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CHAPTER 1 

ELEMENTARY CONSTITUENTS AND FUNDAMENTAL INTERACTIONS 

1.1. WHICH PARTICLES AND WHICH INTERACTIONS ? 

At macroscopic scales, the properties of matter are governed by 
averages over a very large number of constituants, atomsor molecules 
for instance, whose detailed structure and mutual interactions are ir
relevant to the study of their collective behaviour. The energy densi
ties required for the exploration of these properties are very small. 
The microscopic level, where "particles" start to show up, is reached 
at the scale of one atom. There, the length scale is the Angstroem 

° -4 (1 A • 10 micron), the order of magnitude of the electron orbits 
around the atomic nucleus. The corresponding energy scale, of the order 

-19 of 10 electron-volts (1 ev • 1.6 10 Joule), is the energy required 
to extract one electron far away from the nucleus. It looks quite small, 

• 3 
but this energy has to be concentrated within a volume ~ (1 A) , leading 

6 3 
to a typical energy density of order 10 Joules/cm in macroscopic units! 
As one goes deeper inside matter, one reaches the atomic nucleus, whose 

—8 * —13 size is measured in ferais (1 f • 10 A - 10 cm). The nucleus first 
appears as made of protons and neutrons, the nucléons, and the cost of 
extracting one nucléon out of the nucleus is of a few Mev (10 ev) : 
a new jump in energy scales. 

So, up to the Mev scale, we find evidence for at least three kinds 
of "particles", electrons, protons and neutrons. The protons and neu
trons are tightly bound together inside the nuclei by what is called 
strong interactions. They are strong with respect to the electromagnetic 

ones, responsible for the capture of electrons (negatively charged) by 
the (positively charged) protons of the nucleus. Note that the nucléons 
are subject to both the strong and the electromagnetic interactions 
(although it is neutral, the neutron interacts electromagnetically 
through its magnetic moment). But the electron does not feel the strong 
ones. The particles subject to strong interactions are called hadvona ; 
the electron belongs to the category of Uptons. 



p 

The study of nuclei also reveals the existence of a third type of 
interactions, the so-called weak interactions. They were first observed 
through the "0-decay" of certain nuclei, interpreted as resulting from 
the decay, 

n - p + e~ + v^ , (1.1) 

of one of the neutrons of the nucleus. A new particle is emitted here, 
c (*) 

noted V , and called the (anti) '-neutrino of the electron. It is neu
tral, and has neither strong nor electromagnetic interactions. It is a 
(anti-) lepton, and has the particularity of being nearly, if not 
strictly, massless (my < 30 ev). Finally, according to general relati-

e 
vity, all particles, massive or not, have gravitational interactions. 
At the microscopic scale in which we are interested here, these inter
actions are totally negligible, but it is the dream of the theorist to 
incorporate then into a unified scheme of all the four types of inter
actions. It might even be that, more than a dream, incorporation of gra
vitation in particle physics is compulsory for a coherent description 
of the first three interactions (super-gravity). 

If energy scales are again increased by, say, 3 order of magnitudes. 
3 

one reaches the Gev (10 Mev) scale. New phenomena arise, in particular 
production of new hadrons in collision processes. Before describing them, 
let us make a brief kinematical digression. From now on we will use units 
adapted to relativistic quantum mechanics, taking the Planck constant 
(**) n and the light velocity c to be unity, 

tf - c - 1 . (1.2) 

In these units, an inverse energy has the dimension of a length or of a 
time, with 

1 fermi «* 5 Gev . (1.3) 

(*) c 
"The prefix "anti"-, and the subscript c for v e anticipate on the 

fact that in (1.1) the lepton number L is conserved : the electron 
is given L - +1, v£ has L • -1 and is the antiparticle of the election-
neutrino v . 
(**)Classical mechanics are recovered as the limit of quantum mechanics 
when ti goes to zero. 

4 



The kinematics are those of special re la t iv i ty . We use the metric g = 1 , 
g «-I for i « l , 2 , 3 . The four-momentum p of a free particle of mass m 
verifies 

U 2 2 -»-2 2 PyP » p - P o - p - m , 

p i s i t s energy and p i t s momentum. In a co l l i s ion of two particles 
of 4-momenta p and q, the centtr-of-mass energy squared i s 

S - E 2 - (p+q) 2 . (1.4) 
c m . 

If in the laboratory system a particle of mass m and momentum p. . hits 
a target particle of mass M at rest, the available cm. energy is given 
by (1.4) : 

Ec.m. - I . 2 * H 2 * 2 B l l l b # M ] ; 

* 2 | p \ a b j M (1.5) 

for |Pi b I "-"> n,M. Present day accelerator energies for hadrons range 
from |p, b | =* 30 Gev to ~ 500 Gev, and the center of mass energy avai
lable with a fixed nucléon target (ra , ~ 1 Gev) thus lies between 

6 nucléon 
~ 8 Gev and 30 Gev. One may also realize frontal collisions between two 
particles accelerated in opposite directions. Such machines exist for 
positron-electron collisions (SLAC at Stanford, DEST at Hambourg for 
instance), and proton-antiproton collisions (CERN collider). The cm. 
energy there is the sum of the two energy of the colliding particles. 
The maximum energy reached till now is ~ 45 Gev for e e and ~ 900 Gev 
for pp. It will be respectively ~ 100 Gev for the future LEP e e~ col
lider (CERN) and 2 Tev (2000 Gev) at the FNAL Tevatron (Argonne-USA). 

At such energies, particles are relativistic, and this means not 
only that relativistic kinenatics must be used, but also, as mentioned 
above, that new hadrons are produced. For example, one may have 

p • n •+ p • p + ir , (1.6) 

where a TT , a negatively charged pion, is created. In such a reaction, 
the number of nucléons is conserved. It is a special case of baryon 
number conservation : p and n have a baryon number B-+1, and the pro
duced pion has 6*0 ; it ii a meson. Antiparticles have opposite values 



* 

of B. Many other particles can be produced. The pion appear in other 
charge states, the TT and the ir . Also, one observes reactions such as 

p + n •*• A + n + K , (1.7) 

where the A is a neutral baryon (B*+l), but is distinguished from the 
neutron n by a new quantum number S, called "strangeness". Strangeness 
is conserved in hadronic collisions : A has S«+l and K has S--I. 
Note that in (1.6) and (1.7), total charge is conserved. Lorentz inva
riance also is respected, leading to total 4-monentum and total angular 
momentum conservation. In general, high energy collisions give rise to 
a huge number of new particles, specified by a collection of quantum 
numbers, mass, spin, baryon number, charge, flavour. Flavour is the 
generic name giver, to additive quantum numbers such as strangeness. Six 
different flavours have been identified up to now. About two hundred 
mesons and baryons have been discovered during the last two decades. A 
few of them are stable, or decay only through weak interactions (such 
as the neutron - see Eq.(l.l)) or electromagnetic interactions ; most 

-22 of them have a very short lifetime (~ 10 s) because they decay 
through strong interaction processes. There are also other leptons than 
e and v , such as y and v . Finally, any particle is associated with e y 
an antiparticle. 

The above overview of what happens in high energy collisions looks 
quite complicated : hundreds of particles interacting with each other 
via four different types of interactions ! We shall see that symmetries 
play the central role in modern theories, not only leading to classifi
cations of particles and forces, but also providing clues to the origin 
of the dynamics. We already encountered a few of these symmetries when 
noting the existence of conserved quantities. Some of them are only 
approximate (for example, strangeness is not conserved in weak interac
tions, as evidenced by the weak process K -*• w ir°), other ones are 
thought to be exact, such as the symmetry leading to charge conservation. 
Let us comment on this last property. 

In fact, we did not yet mention a well known particle, the photon 
Y. It arises naturally when classical electromagnctism (Maxwell equations) 
is quantized. In quantum electrodynamics (QED), the exchange of the 

/r 



photon between charged particles is the mechanism which explains all 
known electromagnetic processes at the quantum level. With respect to 
the hadrons and leptons previously described, the photon is a new kind 
of particles, called a gauge vector boson. In fact QED is the simplest 
case of a class of field theories, the gauge theories, where symmetry 
groups play a dynamical role. The QED group is U(l), the one parameter 
Lie group represented by a phase e , 0 < <p < 2ir, and the photon is 
associated with the corresponding generator, precisely the electric 
charge Q. In the present theories of weak and strong interactions, the 
symmetry groups are SU(2) and SU(3), with 3 and 8 parameters respecti
vely, and an equal number of gauge bosons, 3 "weak vector bosons" and 8 
"gluons", the analogues of the U(l)y. A quantum theory of gravitation 
is still lacking. Grand unified theories are attempts to merge the three 
gauge groups U(l), SU(2) and SU(3) into a unifying group G, the simplest 
one being G - SU(5). The SU(5) model is most probably not a realistic 
one, but it is at least a nice prototype, or part of potential unified 
theories. Possible extensions under present investigation are given by 
supersymmetry and supergravity theories, not to be reviewed here. 

The gauge theories are field theories where a given symmetry (U(l), 
SU(2),SU(3) e t c . ) is implemented locally. This means that the Lagran-
gians of such theories are invariant under group transformations (of the 
various fields ip(x)) which are arbitrarily different at different space 
time points x. These local symmetries are to be opposed to global sym
metries, where the Lagrangian is invariant only if the same group trans
formation is applied to the fields at all space time points. Because 
they are local, gauge symmetries can be implemented if the fields under 
consideration describe point like objects, and not objects which are 
extended in space. Whereas the leptons actually seem to be point like 
(at least at the present stage of experimental investigations), hadrons 
have extended structures, and gauge theories can be applied only if we 
may identify point-like subconstituents. The latter ones seem to exist, 
and are called the quarks. Quarks and leptons will be the elementary 
matter fields of the gauge theories to be developed. 



1.2. THE HADRONS HAVE A STRUCTURE - THE QUARKS 

There are many evidences that the hadrons have an extended spatial 
structure. As a simple example, consider a collision experiment between 
two hadrons. A characteristic quantity attached to such a process is 
the total cross-section, which measures the probability, per incident 
particle and per unit volume and time, that something happens during 
the collision (irrespective of what the final state is). A cross-section 
has the dimension of a surface, and experiment tells us that at energies 
much larger than the masses involved, a hadronic total cross-section is 

-27 2 typically of the order of a few tens of millibams (1 mb •= 10 cm ), 
roughly independent of the cm. energy. The interpretation of this basic 
fact is that a typical scale of the order of 1 ferai characterizes the 
extension of the colliding particles. In classical terms, it means that 
they interact substantially only when their relative impact parameter b 
is less than their radius 

b < R * 1 f . (1.8) 

The same scale is observed if a hadron, a proton for example, is probed 
electromagnetically : its charge is distributed within a volume of the 

3 order of 1 f . 

This situation is to be opposed to the one encountered in lepton 
collisions. In a similar process where an electron and a posi:ron collide 
each other, one finds that, at sufficiently large energies, the total 
cross-section behaves roughly like the inverse of the cm. energy 
squared 

cm. 

In other words, once the masses can be neglected compared to E , 
there exists no typical length scale other than the inverse energy. So, 
contrary to the hadrons, the leptons appear as point like objects. 

Not only the hadrons are spatially extended, but the already men
tioned proliferation of various species with different charges and fla
vours also suggests the existence of subconstituents carrying internal 
quantum numbers. This observation led Cell1 Mann to invent the concept of 



quarks. In the 60 ' s , only three flavours were known, allowing for exam
ple to distinguish from each other a proton, a neutron and a A. The 
(approximate) symmetry of strong interactions under exchange of these 
three flavours (flavour-SU(3) ; Gell'mann, Néeraan) was realized by the 

c c introduction of three quarks (and antiquaries), called u,d,s (and u , d , 
s ) . A quark (antiquark) i s a spin 1/2 object, which i s given a baryo-
nic number B » 1/3 ( -1 /3 ) . All the mesons (B«0) and baryons (B • 1) 
known at that time could then be constructed respectively as a quark-
antiquark pair and as a three quark state . Moreover, a classif ication 
of al l these particles according to irreducible representations of the 
flavour-SU(3) group happened to be extraordinarily successful. The cor
rect charges are recovered by assigning the u-quark to have Q « 2/3 and 
the d- and s-quarks Q * - 1 / 3 . As an example, we may write 

proton » (uud) 
neutron « (udd) (1.10) 
lambda • (uds) , e t c . . . . 

These baryons differ one from the other just by one quark exchange, and 
are otherwise quite similar. The same i s true for the mesons. The three 
pion states read 

IT - (ud ) 
ir" - (uCd) (1.11) 

o ( u u • dd ) 
IT * ——~—^—^— . n 

The superscript c represents charge conjugation ; the ir i s the symme
tric neutral combination of u and d, suitably normalized. In the same 
way as before, one may trade a d-quark for an s-quark, so that ir trans
forms into 

K+ - (us c ) , (1.12) 

and so forth. Giving the s-quark strangeness S - - 1 , the K+ has S - +1 
and the A of Eq.(l. lO) S » - 1 , *» desired for the reaction (1.7) to be 
possible without violating strangeness conservation. 

Five different quark flavours are definitely known, and evidence 
for a sixth one, which i s needed for the theory to be consistent (see 
below), has been recently reported. Correspondingly, a flavour-SU(6) 



classification can be done, but nowadays it is not of great interest 

(a classification in "families" of quarks and leptons will be more effi

cient, as we shall see). In fact, this SU(6) symmetry is strongly bro

ken, as evidenced by the observation that the 6 quarks have very diffe

rent masses, ranging from a few Mev to about 40 Gev. The 6 quarks can 

be listed as follows. 

(*) 
Q «* 2/3 , , u (up) x , c (charm) N , t ' (top) v 

1 ( ) ( ) ( ) ( M 3 > 
Q^-l/3 I \ a (down)' \ s (strange)/ \ b (bottom)/ 

All the hadronic particles presently known are compatible with a fla-

vour structure of the type qq or qqq, each q being taken out of the 

above table. 

1.3. COLOUR ; A NEW DEGREE OF FREEDOM 

Because the quarks are spin 1/2 objects, any quark bound state 

must have a wave function totally antisymmetric under quark exchange 

(this is known as the spin-statistics theorem in field theory). There 

is no problem with the mesons, which contain one quark and one antiquark. 

But a new problem arises with the baryons. For simplicity, let us consi

der a non-relativistic bound state of 3 quarks. The ground state is 

expected to correspond to zero relative orbital momentum, so that it is 

symmetric under the exchange of the 3 spatial coordinates. The total 

angular momentum J then is the sum (in the sense of quantum mechanics) 

of the three 1/2 spins 

J - S. • $ 2 • ? 3 

The only possible values of J are 1/2 and 3/2, and it is known from 

the theory of the rotation group that the J - 3/2 state is symmetric 

under the exchange of the S epins variables. But there exist J - 3/2 

baryons which are also symmetric under flavour variable exchange. For 

example the J - 3/2, doubly rharged baryon à (the first discovered 

ïï-nucleon resonance) must be made of three u-quarks. Hence the tentative 

To be confirmed. 



(uuu) wave function, being symmetric in all the coordinates,spin and 
flav>>r VET:.«..],•, cannot be antisymmetric as required. It was first 
proposed by Greenberg to give the quarks a new degree of freedom, called 
colour, in such a way that the wave function is made antisymmetric in 
the colour index i. One writes 

I 
r " (1.14) !> eiik u i u \ \ i,j,k»l 1 J x J 

where c... is the totally antisymmetric rank 3 tensor. More generally, 
a baryon is written 

B - I eiikWk » ( 1 J 5 ) 

i,j,k«i 1 J K x J K 

where the indices a,b,c represent any of the 6 flavours. In this cons
truction, a baryon is invariant under a group of transformations in 
colour space, the colour SU(3) group. Let us make this point explicit. 

The SU (3) group is the group formed by all 3x3, unitary, and uni-

modular matrices U, that is 

j , '««% • 5u 
(1.16) 

and det(U) - 1 . 
t t * 

In our notations, U is the hermitic conjugate of U : (U )„ » U^.. A 
colour SU(3) transformation acting on the quarks gives 

qi "* I Uii' V * (1.17) 
i' 

and a baryon transforms according to (non colour indices are omitted) 

B * .1. .. I, -, Eijk U i i ' Ujj« " " ' V W 
i » J , k i f j ' , k 

" I E i ' i , V » q l , q i , q k ' 
1 » J » * 

So B i« invariant for any matrix U of the group, as announced. The lat
ter identity follows from the second of Eqs.(1.16) because for any ma-

i trix A 
eijk Aii' Ajj' *kk' " V j ' k ' d e t A * 



Concerning the mesons, we recall that they are constructed as bilinears 
in a quark q and an antiquark q . An antiquark transforms under SU(3) 

* c 

according to the complex conjugate representation U , which we note 

(qV - U ^ . U V ' - (q C) i'(U +) i, i . (1.18) 

The colour index of antiparticles is written as a superscript in order 
* 

to distinguish the representation U from its conjugate U . In colour 
space, a meson is constructed as 

3 
M - I CqV qt , (1.19) 

and due to (1.17), (1.18) and (1.16), it is also invariant under any 
group transformation. 

In group language, one says that the 3x3 matrices U form the 
fundamental representation of SU(3) ; the quarks and antiquarks belong 
respectively to the fundamental (noted rep.3) and antifundamental (îoted 
rep.3) representation : they transform like 3-dimensional vectors under 
the representations U and U of the group. 

There are other groups of transformation of interest acting on the 
quarks, namely the Lorentz or Poincaré group, represented by 4x4 ma
trices in Dirac space (see M. Perrotet's lectures) and what is called 
the "chiral group", where flavours are concerned. 
So the complete characterization of a quark field involves its space-
time position x (or 4-momentum in Fourier space), a Dirac index 
(a-1,...,4), a colour index (i-1,2,3) and a flavour index a (a-l,...,n. 
if the theory contains n_ distinct flavours). As an example, the Lagran-
gian for n, massless, coloured, free quarks reads 

n« 
if a" ̂ ' W , (i.20) 3 Kx) - i I 

i-i 

4 
I 

a-1 a-1 u-1 

compact form 

L(x) - i q" 9 q 

The 4 Y U matrices have the anticonautation rules 

(v ,v ] « 2 « , (1.21) 



with e • the metric tensor defined in S 1.1. The symbol 3 represents 
the derivative with respect to x . The Dirac conjugate q of q, and q 
transform under the Poincaré group in such a way that L is invariant 
(scalar) under any transformation of this group. Under colour transfor-
mations, q., proportional to q., transforms like (q ) so that L is also 
invariant under SU(3) . A mass term fora flavoured quark reads 

L - l m q ? ' a o > a . (1.22) 
"a ati » x * 

Summarizing : the quarks have been introduced as subconstituents 
of hadrons ; they carry the degree* of freedom needed in order to des
cribe all known hadrons as colour invariant quark bound-states with 
their observed internal (flavours) and external (spin) quantum numbers. 
A natural question is : are the quarks observable in the same sense as 
the nucléons of a nucleus are observable, for example by extracting 
them from the bound-states they form ? This will be discussed in the 
next subsection. 

1.4. ARE THE QUARKS SEEN IN NATURE ? 

The two motivations described above for introducing quarks as 
constituents of the hadrons were, on the one hand to give the later ones 
an extended spatial structure, on the other hand to classify economical
ly the huge variety of particles observed. Going back to experiment, can 
we say that there is direct evidence for their existence ? The answer 
is partly no, and partly yes. 

It is partly negative because, at least until now, it has not been 
possible to experimentally observe any free particle with fractional 
charge, neither in the fragments resulting from particle collisions, nor 
in existing material*. Happily enough, it is widely believed, although 
not fully demonstrated, that the dynamical (gauge) theory based on SU(3)( 

symmetry (quantum chromodynamics, QCD), has the property of "confining" 
the quarks inside th.. hadrons. One expects that the energy needed to 
separate a quark from an antiquark, for example, that is to break a 
meson, increases linearly with the quark-antiquark distance. More gene
rally, "confinement" is the property of QCD that only SU(3) c invariant 
objects (like mesons and baryons) could exist as free particles. 



However, there are nice indications that, although they are confi
ned in colour invariants, quarks do exist, and this is due to another 
property of QCD, called "asymptotic freedom". Indeed, renormalization 
theory applied to QCD tells us that, at an energy scale Q large enough 
compared to a fundamental scale A.— (of the order of 100 Mev), the 
quark-gluon coupling g (the equivalent of the electron-photon coupling 
constant e) becomes small, according to 

2 

In this expression, a is the analogue for QCD of a * yry for QED, and 
n, is the number of quark flavours (6 for the time being). The value 
of the numerical constant in (1.23) comes from group theory ; the num
ber 33 should be replaced by 11 N for an SU(N) symmetry. So, in a pro
cess where all energy scales become large with respect to A^^g, that is 
in certain short distance and short time processes, a perturbative expan
sion in a may be performed, as if the quarks (and the gluons) were 
nearly free. In these processes, one probes the hadron structure with 
a high spatial resolution, and properties of the subconstituents can 
be directly studied. We will give two examples of such situations, which 
yield positive evidence for the existence of point like quarks. 

The first example is given by deep inelastic scattering. It corres
ponds to experiments where an energetic lepton (a onion, say) hits a 
hadronic target (a nucléon, or a nucleus) ; one selects events where a 
large amount of the incident energy is transferred to the target. Such 
events are analyzed in terms of a photon exchange between the charged y 
and one of the quarks supposed to live inside the hadron, according to 
Fig.(1.1). The rate of the elementary process yu •* u'u' occurring in 
the example is given by the simple one photon exchange Feynman graph. 
At zeroth order in o , there is no QCD interaction between the hit 
quark and the "spectator" quarks, and this approximation is valid as 
long as the characteristic energy scale /-q , where q is the (spacelike) 
momentum transferred by the photon, is large enough (asymptotic freedom). 
In an actual experiment, q is measured from the knowledge of the ..ici-
dent y momentum p and the detection of the outgoing y' momentum p'. 



(uud) quarks i 
of a proton | 

final hadrenic 

rttUX 

Fig.l .1 - A virtual photon transfers a large amount of 4-moroentum q from 
the incident y to a u-quark of the proton. The elementary process i s 
Uu -> u'u' , an e las t i c muon-quark co l l i s ion . Due to asymptotic freedom, 
this picture i s valid for a short while, during which the quarks can be 
considered as nearly free. 

Choosing p' in such a way that 

- q 2 - - (p -p ' ) 2 

is large, irrespective of what is produced at the lower vertex (inclu

sive reaction) defines a deep inelastic event. What happens at the hadro-

nic vertex is kinematically specified by q and by P, the proton 4-nomen-

tum, so that one may describe the process in terms of two Lorentz inva

riant quantities, chosen to be 

«2 2 Q - -q 

2 

and x"lïbq* * ( l* 2 A> 

If masses are neglected in front of the large energy scale involved, 

the dimensionless variable x is kinematically bound to lie between 0 

and 1. Moreover, and here is the basic fact in analyzing such a deep 

inelastic process, x can be interpreted as the fraction of the proton 

momentum carried by the hit quark. Indeed let k and k' be the respective 

momenta of the u and u' quarks. Then momentum conservation at the yuu' 

vertex implies 

JS 



q • k - k' , 

and squaring this equation leads to 
9 2 2 q • 2qk + k « k* 

2 2 2 But k = k' - m , which we neglect, so that 

q 2 + 2qk « 0 , (1.25) 

and comparison with Eq.(1.24) leads to 

k « x P . (1.26) 

The quark momentum k is the fraction x of the proton momentum. So, one 
computes the above Feynman graph in the kinematical configuration spe
cified by p,p' and x, and the only unknown in computing the rate for 

p + proton •+• u' + X , 

where X stands for any final state, is the density of quarks inside the 
proton carrying the fraction x of P. This function F is called the 
quark "Structure function" of the proton which can depend only on x and 
2 2 dn 

Q . Now, the structure function F(x,Q ) » -r- describing the number of 
quarks with momentum fraction between x and x+dx is dimensionless. In 
the most naive picture (called the parton model), there is no scale to 

2 2 
which Q can be compared, so that in fact F does not depend on Q . 
This property is referred to as scaling in the parton model of deep 
inelastic scattering. In perturbative QCD, supposed to be valid at large 
2 2 

Q , there is a fundamental scale A 0 C D» and F may depend on Q M ^ . But 
due to asymptotic freedom (Eq.(1.23)), this dependence occurs only via 2 2 2 logarithms of (Q / A _ _ ) , Q being the only scale specific to the physi-
cal process. Hence : 

* the assumption that quarks to exist inside a hadron as point-like 
8ubcon8tituent8, and interact aacording to QCD, leads to the prediction 
of scaling, up to logarithmic corrections, in deep inelastic processes. 

The above heuristic arguments have been extensively refined in the 
context of QCD, and quantitative estimates of the scaling violations 
have been performed. The net result of all theoretical and experimental 
investigations is that there is good agreement between theory and 



experiment : approximate scaling holds, and scaling violations are 
observed which are compatible with expectations. 

As a second example, we will briefly discuss another process, 
Ly e e ar 

nihilation is 
namely e e annihilation at high energy. The simplest, purely QED, an-

e e~ •*• y y , (1.27) 

described to lowest order in a___. by the Feynman graph of Fig.(1.2). "QED 

Fig. 1.2 - e e annihilation into y V • The virtual photon momentum q 
is tine like. The amplitude of the process is proportional to a* 
If masses are neglected, the only scale is the center of mass energy 
E cm. 

The calculation of this graph leads to a total cross-section 

+ - + -. 4ir 2 1 
T 0 T ( e e + p p ) « j B ~2 » (1.28) 

cm. 
at center of mass energies E large compared to the lepton masses. 

C »ID* 
Apart from the numerical coefficient, such a behaviour was already dis
cussed in f 1,2 (see Eq.(1.9)), in connection with the point like nature 
of leptons (no intrinsic scale). If a spin 1/2 quark q exists with char
ge Q in units of the electron charge e, then we expect the annihilation 
e e~ •* qqc to occur as well, according to Fig.(1.3). The corresponding 
cross-section should then be, similarly to (1.28), 

C T 0 T ( e V - q Cq) - $ a 2 - / - Q* , (1.29) 
cm. 

A* 



Fig. 1.3 - e e annihilation into quark-antiquark. The amplitude for the 
process is proportional to aQ*. If masses are neglected, the only scale 
is E q 

cm. 
and the ratio of (1.29) to (1.28) leads to the simple result 

T 0 T - Q Z . (1.30) 
a T 0 T ( e e " " ^ 

Now this picture, as well as that encountered in deep inelastic scatte
ring (Fig. 1.1), seems contrary to the confinement property : once they 
are produced, the final state quarks separate one from the other fastly 
(in the cm., they have opposite momenta of order E 12), large dis-
tance phenomena, that is non perturbative QCD effects, take place. The 
only way out for the quarks, which carry colour, is to transform into 
colourless hadrons. Although Fig. (1.3) correctly describes the instan
taneous yqq c interaction, soon after hadrons are produced, and they are 
the only detectable objects in the final state. Roughly speaking, once 
the quarks are created, they have probability one to emerge in hadronic 
form, so that Eq. (1.30) remains valid, in first approximation, if 
rewritten 

<TTrtr(e e" -*• q q •*- hadrons) . 
W 1 " Q Z • (»-31) 

T0T ( e e •*" W u ) 
With this interpretation, we may easily calculate the total cross-section 
for e e" -*• hadrons ; it amounts to sum Eq.(1.31) over all possible 



intermediate quark-antiquark pairs : 

+ -a_/vp(e e -»• hadrons) , 
T 0 T I Q„ . (1.32) o T 0 T(e +e~ -*• y u~) all quarks q 

Which quarks are to be introduced in the sun (1.32) ? First, as we 
mentioned it, the quarks in fact have non zero niasses. At a given E , 

r CD. 
C ED 

only those quarks which have m < -' ' can actually be excited. So the 
sum runs over the kinematically allowed flavours, and mass corrections 

2 of order (m /E ) must eventually be included. Second, for each 
q c.n. 

flavour, the sum also runs over the three possible values i«l,2,3 of the 
colour index. Then one obtains 

o (e e~ •* hadrons) -
R • T 0 T » . — - 3 I Q 2

a . (1.33) 
a T Q T(e e + i i p ) allowed q 

flavours a 

The very nice feature of this result is that the measurement of R yields 
a direct measurement of the number of extra (colour) degrees of freedom. 
Extensive experiments have been performed both at SLAC (USA) and DESY 
(Hambourg) over a very wide range of energies. Compilations of the cor
responding data are provided in Figs.(1.4) and (1.5). Fig.(1.4) shows 
R between 2 and 8 Gev as obtained from one experiment (SPEAR). One 
clearly sees a first plateau with R~2 below 4 Gev, and a second one 
with R~4 above 5 Gev. In between is the region of the threshold for 
charmed quark-antiquark production. So, in the lower region, only the 
quarks u,d,s are excited. One expects to have there (Eq.(1.33)) 

* - 3(| + ? * ¥ " 2 ' 
which agrees well with the data. Above charm threshold, one expects an 

4 additional 3 x— contribution from the c-quark : 

R • 34 * i * i * $ - T • 
The data of Fig.(1.4) are somewhat higher, but Fig.(I.5) shows that at 
s t i l l larger energies, above 15 Gev,R tends to become stable around 3.7. 
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This result is in good agreement with the expectation -=- + 3*-^ • -j- , 
the last contribution coming from the b-quark whose production threshold 
is at 10 Gev. The peaks or arrows shown in Fig.(I.5) around 1 Gev, 3.5 
Gev, and 10 Gev correspond to resonances. In particular, the l|>,\|)' reso
nances are the c-c states, and the Y.Y'.Y" the bb° states which respec
tively led to the discovery of the c and b quarks. 

4 5 6 
W (GeV) 

8 

Fi g» ' .* - The ratio R of cr T 0 T (e + e~ * hadrons) to ° T O T ( e * e " y y ) in 
the Spear energy range. Figure taken from F.Pierre in "Ecole de Gif-sur-
Yvette. Les quarks", IN2P3 Paris Ed.(I976). 

According to this beautiful agreement between theory and experiment, 
we conclude that there is strong evidence that point like quarks do 
exist as constituents of hadrons. Moreover, the It-measurement consti
tutes a direct confirmation of the existence of 3-colour degrees of 
freedom per quark flavour. 

The two aspects of QCD which we have successively emphasized, 
namely confinement, which forbids production of free quarks, and asympto
tic freedom, which under particular circumstances, allows for perturba
tive calculations, are complementary rather than contradictory. It was 
theoretically anticipated, and experimentally observed, that whenever 
an allowed perturbative approach predicts the production of an energetic 
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Fig. 1.5 - The ratio R up to 35 Gev. À compilation of data from diffe
rent experiments. Figure taken from G. Wolf, the 21st int. conf. on 
high energy physics, Paris (1982), P. Petiau and M. Porneuf Eds. 

quark, the hadrons into which this quark transforms are strongly col-

limated along the initial quark momentum. As we saw in deep inelastic 

scattering, a hadron contains quarks which share its total momentum. 

In the same way, a quark produced in an energetic "(hard)" process 

fragments into hadrons which share its longitudinal momentum, with small 

transverse fluctuations, forming what is called a quark-jet. So, a quark 

of 4-momentum k is "seen" experimentally as a collection of hadrons h., 

with longitudinal momenta p. « z.k, and small transverse momenta p T 

1 1 i£ 
(with respect to k). Momentum conservation is insured by £ z. - 1, and 
r •* i * 

i P T. " 0 . In average, <p_ > is of the order of 300 Mev. Jet physics 
i Li *i 
is a very active domain of particle physics. In particular it has been 
experimentally verified that the angular distribution of two hadronic 

. + - c 
jets resulting from an e e •* qq annihilation reproduces in a perfect 

2 
way the (1+cos 9) distribution which can be predicted from the Feynman 

graph of Fig.(1.3). So not only the existence of quarks, their flavour 

and colour degrees of freedom, but also their spin 1/2 nature are consi

dered as firmly established. 



1.5. QUARKS, LEPTONS AND THEIR FUNDAMENTAL INTERACTIONS 

The known quark flavours have been listed in Eq.(1.13). We have 
given evidence for their existence in three colours, and stated that a 
gauge theory based on SU(3) . symmetry, QCD, vas able to reproduce 
many features of strong interactions, notably the observed structure 
of hadrons when probed or produced by virtual photons. 

As already mentioned, the leptons are compatible with point like 
objects, not submitted to strong interactions and thus with no colour 
index. A list of all known leptons is given below by 

Q = 0 

Q = -l (?) (;-) 0) • 
Of course, to each of these particles is associated an antiparticle. 
There are 3 negatively charged and 3 neutral (neutrinos) leptons. Being 
neutral and colourless, the neutrinos have neither electromagnetic nor 
strong interactions ; each of them is associated with one of the char
ged leptons. Neutrinos were introduced in the context of weak inter
actions, e.g. in the weak decay of the neutron (Eq.(l.l)) 

n •*• p + e" * v c 

r e 
But this process will now be described as the weak decay of • d-quark 
of the neutron, according to 

d + u + e" * V e . (1.35) 
e 

As announced, the theory of such an elementary process will be again a 
gauge theory, based on an SU(2) symmetry, to be discussed at length 
in the following chapters. With respect to QCD and QED (SU(3)C and 
U(l) „ symmetries), the weak SU(2) symmetry has two peculiarities : 
on the one hand, the corresponding interaction violates parity (left-
right symmetry is broken), on the other, the 3 associated vector bosons 
W , w" and Z are massive (unlike the gluons and the photon). One says 
that this SU(2) symmetry is "spontaneously broken". The mechanism by 
which this situation is realized is called the "Higgs mechanism". 



The elementary fields entering the SU(3) , SU(2) and U(l) 
gauge theories, that is the objects which appear in the fundamental 
Lagrangian, are often classified into "matter fields", the quarks and 
the leptons, and "gauge fields", the gluons, the weak bosons and the 
photon. The latter ones are spin 1 particles. The gluons are self-cou
pled by QCD interactions, but not coupled to weak and E.M. ones. The 
weak bosons are self-coupled by weak interactions, not coupled to strong 
interactions (colourless) ; the charged ones couple to the photon. The 
photon is colourless, neutral, and not weakly coupled. A summary of all 
elementary fields and of their interactions is given in Table 1.1. 

Interactions.Gau
ge symmetry 

Strong 
SU(3) c 

Weak 
SH(2) w 

E.M. 
e.m. 

Matter fields 
Quarks 

( U C *) \d s b/ 
Leptons 

/V V V \ 

yes 
yes 

no 
no 

yes 
yes 

yes 
yes 

yes 
yes 

no 
yes 

Gauge fields 
Gluons g 
Weak bosons W~ 

0 

Z 
Photon y 

yes 
no 
no 
no 

no 
yes 
yes 
no 

no 
yes 
no 
no 

Specific 
properties 

Confinement 
of quarks and 

Parity viola
tion. Sponta
neous breaking 
of the symmetry 

Table 1.1 



CHAPTER 2 

THE GLASHOW-SALAM-WEINBERG THEORY 

I. THE SU(2) 9 U(l) GAUGE SYMMETRY 

2.1. THE WEAK INTERACTIONS AND THE FERMI THEORY 

The Fermi theory of weak interactions, proposed to explain the 
process 

n •* p + e~ + V e , r e ' 

is an effective Lagrangian model where the interaction term involves 
the product of the four fermion fields at the same point. Its precise 
form will be given below ; let us write it as 

Lp(x) - G F t|»n(x) i|/p(x) * e(x) ij»v(x) , (2.1) 

where G„ is the Fermi constant. Let us examine what the dimension of 
F , 4 

G_ is. In units where X - c - 1 (Eq.(1.2)), the action J d x L(x) is 
dimensionless, and so is 

/ d 4x m *(x) iKx) , 

the mass term contribution of a spin 1/2 Dirac fermion. In energy units 
then, where dim x»[x]—1, we have [L] - 4 and [\J/(x)l " 3/2. Accordingly, 
the expression (2.1) of the Fermi interaction implies 

[Cpl - -2 . (2.2) 

The constant G_ can thus be parametrized as 

GF - K , (2.3) 
2 where g is a dimensionless coupling and M some characteristic mass 

scale of weak interactions. It is found experimentally that 

S - 1 ' 0 5 " 1 0 " 5 Voton • < 2' 4 ) 



suggesting that if g is of order I, M is a large scale, of the order 
of 100 Gev. 

A field theory where coupling constants have negative energy dimen
sions is known to be non-renormalizable (i.e. the perturbative expansion 
of the theory requires an infinite number of free parameters). Hence the 
Fermi interaction (2.1) cannot be taken as a starting point for a field 
theory of weak interactions. A simple way to realize that problems arise 
is to consider the high energy behaviour of the cross-section 0 for a 
reaction 

1 + 2 * 3 + 4 

supposedly governed by the interaction (2.1). The cross-section is pro-
portional to the square of the amplitude and thus to G at lowest order, 
and from dimensional arguments, one finds ([a] « -2) 

2 2 

0 ( 1 + 2 * 3 + 4 > * ( £ ) Ec.m. • ( 2' 5> 

if Ec.m. i s t h e o n l y e x t e r n a l scale (neglecting masses a- high energies). 
So the cross-section eventually becomes exceedingly large at E above 

cm. 
order (M) values, which can be shown to be inconsistent with unitarity. 

The way how this problem is solved in the Glashow-Salao-Weinberg 
Theory is as follows. Like in QED, the interaction between the four fer
mions involved is no more local as in (2.1), but rather mediated by weak 
vector boson exchange (Fig.2.1). 

FfB- ?•' - Weak boson exchange between two fermion lines. The four fer-
tnion interaction is not local, but generated by the propagation from x 
to y of the boson. The constant g denotes the boion-fermion coupling. 



If moreover, contrary to the QED photon, the boson has a mass M, the 
contribution to the amplitude of this Feynman graph reads 

2 
A ~ - f - 2 , (2.6) 

q -M 

where q is the momentum carried by the boson and g its coupling to the 
fermion lines. When the momentum transferred from one line to the other 
is small compared to H, one may approximate A by 

2 
A ~ 1 - ~ G . (2.7) 

M 
We thus recover the situation encountered with the Fermi interaction. 
It actually applies to neutron decay since there the transfer is bounded 
by the (small) neutron-proton mass difference. Due to this property, all 
the (successful) low energy predictions of the Fermi model are left 
unchanged. On the other side, in situations where |q | is much larger 

2 than M , one obtains 
2 

A - S j , (2.8) 
q 

like for a massless boson exchange (cf. QED). This behaviour modifies 
2 

the structure (2.5) of a weak cross-section : the large values of q , 
which are kinematically allowed at high E , provide a -5- cut-off 
in the cross-section, and prevents i t from increasing too fas t . 

However, the construction of a field theory with massive gauge 
bosons i s not straightforward ; indeed, in the simplest realization of 
a gauge symmetry, al l gauge bosons remain massless. The massive case 
is referred to as the case of "spontaneously broken gauge symmetry". In 
the present chapter, we will f i rs t introduce the relevant s 0 ^ z ) w e a i t 

symmetry, and discuss i t in the unbroken s i tuat ion, t o o t h e r with i t s 
unification with electronagnetism (SU(2) % U(l) model). The next chapter 
wi l l be devoted to the "Higgs mechanism" of symmetry breaking, leading 
to a rea l i s t i c model of al l electroweak processes. 

From now on, we l ive in a world of quarks and leptons. All gauge 
theories under consideration concern these matter f i e l d s , the hadrons 
being understood ao r l t iquark states bound by colour forces. As an 



example, neutron decay will follow from the process depicted in Fig.(2.2). 

neutron 

Fig. 2.2 - Neutron decay in the quark model. One of the d-quarks of the 
neutron transforms into a u-quark (which recombines with the two other 
quarks to form a proton) by emitting a virtual charged W boson decaying 
into e v . 

e 

2.2. FROM CHARGED TO NEUTRAL CURRENTS. INTRODUCTION OF THE WEAK SU(2) 
SYMMETRY 

The precise form of the Fermi interaction schematized in Eq.(2.1) 
has been established over many years from an extensive phenomenological 
study of many weak decays. It reads 

L • — G_ H Lv * hermitian conjugate U.c.) , (2.9) 
F ^y F u 

where G_ is the Fermi constant (2.4), H V represents a hadronic current 
(to be later constructed from quarks), and L^ a leptonic current whose 
expression is (for a V a, e lepton pair) 

v. Y M I /2 *'jz v eY*(^)e- . (2.10) 

Let us comment on this current, where e~ represents the 4 dimensional 
Dirac spinor associated with the electron, and v the Dirac conjugate 
of the similar spinor for the neutrino (v - V Y°). The 4x4 Dirac matri
ces yV have been defined in Eq. (1.20-21). The matrix Y5 « 

Y 5 - i Y,Y 2Y 3Y 4 . < 2- n> 
in a basis where Y is hermitian, and y. antihermitian. So Y5 • Y5. and 



one verifies that Yc sl> Under Lorentz transformations, L as well as 

H , transform like a vector, so that L is Lorentz invariant. But with 

respect to a parity transformation P (x-»--x, x -*-x ) , L contains a 

vector oart V u » v y ^ e (VW £ - V p) and an axial part A V - v Y V Y 5

e 

(A * A ). This property is referred to as the V-A structure of the 

weak leptonic current. The hadronic current has a similar structure so 

that L contains a pseudo-scalar part V A , odd under P. This gives the 

precise form of parity violation in weak interactions. 

Let us make a few algebraic manipulations on the L current. For 

any Dirac field f, we define left-handed and right-handed projections 

fL* V 
I-Y5 

(2.12) 

m 5 
f R - — f • 

For a massless fermion (or a massive one with energy very large compared 

to its mass), the L- and R- components correspond respectively to heli-

cities X --1/2 and +1/2* '. Eq.(2.10) tells us that only the L-part of 

the electron enters the interaction. But the following identities are 

easy to prove, using f - f y , the definition (2.11) of y_ and the anti-

commutation relations (1.21) : 

• f ^ Y y . (2.13) 

It follows that L y can be rewritten 

L p --Î-V. Y

y e. , (2.14) 

/I L L 

showing that both the v and the electron are left-handed. 

We may further give Lw the form 

N 'We recall that the helic^ty is the projection of the spin s of a par
t icle along the direction p of its momentum. 



^ L ^ V ^ C ) , • ( 2- i 5> 
where } ^ T^i^ 

are the first two Pauli matrices, the third one being 

(2.16) 

' , - ( J ° - . ) • <2-"> 
These matrices act in the internal space (weak isospin) spanned by the 
pair V , e . Because L_ in Eq.(2.9) contains the h.c. part of H L y, 1/ 

Lt Lt I \i 
also appears in it, and one may check that 

.(-) ^«(v.ô^VOe 1) > ( 2 ' 1 8 > 
with 

T ( - ) m T ( + )

+ . T r 1 T 2 (/2 2) 
So T connects e. to v T while T connects v_ to e. . L and L are 
called charged weak currents : they change the lepton charge by +1 char
ge unit. The expressions (2.15) and (2.18) suggest the existence of a 
general current, 

v-fiWitiX • u-'" 
which behaves like a vector in the internal, weak isospin, space. In 
this case, a new piece 

« H - G ^ T » ^ : ) 

is present. It connects v. to v. and e. to e., and conserves the lepton 
charge. It is a neutral weak current. A condensed form of (2.19) is 

t H . ' F Y W T F , (2.21) 



where F stands for a 2 dimensional spinor I 1 1 in w-isospin space, 
4-dimensional sp: 

is the compact writing of 

. 2J 

a. « v and a. * e being 4-dimensional spinor in Dirac space. Eq.(2.21) 
I Li £ i* 

4 2 otB P.| [ J a?YU ?.. .! . (2.21') 

We are going to explain how such a current is the one which natu
rally occurs in a gauge theory based on SU(2) symmetry, exactly like 
the electromagnetic current of a charge Q_ fermion F, 

Le.m. ' f ^ Q F P • 

derives from the U(l) gauge symmetry of QED. In the same way as 
L couples to the electromagnetic field A , 1/ couples to W , the 
vector in weak isospin space formed by the three SU(2) gauge bosons 
W. , U, , W. . In order to see that, let us sketch what an SU(N) gauge 
theory is. 

2.3. CURRENTS AND GAUGE BOSONS IN AN SU(N) GAUGE THEORY 

Consider a set of N massless fermions, represented by Dirac Spinors 
a., a-,..., a N > We define F as a column vector 

al 
a 2 

V 
and its conjugate F, the row vector F • (a.,...,a..). The N free fermion 
Lagrangian is (see Ferrottet's lectures) 

Lp(x) - i F(x) y y 3 y F(x) , (2.22) 

N 
that is Lp(x) - i l S (x) y 3 P a.(x) 

i»l v 

This Lagrangian is invariant under an SU(N) global symmetry. Indeed, if 
we perform the change of variables 



F(x) - U F'(x) 
+ (2.23) 

F(x) = F'Cx) U , 

where U, a matrix belonging to the SU(N) group, is independent of the 

point x (this is the meaning of the word global), then 

L(x) - i F'(x) U + y 3 P U F'(x) 

= i F'(x) y 3 y F'(x) . 

Here we used the fact that U is independent of x so that Y 3^0 " U Y ^ , 
and that U is unitary, that is U +U « 1. 

Suppose now we want this SU(N) symmetry to be realized locally. 

We need to construct a Lagrangian which keeps the same form in terms 
of the F', F' fermion variables even for x-dependent transformations 
U(x). Under such transformations, we have 

u ( x ) - t u L(F) + L'(F') - i F'(x) UT(x) Y y 3y(U(x)F'(x)) 

as in the f irs t of Eqs. (2 .23) , but now 

L'(F») - L(F') + i F'(x) Y y U + (x ) [3 y U(x)] F'(x) (2.24) 

differing from L(F') by a term proportional to 3 y U(x). The trick of 
the gauge theories, the theories with a local symmetry group, is to 
introduce new fields A y(x), a»l,...,n, called the gauge fields, in 
such a way that under a suitable change A (x) •*• A' (x), 

L'CF'.A*) • KF'.A') . 
The number n of gauge fields will follow from group theory. 
A digression on SU(N) groups 

At this point, let us make a slight digression on the S0(N) 
group (a particular case of the so-called Lie groups). Let U be a 
matrix of SU(N), a NxN unitary matrix with det(U) - I. It can be 
parametrized by 

U - exp[-iHj , (2.25) 



provided that : 
(i) H is a N x N hermitian matrix, so that U » exp[iH] and U is 

unitary 
(ii) Trace H - 0, which implies det(U) - 1. 

The latter property follows from the standard formula, valid for any 
matrix M, 

det(M) - exp[Tr(logM)] . (2.26) 

Applied to (2.25), it gives 

det U » exp Tr[-iH] 
- 1 f or Tr H - 0 . 

2 There are N linearly independent matrices H verifying (i), and thus 
2 n » N -1 such matrices with both properties (i) and (ii). Choosing 

a basis T , a-l,...,n for these matrices, the general form of any U 
matrix is 

U - exp l-i I o T I . (2.27) hi,*1.] 
2 The a's are n • N -1 independent real numbers, the group parameters. 

The whole SU(N) group is spanned when, in a given T basis, the ot'b 
are arbitrarily varied in It . n is the order of the group. The matri
ces T are called the group generators and form the algebra of the 
group : aa in any Lie group, one has 

[ V V - l I fabc Tc • (2'28) 

c 
where the coefficients f . are called the group structure constants. 
A convenient basis can be chosen such that f . is totally antisyn-

aoc 
metric in the three indices, and that 

Tr(T a Tfe) - C 6^ . (2.29) 

The constant C is independent of a,b. We will choose the normaliza
tion such that 

C - 1/2 . (2.30) 



The N*N matrices U and T form the fundamental representations respec
tively of the SU(N) group and of its algebra. There are many other 
representations of interest. In any representation R, Eq.(2.28) holds, 
and Eq.(2.29) is replaced by 

V T a V " C2 ( R> 6ab ' ( 2' 3 1 ) 

where C»(R) is called the order 2 Casimir coefficient for the repre
sentation R. Eq.(2.30), which states C_ (Fundam.) * 1/2 fixes the 
normalization in all representations. 

Let us now come back to the non-invariant term encountered in 
Eq.(2.24) when local SU(N) transformations are applied to the fermions 
F. Suppose that in Eq.(2.22) we replace the ordinary derivative 3 by 
the quantity 

D u " V i A y ( x ) 

A**' » I A*(x) T a . (2.32) 
p a-1 y 

D will be called the aovarn-ant derivative. With each generator T a 
vector field A a is associated, D now is a matrix in SU(N) space, 

D i j - 3 5 i j + i A i j(x) , 
y y y 

and A is an element of the fundamental representation of the algebra. 
If the transformation (2.23) is performed locally on 

L(F,A) - i F y D F , (2.33) 

Then Eq.(2.24) becomes 

L'(F\A) - i F' | Y U UV + i U+(x)Ay(x)U(x) + 0+(x)(3y U(x))j} F»(x) 

(2.34) 
which can be made to coincide with L(F',A') provided the transformed 
gauge fields A' are defined by 
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A' U (x) - U+(x) A y(x) U(x) - i U f(x) [ 3 U U(x)] . (2.35) 

This defines A M (x) as an element of the SU(N) algebra, 

A .V « J A^ T b . (2.36) 

The new gauge fields A/ can be derived from the previous ones A 
U * 

through (2.36) , and (2 .35) . Let us compute the change in AM due to an 
infinitesimal local gauge transformation, defined by (2.27) when 
a • a (x) i s small. Then a a 

N 2 -l , 
U(x) « 1 - i I a (x)T • 0 ( a ) , (2.37) . a a a»l 

and, to order a , 

A , y ( x ) « A y(x) + i y [a (x)T , A y (x) ] - Î T 3M a (x) . (2.38) *• a a «i a a a 

The corresponding change of gauge fields i s easi ly obtained by multi
plying (2.38) by an arbitrary generator T. and taking the trace. Using 
the normalization condition (2.30) and the commutation relation (2.28) 
yields 

N 2-I 
A^(x) « âj(») - I o 0 0 A^(x) f a c f e - 3 y (^(x) . (2.39) 

a,c»l 

We see that A1 -AW receives two contributions. The last term above is 
specific to the locality of the gauge transformation. The other one, 
a linear combination of the original fields, is present even for 
global transformations. It expresses the fact that A* transforms 
according to the adjoint representation of the algebra. Indeed, the 
adjoint representation is defined as follows. With any element T of 
the algebra, the adjoint representation associates the linear trans
formation of T defined by 

T b •»• i [Tb, T a] . (2.40) 
T a 

Due to the commutation relation (2.28), this reads 



, Trans€ 
[Tb] - I f . T . (2.41) u abc c 

c 

(à) 
This means that f is the matrix element D^ ' of the adjoint repre-

a _ 

sentation for a transformation associated with the generator T . This 
2 

representation has dimension N -1, equal to the number of generators 

or equivalently to the number of associated gauge fields. 

Let us summarize the results cf this section, where SU(N) was 

used as a simple example of a gauge group. Given a set of N fermions 

whose free Lagrangian has a SU(N) global symmetry, it is possible to 
2 

make this symmetry local at the price of introducing N -1 new degrees 
2 

of freedom. These degrees of freedom are carried by N -1 vector 

fields A , the gauge vector bosons. The fermionic part of the Lagran-
3 

gian reads in closed form 

L(F,A) - i F Y u D
y F , (2.42) 

where D y - 3 U + i \ A W Tl (2.43) 

is the covariant derivative. The local SU(N) invariance is implemented 

by introducing the simultaneous field transformations (written in 

infinitesimal form) 

( F(x) -• F(x) - i Y o (x) T F(x) 
** a a 
a 

F(x) •* F(x) + i F(x) I o (x) T (2.44) 
a a 

a 

Aj(x) - A£(X) - I a (x) Ay(x) f - 3 V aj/x) . 
a,c 

The basic result, to be used throughout the following sections,is 

* the requirement of local gauge invariance naturally generates 

the existence of local interactions between the fermions and gauge 

vector fields. 

2 
These interactions take on the form of products of one of the N -1 

gauge fields by a fermionic current ; 
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N2-l 
LInt. ( F' A> " - I A a Jy"< F ) 

* - 1 (2.45) 
jJ(F) - F Y y T a F 

The latter fermionic currents are nothing but the Noether currents 
associated (see Perrottet's lectures) with the global SU(N) symmetry 
of the original free fernionic Lagrangian. 

There is a last step to be performed in order to define a comple
te field theory of interacting fermions and gauge bosons. It consists 
in promoting the gauge fields A , up to now introduced as external 
fields, to the status of dynamical fields. This will be reached by 
adding to the invariant fermionic Lagrangian (2.42) a new, pure gauge, 
piece, describing the dynamics of the A^'s. In order not to spoil the 
previous invariance, this last piece must also be SU(N) invariant. 
This is the subject of the next section. 

2.4. THE PURE GAUGE LAGRANGIAN IN AN SU(N) THEORY 

We want to construct an SU(N) invariant Lagrangian L only depen
ding on the gauge boson variables A . In order to do so, let us exa
mine the simplest case of a gauge theory, namely QED. There the local 
symmetry group is a U(l) group, whose parametrization is 

U - exp[-i Q a(x)] . (2.46) 

In this case, there is only one generator, the charge Q ; hence there 
is no non trivial commutation relation such as (2.28). The associated 
gauge field is the photon (y) field A (x), which couples to the elec
tromagnetic current of a fermion field f according to (see Eq.(2.45)) 

i _ <f,Y) -- A y J*'ra-(f) e .m. ]i 

y H f 'u 

y _e.m. 

(2.47) 

Here Q. stands for the eigenvalue of the charge operator for this 



particular fennion. Note that different fermions may have totally 
arbitrary values of Q. This reflects the property of the U(l) group 
to have only one dimensional irreducible representations (abelian 
group). This is to be opposed to the case of non abelian groups, such 
as SU(N), where the fermions belong to multiplets (e.g. the N-plet 
of the fundamental representation) : there the eigenvalues of a given 
generator T inside a given multiplet are related. A well-known exam
ple is given by the eigenvalues of the total angular momentum J along 
some direction z : for a particle of spin J, the (2J+1) members of 
the multiplet have J = -J, -J+l,..., +J. As a side although important 
remark, one may notice that in nature charge appears to be quantized: 
only simple fractions of the electron charge are known to exist. This 
clearly is a challenge for the theory. As we shall see, charge quanti
zation happens to be one of the nicest predictions of grand unified 
theories of electroweak and strong interactions. 

Let us now come back to our problem of writing a pure gauge 
Lagrangian. We know that in QED this is achie red by writing 

' L (x) - - i F F V V 

Y 4 yv 

, V X ) - 3y V x ) ' *v V x ) ' 
We see that F is proportional to the commutator 

(2.48) 

cv v 
of the covariant derivative 

D « 3, + i Q A, 
v P y 

The same construction holds in non-abelian cases. We define the field 
tensor F as a member of the Algebra through 

This field transforms under a local SU(N) gauge transformation accor
ding to 



F * U(x) F U+(x) 

since so does the covariant derivative. Accordingly, the quantity 
Tr [F (x) F y v(x)] is invariant (trace property). Note that we defi
ned the D's as matrices of the fundamental representation, and the 
trace is thus to be taken in this representation. But due to the pro
perty (2.31), changing the representation just amounts to changing 
the normalization of the trace. We choose to write the pure gauge 
Lagrangian 

L„(x) W T r - ~ - n . ) { F
u v<*> F l i V< x>} • < 2- 5 0> 2 "(Fundam. 2g 

2 If F is decomposed on the N -1 generators 

N2-l 
F (x) - J F* ,(x) T a 

UV '', Uv a-l y V 

one obtains (Eqs. (2.29-30)), 

4g a 

and the explicit expression of F a in terms of the gauge fields is 
(Eqs. (2.49-42-43-28)) 

F * « 3 A a - 3 , A* - f. A** Af, . (2.52) uv v v v y bca y v 

In Eq.(2.51), the constant g is the SU(N) coupling constant. The 
fields are normalized in such a way that g only appears in L^, not 
in the coupling to the fermion fields induced by (2.45). The more 
conventional normalization, where g measures the strength of the 

a 
current-gauge field interaction, is recovered by reseating A into 

a ^ 
g x A . Then one has 
» u 

L > £ F * F^ v a (2.53) 
G 4 L yv 

a 

and Eq.(2.45)) becomes 

L i n t(F,A) - -g X Aj Jy'(F) (2.54) 



Under this form, application to QED leads to identify g with the 
electron charge e, with the convention that the eigenvalue of Q for 
the electron in expression (2.47) is -1. 

The complete expression of the Lagrangian, which is locally SU(N) 
invariant, and involves fermions in the fundamental representation, 
finally reads 

l - i F y Dy F - - ^ Tr,- . , [F, F M V ] 'U - 2 (fund.) pv 
2 8 

N 2-i 
D y = 3 U

+ i g J AU T a (2.55) 
a-1 a 

F • - i [D , D ] 
uv y' v 

The following remarks are in order before going to the physical 
applications of interest. 

(i) One easily verifies that the coupling constant g is dioen-
sionless. The A field has dimension 1 in energy. 

(ii) The pure gauge Lagrangian L does not contain any mass term 
2 a ua M A A . Such a term would not be SU(N) invariant, as can be checked 

u from the transformation properties (2.44) of A . So, the field theory 
2 

defined by (2.55) involvesN -1 massleBs gauge bosons. There i s an 

apparent contradiction with the purpose of Section (2.1) to construct 

a theory with massive intermediate gauge bosons, meant to reproduce 

the low energy Fermi interaction via 

GF ~ g 2/M 2 , 

with g a dimensionless coupling constant. The way how this difficulty 
is overcome will be described in chapter 3 (Higgs mechanism). For the 
time being, we go on with a matsless theory. 

(iii) We see from Eqs,(2.55) that, even in the absence of fermions, 
the theory is not a free field theory. For SU(N), and in contrast 
with the U(l) case (QEO), the pure gauge Lagrangian contains terms of 
order 3 and 4 in the gauge fields, with strengths re>pectively measu-
red by g and g , Their exact structure can be written down by using 
the commutation and trace properties of the generators. This feature 
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of gauge theories pertains to all theories based on non-dbelian local 
gauge symmetries. 

(iv) The formalism developed in sections (2.3) and (2.4) generali
zes to other "simple" groups than SU(N), and to direct products of 
simple groups and of U(l) groups. Recall that a simple group is a 
group with no invariant subgroup. The algebra of a direct product of 
simple groups is the direct sum of their algebras, so that all what 
precedes can be repeated for each factor of the group. In particular, 
there are as many independent coupling constants as there are simple, 
or U(l), group factors. The SU(2) 9 U(l) electro-weak group, for 
example, is not simple and involves to coupling constants, one g for 
SU(2) and one g' for the U(l). QCD is based on SU(3) . and invol
ves one constant g.. In the standard model (SU(3) 8 SU(2) 9 U(l)) 
there are thus three independent couplings. In grand unification sche
mes baaed on a simple group such as SU(5) or S0(10), these 3 constants 
will all be related to the unique corresponding coupling. 

2.5. APPLICATIONS TO THE ELECTROWEAK GROUP SU(2) % U(l) 

Motivated by phenomenological considerations on the known pro
perties of weak interactions, we were led in Sections (2.1) and (2.2) 
to postulate the existence of weak fermionic currents which we wrote 
(Eq.(2.21)) 

L^x) - j F(x) Y V T F(x) . (2.56) 

There F was a 2-dimensional spinor in "weak-isospin" space, each 

of i t s components being a left-handed fermion. This particular form 

was derived for the weak leptonic current carried by the (v ,e) pair, 

but i t extends to pairs of other leptons and to pairs of quarks. By 

comparison with the general structure (2.45) of the fermionic currents 

coupled to the gauge fields of an SU(N) local symmetry, we now realize 

that (2.56) .-:,<>. be interpreted as follows. The 3 matrices T /2 are the 

three generator» 1~\ in the fundamental representation, of an SU(2) 

rymaetry ~ vup. They are normalized according to Eqs.(2.29-30). The 

left-handed fenuJ.ons ( « I ^ ' L transform according to the sane 
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representation. Note that their right-handed partners a. , a, do not 
R R 

appear in weak interaction dynamics : they can be assigned to the tri
vial representation of SU(2) (that is, the generators T are represen
ted by zero). 

According to the general construction associated with SU(N) groups 
and described in Sections (2.3) and (2.4), we also know that if this 
SU(2) syninetry is implemented locally, then the Lagrangian of the 
theory contains the interaction term (Eq.(2.54)) 

UF,W] - -g F L Y y « y. \ F L . (2.57) 
-•• 

In this expression, where w . •=• stands for 

N2-l-3 
I W V T a 

a«l a 

T a - Ta/2 

we introduced the 3 weak gauge bosons wV, W^, wl. The constant g is 
the weak coupling constant associated with the SU(2) symmetry. The 
SU(2) structure constants are given by 

[Ta, T b] - i G a b c T c , (2.58) 

as follows from the Pauli matrix properties, e being the totally 
123 antisymmetric rank 3 tensor, with the convention e • +1. 

As already pointed out, the theory implies the existence, besides 
two charged currents here coupled to the charged bosons 

„<** . -L („* ; „b , (2.59) 
/2 l 2 

of a third, neutral, current coupled to V#. This last current cannot 
be identified with the electromagnetic one : for example, the term 
(2.57) violates parity by distinguishing between the L- and R- compo
nents of the fermions. 

However, the electromagnetic current, and the photon field, can 



(2.60) 

be recovered in a simple way. There exists another global symmetry of 

the free Lagrangian for a pair (a.,a~) of massless fermions ; it is 

a U(l) symmetry, noted U , its generator Y/2 being called the weak 

hypercharge and defined as follows : 

Y
 WL " YL WL 

Y X " \ X 
R R R 

Y % " Y 2 B

a 2 „ * R R R 

The eigenvalues of Y for the two left handed fermions are equal since 

these fermions belong to the same SU<2) representation. Making this 

symmetry local, one introduces a gauge field B (x) associated with 

the weak hypercharge. This vector boson only induces neutral currents 

since Y is diagonal. Let g' be the corresponding coupling constant. 

The resulting total neutral current Lagrangian is 

^ Ï ' - 1 {<â.~*2>L \ I« W3 T3 + *' BV V Q\ 
+ g' \y» BM Y X 
+ * ' % V V Y % } 

We so dispose of more general neutral currents, where both the R-

and \j- pieces of the fermions are concerned. We now want to identify 

in L . a part which describes the electromagnetic coupling of a (,a 2 

to a photon field A , that is 

L - -e(a\a\,)Y APQ ( l) (2.62) 
e.m. 1 2"]i * \SL / l2 

with a given charge matrix 

« u " 2 > • ( : % ! ) 



Recalling that for any Dirac fermion f 

f \ f = f R \ fR + fL Y y f L • 
we see that Q must be a linear combination of the two generators T_ 
and Y. At the same time, we exchange the two gauge fields Wl: and B*1 

for two new fields, the electromagnetic one A , coupled to Q, and the 
orthogonal combination Z . This linear field transformation is taken 
orthogonal in order to preserve the kinetic part K associated in the 
pure gauge Lagrangian with W!: and Ir : 

where K G » 3 G - 3 %G 
yv u v v y 

for any gauge field G (see e.g. Eq.(2.55)). 
Let us thus parametrize the field transformation by a rotation 

of angle 8 (the Weinberg angle, roost often noted 9 ) , according to 

{ 
W - sine A + cos8 Z° 

v V V (2.63) 
B - +cos9 A - sinO Z° 
v u y 

Plugging these expressions into L„ _ , and collecting the terms pro-
N.L. 

portional to A and Z respectively, we obtain 

LN.C " L A + LZ o 
with in particular 

LA « - {<V2>L \ [*""* T + *'C°'* l ] OX 

We will some back to Lg later on. For the time being, performing the 
identification of (2.64) and (2.62) leads to the matrix identity 



eQ [g sin9 -y * g'cos9 | ] L - [g'cosO | ] R . (2.65) 

The values of Y for the L- and R- fermions, and of Q, are specified in 
Eqs.(2.60) and (2.62).Given the Y eigenvalues, the second equality 
(2.65) determines the angle 6 as a function of the two independent 
couplings g and g'. The connection with physical charges is realized 
by the first equality. 

Let us now draw the main consequences of this model for the elec-
troweak interactions of a pair (a.a,). 

(i) Not all values of Y are allowed by the second of equations 
(2.65). In particular, taking the trace yields 

2Y. - Y. + Y, . (2.66) 

This is the condition on the Y eigenvalues implied by parity conser
vation in electromagnetism (equality of Q . , and Q.. - ) . Note that 
this condition must be satisfied separately by any pair (a.a.). If we 
now multiply (2.65) by T. and take the trace we obtain 

Y » R " Y 2 R e(Qj-Q2) - gsine » g'cosO 2 * (2.67) 

Here appears the very remarkable property of the model : since (2.67) 
must hold for any pair (a.a.), the values of ^ - " Q j " ^ a n ^ ^j2 * 
(Yj -Y 2 )/2 are the same for all pairs of electroweakly interacting R R 
fermions. 

(ii) Since A.» and 6., are universal, let us specialize to one 
particular pair, (v ,e) for example. Then we deduce that 

A | 2 - 1 . 

and furthermore we may choose the normalization of the generator Y 
in such a way that 

«12 • ' ' 



Then Eqs.(2.67) can be replaced by 

Q = T 3 + Y/2 

e - gsin9 (2.68) 

tg6 - g'/g 

In the first of these equations, it is understood that the matrix 
elements can be taken between left-handed or right-handed fermions 
indifferently. In the first case T- » T-s/2» * n t n e s e c c n d T, «0, 
while the values of Y. and Y_ fulfill Eqs.(2.66) and the normaliza-
tion condition 6._«1. 
(iii) It is a very remarkable fact that in nature fermions actually 

occur in such a way that they can be arranged into pairs with A.-" 1. 
This is the case for the quarks (u,d),(c,s),(t,b) as well as for the 
leptons (v ,e), (v,p), (v ,t), and this is why the SU(2) 0 Uv(l) 
model can be successfully implemented. Note however, that this model 
does not explain why all known charges are commensurate. For example, 
it could accomodate a fermion pair (A,B) with charges, say, Q. - ir 
and Q « TT-1. 

(iv) Coming back to the non-electromagnetic part of the neutral 
current Lagrangian, we find (Eqs. (2.61) and (2.63)) : 

LZ - - ^ { < V 2 > [ V , - Y 5 > T 3 " 2 - l » 2 e V ] ( t l ) ' (2'69) 

o V 

We made use of the relations (2.68), and of the convention ^-O-t^-xin 
and (T_) «0. This form makes apparent that the weak neutral current 
contains on the one hand the neutral counterpart of the charged ones, 
on the other one a piece proporticnal to the electromagnetic current 
(proportional to the charge operator and vector-like). We also see 
that the comparison of weak processes induced by neutral or by charged 
currents allows an experimental determination of the Weinberg angle, 
which is otherwise unknown theoretically : one may use as free cou-

2 pling parameters a-e /4TT, the QED fine structure constant, and 8 . 
The two gauge couplings g and g' of the SU(2) % Uv(l) gauge model 
then follow from relations (2.68). 



2.6. SU(2) 8 Uy(l) GAUGE SYMMETRY AND ACTUAL ELECTROWEAK INTERACTIONS 

In the last section of this chapter, we discuss of few issues to 
be next developed in order for an electroweak model based on SU(2) 9 

UY(1) gauge symmetry tc be theoretically and phenomenologically accep
table. 

Up to now, we have described a gauge model in which, according to 
an SU(2) 8 11(1) symmetry, we dispose of (3+1) gauge bosons, three 

+ 
weak gauge bosons W~ and Z , and the photon. These are candidates to 
be the intermediate vector bosons of all electroweak interactions. We 
saw that nature agrees with a classification of all known elementary 
fermion? in which leptons and quarks appear in pairs (a.a.) with 
Qj-CL-1.whose left handed components form weak isospin doublets ( J , 
while the right handed components are SU(2) singlets. They have 
well defined hypercharges Y or Y_ corresponding to their transforma
tions under the U„(l) piece of the gauge group. The algebraic struc
ture of the model is fully settled, and for the time being, given the 
charge content of the fermion sector, the only unpredicted parameters 
are the fine stucture constant a and the Weinberg angle 9 . 

However, this beautiful picture is not yet suitable for electro
weak phenomenology. There are still three important properties missing 
we will now describe. 

(i) In nature, fermions are not maasteea as we considered them 
until now. A fermion mass term in a Lagrangian is, 

L f - - m, ff , mass f 

which, decomposed over right- and left- components, read 

LL. • - "t »L h • \ v • (2-7°> 
We recall that 

f(i±Y5) - O n 5 ) f 

and that (1+Y5)(1-Y5) -0. It is clear that since in the SU(2) 9 U(l) 
model f. and f are assigned to different SU(2) representations 



(doublet and singlet), a mass term such as (2.70) is not invariant 
under SU(2). It is neither invariant under U v(l), although it is so 
under U (1) since Q » Q for any f. So fermion mass terms break e .m. R La 
most of the symmetry, only preserving QED symmetry. 

(ii) In nature, the quark pairs to be considered in weak doublets 
are in fact not exactly the mass eigenstate quarks (u,d) , (c,s),, 
(t,b)., but some linear combinations (preserving of course charge 
conservation). If one restricts oneself to the light sector, one has 
to replace (u,d), (c,s) by (u,d ), (c,s ) where 

d » d cos6 + s sin6 c c c 
s • -d sin9 + s cosQ c c c 

The angle 6 is called the Cabibbo angle. Generalizations of the above 
orthogonal (2x2) matrix to more than 2 pairs leads to a unitary ma-
trice (Kobayashi-Maskawa matrix) involving non trivial phases between 
states and responsible for CP violations. For the moment, we replace 
this matrix by I. Although it is one of the outstanding problems of 
particle physics, this approximation does not affect the items of 
interest in what follows. 

(iii) Last, but not the least, is the property of weak interac
tions to be in nature of very short range. As we said before, the 
scale is set by the value of the Fermi constant G„. We explained in 
Section (2.1) that the goal of the gauge model was to write G_ as 
g /n , and to interpret M as the mass of an exchanged intermediate 
vector boson. Then for g of order 1, one is led to M ~ 100 Gev, while 
as pointed out before (section 2.3, point (ii)), a symmetric pure 
gauge Lagrangian cannot accomodate a mass term. So, with the symmetric 
theory of this section, we are bound to describe a world where weak 
interactions are similar in range and strength to electromagnetic 
interactions. 

The next step to be performed thus is to find a "breaking mecha
nism" of the SU(2) 9 Uv(l) symmetry, with the following requirements 

a) The U (1) symmetry is preserved and the photon remains 
mass less. 



b) The fermions and weak vector bosons W , Z acquire masses. 

c) The theory remains a renormalizable field theory. 

Spontaneous symmetry breaking (Higgs mechanism) is the "standard" 
mechanism which fulfills these requirements. 
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CHAPTER 3 

THE GLASHOW-SALAM-WEINBERG THEORY 

II. SPONTANEOUS SYMMETRY BREAKING AND THE STANDARD MODEL 

The notion of spontaneous symmetry breaking refers to the situa
tion where, although the dynamics of a system verifies symmetry pro
perties, the actual physical states realized in nature are not inva
riant under the transformations (or at least under some of them) asso
ciated with this symmetry. In quantum mechanics, this feature may 
occur when there exists infinitely many possible degenerate ground-
states : the set of all possible ground-states is symmetric as a 
whole, but a particular one happens to be chosen. This ground-state, 
also called the vacuum, however is unique in the sense that it is 
separated from all the other possible ones by infinite potential 
barriers. The expression "Spontaneous breaking" is to be opposed to 
that of "Explicit breaking". In the present context of gauge field 

2 u theories, for example, we explained that a mass term M A A for a 
gauge field is not invariant : its presence in the Lagrangian spoils 
the initial symmetry and the breaking thus is explicit. In what fol
lows, we only consider situations with exactly symmetric Lagrangians, 
and focus on the symmetry properties of the vacuum. We will discover 
that there exists simple cases where the classical equations of motion 
admit non-symmetric solutions leading to a total energy of the system 
smaller than for symmetric solutions. The corresponding quantum theo
ry is then build by taking into account the quantum fluctuations 
(perturbation theory) around one particular (although arbitrary) non-
symmetric solution. Before going to the actual case of spontaneous 
breaking of an SU(2) 8D(1) gcuge symmetry, we first study the situa
tion (also interesting in physics) of SSB of a global continuous 
symmetry. 



3.1. SPONTANEOUS SYMMETRY BREAKING OF A GLOBAL 0(1) SYMMETRY 

The choice of a U(l) symmetry group in this section is dictated 
only by simplicity. We consider the simplest case of a Lagrangian for 
one scalar complex field (p(x), 

<p(x) * (<Pj + i <P2)//2 

interacting through a potential V(<p) 

L(x) * «HtfOHp)*- V(tp) 
{ X * 2 ( 3'° 
1 V(tp) » j (<p cp) - a y <p 

Taking V quartic in <p is imposed by renormalizability requirements. 
Polynomials of higher degree in <p would introduce coefficients (cou
plings) of negative dimensions in energy ; we already mentioned that 
in this situation, no perturbative expansion can be sensibly defined. 
The theory specified by (3.1) makes sense for X > 0 ; otherwise the 
system collapses, the energy being as small as wanted for arbitrary 
large field values. The constant a in the quadratic term has an 

2 unspecified sign, for the time being. The case a • -m is that of a 
massive scalar field with mass m. 

The Lagrangian L(x) is invariant under the following global 0(1) 
transformation 

<p(x) - e" i a tp(x) , (3.2) 

where a is a real arbitrary constant. Thus if tp(x) represents a 
ground-state field configuration, e" tp(x) is another one, degenerate 
with it ; we have an infinite set of degenerate ground-states, unless 
<p(x) «0. At the classical level (no quantum fluctuations), <P is a 
ground-state if it minimizes the Hamiltonian. Taking tp(x) - -jz e , 
a constant in space-time, clearly minimizes the kinetic energy. The 
potential energy is extremum for 

1£ . -
15 1 
3 v - X c r 3 - a a - 0 . (3.3) 



For a<0, there is one minimum reached for a * 0 : the classical 
vacuum is <o(x) = 0 ; it is U(l) invariant and there is no symmetry 
breaking. For a>0 there are two extrema. The first one a • 0 corres
ponds to a maximum of V(o). The other one 

(3.4) 

actually renders V minimum, and 6 remains arbitrary (vacuum degeneracy). 
As a function of Retp, Imip for a constant field configuration, V(<p) 
looks like the bottom of a wine bottle, as depicted in Fig.(3.1). 

AV(#) 

Fig. 3.1 - The shape of V(cp) for a constant field configuration 
«p •• 0//2 exp(iô). For a>0,cr« 0 is a maximum. The continuous set of 
degenerate vacua is described by a a • [2a/X]l/2, 0 < 6 < 2 T T . o — 

Let us now choose a particular vacuum 6*6 . The U(l) symmetry, 
represented by all rotations around the axis of the bottle, now is bro
ken, the particular point chosen in the bottom rotating with the 
system. For convenience, one can always redefine the original field 
<p(x) by the U(l) transformation y>(x) •* e" ° io(x) in such a way that 
the vacuum value is real, equal to O //?. In order to study the con
tent of the quantum theory, we have to examine the field fluctuations 
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around its classical configuration. We set 
a 

ip(x) - — + x(x) 

{ ? 
X(x) « — (X,(x) + iX,(x)) 

/2~ l l 

and reconsider the Lagrangian as a function of the two independent 
real variables x.» Xj' l t *-8 a "»tter of pure algebra to find (up to 
an irrelevant additive constant) 

L(x) 1 , . x2 1 2 2 
2 ( V l } ' 2 m l X, 

+ l ( 3 , x 2 ) 2 

- \ <x?• x*) 2 - - r x,<x2 +x2> . <3-6) 
2 2 where we defined m, » X 0 . (3.7) 1 o 

Let us emphasize that this form has been reached by the change of 
variables (3.5), the dynamics being unchanged. In particular, the 
symnetry of the Lagrangian, although not apparent, is still there : 
the inverse change of variables would make it again explicit. This is 
why the situation of spontaneous symmetry breaking is sometimes refer
red to as a situation of "hidden" symnetry. 

In terms of the X variables, the content of the Lagrangian can 
be described as follows : 

(i) Xi( x) i* a scalar, massive, field, with a mass m, propor
tional to the vacuum expectation value o //I of the original u> field. 

(ii) X2 i* * «calar, maseless, field, called a GoIdstone boson. 
The appearance of such massless degrees of freedom is generic for 
all cases of spontaneous breaking of global, continuous, symmetries 
(Goldstone theorem). In fact, in more general cases where a symmetry 
group G breaks dowi spontaneously, leaving some subgroup H as inva
riance group, there are aa many Goldstone bosons as there are group 
generators which do not leave the vacuun invariant, Equivalently, the 
number of Goldstone bosons is equal to the number of generators of G 



which are not generators of H. The occurrence of massless particles 
is directly related to the original symmetry. It is a consequence of 
the existence of directions in field space where the potential is 
flat : on Fig.(3.1) this flat direction corresponds to moving along 
the bottom circle. 

(iii) The non quadratic part of L(x) in Eq.(3.6) contains cubic 
and quartic interaction terms between the two scalars Xi and x 2- Note 
that this interaction is far from being the most general polynomial 
of degree 4 in XttXo* l £ * s again a consequence of the original sym
metry. Initially there were two parameters X,a in the potential for <p, 
and renormalization theory for L(<p) shows that no new term is genera
ted perturbatively. It can be proved that this property is still true 
in the "broken phase", that is for the perturbative expansion for the 
field x : the coupling parameters, X and Ao , get renormalized but no 
new counterterm arises. 

As a final remark for this subsection, let us point out that this 
kind of symmetry breaking is not yet the one we need to give masses to 
the weak gauge bosons. In particular, the long range forces generated 
by the existence of Goldstone bosons is unwanted. In the case, to be 
now described, of spontaneous symmetry breaking of a local symmetry, 
the Goldstone degrees of freedom associated with the broken generators 
are transferred to the gauge bosons : these become massive, so that 
they acquire an helicity zero state which was previously absent (a 
photon, for example, has no longitudinal polarization). 

3.2. SPONTANEOUS SYMMETRY BREAKING OF A LOCAL SU(2) 9 U(l) SYMMETRY 

Realizing spontaneous symmetry breaking in the electroweak con
text requires two generalizations of the above case. Firstly the sym
metry to be broken now is SU(2) 0 U v(l), and a subgroup U (1) must 

i e .o . 
be lef t unbroken. Secondly, this has to be achieved for a local rather 
than global symmetry. 

One introduces an SU(2) doublet * of complex scalar f ie lds 

/<J>\ + # * 



interact ing through a potent ial V(*), 

V($) = j ($+<J>)2 - a * + * 

* * 2 * * 
* ty <P + <P y>) - a(i|) t|) + <P tp) . (3.9) 

This potential is manifestly invariant under the SU(2) 8 UY(1) local 
t rans fo rmat ions 

*(x) - exp[-i a(x) I] exp [-i a'(x) |] *(x) . (3.10) 

However, because the transformation is x dependent, the kinetic term 
(3 <J>)(3 $) is not invariant. As it was done in the fermionic case, 
the symmetry can be restored by introducing the same gauge fields W 
and B as before, and replacing the ordinary derivative 3 by the 
corresponding covariant derivative D : 

3 - > D - 3 + - ! £ w . T + i f l B Y . (3.11) 
u y u 2 p 2 u 

The <t> Lagrangian thus reads 

L(«) - <D •)0>M») + - V(<|.) . (3.12) 

As before, the complete Lagrangian also contains the pure gauge contri
bution (2.52,53) according to the general prescriptions of section 
(2.4). 

Spontaneous symmetry breaking occurs in a way similar to that 
described in the global symmetry case. The vacuum is obtained for 
W - 0, B «0, and 4>(x) a constant SU(2) spinor field minimizing V(*). 
For a<0, * - 0 is the only minimum ; the symmetry is unbroken. For 
a>0, there is a continuum set of degenerate vacua, which can be obtai
ned by applying all possible global SU(2) 8 U„(l) transformations on 
one particular configuration minimizing V($). This configuration can 
be chosen to be 

*0 • 
where again 

a - / $ . (3.13) 

o 

o T 



We immediatly notice that while the SU(2) 8 U„(l) generators t/2 and 

Y/2 are separately broken (they do not leave the vacuum $ invariant), 

there is one particular combination of T_ and Y, namely 

Q - T 3 / 2 • Y/2 (3.14) 

which remains unbroken. Provided we choose Y. » +1, the transformation 
*o 

<j> -*• exp t -i a Q] <|» 

indeed leaves $ invariant. Hence one generator, which can be identi

fied with the charge operator, remains unbroken. The corresponding U(l) 

invariance group is the QED gauge group U (1), as wanted. 
C •ID» 

Were the considered symmetry a global one, we would have in the 

spectrum 3 GoIdstone bosons associated with each of the broken genera

tor, as explained in the previous subsection. Because the symmetry in 

fact is local, however, the picture is quite different. Let us make use 

of its locality to parametrize the *-field at each space time point as 

W " Co) •w-U*>J ( 3 ' 1 5 ) 

where furthermore tp(x) is real. In doing so, we exhaust the gauge 

freedom available at each point. This particular choice corresponds to 

the so-called "unitary" gauge : as we shall see below, this choice is 

such that only the physical degrees of freedom explicitly appear in 

the Lagrangian. 

With r.ne parametrization (3.15), we further translate *(x) by 

its vacuum expectation value (3.13), writing 

<f>(x) - (x(x) + O o ) / /2" , (3.16) 

and reconsider the <{>-Lagrangian (3.12) as a function of x<x) and of the 

gauge f i e lds . Let us concentrate on i t s quadratic part L^. Concerning 

X, we obtain, using (3.13) 

t 2 ( X ) - î »„X)2 " Ï X oo " 2 • » • " ) 
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This is the free Lagrangian for a massive, real, scalar field H, called 
a Higgs boson. Its mass is given by 

"H a SK . (3.18) 

We now collect the quadratic terms in W and B . They all come froa u t U V ' (D <j>)(D $) , with D as given by (3.11), and * replaced by its vacuum 
expectation value (3.13). Simple algebraic manipulations lead to 

0 2 
L2(W,B) - - f {g 2 (W^ • W >̂ • ( g W^ - g 'Y, o B y ) 2 } . (3.19) 

From this expression, we see that W, and W_, and hence the charged W's, 
(±) ' z 

W , have a mass given by 
2 2 

2 °o g 

m Z

+ - •—- . (3 .20) 
W~ 

The term concerning W~ and B can be rewritten 

<* « r i 2 

|cos9 W. - ainS B , (3.21) 2 8 cos 8 L \i 

where we have used g'/g • tg6, the definition (2.68) of the Weinberg 
angle, and Y, • 1, the choice previously made in order for the unbroken <Po generator to coincide with the charge operator, as remarked above. We 
now recognize in the square bracket of Eq.(3.21) the linear combination 
(see Eq. 2.63) 

Z - cos8 W, - sin8 B , (3.22) O J U v y H 

which defined the neutral weak vector boson encountered in Section 2. 
Hence this vector boson also acquires a non-zero mass, given from 
(3.21) by 2 2 m 2 

2 0Q g w(±) 
m_ T - • x— . (3.23) 

o 4 cos 9 cos 6 
Finally, we are not surprised to note the absence of a term quadratic 
in the photon field 

A - cos9 B + siu8 W, , 



the combination orthogonal to Z , since, by construction it is asso-°u ciated with the unbroken generator Q (3.14). 

To summarize : due to the spontaneous breakdown of the SU(2) 9 

Uv(l) local symmetry by a Higgs doublet <Kx), we end up in the gauge 
sector with three massive gauge bosons W" and Z Q, while the photon 
remains massless. The scalar sector contains one physical, massive, 
Higgs boson \- T n*- 8 n e w particle interacts, on the one hand through 
the cubic and quartic terms induced by V($), on the other hand through 
its couplings to the gauge fields. These couplings are completely speci
fied by the D $ (Dy<{>) term expressed as a function of the physical 
fields x» W* a t u* z • °* course, x d ° e s n o t couple to the photon : it 
is neutral, the vacuum expectation value of * being precisely chosen 
in such a way that Q is conserved (Q* « 0). 

Finally, we note that there is no GoIdstone boson associated 
with local symmetry breaking. Since 3 out of the 4 generators are bro
ken, we would have 3 physical Goldstone bosons if the symmetry was a 
global one. Here the breaking mechanism leads to a quite different 
pattern. The 3 would-be Goldstone degrees of freedom are transferred 
to the 3 gauge bosons which acquire masses. In addition to their two 
transverse polarization states (helicities X = ±l), each of them gets 
a longitudinal one (X "0). 

3.3. THE THREE INTERMEDIATE BOSONS OP WEAK INTERACTIONS 

The existence of massive intermediate vector bosons, responsible 
for the weak interactions, waa anticipated a long time ago, in fact 
well before a complete renormalizable theory (SU(2) S Uv(l) gauge 
theory with Higgs mechanism) was proposed. The latter theory however 
was precise enough to predict the vector masses, so that it became 
possible to design well defined experiments which finally led to their 
discovery. 

The W and Z masses are given by Eqs.(3.20) and (3.23). Their 
prediction requires the knowledge of the energy scale 0 Q of symmetry 
breaking, and of the gauge couplings g,g\ Due to Eqs,(2.28), the 
knowledge of g,g' can be replaced by that of o«e /4ir, the fine 



structure constant of QED, measured with a very high precision in 
electromagnetic processes, and of the Weinberg angle 9, related (Eq. 
2.69) to the difference between charged and neutral current weak inter
actions. This angle was actually determined before the gauge boson 
discovery, for example by comparing the rates for the deep inelastic 
processes 

and 

V • hadron -»• y • X (charged current) 

v + hadron •* v + X (neutral current) . 
(3.24) 

The result was sin 9 ~ 0.22. On the other hand, the strength of weak 
interactions was measured at low energy by the experimental determina
tion of weak decay widths of particles. For example, y decay 

y -*• e + v + v e y (3.25) 

is described in the Ferrai theory and in the Glashow-Salam-Weinberg 
model respectively by the interactions depicted in Fig.3.2. 

w 

v n 

v. 

Fig. 3.2 - The y decay diagrams for the Fermi theory and the gauge 
theory. The identification of the corresponding decay rates gives the 
correspondance between Gv and g2/ra. 

By working out the corresponding decay rates, and comparing to experi
mental numbers, one obtains 

2 /Î 
8m' '•°5 ,0"5 Vot. (3.26) 

Note that due to (3.20), 

Si 



Gv » — \ (3.27) 
F n a1 

o 
is independent of the gauge couplings and determines uniquely the 
vacuum expectation value 0 : 

a » 240 Gev . (3.28) 
o 

2 With a value of sin 6 equal to 0.22 and a-_ n « 1/137, one also obtains QbU 
the SU(2) constant 

a 2 - g2/4ir « 3.3 10" 2 , (3.29) 

and finally an estimation of the W and Z masses 

nL. =* 80 Gev 
W (3.30) 
n^ * 90 Gev 

Remark however that the Higgs scalar mass (3.18) remains arbitrary 
because so is the X coupling of the Higgs potential. 

The experimental discovery of the W and Z vector bosons in 1983 
was a superb confirmation of the model of electroweak interactions 
based on a broken gauge theory. The details of this experimental 
investigation will not be described in these lectures. Let us just 
point out that not only the existence, but the production and decay 
rates of these bosons are in excellent agreement with the whole picture. 
The experiment is schematically the following. In the SPS (CERN pp 
collider), two beams respectively of protons and antiprotons collide 
each other at a c m . energy of the order of 500 Gev. Considering these 
beams as primarily made of quarks and antiquarks (the proton and anti-
proton content), qq collisions occur. According to the general cou
plings described by Eqs.(2,57) and (2.69), the following processes are 
possible, namely 

u • d C + W ( + ) 

u C • d * W ( _ ) (3.31) 
u + u C , or d + d c -»• Z , 



and moreover the rates for these productions is fixed by 

(i) The known values (see Eq.(3.29)) of the gauge couplings. 
(ii) The structure functions of the proton in terns of quarks, 

(*) previously determined from deep inelastic experiments 

Because of the symmetry breaking mechanism, these U, Z have 
masses of the order of magnitude given by Eqs.(3.30), and they are 
unstable with respect to the qqC channels and also to leptonic chan
nels IIe. The detection method used in the CERN experiments was to 
look for decays 

(3.32) 

again with predicted rates. In the two former cases, the v*s escape 
the detectors and the signal is basically given by the appearance of 
a charged lepton with an unbalanced energy momentum (the one carried 
by the neutrino). In the latter case, one must observe a charged lepton 
pair with an invariant mass peaking in the 90 Gev region. 

Of course the above discussion is a highly idealized view of 
extremely difficult experiments, and we refer the reader to the exis
ting published literature. The mass values, which anyway are right 
in the expected range, are still subject to substantial experimental 
errors, in particular because of energy calibration problems. However, 
most of the systematic errors cancel in mass ratios, so that defining 

the Weinberg angle by (Eq.(3.23)) ^ 
m 

cos 6 2 A W<*> 
2 

"Z o 

Here we do not enter into the (non trivial) problem* which arise 
when one has to translate the deep inelastic information on the struc
ture functions into the q and q c fluxes involved in a pp collision. 

4o 



yields a value of 9 essential ly affected by s t a t i s t i c a l errors only. The 
presently quoted value, for this definition of 8, i s given by 

s in 2 9 =0.227 ± 0.024 . (3.33) 

It happens to be one of the most precise determination existing at present, 
and it is compatible with values measured in low energy processes. In 
making this comparison, care must be taken of radiative corrections 
(perturbative expansion of the measured quantities beyond the lowest 
order). In fact, when more precise measurements become available, the 
information obtained on the size of these calculable corrections will 
provide a crucial test of the gauge theory, finally probing the very 
structure of the pure gauge Lagrangian (seIf-coupling of intermediate 
vector bosons). 

3.4. HIGGS MECHANISM AND FERMION MASSES 

We recall (Eq.(2.70)) that a fermion mass term in the Lagrangian 
explicitly breaks the JU(2) 8 Uy(l) symmetry of the massless ferraionic 
term, because the left-and the right-handed components of each fermion 
do not belong to the same group representation. In the presence of a 
Higgs SU(2) doublet *(x), symmetric couplings of $ to the left-fermions 
can be built, yielding fermion mass terms when $(x) is replaced by its 
non-vanishing vacuum expectation value. Since for each fermion pair, 
there are two independent SU(2) singlets (u , d say for the quark 
pair (u,d)), two independent Yukawa couplings can be introduced which 
conserve the charge Q. In the unitary gauge, where *(x) • ( , » J with 
(p(x) real, one writes 

L*,(ud) " ' *d * ( x ) 3LdR-*u " ( X ) V R + C'C- °' 3 4 ) 

g, and g are complex arbitrary constants. Note that they are dimension-
less (a Yukawa theory is renormalizable). Because the phase of f,, f_ 
are arbitrary, the phase of g., g can be rotated away and thus the 
Yukawa couplings can be made real. Finally, replacing <p(x) by its 
vacuum expectation value C //Î yields for any fermion f a mass term 



L = - m, fTf„ m. f L R 

where a 
mf - — gf . (3.35) f /2 

Let us once again emphasize that this non-invariant writing of the 
Lagrangian "hides" the actual symmetry of the original Lagrangian. 

We see that the existence of massive fermions once the gauge 
bosons are made massive by the Higgs mechanism is quite natural ; 
and their masses are proportional to the same breaking parameter, the 
vacuum expectation value a of the Higgs field. However, the model is 
totally unpredictive from this respect : the proportionality constant, 
the Yukawa coupling g f, remains arbitrary and there is no extra sym
metry which relates the values of this constant for different fermions. 
This situation receives a partial remedy in a grand unified theory 
where the fermions belong to representations of groups (e.g. SU(5)) 
larger than the SU(2) group, which gives additional constraints to 
the Higgs-fermion couplings. 

What is anyway "unnatural" in the present scheme is the occurrence 
of very large mass ratios between, e.g., quarks and leptons. This 
problem is especially puzzling as far as the neutrinos are concerned. 
Even if they are not strictly mass!ess, they certainly are extremely 
light with respect to the quarks of the same family. 

As a consequence of this feature of the Glashow-Salam-Weinberg, 
the number of free parameters in electroweak processes remains large. 
Restricting ourselves to the so-called 3-family model, with 3 quark 
pairs (u,d),(c,s) and (t,b) and 3 lepton pairs (v ,e),(v ,y),(v ,t), 
we have 12 Yukawa couplings (3 are zero if the v's are massless, but 
why ?), two couplings g and g* (or a.__ and 6), one Higgs coupling X 
and the vacuum expectation value a . In addition come the already 
mentioned mixing matrix (Kobayashi-Maskawa), which relates the quark 
mass eigenstates to the quark combinations appearing in the weak cur
rents. For 3 families, once 5 irrelevant relative phases have been 
reabsorbed in the quark field definitions, this amounts to 4 more 



parameters, three Cabibbo-like angles and one (CP violating) phase. 
So the total number of free parameters of a 3 family electroweak model 
is as large as 20 ! Happily enough, it happens that many of these para
meters, notably the fermion masses, do not play an important role in 
most electroweak processes, especially at high enough energies where 
masses can be neglected in front of the energy. That is the reason why, 
despite the large number of a priori unknown parameters, the model is 
so successful : a„,_, 6 and 0 are enough to explain an enormous amount 
of data accumulated on many different physical processes. 

Concerning the Higgs mechanism by itself, the following comments 
should be made. In the "minimal" model, one doublet of elementary Higgs 
fields is introduced. Firstly one may ask about the possibility of 
introducing more than one doublet, or larger Higgs multiplets. From 
this point of view, one should keep mind that 

(i) if there are more than 1 doublet, all doublets must have 
vacuum expectation values pointing in the same SU(2) direction, that 
is of the form ( -M)) »(a(2))••, • Otherwise it is impossible to keep 

the charge operator Q unbroken. This may seem again unnatural. 

(ii) it may be shown that the relation (3.23) between the W and Z 
masses, which seems to be well verified experimentally, holds if Higgs 
doublets only acquire non vanishing expectation values. 

A second comment is about the "elementarity" of Higgs particles. 
The Higgs model could be an effective way of representing a symmetry 
breaking based on more fundamental dynamics. In "technicolor"-like 
models, one imagines that there exists new fermions q (techniquarks), 
heavy copies of ordinary quarks, submitted to new strong interactions 
(technicolor gauge interactions) which, in the same way as QCD acts 
for quarks, generate (JQ condensates : due to these interactions 
<qq>»<q q + QTq_> does not vanish, which induces a dynamical breaking 
of SU(2). One may show that this leads for the SU(2) 6 Uy(l) gauge 
bosons to the same phenomenological consequences as the Higgs model, 
<QQ> playing the same role as o - <tp(x)>. Of course there are other 
consequences which are different. In particular, the technicolor 



interactions lead to Q,Q bound states, like the QCD hadrons, with a 
rich spectrum to be experimentally discovered. Since the scale of 
symmetry breaking is anyway fixed by the observed W and Z masses (100 
Gev, or a - 240 gev), one expects this new spectrum to show up at a 
corresponding scale. 

A conclusion to these comments is that, whatever the breaking 
mechanism really is, some new Physics should become accessible in the 
100 Gev to 1 Tev region. Either at least one Higgs particle will 
actually be found, or some evidence for other particles at the same 
scale. In supersymmetric models also one generally expects the W,Z 
mass scale to be one amongst other manifestations of new basic degrees 
of freedom which remain to be discovered. 

3.5. THE ANOMALY PROBLEM IN GAUGE FIELD THEORIES 

In a renormalizable field theory, the quantum fluctuations around 
the classical theory given by the equations of motion are taken into 
account via a perturbative expansion (loop expansion), at the cost of 
a finite number of (renormalized) free parameters (masses and couplings). 
The successive terms of the loop expansion are determined by calcula
ting the contributions of Feynman graphs ; there is one integral over 
a 4-momentum k per loop of the diagram. The finiteness of the theory 
is related to the degree of divergence at large momenta (ultraviolet 
behaviour) of these integrals. Simple rules of power counting allow 
ones to determine this degree for any diagram, given its number of 
vertices and propagators, and the large momentum behaviour of the lat
ter quantities. Roughly speaking, a "good" power counting corresponds 
to Feynman diagrams diverging at most logarithmically. Concerning the 
propagator bahaviours, we know that for a fermion and a scalar they 
are respectively of order i/k and 1/k2 at large k. What about gauge 
field propagators ? 

In the unitary gauge chosen in section 3.2 in order to parame
trize the Higgs field (Eq.(3.15)), the W-gauge boson propagator, the 
inverse of the quadratic part in W of the Lagrangien, can be read 
from Eqs.(3.19) [mass term], and (2.53) (kinetic part). The resulting 
form is 



m -k L m J 

w w 
We immediately see that the second term in the bracket brings in a 
contribution of order 1 at large k in P . This is to be compared 
to the P = —=—TT propagator of a scalar. The large k behaviour is 

m -k 
worse by two powers, and this makes pursuing beyond the tree diagram 
level in this gauge an impossible task. We thus come back to the si
tuation before choosing the particular form (3.15). The 3 degrees of 
freedom which were eliminated by this choice are back again. We have 
to show that they have no physical effect, the gauge freedom being 
now used to give the gauge boson propagator a better behaviour, sui
table for achieving the renormalization program. For the sake of sim
plicity we take the case of a U(l) local gauge symmetry, spontaneously 
broken by the Higgs mechanism with one complex scalar <p(x). We assume 
that there exists a non trivial vacuum expectation value 0 for this 
field so that one writes 

<p(x) . _L (a + x (x)+iX,(x)) , (3.37) 

but we do not use the U(l) local freedom to gauge away the \ 2 field. 
We next pursue like in sc 
the covariant derivative 
We next pursue like in section (3.2), replacing the derivative 3 by 

Dy " \ + £ * W u • ( 3 " 3 8 ) 

where W is the (unique) gauge boson associated with the U(l) symme-
V u t 

try. Straightforward algebra using the Lagrangian Up • Dtp (D tp) -V(ip) 
and the pure gauge Lagrangian (2.53) L Q « - ̂  F F , with F » 
3 H - 3 H , leads to 
U V V U' 



1 ,* N2 1 . 2 2 
L - 2 ( V , > " 2 X O o X i 

+ 1 ( 3 u X 2 ) 2 

2 u Z (3.39) 

- i (Vv"W 2 + 1 g 2 ° ^ / 

+ terms of degree 3 and 4 in the various fields. 

The new terms with respect to the unitary gauge are the second and 
1 2 

fourth ones. The second term, •=• O u X 2 ) » appeared in the global sym
metry case (Eq.(3.6)), and was interpreted there as the kinetic term 
of a massless, Goldstone, boson. This is no more the case because of 
the appearance of the non diagonal fourth term, which couples W and 
X-. At this point, we make use of tht gauge freedom to modify the 

i(*) Lagrangian by adding to it a "gauge fixing term" 

which the following consequences : 

(i) at the classical level (equations of motion), this new term 
determines 3 W w (hence the name "gauge fixing"). The parameter Ç plays 
the role of a Lagrange multiplier. 

(ii) The crossed term in (3.40), namely eP0^JfU)\2
 a d d * U p t 0 

the non diagonal term of (3.39) to give 

gO o3 M {*%} , (3.41) 

that is a pure divergence contribution in the Lagrangian, and no con
tribution in the action / d x L(x) (provided the fields are well 

* ^For a discussion of why we need to fix the gauge in perturbation 
theory, and how this can be done, see Perrottet's lectures on gauge 
fixing in QED (the Ç parameter of (3.40) there is noted 1/a). The 
choice (3.40) is called IU-gauge, or 't Hooft's gauge. 

& 



behaved at inf in i ty) . 

( i i i ) While the quadratic part of the Lagrangian i s diagonalized 

by this operation, a new term, Ç-dependent and quadratic in Xo> appears 

in (3.40) 

, , - g 0 -

" i V 2 ' " i r x2 • ( 3 - 4 2 ) 

which can be interpreted as a ^-dependent mass term for the (previously 

mass less) scalar field x ?* 

Collecting the quadratic terms in W and x 2 leads to the follo

wing propagators : 

w w 

p X 2(k) « -=i-_ , (3.44) 
nu-k 

where from Eqs.(3.39) and (3.42) 

(3.45) 

In the limit Ç -*• 0, one recovers the unitary gauge. For any 

non vanishing Ç, the behaviour of P̂  at large k is 0(1/k ) , as for 

a scalar f i e ld . The case £ » 1 corresponds to the "Feynman gauge", 

often used in practical QED calculations. The case Ç •+ » is known 

as the "Landau gauge" case (3 r • 0 ) . 

Of course, although perturbative expansion requires the choice 

of a definite gauge Ç + 0 , the physics must be independent of this 

particular choice ; in this case the true particle content should be 

the one found heurist ical ly by considering the unitary gauge. The 

renormalizability of gauge f ield theories i s precisely related to the 

absence of Ç-dependent observables. (G. ' t Hooft, B. Lee and J. Zinn-

Justin) . In the pre^nt case, we observe that in both the W and x« 



propagaiors, a pole at m«,=m /£ is present. If this pole does not 
L W 

decouple from physical amplitudes, the theory is in bad shape, it has 
"anomalies". 

For the gauge theories of interest in the present context, the 
result of the investigations concerning the existence of anomalies is 
the following one. There is no anomaly in vector gauge theories where 
the R- and L-- fermions identically couple to the gauge fields (or in 
the absence of fermions). There may be anomalies in non-vector like 
theories, such as ahiral theories where only L-handed fermions appear 
in non trivial representations of the gauge group (L-quarks and L-
leptons in the SU(2) 9 U(l) model of electroweak interactions). Hence 
renormalizability imposes constraints on the feroion content of the 
theory, that is on the gauge group and/or on the representations which 
the fermions belong to. 

Let us now be more specific on the appearance of anomalies, and 
on how to kill them. We first discuss this issue in terms of the large 

2 momentum behaviour of Fsynman integrands. A "good" (i.e. 1/k ) large 
k behaviour of the gauge boson propagator is a necessary, but not 
sufficient condition for a "good" power counting in all Feynman graphs. 
A potentially dangerous diagram is the triangle one depicted in Fig. 
(3.3), which involves one loop integral over 3 farmion propagators, 

f 4 3 
leading to a linear divergence ~ J d p/p at large p components... 
unless the coefficient in front of this integral happens to vanish. 
This coefficient involves a trace in Dirac space which does not vanish. 
For 2 vector- and 1-axial couplings of the loop to the external boson 
lines, the contributions of the diagram (3.3) and of the one where 
the lines 1 and 2 have been exchanged are equal and actually give a 
linearly divergent integral. On the contrary, they have opposite signs 
and cancel each other when the third vertex is also vector like. This 
is the reason why, as announced, there is no anomaly in a vector 
theory. In. the presence of an axial coupling Y 5 Y , then, the danger 
connected with the triangle diagram is there. So, the situation with 
only one L-feraion is desesperate. What happens in the presence of a 
larger fermion representation R of the gauge group ? Suppose the 



external lines q,k.,k_ of Fig.(3.3) represent the bosons associated 
respectively with the generators T a, T , T C of the group. The total 
contribution of the diagram and of the crossed one (k.,T •**• k_, T ) , 
after summation over all possible internal fermion lines, is propor
tional to the following groupist coefficient 

D f R ) * T r(R) ^ ^ ^ + T*(R) ** T C ^ 

T r ( R ) [T a {T b, T C } ] (3.46) 

This form can be directly read off from fig. (3.4) where all group 
indices are explicitly written down. Note that R is not necessarily 
irreducible, but may be a direct sum of irreducible representations 

r, 9 r 2 then Tr (R) Tr, v + Tr, . + (rj) (r2) So the condi

tion for the absence of anomaly is 

•& • ° • 
for all possible values of a,b,c. 

So, in terms of the ultraviolet behaviour of Feynman graphs, 
anomalies are related to a linearly divergent trianple diagram. In 

(3.47) 

^ ^ ^ ^ • * * » w 

YcY' 
•*q = k,*k 2 

kj and k j . 

contribu-
lines 



ijk 
— a • 

Fig. 3.4 - In group space, the gauge boson W„ couples to fermions of 
indices j,k according to W q.y^T.. q. : the coupling is proportional 
to T.. . Summing over all possible fermions of the representation R 
yields the anomaly coefficient of Eq. (3.46). 

fact, although it is divergent, a finite result can be ascribed to it 
in the following way. The quantity under consideration is a Lorentz 
tensor T , and the indices u,v,ct are associated with fermionic cur
rents which, according to the Noether theorem, should be conserved if 
the vector and axial external lines indeed correspond to symmetry 
generators. In other words, symmetry implies 

k T y V a - k 2 T y V a 

u v 
q-t^-o (3.48) 

Starting from a regularized expression (e.g. Pauli-Viliars) of T^ , 
one then discovers that imposing two out of the 3 constraints (3.48) 
leads to finite integrals in the limit where the regulator is removed. 
One may choose, for example, to conserve the vector current and one 
finds by actual computation that the axial one is not conserved : 

T U V a - Sir2
 Z W k, k 

P o 
(3.49) 

The right hand side of this equation is called the anomalous term. 
In the presence of an anomaly, one says that the corresponding sym
metry is perturbatively broken : a classically conserved current is 
not conserved in the presence of quantum fluctuations (at the one loop 

1° 



order). Furthermore, if the perturbatively broken symmetries are 
gauge symmetries, then, although the T tensor itself has been given 
a meaning, the theory is not renormalizable, and thus (at least per
turbatively) non-sense. This last statement will now be illustrated on 
the example discussed at the beginning of this subsection. 

In this example, we considered a 11(1) gauge field W coupled to 
a Higgs field (p. A "good" power counting associated with the W propa
gator was shown to exist in any non-unitary gauge Ç 4 0 (Eq.(3.43)). 
But we noted the presence of a Ç dependent pole in both the W and Xo 
propagators, and pointed out that for the theory to actually be gauge 
invariant this pole should decouple from all S-matrix elements. Sup
pose now the theory also contains one fermion f, whose L-handed part 
f couples to W , and is otherwise subject to ordinary(vector) electro-
magnetic interactions with the photon A . Then two photons and one W 
get coupled to each other by a triangular graph as in Fig. (3.3). The 
YY elastic process with an intermediate W propagator becomes possible, 
as depicted in Fig. (3.5), and its amplitude has a pole at a cm. 
energy squared 

s - m2/Ç , (3.50) 
w 

2 which is unphysical, only the pole at s » m being meaningful. The 
same spurious pole occurs in the similar graph where the W propagator 
is replaced by the Xo o n e (Fig* 3.5). The sum of the residues at the 
poles of the two diagrams is proportional to the "anomalous" term of 
Eq.(3.49), which makes explicit the connection between the U.V. ano
malous properties of the triangular graph and the lack of S-matrix 
unitarity. 

The way out of this problem, as we have seen before, is to 
enlarge the representation R of the gauge group which the fermions 
belong to , in such a way that the group coefficient D (R) of Eq. 
(3.46) vanishes, Tnis is a constraint on the fermionic content of the 
theory. It has been proven that once the constraint (3.47) is fulfil
led, no similar problem occurs at higher orders, so that the gauge 
theory with chiral fermions is renormalizable. We thus have to verify 
that the electroweak theory of Glashow-Salam-Weinberg is anomaly-free. 



Fig. 3.5 - A spurious (Ç-dependent) pole is carried by both the W 
and x 2 propagators in the two-body yy amplitude. Explicit calculation 
shows that the residues in the two graphs do not cancel each other. 
The anomaly consists in the appearance of an unphysical pole in a 
physical amplitude. 

3.6. ABSENCE OF ANOMALY IN THE STANDARD MODEL 

Because the anomaly problem plays an important role well beyond 
the context of the electroweak model (grand-unification, supergravity, 
. . . ) , we will here be slightly more general than it is required for 
the present lectures. The question is to examine the properties of the 



groups G and of their representations R such that 

D a b c(R) * Tr ( [Ta {Tb T c}] = 0 . (3.50) 

Let us recall some trace properties of interest. 

i) T r/ R\t T 1 = 0 for any R of a simple Lie group (i.e. a group 
with no invariant subgroup). By convention, U(l) is said to be not 
simple. 

ii) Let G be a direct product of Lie groups G , G ,..., then 
any generator T is the direct sum of its representations T , T ,... 
in each factor. One has 

Tr, DjT] » Tr D [T ( 1 )]+ Tr n [T ( 2 )] + ... (3.51) 

and 

(R) l i J "R, l i J T " R 2 

T r ( R ) [T ( , ) T ( 2 )..] - T r ( R ) [ T ( 1 ) ] x T r ( jfT^Jx... 
1 (3.52) 

iii) If the representation is reducible, R = R. • R. • ..., 

T r ( R ) [ T ] " [ T r ( R i ) t T l ( 3 ' 5 3 > 
iv) D vanishes for any real representation of a Lie group. By 

definition, a real representation R is equivalent to its complex conju
gate R. If T represents a generator in R, an element of R is 

exp[-i a T]* - exp[- i a [-TTJ] , 

because T » T , so that -T represents the same generator in R. Since 
R is real, it exists a unitary transformation U which transforms R 
into R. But under such a transformation, any trace is invariant so 
that 

T T T 
D a b c(R) - - Tr [Ta , (Tb , T C }] 

T and by the trace property that Tr[M] - Tr[M ] for any M, 

D a b c(R) - -Tr [Ta {T b,T CH - - D a b c(R) . 



Hence D (R) vanishes for R real, as announced. 

v) It can be shown that for any irreducible R of an SU(N) group, 

D a b c(R) - d a b c A(R) , (3.54) 

abc where only A depends on the representation. It follows that if D (R) 
vanishes for a given set a,b,c of indices such that d is not zero, 

âbc then A(R) * 0 and D vanishes for any set of indices. 

vi) Among all simple compact Lie groups, only SU(N) for N / 2, 
SO(4N+2) for N ̂  1, and E, have complex representations. Among them, 
only SU(N) and S0(6) (locally identical to SU(4)) have representations 
with D a b c * 0. 

What is the situation concerning D a C for the SU(2) (11(1) model 
with quarks and leptons ? Consider the representation formed by the 
7 fermions of the first family (Cabibbo-like mixing is here irrelevant): 

( d \ - H *! • ( I' \ • 'R • (5-55» 
There is no triangle diagram without external W, otherwise there is no 
Y 5 coupling. With 3 external W's, D vanishes because all represen
tations of SU(2) are real (property iv) above). For one W and 2 B's, 
it vanishes because of properties i) and ii). Finally we are left with 
the case of one B and 2 W's. Since Y - 2(Q-T-), Y can be replaced by 
2Q in D a c, the term with T. vanishing because it involves 3 SU(2) 
generators. We are left with only two cases corresponding to W W y 
and W W°y vertices, associated with D factors proportional to 

D + " Y . Tr [Q{T +,T"}] 

D 3 3 Y - Tr [Q T* ] 

* - 2 2 Since furthermore {T ,T } • (T. + T.) gives the same contrioution as 
2 . 

2T-, the anomaly coefficient is always proportional to 

A - Tr (Q Tj) 

The quark contribution of the representation (3.55) comes from the 



left-handed doublet 

A""81* - i (Q. • V - £ (3-56) 

while the lepton contribution reduces to the le f t -e lec t ron one 

.lepton 1 - 1 , , , , . 
A = 4" Q e * ~ 4 * ( 3 , 5 7 ) 

So, for the 7-family, the anomaly does not cancel. Adding other similar 
families cannot help. One possibility is to postulate the existence of 

(*) new (heavy ?) quarks and leptons with right handed SU(2) couplings, 
so that the total representation of quarks and fermions is real. There 
is no evidence for them in nature. A much more natural solution is to 
invoke the colour degree of freedom of quarks : each flavour appearing 
in 3 colours, the quark anomaly (3.56) is multiplied by 3 and the total 
anomaly 3 A q u a r + A l e P t o n vanishes. Each family is enlarged to is 
members. So, we are now considering the "Standard Model"', in which the 
gauge group is 

G - SU(3) 8 SU(2) 8 Uv(l) . (3.58) 
c i 

The fermions belong to an unspecified number F of similar 15-member 
families which are copies (up to the masses) of the first one. We have 
shown that such a representation has no SU(2) 8 U(l) anomaly. The last 
issue is to prove that there is no anomalous triangle graph involving 
external gluons. For one gluon, D vanishes because of properties i) 

3 and ii). For 2 gluons, the only candidate is the ggW vertex, vanishing 
for the same reason. The ggy and 3g vertices only involve vector-
couplings. 

The conclusion is that the standard model is anomaly free. The 
gauge group G of Eq.(3.58) with replicated 15-member families is renor
mal izable. The gauge symmetry is spontaneously broken through a Higgs 
mechanism involving, in the minimal scheme, one SU(2) doublet of complex 

(*) 
Note that fermion masses are irrelevant to the discussion of anoma

lies. See, for example, Eq. (3.49) : the anomalous term is independent 
of masses. 



scalars. The remaining unbroken symmetry is SU(3) 9 U (1), the 
only one we do observe at low energy, i.e. well below the W and Z mas
ses. According to the present experimental situation, where the 3 mas
sive weak gauge bosons have been discovered at the right place, there 
exists no experimental data in the electroweak sector which remains 
unexplained, taking into account uncertainties connected with strong 
interactions. In the strong sector, there is no contradiction between 
experiment and any known or expected property of QCD. But a lot of 
theoretical investigations are still to be done here, where non pertur-
bative aspects play a fundamental role. So the reasons why one may be 
at the moment unsatisfied with the standard model are of theoretical 
nature ; they are not phenomenologically motivated. The forthcoming 
chapter on grand unification describes one attempt towards the embed
ding of the standard model inside models where larger symmetries redu
ces some of the freedom in parameter space. 



CHAPTER 4 

THE SU(5) MODEL : A PROTOTYPE FOR 

GRAND-UNIFICATION 

We ended up the previous chapter by stating that theoretical 
rather than experimental considerations motivated a search for larger 
gauge groups including the standard model, but hopefully restricting 
part of its arbitrariness. Let us list some of the questions left open 
by the standard model. 

i) Why is electric charge quantized ? The only restriction encoun
tered till now was Q -Q. • 1 for any fernion pair (a,b) whose left-

3 D 
components form an SU(2) doublet. 

ii) Are the three gauge couplings, g for SU(3) and g,g* for the 
electroweak sector, related to each other ? Recall that there is one 
free coupling per simple group factor and per U(l). 

iii) Are the Higgs-fermion Yukawa couplings, giving masses to fer
mions, related to each other ? 

These are questions that grand-unification (at least partially) 
answers. There are many other ones which are not even touched upon by 
this scheme. Among them are the following ones 

1) Why are there replications of families ? 
2) What is the origin of the mass hierarchy between families 
3) Is the Higgs mechanism a fundamental one or an effective model for 
something else (even in the absence of gravitation) 
4) What is the link between gravitation and the other interactions 
(apart from the fact that any field theory is built on space-time, 
whose geometrical structure is the very object of gravitation theory). 

Apart from obviously being incomplete, grand-unified theories 
also suffer from some difficulties. One is an internal problem known 
as the "fine tuning problem", which refers (see below) to the neces
sity of fixing parameters, at each order in perturbation theory, to a 



fantastic degree of precision (10 ! ) . This looks quite unnatural, 
but it is required in order to prevent the "low" energy parameters 
(e.g. fermion and gauge boson masses) to get radiative corrections of 
the order of the grand unification scale M_T, which happens to be very 

14 
large (~ 10 Gev). A second serious problem with grand unified theo
ries has to do with proton stability. Unification implies the existence 
of group transformations connecting quarks and leptons. To the genera
tors of these transformations are associated gauge bosons which induce 
quark-lepton transitions, leading to baryon number non-conservation, 
and thus proton instability. In the simplest SU(5) version of grand-

. . . 29+2 
unification, the proton life time is found to be 10 ~ years, with a 
sizable branching ratio into the IT e channel. No such decay has ever 

o 
been observed, and the above prediction is by now ruled out. It is 
however difficult to estimate how severe this experimental constraint 
is in general, because other grand-unifying groups, such as S0(10) or 
E, for example, lead to less quantitative predictions. 

One of the present lines of research is Swper-Grand-Unification, 
where the unifying symmetry is made a supersymmetry (each boson has a 
fermionic counterpart - see Fayet's lectures). A pleasant property of 
this approach is the absence of a severe fine tuning problem (non-
renormalization theorem). May be also the proton is more stable in 
these models, or even totally stable. In "extended supersymnetry" or 
"supergravity", gravitation is included, and progress is being made 
in model building. Other generalizations of field theory including 
gravitation are presently actively pursued, such as string and super-
string theories. 

In these notes, a simple presentation of SU(S) unification is 
proposed. For the reasons previously exposed, here SU(5) is not consi
dered as a realistic model, but rather as the simplest possible embed
ding of the standard model in a simple group, leading after spontaneous 
breaking to the right low energy phenomenology (except for proton decay). 
This symmetry group, or other ones (SO(10),Eg), can be made super-sym
metric. May be including gravitation will trigger one or the other of 
these groups as an effective internal symmetry group, valid at energies 

19 well below tbe Planck mass (10 Gev), but very high with respect to 



presently accessible energies. 

4.1. SEARCH FOR GRAND-UNIFYING GROUPS 

We are looking for a simple Lie group g, containing G » SU(3) 9 

SU(2) 8 U (1) as a sub-group, and representations suited for classi
fying the known fermions in the correct representations of G. With g 

simple, the gauge coupling is unique and the ratios between the cou
plings g , g and g' of the factors of G are fixed numbers. At some grand 
unification scale M.., g is broken down spontaneously to G. At scales y 
below M^, the renormalization group equations (RGE) relevant to each 
of the subgroups of G predict the (logarithmic) evolution in y of g , 
g,g' (see Eq.(1.23)). Their ratios are modified accordingly, but in a 
well defined way. In practice, the RGE are used the other way around : 
knowing the couplings at the present energy scale y , one computes at 
which value y » ML, if any, their ratios get close to the values predic-

14 ted in g. That IL. is of order 10 Gev for g » SU(5) has been estimated 
by this method ; this huge number reflects the slow logarithmic depen
dence of the couplings upon y. Since unification implies a / a 0 E n of 
order one, a (M}) is small, and Eq.(1.23) implies M.. of order 
exp [est — ] . Note however that M.. is substantially smaller than the 

^ 19 Planck mass M_1 =* 10 Gev where gravitational effects are expected to 
take place. So it makes sense to neglect gravitation up to M.. and even 
beyond. 

In the construction, we assume that all quarks and leptons can be 
(*) grouped into families. Three of them are known . 

(u,d,vfi,e) , (c,s,vy,e) , (t,b,vT,x) , (4.1) 

and will be considered as identical replications (up to masses) of the 
same ^-representations. We pursue using the notations of the first 
family. We assume that the v's are massless (although it is experi
mentally questioned ; there is no particular problem with giving masses 

Provided the existence of the top quark is confirmed. 



to neutrinos). This is equivalent to the absence of right-handed neu
trinos v , which would enlarge to 16 members each of the families. 
The 15 members of a family have definite chiralities : 7 of them have 
chirality +1 (Right-handed fermions f ) and 8 of them have -1 (f T): 

fR " {« ' Ui • di L 
fL - { V • e • Ui • d i J L 

The index i"I,2,3 is the colour index. Since the gauge transfor
mations do not act on Dirac indices, all fermions belonging to the same 
irreducible representation must have the same chirality. It is conve
nient to work with fermions of the same chirality, -1 say, by replacing 
the f_'s by their charge conjugates (f ) which are left handed. Indeed, 
we recall that, C being the charge conjugation matrix in Dirac space 

+ T 

C T Y u C - - Y V , (*.3) 

one has 
(f R) c - c(f R) T - c ^ f ^ ^ c f 1 

1-Y= 
5 f C - (f C) T . (4.4) 2 * X i 'L 

Care must be taken concerning the indices R, L, and C (for charge con-
jugation) since the above equation says that (f_) " ( f ) - : the charge 
conjugate of a right-handed fermion is the left-handed component of the 
charge conjugate fermion. A fermion belonging to a representation R 
has a group index i ; we note it f. and if D is the matrix representing 
a group element in the representation R, f. transforms according to 

f. * J D.. f. . (4.5) 

Its charge conjugate (which involves complex conjugation) then trans
forms according to 

( f i ) C * I < V * ( f j ) C • ( * , 6 ) 



* . -
D representing the same group element in the representation R, conju
gate of R. It is convenient to write a fermion belonging to R with an 
upper index. We will use 

f1 = ( f \ r , (4.7) 

so that care must be taken about the place of the colour indices. As 
a last point concerning notations and conventions, we will often denote 
group representations by their dimensions. In particular, we classify 
the 15 members of a family according to their SU(3) 8 SU(2) represen
tations as follows 

f v e L : (1 ,2 ) 

u v d. : (3 ,2 ) 

+ 

1 *L 
: ( 1 ,1 ) 

i : (3 ,1 ) u : (3 ,1 ) 

From this table one directly reads that, for example ui. belongs to 
an SU(3)-triplet and an SU(2) doublet, while u| belongs to an SU(3) anti-
triplet (upper colour index, representations 3), and is SU(2) singlet 
(dimension 1 in SU(2)). 

There exists a complete classification of all compact simple Lie 
groups. If g is to be chosen among them it must be either one of the 
classical groups SU(N), SO(N) and USp(2N) listed in Table(5.I), or one 
of the 5 exceptional groups of Table (5.II). 

The above table exhibits the "rank" of each of the groups. The 
rank is the maximum number of commuting generators. For example, N-l 
is the rank of SU(N) because it is the number of independent traceless 
diagonal N*N real matrices. The rank of G - SU(3) 6 SU(2) 0 U(l) is 
2 + 1 + 1 - 4 and thus the unifying group g must have at least rank 4 
not to be "too small". 

The next point is that g must admit complex repreeentatione (not 
equivalent to their complex conjugate). This is so because the 



Group Definition # Generators Rank. 

SU(N) Unitary, unimodular N*N matrices: 
U + - U _ 1 ; det U - 1 

N2-l N-l 

S0(N) Orthogonal, unimodular N*N real 
matrices : 
0 T - 0 _ 1 ; det 0 - 1 

N(N-l) 
2 

[N/2] 
(integer 
part of 
N/2) 

USp(N) Unitary 2N x2N symplectic matrices: 

N(2N+l) N 

Table 5.1 - The classical Lie groups. All are simple but SO(2) (locally 
isomorphic to U(l)) and SO(4) (locally isomorphic to SU(2) 9 SU(2)). 

Group # Generators Rank 

G2 14 2 
F4 52 4 
E6 78 6 
E7 133 7 
E8 248 8 

Table 5.II - The five exceptional compact Lie groups. We refer to text
books for their definitions. 

representation (4.8), 

(1,2) • (3,2) • (1,1) • 2(3,1) , (4.9) 

i s complex, 3 and 3 being unequivalent. One learns from textbooks that 

the only groups, among the above candidates, which admit complex repre

sentations are 



' SU(N) , N * 2 

< SO(4N+2) N > 1 (4.10) 

They have ranks N-1, 2N+1 and 6 respectively. Hence SU(5) is minimal in 

the sense it is the only group we are left with which has rank. 4. Next 

come S0(10) and E, and of course larger groups. The next step is to see 

whether a 15-family can be arranged in some representation, irreduci

ble or not, of these groups. We will not enter the general discussion 

of that point, and just state the main results. The smallest represen

tations which are complex, anomaly free, and suiced to accomodate the 

representation (4.9) of G are 

the (5) 9 (10) of SU(5) , 

the (16) of S0(10) , (4.11) 

the (27) of E 6 

We see that SU(5) is also minimal in the sense it is the only one 

which contains a representation of dimension exactly 15. This is nice 

if the neutrinos are exactly massless. If they are not, SO(10) becomes 

minimal, the right neutrino being the 16 component of the 16-ditnen-

sional representation of S0(10). 

For simplicity only, we focuss on the minimal SU(5) model. 

4.2. THE FERMION REPRESENTATION IN SU(5) 

One word about the construction of the few smallest irreducible 

representations of SU(N) is in order. Let é be the N dimensional vector 

transforming according to the fundamental representation, T the vector 

of the complex conjugate rep.N. Under an infinitesimal transformation 

ûi transforms as 

* -n|> -i(6a) 6 Y Q (4.12) 

or, in matrix notations 

il; •*• ty - i 6a 4" 



N - ' b 
with 6a - l au T , (4.13) 

b=l ° 
a, being the (small) transformation parameters and T the group gene

ra to rs . One also has 

ij»+ •* i|/+ + i tyf 6a 

6a being hermitian. By tensor product of two N representa t ions , i> and 

ip, one obtains two irreducible representa t ions , respect ively a n t i 

symmetric and symmetric in (#,((>) : 

V^'n

S * — (* <P„ + iJ>„<P ) , a8 ^ j w c r B T a ' ' 

which both transform according to 

M •* M - i[5aM+ M ÔaT] . (4.14) 

The respective dimensions of M* and M 5 are N ( ^ " 1 ) and w ^ * 1 ) . For SU(5), 
S M has dimension 15. It is however not suited for our purpose (see 

below), M has dimension 10 and will actually be useful. The 10 and 15 
are obtained by similar products of 5. Another representation of inte
rest is the adjoint one, which can be obtained from the traceless pro
duct 5 8 5 : 

It has dimension 24 in SU(5), and transforms according to 

Madj ^ Madj _ . [ 6 a f Madjj # ( 4 < 1 6 ) 

The adjoint representation is real. 

In order to assign our 15 fermions to some of these representations, 
we have to look at their decomposition under SU(3) 0 SU(2). Among the 
24 herraitian and traceless 5x5 matrices representing the SU(5) gene
rators, we distinguish 



X. 0 
I 

0 0 
and y (4.17) 

T. 

where the X. are the 8 conventional ( 3x3 ) SU(3) generators (Gell'mann 
matrices) and the x. the 3 (2x2 ) SU(2) generators (Pauli matrices). 
Under group transformations generated by the former only the 3 f irs t 
components ¥. . _ of the fundamental representation 5 are affected. 
Only the last two ones are modified by SU(2) generators. Of course, 
which are the indices identified as SU(3) or SU(2) indices i s a matter 
of pure convention. Apart from these sub-group, SU(5) also contains a 
Uy(l) sub-group associated with the traceless , diagonal generator T^ 
proportional to unity in both the SU(3) and SU(2) spaces : 

a -1/3 

1/2 
C.17') 

For the normalization of T„, see below. 

According to the above identification of the SU(3) 9 SU(2) 0 U (1) 
subgroup of SU(5), we may write the following decomposition of the 
fundamental representation 5 (we omit the value of Y which specifies 
the Uv(l) representation) 

5 - (3,1) * (1,2) (4.18) 

and similarly 

y - (3 , i ) • ( j ,7) (4.19) 

The decomposition of a product is given by the product of the decompo
sitions ; 

5 8 5 - [(3,1) • (1,2)] 9 [(3,1) 9 (1,2)] . (4.20) 

But we have 

(3.1) 9 (3,1) - (6,1) 9 (3,1) 

(1.2) 9 (1,2) - (1,3) « (1,1) 



from the known products of 2 fundamentals in SU(3) or SU(2). In the 
right hand side of these equations, the representations (1,3) and (6,1) 
are symmetric. Finally the crossed products 

((3,1) 9 (1,2)) - (3,2) 

have a symmetric and an antisymmetric part. As a result, we obtain the 
de compos i t ions 

10 - (5 e 5 ) A - (1,1) 9 (3,1) • (3,2) A 

15 - (5 9 5 ) s - (6,1) 9 (1,3) 0 (3,2)s 

(4.21) 

We now see why the 15 is not suited to our program : it contains a 6-
plet of colour and a triplet of weak isospin, which are not welcome. On 
the contrary, all the members of the 10 can be associated with members 
of the representation (4.9). The five objects missing belong to a 
(1,2) and a (1,1). Since 5 - (3,1) • (1,2), we hav* T - (3,1) • (1,T), 
and since (1,2) and (1,7) are equivalent, these 5 members of the 
family can be arranged in a 3". If we decide to write the standard 
lepton doublet as (2) = ( - J , then the 2 appearing in 5 is to be 
written 

1 * IT 2 le" /L " V- VJL 
Finally, the (3,1), an SU(2) singlet antiquark, can be identified 
either with (d1) or with (u1) . In order to decide that, we note that 
the charge operator QT in this representation, for a quark of charge 
Qq " / lv , . . , 1 

Q 5 I „3 1 - I q « 1 1 - 3 1 (4.22) 

and must be traceless, as any generator of SU(5). Hence the antiquark 
appearing in "5 is such that 

-3Q - 1 - 0 
q 



and only the d-quark can fit into the picture ; but the very fact that 
it does is by itself quite remarkable ! At this point we actually see 
a good reason for charge quantization : it is a property of the simple 
compact Lie groups that the eigenvalues of a given generator are com
mensurate. Hence charge quantization is a general property of any grand 
unification with such a group ; it is not peculiar to SU(5). Accordingly 
the 5 representation is formed by the vector 

(4.23) 

Once the d L have be assigned to the 5, we are left with the identi
fication (see (4.21) and (4.9)) 

10 « (1,1) • (1,1) • (3,2) 

' CL * \ • di. (4.24) 

This content of the 10 and the behaviour of its components under SU(3) 
and SU(2) transformations is best evidenced by writing this representa
tion as an antisymmetric 5x5 matrix, which follow» from its construc
tion. It reads 

/2 M 10 

0 

-u 

-u. 

u 
0 
1 -u 

' u2 

I 
-u 
I 
u 
0 

"u3 
-d„ -e 

(4.25) 

The writing of the upper left 3x3 part of the matrix follows from the 
construction of a T as the antisymmetric product of two rep. 3 ci SU(3): 
if ĉ  and c! are two such 3 reps., then 

, » ! • E J c.c, 
belongs to rep.3. 
Note that the u antiquark appearing in this 10-representation does 



have the right charge. Q i s diagonal in the fundamental representation 
5, with eigenvalues (Q_). . , and i t s matrix elements in the 10 - (5 9 5). 

J 11 A 
are 

(Vij - (Vu + ( V j j ( 4 - 2 6 > 
k so that in the u sector, we have 

n 1 1 2 
0 = — — — _ « — 
w k 3 3 3 
u 

as required. It is easily checked that all the other charge assignments 
are correct. 

The last representation of interest is the adjoint one, which can 
be constructed from the 5 6 3" product (Eq.(4.l5)). One finds that the 
traceless part of this product decomposes as 

(5 0 I) - (8,1) • (1,3) • (1,1) 9 (1,2) • (3,1) . (4.27) 

This gives the SU(3) 8 SU(2) decomposition of the 24 generators asso
ciated with the SU(5) gauge bosons. The?*. 24 generators may be given 
the form of 5x5 matrices, as we already did for the 8 gluons, the 3 
W's ar.d the B Uy(l) boson (Eqs.(4.17,17*)), corresponding respectively 
to the first three SU(3) 0 SU(2) representations of Eq.(4.27). Note 
that the charges of the 24 SU(5) gauge bosons are given, in this matrix 
form, by 

( V i j - <Vu • «^ j j " « V u - <Vjj • ( 4 - 2 8 ) 

with Q, as in clq.(4.23). One checks that the charges of the usual gauge 
bosons are th<* correct ones. The 12 new gauge bosons associated with 
the complex r presentations (1,2) and (3,7) of Eq.(4.27) have "exotic" 
charges + 4/3 and +1/3. They transform under SU(3) as well as SU(2) 
transformations. One denotes X., Y. the SU(2) doublet of colour i (3,2), 
and X , Y its complex con-jugate (T,2). Because they induce non trivial 
transformations under SU(2) and SU(3), they are responsible for the 
ann: need quark-lepton transitions. 

The SU(5) fermion representation K - 3~*10 being fixed for each 
family, we now have to make sure that the SU(5) model so constructed 



is free of any anomaly. We recall that in the SU(2) 0 U (1) sector, 
the absence of anomalies reads 

Tr ( R )(QT 2
3) - 0 . 

From property (3.53), we have 

T r(R) ' T r(5) + T r(10) • 

and from the fermion contents (4.23) and (4.25) of the 5 and 10, we 

find 

T r (5 ) ( ( * T 3> ' - ? 
7 . (4.29) 

T W Q V = + 4 ' 
Thus this representation is free of the anomaly discussed in the 
previous chapter, the anomalies in the 5 and the 10 cancelling each 
other. We next use Eq. (3.54) to deduce that since D vanishes, then 
abc 

D (R) vanishes for any set of indices a,b,c . 

4 .3. THE FERMION-GAUGE FIELD COUPLINGS IN THE SU(5) MODEL 

The generators of SU(5) belonging to i t s SU(3) 8 SU(2) 9 U y ( l ) 

subgroup have already been given in Eqs.(4.17,17') . They were norma

lized to 

T r ( 5 ) ( T V ' ) = i o u , . (4.30) 

The 12 other generators must be normalized in the same way 'Fqs.(2.29)-
(2.31)). A convenient choice is the following one : 

line j 
T , . i I I I C ° l u m n 4 (4.31) 

j \ 1 — I L line 4 
column j 



2 -l line j 
column 5 
line 5 
column j 

(4.32) 

Cj=1,2,3 ; all the unspecified elements of these 6 matrices vanish), 
and 6 similar matrices T . _ where the lines or columns 4 are replaced 

Y ! , Z 

J by lines or columns 5. These matrices are hermitian, traceless, and 
normalized generalizations of the Pauli matrices T. and Tn -In the 
same way as we introduced the T~ matrices, associated with the charge 
eigenstates VT of the W's, 

WJTJ • W 2 T 2 - W + T + + h.c. , (4.33) 

it is often convenient to use instead of (4.31,32) non-hermitian 
generators 

(T ) j - - ( T . + il.) 
X /2 X 1 X 2 

(T), - (rbf 

\ x J * 

(4.34) 

hese generators couple to the complex (charged) X, Y gauge fields, 
related to the real ones by 

X j . X t t j - i i J ) . (X.) (4.35) 

Similar expressions define Y. and Y J, and the X,Y part of the gauge 
field algebra is 

TJX. + lh. • h.c. - T ,x! + T JC2 • T ,Y! + T ,Y? 
A J ij Y J X Y. YT 

The T T generators read 



f ° 4 

1 ° 0 

4 
(4.36) 

where the matrix elements of Ẑ  (Z^) are — for line j and column 4 (5), 
and 0 otherwise. 

As members of the SU(5) algebra, the gauge fields can be collecti
vely written 

24 I J. A - /? Y A* T (4.37) 
1-1 

The normalization is chosen in such a way that 

u v L a a (4.38) 

a convenient choice for writing the general f ield strength tensor (see 
e .g . section 2 .4) . Using the complex form of the X,Y gauge bosons, the 
expl ic i t form of A i s 

8 .a 
I. « S T 

— A - B T„ + / J U M B 
a-1 u 2 

( x y z x + Y y V 

- * -*• -*• -± 
X .Z v + Y .Z„ U X y Y 

(4.39) 

i-I l 

We next want to write down the expl ic i t form of F0F, with P. belon
ging to the 5+10 representation of SU(5) and 0 representing the cova-
riant derivative. As usual we tart frosi the free Lagrangian, the fer
mions being arranged as in Eqs. (4.23) and (4.24) in a 5-vector i|> and 
a 5x5 matrix M. Let k,Jl be two indices running from 1 to 5. The free 
fermion Lagrangian i s : 

free \\*K+ l% \i ' \i] 
or using the notations 

(4.40) 

o)\ 0 



\ ' wk 

\ l ' ( M ) *k 

Lfree = i f* ' * + T r ̂  ' M ] 1 * (4'4I) 

Replacing % by t in the relevant representation yields the fermion-gauge 
boson interaction terms. For the 5-representation we immediately obtain 

int. 24 t 

L5 - "«S I A ^ T Y % . (4.42) 

For the 10 representation, we need the corresponding form of 0. We have 

t « ? * ig5 * , (A.43) 

so that we need to compute the matrix elements of ̂ M in the (5 x5) form 
of the 10 representation, in order to evaluate the right hand side of 
Eq.(4.4l). From the transformation property (4.14) of a product of re
presentations 5x5, we have 

(*M)k, - j <*> M U • I ^ ( « t l , (4.44) 
x-1 i»l 

and Eq.(4.41) leads to 

int. 24 I £-1 
L\~" - -2g5 I Aj Tr(M T A Y

y M) . (4.45) 

Note that the factor 2 in front, coming from the two parts of fM in 
(4.51) cancels the 1/2 factor arising from the normalisation (4.25) of 
M. Eqs. (4.42,45) contains the complete information on the matter field-
gauge field interactions, which is entirely specified by the unique 
coupling g. and the group structure. By explicit calculation of the 
terms involving the generators of SU(3) 8 SU(7.) 8 U v(l), we easily 
identify the "standard model" interaction terms : 



'-stand. " "*5 Ga I . « Yy T q 

quarks 

fermions 

-g 5 / | B V I £ y | f • (4.46) 
fermions 

In writing the last term, proportional to B , we made use of the expli
cit representation of T (Eq.4.17'), and compared its eigenvalues to 
those of Y/2, as determined in the standard model from Y/2 - Q-T, (see 

/ 3 =• arises from this comparison. Hence, as an-
nouced the 3 independent couplings g_, g and g' of the standard model 

are fixed by g,., leading to two independent relations. One allows to fix 

t ge -11 - / | 
that is a prediction for the Weinberg angle 

(4.47) 
sin' J 6 - 3 

8 

The second relation can be written 
a s 
a 

2 
*s 
2 e 

m § . (4.48) 

Let us make two important comments on this result. 

(i) Eqs.(4.47,48) are prediction of exact SU(5) symmetry, i.e. in the 
unbroken situation. They have to be modified in the case of spontaneous 
symmetry breaking, according to the «normalization group equations 
relevant to each of the unbroken subgroups (see below). 

2 (ii) The values of sin 6 and a/a found here are not specific to SU(5); 
they would be the same in any unification scheme based on a simple group 
with representations (irreducible or not) containing the same fermion 
families. Whatever the group is, the generator T_ of its U(l) subgroup 
is proportional to Y 

T XB 
Y 

" C 2 

2 4 Tr A 
r s Tr r s so that c » y . (4.49) 



On the other hand, because the group is simple, all generators are 
2 2 

equally normalized and Tr T„ can be replaced by Tr T,. Hence 

.,N2 4 Tr T* 
c j (4.50) 

Tr Y <* • tâ 
is uniquely determined by the T. and Y eigenvalues. 

The next outcome of the SU(5) model is the existence of new inter

actions mediated by the X,Y gauge bosons. Explicit calculation using 

the fermion contents of t|> and M, the form (4.39) of the gauge fields 

and the interaction Lagrangians (4.42, 45) gives the following result 

L . . h. (xV (d1

 Y e
+ • e 1 * û. Y O 

+ YV (v Y dT

x - Û"1
 Y e* + e1-** G. v d.T^ • h.c.} . 

Once again all couplings are entirely fixed by the same gauge coupling 

g,. The following remarks are in order 

(i) Several of the above vertices do not conserve baryon number B and 

lepton number L (but B-L happens to be conserved) 

(ii) The same interactions make possible nucléon decay. For example, 

one may have 

p • (d u u) •*• J X (4.52) 

from the (X u u) term, followed by 

dX ->• d d C e + (4.53) 

from the (X d e ) term. Then the d d pair recombine to give a meson. 

Kinematics imposes that this hadron is a IT or an 1. Hence one may have 
o 

p •*• e • ir° or n • (4.54) 

( i i i ) In the SU(5) symmetric phare, the couplings g,(X f f) inducing 

p-decay are of the sane order as any electroweak coupling. Hence, were 

SU(5) unbroken, the typical p-decay rate would be s i c i l ar to any e l e c 

tromagnetic decay (if •* YY for example) : natter would in fact be highly 



unstable ! If SU(5) i s spontaneously broken at a scale M,T, the X or Y 
gauge bosons acquire a mass of order M... The amplitude for the elemen
tary processes (4.42, 43) are governed at low energy by a Fermi-like 
coupling constant G.. of order 

2 
&U~4 . (4.55) 

«0 
and the decay rate is proportional to the square of it. Dimensional 
arguments then lead to a rough guess of the total proton decay width 

r ~ ^ %\ . (4.56) 

Here m stands for any typical low energy scale. Present experimental 
bounds imply a huge value, of order 10 , for (My/m). So the scale of 
SU(5) breaking into SU(3) 9 SU(2) 9 U(l) is enormous with respect to 
the scale (100 Gev) of electroweak breaking. 

4.4. SU(5) SPONTANEOUS BREAKING 

The general picture of spontaneous breaking through the Higgs 
mechanism is always the same. One chooses Higgs fields in some repre
sentation of the gauge group, and a Higgs potential such that the clas
sical vacuum, which is not SU(5) invariant, is represented by the non 
vanishing of the average value of some Higgs field component. Then the 
fermion or gauge fields which couple to this particular component acquire 
masses. The generators associated with the massive gauge fields are 
broken, and the other ones generate the unbroken subgroup. 

In the SU(5) model, one needs two steps of breaking. At scale tL.t 

which is very large, as explained above, one has to induce the breaking 
pattern 

SU(5) * SU(3) c 9 SU(2) 9 U(l) 

In a second stage, the electroweak symmetry has to break down to 
u* « (O, as before, but this oust be realized in the SU(5) framework, e.m. * 
We will omit all details and will only describe the resulting breaking 



picture. 

(i) First stage breaking 

If in the first stage SU(3) 0 SU(2) S U(l) oust be preserved, 12 
out of the 24 gauge fields, nanely the X and T fields must acquire «as
ses. The simplest realization consists in taking Higgs fields in the 
adjoint representation. They can be represented as an heraitian, tra
ce less, 5x5 matrix, with elements H. .. Vie now suppose the existence 
of a Higgs potential V(H) which is SU(5) invariant, and is minimized 
by a configuration H of the fields. Since H is hermitian, and V inva
riant, one may choose a basis in which H is diagonal : 

al 
a2 

H o - | a 3 | (4.57) 
I »4 

*5 

The a. 's are real and H being traceless i o * 

la. -0 y l 
l 

One then considers V as a function of the 4 independent a-values. By 
writing down the most general form of V, 

V - - JL Tr H 2 • -j- (Tr H 2 ) 2 • -j- Tr (H4) , 

compatible with SU(5) invariance and renormalizability, one finda that 
2 

for y > 0 there are only two possibilities of minimizing i t . Either 

• al ' *\f. m2 < 4 - 5 8 > 

H. - 0 . | -1 | al - -p5—H , . (4.59) 
o o 

T *1 * * X2 



By computing the value of V for each of these two solutions, one final
ly obtains that the second one is preferred (V is smaller) for the para
meter values fulfilling 

{ 
X, > 0 

L (4.60) 
30Xj + 7X 2 > 0 

Clearly it is the one we need, the first solution being invariant under 
an SU(4) a U(l) subgroup. On the contrary, we see that the second H 
commutes with all the SD(3) % SU(2) DU(t) generators, the U(!) being 
associated with the generator T„ of Eq.(4.17'). Hence in the presence 
of Higgs fields in the adjoint representation, and for a Higgs poten
tial with parameters obeying (4.60), one realizes the first stage 
breaking. 

reads 
Because H belongs to the adjoint, the covariant derivative D H 

D H - 3 H + ig . Â l [T a,H] . (4.61) 
M y 3 a 

This results from the construction of the adjoint representation from 
the product 5 0 5 (see Eq.(4.16)). The gauge fields which acquire mas
ses are those which commute with H , and their masses can be read from 

o* 
the quadratic part in A of the Higgs Lagrangian term 

j Tr [D H D^HJ (4.62) 

where H is set equal to H (Eq.(4.49)). One then finds that the X,Y 
bosons are indeed massive, and 

A-A 25 2 2 ,, ,-. 
T 85 °o ' < 4* 6 3 ) 

Note that the equality of the X,Y masses is due to SU(3) 9 SU(2) 
symmetry, which is still there after the first stage breaking. 

Concerning the Higgs fields themselves, 12 of them can be gauged 
away by a suitable choice of basis (unitary gauge). The 12 other ones 
acquire masses ; they are physical Higgs bosons, which can be classi
fied according to their behaviour under SU(3) • SU(2) 9 U(l). Eight 
of them H„ correspond Co the SU(3) adjoint representation, and 

G 



X - ! h °l • ( 5 - 6 4 > 
and three of them IL,, belong to the SU(2) adjoint representation, with 

ra? - 5X2 a\ . (4.65) 

Finally the one associated with T_ has a mass 

mj - (15Xj • \ X 2) a\ . (4.66) 
B 

Because the masses of the X,Y and H particles all are proportional to 
the same scale o which, as discussed, has to be extremely large with 
respect to nowadays physics, one expect these particles to play no 
sizeable role at low energy, except may be the already mentioned p-decay 
process. 
(ii) Second stage breaking 

Note that, happily enough, the fermions remain massless at the 
first stage of the breaking (otherwise they would have masses of order 
o ! ) . This is because with fermions in the 5 • 10 representation, 
there exist no SU(5) invariant Yukawa coupling of the form H f f (the 
adjoint does not appear in products of 5 and 10 reps.). Fermion masses 
are going to appear at the same time as SU(2) • U(l) is broken down 
to U (1), as in the standard model. One finds that a Higgs field 

C • Bis 

in the 5 representation is the most economical choice for realizing 
the suitable breaking. Since this case is technically simple, let us 
derive explicitly the few basic equations. Let h , o-l,...,5, the Higgs 
fields. The most general potential for h , SU(5) invariant and renor
mal izable is : 

V(h) - - s M i • £ (h°h ) 2 • < 4' 6 7> 
a z a 

h a is the complex conjugate of h and belongs to the 5 representation. 
2 " 

The parameters p and X are real and positive. The ground-state is 
obtained for 

3V 
5 K ~ - 0 , ft*! 5 



that i s for 

h (-m + 

For h° - o, V > • 0 . For a 

A.) - 0 . (4.68) 
p 
2 4 

-y , V « - yr which is lower. So there 
is spontaneous symmetry breaking. A Higgs field with non-vanishing 
vacuum expectation value can be parametrised as 

h Q - | 0 | . (4.69) 

All the other solutions of (4.58) an obtained by applying all the SU(5) 
group transformations on this particular one. The above particular 
choice, is invariant under any transformation of a SU(4) 0 U(l) subgroup 
of SU(5) : SU(4) acts on the 4 first components of the fundamental re
presentation, and U(l) is associated with the SU(5) generator 

(4.70) 

So, were SU(5) broken down by h only, the remnant symmetry group would 
be SU(4) 8 11(1), in the presence of the first stage breaking induced 
by H, the unbroken group is SU(3) 0 SU(2) 0 U(l) ; SU(3) leaves h 
invariant but neither SU(2), nor U(l) does. Hence SU(2) 0 U(l) is bro
ken, exactly as in '"he standard model, and a (J (1) subgroup is 

e .m. 
preserved. 

Summarizing : Spontaneous breaking of SU(5) down to SU(3)C» U(l), 
the only apparent exact local symmetry of nature, is achieved by 
choosing Higgs fields H and h in the adjoint and the fundamental repre
sentations. There exists a range of parameters for the corresponding 
SU(5) invariant potentials for which the suitable breaking pattern is 
reached, with two scales a , related to the exotic X,Y gauge boson 
masses, and u - related to the W,Z masses. 



This picture appears extremely elegant and appealing. The so-
called "hierarchy" problem however immediately arises as soon as the 
h and H fields get coupled, mixing the two scales o* and u, which are 

° 12 required by phenomenology to be in a ratio of order 10 or so. And 
this mixing is unavoidable : couplings between the h and H fields appear 
radiatively. Even if they are not included in the bare Lagrangian, 
invariant terms of the form 

h +h Tr(H2) or h V h (4.71) 

automatically occur in the loop expansion of the theory. The correspon
ding couplings must be renormalized, that is fixed at each order by 
external physical constraints (masses and renormalized couplings). 

—12 Imposing masse ratios of order ui/a ~ 10 implies the famous "fine o 
tuning" problem : free parameters have to be adjusted with a precision 
of comparable order. It is a highly uncomfortable situation for the theo
ry' In fact, it is one of the reasons which drive it towards super-
syninetry. In this case, the extra symmetries between fermions and bo
sons preserve one from the radiative generation of unwanted couplings 
(non-renormalization theorems). 

We end this subsection with a brief presentation of the Higgs-
fermion couplings allowing for massive fermions in the presence of 
spontaneous breaking by a 5-Higgs multiplet h and its conjugate h . 
The most general Yukawa Lagrangian to be formed with L-fermions in the 
5 and the 10 is 

L ( Y> - G h a f M ^ - \ G e ^ o n y ^ c * M 6 n + h.c. . (4.72) 

The first term is easy to understand : h t|r is a product of two 5, 
and M - a product of two 5 ; the contraction of the indices lead to 
SU(5) invariance. In the second term, where the coefficient is chosen 
for convenience, things are more tricky. The remark is that the tensor 
Mg M. transforming in SU(5) space like the product of four 5-represen-
tations, applying to it the totally antisymmetric tensor e yields a 
vector <pa which belongs to the 5. The contraction h <pa is SU(5) inva
riant. The T symbol in lM g1 indicates transposition in Dlrac space 
for each fermion specified by the SU(5) indices 0Y> **»« Mtrix C is 



the charge conjugation matrix in Dirac space. Its presence insures 
T * Lorentz invariance of the M C M term. 

The fermion masses are obtained as soon as h , h acquire vacuum 
expectation values 5 ,u. They are proportional to Gu> or Gtt , up to 
numerical factors. The first term in (4.72) is found by explicit cal
culation to be 

M. - - % (pi \ • 7K «0 + h - • < 4 - 7 3 > 
According to it, one has 

m. * m , (4.74) 

and of course similar relations between the corresponding quarks and 
leptons, (s,v) and (b,T) of the two other known families. Eq.(4.74) 
will be modified (see below), as well as the predicted value of the 
Weinberg angle, once SU(5) is broken down to SU(3) 9 SU(2) « 

U(l) : below the scale a , the renormalization group predictions affect 
differently the quarks, subject to strong interactions, and the leptons. 
The second mass term induced by (4.72) yields no new mass relation : 
by inspection, one realizes that it only concerns the u-quark masses. 

There are many other interesting topics concerning fermions. Among 
them are the questions of generation mixing (generalization of Cabbibo 
mixing) in the SU(5) framework, and that of B and L number violation 
with B-L number conservation. They will not be reviewed here. 

4.5. RENORMALIZATION OF THE SU(5) PREDICTIONS 

We refer to standard text books for the theory of renormalization. 
Let us just recall that the perturbative treatment of a field theory 
mainly involves two steps. First one "regularizes" the theory in such 
a way that the loop expansion, which takes care of the quantum fluctua
tions around the classical equations of motion, lead* to well defined 
Feynman integrals. Second, before removing the regulator (for example 
sending the cut-off to infinity, or letting the space-time dimension 
d go to its relevant value 4, in the dimensional regularization scheme), 
one fixes the "renornalized" values of some adequate set of 2-point 

M 



(propagator) and 3 or 4-point (vertices) Green's functions for given 
external momenta. These momenta can be specified by a scale y , arbitra
r i ly chosen. In a renornalizable theory, a f inite set of renormalized 
quantities at the scale y i s suff icient to determine perturbatively any 
Green's function of the theory when the regulator i s removed. But of 
course, for the theory to be physically sensible, the particular choice 
of the scale y must be irrelevant:the result of a measurement must be in 
dependent of y. Writing this invariance of physics upon the choice of y 
yields the so-called renormalization group equations. They t e l l how the 
renormalized masses and couplings depend on y (running coupling constants), 

Let us describe the results of these investigations, f i rs t for the 
couplings, in the SU(N) case. Defining 

gî(u) 
v > - : V - (4-75) 

one obtains (neglecting the Higgs contributions) 

^ - s r W ^ i 1 ^ ( 4 ' 7 6 ) 

bN " T S T C l l N " 4 F l ' ( 4 , 7 7 ) 

Equation (4.76) describes the variation of a. when the renormalization 
point y is changed from y to M. It is valid whenever a.(y) and o.(M) 
are small with respect to 1, that is at large enough y and M (asymptotic 
freedom : a.(y) * 0 as y •* • ) . In Eq.(4.77) 4P denotes the number of 
fermions species (F is the number of families in the modal). One obtains-
the results for U(l) by setting N » 0 in (4.77). Hot* that in this ease, 
b. is negative (0(1) is not asymptotically free) so that (4.76) is valid 
for scales y,M belau that scale M where CL.,.» becomes comparable to I. 
Because in our case a. ~ a o_ 0 - y»», and because the variation of a« is 
logarithmic, M is well beyond any sensible scale, and we do not have to 
take care of that. The calculations leading to the results (4.76,77) 
have been made with normalizations corresponding to an interaction La-
grangian for any 8U(N) gauge field A 

- « , ? \ *" W - w - 7 , ) 



2 1 where T- . is normalized in the standard way, Tr T / v» « *• in the funda-(N) (N) 
mental representation. Owing to the definitions of section (2.5) for 
the standard model couplings, we have in particular g' - g. Z3/5. We 
then deduce from the «normalization group predictions that the strong 
coupling constant a , the fine structure constant a and the Weinberg 
angle 8 are also "running" with y according to 

ctg(y) « a3(y) 
-I, . - 1 ^ 5 - 1 , . a (u) » a 2 + -j cij (y) 

, 3a.(y) 

(4.79) 

(4.80) 

(4.81) 

The evolution of the three couplings O-.O-.a. i s sketched in Fig. 
( 4 .1 ) . 

Running coupling constants 

m w " " » 2 m w w -10" moss scale IL 
X Y (6EV) 

Fig. 4.1 - The behaviour of the running coupling constants as a function 
of the mass scale y. The couplings 03,02,0] first evoluate independently. 
As the scale mxfy is approached, the X,Y boson contributions become si
gnificant and tend to restore a larger symmetry. Well above Mj^y, the 
behaviour becomes the one of 05(y), and SU(5) nearly becomes on exact 
symnetry. 

Suppose now they all become close to the s, 
My. Using eqs.(4.76,77,80) one finds 

—r-c • — • b, log I 

value % at a scale 

(4.82) 



and 
2 

_ J _ . _ L + ( | b i + b 2 ) l o g ^ . ( A.83) 

Eliminating CL. yields 

1 8 I , 5 . t . 8 . v. y 2 

HïyT " 3S^y7 TSF ( I b l b 2 " 3" b 3 ) l o R ^ • 

that i s 

OTT " 1CTT " S l 0 « S • " • " » 
s y 

(Note that the fernion contribution cancels out in the coefficient of 

the log.) Now <x(y) and a (y) are known at "low" energy from the QED and 

QCD analysis of actual data. In particular, the deep inelastic data are 

well represented in between y * 10 and 100 Gev if one takes (Eq. 

(A.76) 

a (y) « 1 2 , r A A , (4.85) 
8 (33-4P)log(yVAZ) 

with A of order 100 Hev. In the QED sector, the fine structure constant 

a • JJJ is the one determined at a scale y ~ m . and one obtains from 

(4.76) 

o.<V « TJJ . (4.86) 

From (4.84), (4.85), (4.86), the value found for Hg is 

Mp ~ 10 1 5 Gev . (4.87) 

The parameter a., is then deduced from (4.82) and found to be of the 

order of r» . The Weinberg angle at scale y follows from (4.81), and 

is now predicted by SU(5) at y ~ at. to be 

•in'eCt^) * 0.21 

in nice agreement with actual data. Note that this last result is 

highly non trivial, since the «normalization group equations hava bean 

used over about 13 orders of magnitude to bring the 80(5) value 



2 

sin 9 - 3/8 - 0.37 down to 0.21. Remember that in so doing, one impli

cite ly assume the absence of "new physics", of new degrees of freedom 

in the whole range 100-10 Gev. This has been called the "desert". 

The same kind of techniques applies to the fermion masses. The 

electron and d-quark masses get renormalized differently between IL. and 

present day energies. The result is 
12 _3_ 

-d(w) ..(v) Vu> (\™\™ / V U ) \ 4 P 

^ ) m
 ÏT<VT • ̂  ' U r J b ^ - J • (4-88) 

m 

Starting from 1 at y • IL., the above ratios become 3.6, 5.3, 8.5 respec

tively for F, the number of families equal to 3,4,5. These predictions 

of SU(5) were successfully applied to the prediction of m. at a tine 

where the T lepton had been discovered. Note that in this scheme, F>3 

is preferred. Note also that the predictions for m /m and m./» are not 

that good, but one should observe that one is then extrapolating the 

renormalization group equations (4.76) down to very low energies, where 

the strong coupling constant becomes large (strong interactions are 

strong ! ) . 

4.6. CONCLUSIONS 

The standard model of strong, weak and electromagnetic interactions 

may be nicely imbedded in a grand-unified model excluding only gravi

tation. Since the latter interactions do not contribute significantly 
19 

at scales below the Planck mass ~ 10 Gev, it is sensible to consider 

the SU(5) model, or similar ones based on S0(10) or E, for example, 
15 

where the unification scale is sufficiently lower (~ 10 Gev). 

Among the successes of SU(5), one may mention, beyond its intrinsic 

elegance and simplicity, 

- its unifying power : reduction of the number of parameters, pre-
2 

diction of a few physical parameters such as sin 8 and m. , 

- a simple explanation for the commensurability of all charges. 

Among the weaknesses of such models, two of the* are considered M 

severe ones 

- the proton seems to be «ore stable (at least with respect to the 



favoured channel ir e ) than expected from SU(5), 
- the hierarchy, or fine tuning problem is by far the nost unplea

sant piece of the approach. 

There are aspects of particle physics for which SU(5) is neither 
good or bad, but just irrelevant. One aspect is the question of family 
generation : why are there apparently three of then, what is the origin 
of the observed mass splittings. Another one is about the origin of CF 
violation in K decay. Also one would like to include gravitation inside 
the picture. Supersymnetry, supergravity, string and super-string theo
ries might give new insights on many of these problems. They are anyway 
the theories which are precantly the most widely explored. 

A last remark is that, whatever any unification may be, there is 
presently no experimental evidence that there is anything wrong with 
the standard model of strong and electroweak interactions. However, 
positive evidence for at least one Higgs particle, or for an alternative 
to the Higgs mechanism (technicolor like models) would be welcome. 
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