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ABSTRACT

Jli^her-dimensional Kaluza-Klein theories with extra compactified

time-like variables are considered. Topological criteria are presented

for a compact manifold which prevent the appearance of massless ghosts in

an effective four-dimensional theory. Gome models are given in which

these eriterial hold, Amonft them is the bosonic sector of the low energy

limit of the anomaly-free superstring theories. As a rule, the extra

time-like variables lead to compactification with a compact hyperbolic

manifold.
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I , INTRODUCTION

Recently important results have been obtained in the construction of

a unified theory of a l l knovn interactions [ l ] . These results were achieved

within the framework of the Kaluzn-Klein approach for superstrings and super-

gravity in which the effective four-dimensional theory i s a theory of massless

part icles . Usually i t is believed in this approach that extra coordinates are

space-like, i .e a d-dimensional manifold M is regarded as having the metric

E.*., with signature (-++... + ) , i . e . ( I , d - l ) . This assumption leads to
MM

positive energy for matter fields in the four-dimensional zero-mass sector
after compactification. However, it is desirable not to fix the signature in
the d-dimensional space from the very beginning, but to obtain i t in a dynamic
vay ( i . e . as a solution of equations of motion) permitting in principal,
the appearance of extra time-like variables. The hypothesis of the existence
of extra time-like variables was suggested in Ref.[2]. In this paper
we shall consider vacuum solutions and spontaneous compactification in
Kaluza-Klein theories with extra time-like variables. In general, limiting
the signature to (I ,d-I) (with one time-like variable) places great
restr ict ions on the possible solutions of the d-dimensional equations of motion
which may not "be advantageous. In particular as was shown in Kef. [3] the
signature (7,3) appears naturally in the N = 1, d = 10 supergravity theory
coupled to Yang-Mills matter from the solution to the equations of motion,
which has the desirable property that the four-dimensional space-time has the
Minkowski metric. In other words, in the ten-dimensional space with the (7,3)
signature we can solve the problem of the cosmological constant. Let us
remember that in (1.9) signature the compactification m = M x B does not
exist (a no go theorem of Ref.[l]) but there does exist a compactification
M10 = adS3 x B7 [5].

In this paper, We will explore what can be learnt about an effective

four-dimensional theory extracted from the d-dimensional theory with extra

time-like variables. In general, the extra time-like variables lead in the

Kaluza-Klein approach to ghosts and to tachyons [6] . We shall point out the

topological c r i te r ia for a compact manifold corresponding to time-like

variables which avoid the appearance of massless ghosts in the effective four-

dimensional theory.

We may consider different possibi l i t ies for interpretation of classical

solutions in a d > h dimensional manifold with signature ( t , s ) , t + s = d

when t > I .

The f i rs t point of view is that quantum theory i s constructed in

(I,d-I) signature. The solutions in other signatures are used for calculating
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the functional integral in the stationary phase approximation. Our approach

here is the same as that followed usually in dealing with Euclidean four-

dimensional field theories. Another possibility is the following. Assuming

that compactification of extra time-like dimensions is achieved, what are the

implications of taking extra time-like dimensions seriously? At this point the

problem of a physical interpretation of the theory with extra time dimensions

arises. If extra time dimensions are not compactified, then in the d-dimensional

theory causality is violated. But if extra time dimensions are compaetified

then along with the observable (macroscopic) time there are extra (microscopic)

times and there is a reason to speak of macroscopic and microscopic causalities,

*)

respectively . To understand the physical meaning of eompactified extra time-

like dimensions in detail, we ought to investigate the initial Cauchy problem

for ultra hyperbolic equations, for example with periodic boundary conditions

Tor the extra time-like variables. Causality in Kaluza-Klein theories with

ordinary signature was considered in Ref.[T].

Let us note that a change of the metric signature t generally speaking.

cluinecK the number of fermionic degrees of freedom [6,3] and the algebra of

supersyirimetry. So a Lagrangian which possesses the supersymmetry for metric

signature (I,d-I) can have no supersymmetry in another signature.

There also exists the following possibility. If we assume the

existence of extra time-like variables as well as extra space-like variables

and if the theory possesess the ground state Md = M x Mr x Bd~ with metric

signatures (l,3), (I,r-I) and (0,d-r-l*), respectively, then it is rather

intriguing to think that two Universes exist each with its own time. Theae

Universes are embedded in higher dimension world . If we have such a vacuum

solution, then it seems that it is necessary to modify the standard Kaluza-Klein

approach. fn this case it is unnatural to integrate the action over the

internal coordinates. Instead, "both Universes M ••"'I M should be considered

equal in rights and each Universe should have its own time. Mote, incidentally,

that the possibility of an observer existing in another Universe may apparently

create a possibility for a new interpretation of quantum theory which is

different from the ordinary Copenhagen interpretation and from Everett's

interpretation as well.

time.

) The microscopic time may be appear as Zitterbewegung in the macroscopic

") Let us note that this picture is obviously different from the picture of

islands in the Universe with different metric signature embedded in four-

dimensional space which vas discussed in Hef.[9],

In this note we shall consider the following problem. Is i t possible

to obtain a satisfactory four-dimensional theory in the Kaluza-Klein approach

with additional time-like dimensions? In the modern Kaluza-Klein approach i t

is usually assumed that the internal space is of a small size and therefore the

four-dimensional massive states have masses in excess of the Planck mass.

In this approximation, all observable particles are massless. Therefore we

focus our attention on the massless sector and consider the problem of constructing

a satisfactory four-dimensional massless sector (without ghosts).

I I . RESTRICTIONS OK COMPACTIFICATION

Let us consider a manifold M having the metric g with s ignature

(d-3,3) which corresponds to the d-3 t ime- l ike dimensions. We sha l l consider

the Einstein equations for the gravitation field interacting with matter fields

2 eMH MN

T._, is the stress tensor of the matter.
MN

We have also the corresponding

As we are now interested in vacuum solutions

where

equations for the matter fields.

we consider only bosonic fields.

We would like to obtain the reduction M = M x B r , where M is a

space-time whose metric has signature (-+++) and Br is a compact manifold.
o o

We l o o k f o r a v a c u u m s o l u t i o n i n t h e f o r m g = ( g ( x ) , e ( y ) ) , w h e r e
u r n Wfl u v - m n ^ r

x , y are the coordinates for the corresponding manifolds M and B . The
D

metric g is negative definite,
mn

We shall show that massless ghosts are absent in the four-dimensional

theory if the following conditions for the manifold B are satisfied:

1) B has no Killing vector field at all;

2) If antisymmetric tensor fields of rank I are present, then it is

necessary that all Betti numbers b (B) should be equal to zero

for 2k + 1 x Z.

Indeed, it is well known that if B has the iaometry group G then

the theory may include massless Yang-Mills bosons with gauge group G. In
o

the case of a negatively definite metric g ^ the Kaluza-Kiein ansatz for the

metric tensor [10,11]
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III, HYPERBOLIC MANIFOLDS

( i )

k m lwhere the quantities k"'"' are the Killing vector corresponding to the iso-

retrler, of the metric and i runs over the dimension of the Isometry

s-;ruuj> C gives rise to Yang-Mills ghosts. The claim is based on the

observation that substituting (1) into the higher-dimensional action and

Integrating over the extra dimensional coordinates y, one obtains the four-

dimensional action with a negative effective coupling constant in front of the

kinetic energy term F for the gauge potential A . In the case when B

ha;; no Killing vector fields at all the Kaluza-Klein mechanism for generation

of gauge fields does not work. However, the condition 1) is a sufficient

but not necessary condition because, as was mentioned in Ref.[ll], the standard

Kaluza-Klein ansatz for massless gauge fields is in general Inconsistent with

the higher dimensional field equations.

To illustrate the possibility of existence of a higher dimensional model

with metric signature (d-3,3) which Implies a compactification M x M x B

free from four-dimensional massless ghosts, let us consider the field equations

of pure gravity in the eight-dimensional world with R^, = 0. This theory
admits a classical ground state solution (Minkowski space-time) x K3 (K3 Is

Hummer's quartic surface in CP with a Ricci flat metric and which has no

Killing vectors). The effective four-dimensional massless theory describes an

interaction of gravity with scalar fields and has no ghosts.

As for the second condition, we have in mind the simplest cases, where

the higher dimensional gravity couples to the antisymmetric tensor field Â , ,

through the LagranRian t£ = e[R - RHr'] , where e - detjgMM ) ,H = dA. Then considering

;;nin.ll I'Luci,nations of the field;; A.

-••V(A"i
,. . -A

about the ground state and performing a Fourier expansion of the

terms of eip.enfunctions of the Hodge de Rahm operator one obtains (see Ref.[l2l)

a four-dimensional theory. The four-dimensional massless fields A (x)

k ^ Z come from zero-modes of the Hodge de Rhajn operator on the Internal space.

If (t - k) is odd then these fields are ghosts. These massless ghost fields

do not appear in the case where the Hodge de Rham operator has no corresponding

einenfunctions, i,e, the corresponding Betti numbers are equal to zero.

-'i-

We shall show that spontaneous dimensional reduction in a Kaluza-Klein

theory with extra time-like variables implies, as a ru le , compactifieation on

manifoldB with constant negative curvature (hyperbolic manifolds) . One should

compare this with the possibili ty of the compaetification on manifolds with

positive curvature for space-like extra dimensions [6,13,12,11,11O. Suppose

that the higher dimensional world i s of the form M = M x B " with M a

a four-dimensional anti-de Si t ter or Minkowski with metric signature (-+++)

and Br an r-dimensional manifold with metric signature (—••--). Let us

also assume that the stress tensor T,_, for the vacuum solution has the form
ran

= Y, g,,

This is a. very strong restriction, but various ways of obtaining these equations

have been found. The positivity of T Q Q gives us y1 < 0. According to

Einstein's equations one gets

- Y2) - r-L - ys)

a - 2 d - 2

the
If four-dimensional space-time is an adS-like or Ricci-flat, then forir-dimensional

space we get B = Ca with a positive constant C. This means that the
mn mn

extra r-dimensional space can be a compact hyperbolic manifold. It is essential

to point out that in this case extra dimensions are consistent with but do not

imply compectifieation. (One can believe that the contributions to the

functional integral from non-compact hyperbolic manifolds are suppressed.) :

One can say more if y. - Y ?
< 0 (this inequality is obtained, for example,

for the Yang-Mills stress tensor when the ansatz for monopoles or an embedding

of Yang-Mills connection in the spin connection is used). In the case, one

can immediately notice that the r-dimensional space can always be a hyperbolic

manifold. Usually, the hyperbolic manifolds are not considered in the Kaluza-

Klein approach. Apparently, the reason for this lack of attention Is that the

simplest hyperbolic manifold is the Lobachevsky space (a realization of the

Lobachevsky space is the mass shell hyperboloidin MInkowski space) which is non-

compact. However, compact hyperbolic manifolds do exist, see Kefs.[15,161•

A few facts about compact hyperbolic manifolds will be useful. Any

small neighbourhood in a hyperbolic n-manifold Ln Is isometric to a neigh-

*) The use of a compact hyperbolic manifold as an extra space In Kaluza-Klein

theories was suggested in Ref.[3].
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bourhood in the n-dimensional Lobachevsky space Hn and the manifold itself

is the quotient Ln = Hn/F of a space Hn by a discrete group of motions r.

A simple example of a compact hyperbolic two-manifold is the sphere with g J, 2

handles, obtained by identifying sides of the regular (in the Lobachevsky metric)

Ug-polygon. An example of a compact hyperbolic three-manifold is the dodeca-

hedral space, obtained by identifying opposite faces of a dodecahedron after

3^/5 right-handed rotations. The set of hyperbolic n-manifolds (n 5. 3} with

any given volume is finite. The Mostow rigidity theorem [17] says that any

invariant of the geometry of a hyperbolic n-manifold (n >, 3) is actually an

invariant of i t s homotopic type. So, for a fixed homotopic type, one gets a

unique vacuum configuration. The Euler characteristic of a closed three-mani-

fold is always 0 and the eta invariant [l8]or the Chern-Simons invariant of

oriented hyperbolic three-manifold, should probably be thought together with

the volume as a characteristic of the vacuum solution.

The geodesies on the L space have stochastic behaviour and one can

say that the extra-coordinate is spread all over the extra r-manifold. According

to Bochner's theorem compact hyperbolic manifolds do not imply Killing vectors

at a l l .

IV. MODELS

We now turn to a description of theories -with extra time-like variables

allowing compactification without massless ghosts.

1. Let us consider the coupling of seven-dimensional gravity and a Yang-

Mills system with the Lagrangian

R -
i 2 MM

where

and where the metric has signature (-+++—). I n this case, we may obtain

a solution of the form adS x L , where 1/ is a compact hyperbolic manifold.

To obtain this solution we set the gauge field in the internal space equal to

the spin connection, suitably embedded in the gauge group [19]. If we take

L" equal to the hyperbolic space of the dodecahedron, then the first Betti

number b-^L ) is equal to zero and our conditions I) and 2) are satisfied.

2. For the bosonic sector of the eleven-dimensional supergravity with

signature (-+++-...-) using the Freund-Fubin ansatz [13] one can obtain a
7 7 7

compactification adS x L , vhere L is a compact hyperbolic manifold (or

and Einstein space). The effective four-dimensional massless theory has no

ghosts if the Betti numbers b (L ) and t (L ) are equal to zero.

3. Let us consider a compactification of d-dimenslonal gravity coupled to

a 2-form A in a metric with a signature (d-3,3) with the action as in Bee.II.

The equation of motion for the H-field has the solution

Hmnk = h-W-'rank
m,n,k

For this solution, the condition of positivity of T

we get the equations

d-2,d-l,d .

is not satisfied and

R«.< = C,

with positive constant C and negative constant C?.

This means that, the theory admits the compactification M = dE x B

as well as M = dS x 1 * 1 I , where B is a three-manifold with constant

positive curvature. However, we cannot taJte an arbitrary constant positive

curvature manifold as a B-space because in the case the condition (l) does not

hold. For example, we cannot consider the three-sphere as a B space because

the three sphere has vector Killing fields. We also cannot take the quotient

S /r with r acting freely on the S -sphere as a B-spaee because S /r always

has an isometry group S and the condition l) would be broken. To avoid

this obstacle we ought to take for B the quotient S /T with a discrete group

T acting on S non-freely ( i .e . with a fixed point). Then S IT is a

finite volume manifold with singular points. Non-compact finite volume manifolds

in the context of Kaluza-Klien theories were considered early in Refe,[20,El].

h. Let us now show that extra time-like coordinates permit us to get a

vacuum solution in the bosonic sector of the d = 10, N = 1 supergravity

coupled with Yang-Mills theory [22]. This is the theory obtained from the

Green-Schwarz bosonic Lagrangian

2k
(2)
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H = dB - ID + in , where w o Y (»„ ) is the Chern-Simons 3-form for the

Y a n g - M i l l s c o n n e c t i o n ( s p i n c o n n e c t i o n ) , and t h e n o t a t i o n i s a s B e f . [ l ] . In

signatures (7,3) or (k,6) the matter field equations are satisfied by the

following ansatz. Non-aero components of g ^ are spl i t into three "blocks
g a b M ) " The e c a l a l 1 f l e I d ¥ l s

Non-zero components of H and F are Hmnii mn.it
h = g

Fat i = b ' p ' v s ° - 1 ' 2 > 3 ' > ra>" a 5 > 6 , 7 ; a,Y> = 6 , 9 , 1 0 . The E i n s t e i n e o u a t i o n

yields the relations R = 0, R - -(3g Ak )e " g , R =(g /k )e ^ S a t-
These equations hold if we take M10 « M x Q3 x L3 and H10 = M x Q3 x S3

in the signature (7,3) find (k,6), respectively. Here M is Minkowski
space, Q = S / r , with r a discrete subgroup of SO(U) such that Q ha no
Killing vectors at a l l (see Sec.IV), L is a compact three-hyperbolic
manifold. Uote that a compactification with a flat, space M is possible
due to the supersymmetry of the theory. If we consider a perturbation of the
Lagrangian ("•;) for example if instead of the term e F we substitute e ~ F
where q in a constant the M cannot be a flat space.

For non-standard signature in the general case we do not have equality
of the fermion and boson degrees of freedom and there is no supersymmetry.
For example the Majorana-Weil spinors exist for signature ( t , s ) only if
s - t = 0 (mod 8) (see Refs.[6,8]. In the ten-dimensional world this
condition is satisfied, aside from the standard signature, for signature

(-+++-++ ) and in this case we can have supersymmetry. In this case a

solution of the form M x AdS x L exists. I t is interesting to consider
the possibility that here exists non-standard signatures as a possible mechanism
for spontaneous breaking of supersymmetry.

5. Following Candelas et a l . [l ] ve add a higher derivative term to the

ian (, ) and consider the following Lagrangian:

PM' YL~ kg
RMNKL'

,MNKL

with arbitrary numerical coefficient y. When y - 1/30 for gauge group

iia x Eg compactification on four-dimensional Minkovski space was described

by Candelas et al . [ j ] , where IT • M x K with K a six-dimensional
to note

Calabi-Yao manifold. I t is remarkable ;that the configuration i s a vacuum
solution ,i] so for the metric signature (7,3). Moreover, conditions (l)

and (2) from Sec.II hold for this compactification and the zero mass

Taosonic sector i s the same in both signatures (1,9) and (7,3).

When y i s n o t equal to 1/30, the compactification M 1 0 = M1* x Sk x L 2 ;

M1 0 = M x L x L2 e x i s t s f o r s i g n a t u r e ( 1 . 9 ) and ( 5 - 5 ) . In t h i s c a s e t h e

matter field equations are t r iv ia l ly satisfied lay the following tackgrouiid
Fmi - R™ > m ' n " 5.6,7,8; i .J = 1,2,3,U; F&b = f^gTIj1

 6<lb. a,b = 9,10.

In conclusion, we would l ike to note that of course many interesting

problems are open. I t would be interesting to consider more in detail the

different possibi l i t ies for the physical interpretations of solutions with extra

time-like variables described briefly in the Introduction. I t is also necessary

to consider the fermion sector in such theories, We have shown that one can

obtain a good massless four-dimensional sector. I t would be interesting to

consider an interaction with massive tachyons. I t seems that such interactions

will be suppressed and the probability of production of tachyons will be very

small, in particular, in superstring theory whereiexlsts an effective ultraviolet

cut-off. Another interesting problem would be to construct supersymmetric

field models and superstrings in a high-dimensional world with extra time-like

dimensions.
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