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VERIFICATION OF THE TAYLOR (MINIMUM ENERGY) STATE IN 
THE S-l SPHEROMAK 

G.W. Hart, A. Janos, D. D. Meyerhofer, and M. Yamada 

Princeton Plasma Physics Laboratory 
Princeton, N.J. 08544 

A B S T R A C T 

Experimental measurements of the equilibrium in the S-l 
Spheromak by use of magnetic probes inside the plasma show 
that the final magnetic equilibrium is one which has relaxed 
close to the Taylor (ininunurn-energy) state, even though the 
plasma is far from that state during formation. The compar
ison is made by calculating the two-dimensional n profile of 
the plasma from the probe data, where n is defined as fi0j\\/B. 
Measurements using a triple Langmuir probe provide evidence 
to support the conclusion that the pressure gradients in the 
relaxed state are confined to the edge region of the plasma. 

Of fundamental importance to understanding the physics of spheromaks 
is the concept of the Taylor minimum energy state. J. B. Taylor [1] showed 
that the minimum enei^y configuration for a given global magnetic helicity, 
defined as / dV AB, where the integration is over the whole plasma volume, 
was the state where j — (p/n^B, where n is a constant in space and ^o is 
the permittivity of free space. It is expected that a plasma has a tendency 
to approach this state through some sort of energy dissipative process. The 
purpose of this paper is to show that the measured magnetic structure of 
the S-l Spheromak plasma in its equilibrium state is close to the Taylor 
minimum energy state. 

The reversed-field pinch and the spheromak are the two major divisions 
in the class of configurations based on the Taylor state. They differ mainly 
in that the toroidal field in the spheromak is generated by plasma currents 
rather than externally imposed by toroidal field coils, aad therefore the 
spheromak need have no conductors or transformers that link the plasma 
torus. 

The S-l Spheromak was designed to produce a spheromak configuration 
by the inductive generation of both poloidal and toroidal currents (2|. As 
these currents are injected into the plasma, the configuration relaxes to the 
one with the minimum magnetic energy allowed by the constraints on the 
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system. The conjecture that the primary constraint is the conservation of 
the injected helicity leads to the Taylor state. It is important in gaining an 
understanding of the physics of spheromaks to see how close this condition 
is to being fulfilled in the many different ways that spheromaks can be 
formed. 

Several authors have studied force-free states theoretically [3,4,5]. Ex
perimentally, Turner et al. [6] examined the field profiles in their gun-
generated spheromak and found that they matched those expected for the 
Taylor state. Conversely, Hart et al. [7] in their combination z — 0 pinch-
formed spheromak found by comparison of both field and j\]/B profiles that 
the inclusion of pressure gradient terms was important in their equilibrium. 
Recently, Knox et al. [8] have used the image currents in the flux conserver 
of their gun spheromak. to characterize their force-free equilibrium and have 
found deviations from the Taylor state. 

Earlier measurements [9] onS-1 indicated that there was a preferred 
state for the final equilibrium which was very insensitive to the initial cur
rents injected into the plasma. Recently, it was found [10] that resistive 
tearing modes caused conversion of poloidal flux to toroidal flux, thus al
lowing the relaxation of the plasma to its preferred state. The amplitude 
of these magnetic Suctuations dropped to the noise level of < 2% after 
the formation phase of the discharge. These measurements are in accord 
with Taylor's hypothesis of a global relaxation to a minimum-energy state 
constrained by a single conserved quantity. 

The clearest way to determine how close this relaxed plasma is to the 
Taylor state is to measure the ji profile, where it is denned by ptoj - B/B2. 
If p is constant in space, then the plasma is in the Taylor state. Solving 
the axisynunetric Grad-Shafranov equation, it can be shown that 

where I(ip) = RBt,\s the poloidal current stream function, p(ip) is the 
pressure, and the prime indicates differentiation with respect to ip. In 
order for fi to be a spatial constant, the second term must vanish. Since 
its numerator is a function of ip only, and the B2 in the denominator is 
not, in general that term will not even be constant on a flux surface and, 
therefore, cannot be constant in the whole plasma volume as required by 
the Taylor state. Therefore, the constancy of /* requires that J be a linear 
function of i/>, so that I'(il>) is constant and ff(i>) = 0. 
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We report on this measurement for a typical case in S-l [ l l j . Because 
the measurements were made with magnetic probes inserted directly into 
the plasma, we were limited to measuring a plasma with an electron tem
perature of less than about 30 eV. The electron density was in (he range oi 
3 — 8 x 10 1 3 c m - 3 and the peak poloidal field was 1.8 kilogauss. 

The magnetic probe was supported by a boom along the symmetry axis 
of the machine and extended radially into the plasma. Full profiles of the 
magnetic field in both the radial and axial directions could be obtained by 
moving the probe in the axial direction on a shot-to-shot basis. The probe 
was also rotated toroidally to confirm the axisymmetry of the fields. The 
reproducibility required was possible because of the installation of figure-
8 coils [IIj to stabilize the a=l shift mode during the initial part of the 
discharge. The data were integrated using active integrators, and then 
digitized and read by the computer system. 

From these two-dimensional plots of the magnetic field structure many 
of the quantities essential for characterizing the equilibrium can be calcu
lated, including the poloidal flux, ip, the poloidal current, RB,, all three 
components of the current density, j , the q profile, and the (i profile. 

A set of contour plots of the poloidal flux showing the time history of 
a discharge from 0.2 msec to 0.5 msec is shown in Fig. 1. Formation is 
completed by 0.4 msec. After 0,5 msec the n = l shift mode sets in and 
terminates the discharge. If the flux core were not present, the separatrix 
radius in the midplane at 0.5 ms«c would be about 1 meter. 

As a first check on whether the plasma is in a Taylor state at 0.5 msec, 
we examine a plot of / versus ip as shown in Fig. 2, where ip = 0 represents 
the symmetry axis of the configuration. As can be seen, the fit is indeed 
linear. This i3 not true during formation; at 0.2 msec, the slope of the / ( ^ ) 
curve is 2.5 times greater near the magnetic axis than near the separatrix. 
This indicates that the plasma is far from the Taylor state initially. 

In a Taylor state, the slope of the Ivs.il) curve is equal to the eigenvalue 
of the equilibrium. For a given plasma shape, the eigenvalue is inversely 
proportional to the midplane separatrix radius. The value of 5.5 for the 
eigenvalue, taJrai from the / versus i> plot, combined with the length to 
radius ratio of 0.53, implies a separatrix radius of 1.0 meters, based on the 
Taylor theory. This is in good agreement with that from the flux plot. 

In order to calculate the /j profile, the current density must be calcu
lated. The magnetic field data are first interpolated using a polynomial fit. 
This facilitates taking the curl of the fields to calculate the current density. 
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The calculation assumes axisymmetry. Using this result to calculate the ft 
profile, we get the results shown in Fig. 3. Because of the limitations of 
the numerical differentiation, the calculation of y. is only valid to ±18%. 

As 0.2 msec, shown as curve a in Fig. 3, there is a deficit of current den
sity near the symmetry axis because the driving electric fields are strongest 
near the flux core. This is also reflected in the previously mentioned devi
ations of the I{4>) curve from linearity at this time. But by 0.5 msec into 
the discharge, the current has diffused into ths center to produce a flat 
\i profile (curve b). The straight line (curve c) indicates the value of the 
slope of the / vs. ip curve at this time. The variation of curve b from the 
expected value is within the error bars of the measurement. 

Figure 4 is a contour plot of \i across the plasma cross section at the 
same two times as in Fig. 3. At early times, the {i profile peaks near the 
fiu" core and has a current; hole near the symmetry axis. At 0.5 msec, the 
profile is basically flat throughout the plasma volume, with the gradients 
all occuring near the separatrix. The shaded areas are those that are within 
15% of the nominal value of 5.5 m _ 1 . 

An independent check of whether the plasma is in the Taylor state is 
the pressure gradient in the plasma. Evidence supporting the conclusion 
that the pressure gradient is near zero in the plasma interior has been 
obtained by using a triple Langmuir probe [12] to measure the temperature 
and density as a function of time and space in a set of discharges similar 
to those discussed above. The discharges for this measurement differ in 
that these discharges are slightly less oblate than the case shown in Fig. 1. 
As shown in Fig. 5, the triple probe shows the pressure to be flat along z 
(parallel to the symmetry axis of the device at R=45 cm) within the error 
bars of the measurement across the plasma volume, dropping off near the 
separatrix, which is at z=50 cm. 

By examination of the two-dimensional field structure of the S-l Sphero-
mak, we have determined that the equilibrium established in these low tem
perature discharges is well described by the Taylor state model, with the 
deviations from the force-free state occurring near the edge of the plasma. 
Additional supporting evidence for this has been obtained by measuring 
the pressure profile directly. The experimental data for the S-l Spheromak 
equilibrium describe a state which is very similar to ths quiescent phase of 
RFP discharges. In higher temperature plasmas, transport effects will be 
a mechanism tending to drive the plasma away from the Taylor state. 

This work supported by USDOE Contract No. DE-AC02-76-CHO-3073. 
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LIST OF FIGURES 

Figure 1. Contour plot of poloidal flux in S-1 showing the time evolution 
of this discharge. The contour increments are 10 mWb. After 0.5 
msec, the discharge terminates in an n=l shift instability. 

Figure 2. Experimentally determined measurement of I(yi) — RBt versus 
Tp. The slope of this curve is expected to be equal to /x in the Taylor 
state. 

Figure 3. A plot of ft = (IQJ • B/B2 across the midplane of the S-1 device. 
Curve (a) is at 0.2 msec, which is during the formation phase. Curve 
(b) is at 0.5 msec, which is after the equilibrium is established, and 
curve (c) is the expected value of curve (b), based on the slope in Fig. 
2. 

Figure 4. A contour plot of fi botb during formation and after. The 
shaded areas are those that are within ±15% cf the nominal value 
of 5.5. The dashed line across the midplane shows where the curves 
of Fig. 3 were taken. 

Figure 5. Experimentally measured pressure profile, made by use of a 
triple Langmuir probe. The plasma separatrix is located near z=50 
cm. 
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