattice and the model of Gazis et al. [4].

The lattice dynamical model of Gazis et al. [4] for the SCC

lattice assumes Kooke's law interaction of nearest and next-nearest

neighbours due to central forces characterized by force constants

a and B, respectively. In addition, the model takes into account

forces betwen particles that are due to angular stiffness of a

system of three consecutive nearest neighbours which form a right

angle in the equilibrium configuration. These angular stiffnes

forces are characterized by a force constant y. For this model,

we have, after some lengthy tensor algebra [17]

cxx Uu ( k,
(X*U)

I

[4(0+T)S(2kx)S(2k(j) -

)S 2<k)
A u
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(3.1a)

{S2

(3.1b)



= — (6+2Y)[s2(k,) + S2(k )-i
v0 * y

(3.1c)

k k S2(k )S2(kA y * u

with

S(kv) = Sin(akv/2)/(akv/2)

and

V -a3

V Q - a (3.If)

/P/V = 1,2,3

The elastic constants of local classical elasticity are given by

C (k) evaluatedat k«0. Thus, in the Voigt notation for the

elastic moduli we have

AAAA ,= C22 = C33 = C A A A A(0) = (a+4B)/a (2.2a)

1 2
C U y l J(0) = 26/a (3.2b)

C44 " C55 = C66 (3.2c)

in agreement with Gazis et al [4].

(t>) The BCC lattice and the model of Clark et al [20,21] .

In this model, a and e are the central force constants for
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nearest and next-nearest neighbours respectively; while y Is

the angular stiffness force constant. We have taken into account

only one type of angle. For this model we have,

§- [(0+4Y)S2(2k,) +
VO A

16Vn

CAAlJVi(k) = 2(a-y) Y~ S(2kx)S(2ku)

(3.3a)

(a+2y) ^

S2(2k (3.3b)

-TT- [S2(2k,
v0

S2(2k) -
v

'0

[S2(2kx)-i]

2V0
- (a+2Y)

(3.3c)

[sMkx>-i]

[1 _ ^ (3.3d)

where



= Sin(akv/4)/(akv/4) <3.3e)

and

(3.3f>

A ,li,v = 1,2,3; and in each equation in (3.3a-d)

The elastic constants of classical elasticity are obtained

in the same manner as was done for the SCC.

tatlon with sign convention exp[i(fc".r - wt)] .

In the absence of external forces, the problem is to solve

the equations of motion for the displacements 0^, I.e.

+ k k C
XauB (£)]u a,8-1,2,3 (4.1)

with appropriate boundary conditions at the surface. The stresses

and strains are given by equations (2.3) and (2.4). The dynamic

Green- function G corresponding to equation (4.1) satisfies the

equation

(c) The FCC lattice.

Calculations of the vibrational modes of FCC crystals have

often employed a force constant model similar to the type consi-

dered above for SCC and BCC crystals, i.e., central forces between

first and second neighbours together with angle bending forces

(see, for instance references [22-24]). The method employed

above can be similarly applied here to obtain the operator of

elastic moduli C*aliS(k>. He do not find it relevant to again pre-

sent the results for this case. We have sufficiently demonstrated

above that the operator of elastic moduli can be determined for

the lattice models of interest,

IV. SURFACE GREEN FUNCTION MATCHING ANALYSIS FOR CUBIC CRYSTALS.

In order to inquire about the possibility of surface modes,

we must solve a boundary problem. We shall apply the formalism

developed in the previous sections to the (001) surface of the

SCC lattice, and we shall work throughout in the (k",w) represen-

< (4.2)

i.e. the Kernel of the Green -tensor can be obtained by the

purely algebraic operation of inverting the matrix La^ defined

by

(4.3)

We take our surface at x, = 0 and since we shall focus on the

[lOO] direction of the (001) surface, we put

k = (kir0,k3), i.e. k2=0 (4-4)

For a free surface at x,=0 the boundary conditions are T «0 which

means, by equations (2.3) and (3.1a-f), that the surface projections

of the G^g and of their normal derivatives will be involved. These

are defined by
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lira -L / +" exp(ik,n)G -<k\Li)dk

and for the n normal derivative nG Qg, we have

lim —
n-*0 2TT

(4.5)

(4.6)

Related to the stress is the operator A extensively discussed in

the works of Garcia-Moliner and co-workers [1i\. For the [lOO]

direction, a high symmetry direction, our problem factors into a

one-dimensional problem for the shear horizontal (SK) mode and

a two-dimensional problem for the sagittal (S) mode.

(a) Shear horizontal (SH) mode along [too] direction of SCC

lattice.

For the SH mode, we solve, in the approximation by first

roots [15-16]

[-poo? = 0 (4.7)

subject to the boundary condition T =0, i.e..

(4.8)

where E ^ is defined by eq.(2.4) and c
 M P is defined by eq.(3.1).

We can immediately apply the results of the surface Green function

matching analysis for the one-dimensional nonlocal continuum [15^.

Hence, the surface mode frequency, if any, is given by

54 (4.9)

with

= 30/a2 , a1 = 360/a" , aQ = 1 {
C44

(4.10)

and

Hoo (4.11)

Since ID must be real, it follows from (4.10) and (4-9) that the

[1OO] direction of the SCC lattice does not sustain a shear hori-

zontal surface mode. The SH wave that does exist is not a surface

wave but just the T 2 bulk wave given in this model by equation

(4.11). This conclusion is in agreement with previous workers

[18,2S].

(b) Sagittal (S) mode along [1OO] direction of SCC lattice.

For the S mode, we must solve the coupled equations

= 0

and

Subject to the boundary conditions

c13lJB(fc-)eM6<k\u0 = 0 ,

(4.12)

U) = o , (4.13)

-11- -12-
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v2 v2 a - -v2 - v2
Y10Y40 ' 1 ~ Y10 Y40

k2 v
1 '50

(4.14k)

Using equations (3.1) and (3.2) and carrying out the SGFM

analysis, we obtain

In the approximation by first roots employed for this calcu-

lation, *(kj,w) is defined by

(4.15)

G11(k1,w) . iC11HoA0Y4O{Ylo+Y40)/t*'(iqo)*'(iq2}] (4.14a) where {q^iu) tm=0,2} are the zeroes of

(4.14b) (4.16)

= 0 (4.14c) and

with

r10

±1/2

|#i(iqo)*.(iq2)|

l-C44Y5OY1O~C12Y1O™C12Y4oJ
'40

' A0

f50
(c44+c12)

'44 n - - k2 J. -i— v11

6 1 120 1

(4.14d) *'(iqm(uj))

(4.14e)

<4.14f)

(4.14g)

(4.14h)

(4.14J)

3k, C 3 = 1

The surface modes, if any, are obtained from

Det G'1 E Det |-A(~'G"1[ = 0

i.e.

[1/4 -

G11G33

Putting equations (4.14a-k) into (4.18) we obtain

0 i

(4 .17)

(4 .18 )

(4 .19)

- 1 3 - - l l t -



where

X = C44 (C44Y50Yt0"C12^10

Equation (4.19) is the surface mode dispersion relation for the

sagittal mode. In the transition to the local limit a->0, then

(4.19) simplifies to the form

(4.20)

with

Y-, = Y10 -44 (4.21)

and

= Y40
a-t-0

(4.22)

Equation (4.20) is the well-known result of classical elasticity

[26].

Prom equation (4.19) the surface mode frequency can be obtai-

ned as a function of k1. We now make contact with the work of Ga-

zis et al. [4] by exhibiting in Fig.1 the graph of the normalized

frequency,

(4.23)

as a function of the wavenumber (j>(=lc,a). The physical parameters

were chosen to fit the data for potassium chloride which is near-

ly monatomic in so far as atomic masses are concerned and which

crystallizes in a simple cubic array. The close agreement of our

curve (labelled b) with that of Gazis et al (labelled C) is very

encouraging, despite the fact that we have solved our nonlocal

equations in the approximation by first roots. Our results show

that the surface wave exhibit dispersion, i.e., a variation of

the phase velocity with wavelength.

V. COHCLUSIOK

In this work the SGFM formalism has been applied to a nonlocal

continuum that models a three-dimensional discrete lattice. This

is an extension to three dimensions of a previous work that was

restricted to one dimension. Explicit results have been presented

here for nonlocal stress tensors that describe exactly some latti-

ce dynamical models, that have been widely used in the literature.

The practically of the formalism is demonstrated by investigating

SH and S surface modes along the [jlOoJ direction of the (001) sur-

face of the SCC lattice . The predictions of this model are in

agreement with those of previous workers. One of the motivations

for this study is the need to offer a simpler approach to problems

of interest in lattice dynamics, exploiting fully a procedure that

is more in the analytical spirit than being entirely numerical. In

addition, this study has also helped to bridge the gap, from the

continuum side, between discrete and continuum models of crysta-

lline, elastic solids.
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FIGURE CAPTIONS

Figure 1.- Dispersion curve of normalized frequency versus the

dimensionless wave number $ , for waves in the £1003

direction in a KCL crystal with elastic constants

C11=3.98Ox1O
l0Nm"2, C12= 0.625x101°Nm~2, and

C44=O.62Ox1O
l0Nnf2.

'a' is the dispersion curve of local continuum theory,

'b' is the dispersion curve of nonlocal continuum theory.

'c' is the dispersion curve obtained in Lattice dynamics

(Gazis et al.).
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