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ANALYTIC SOLUTIONS OF VxB = aB IN A STRAIGHT CYLINDER WITH a = a(r)

by

K. M. Ling and D. A. Baker

ABSTRACT

Analytic solutions of VxB = aB are presented for reversed
field pinch (RFP) configurations in a straight cylinder
with a = o(r) where r is the radial coordinate. The
function o(r) is a smooth function of r vanishing at the
wall (r = a). Closed form parametric formulas for a family
of F-6 curves are obtained from the analytic,
cylindrically symmetric, force-free fields. These
formulas can be used to fit experimental F-© curves and
hence facilitate comparison between the various existing
RFP experiments. The advantage of these formulas lies in
the fact that they are expressed in terms of easily
obtainable Bessel functions of the first kind, eliminating
the need of numerical integration. Results of the
least—square fits of two typical ZT-40M shots are
presented.

I. INTRODUCTION

The modern reversed field pinch experiments, typified by the Los Alamos

ZT—40M device^ with electron temperatures of 200—500 eV and toroidal current

pulse durations of the order of 20 ms, do not as yet have the means to measure

the internal magnetic field profiles. These high temperatures and long

discharge durations do not allow the insertion of the conventional magnetic

pickup loops without serious perturbations of the discharge and the risk of

discharge contamination in the event of a probe breakage. One is led,

therefore, to use field models having parameters chosen to give agreement with

external field measurements. Such models are not unique. A popular approach

is to use a cylindrical force-free model to match the externally measured F (=

Bz(a)/Bz) and 9 (= B^(a)/Bz) parameters by suitably adjusting the constants of



the field model chosen. (Here a is the wall radius and the bar denotes a

cross-sectional average.)

Taylor's minimum energy field configuration for a reversed field pinch

(RFP) satisfies2

7 x B = o B (1)

where a = aa is a constant. Th? cylindrically symmetric solution of Eq. (1)

is the so called Bessel Function Model (BFM):

Bz = B0 Jo(aOr> <2a>

B,, =BQ J^r) (2b)

where BQ is a constant, JQ and J. are Bessel functions of the first kind. For

the normal range of operation (6 = 1.4-1.6 for ZT-40M), the toroidal component

(j.») of the plasma current

predicted by this model has a large value at the wall (r = a). This model

also gives an F-e curve which lies below and to the left of the experimental

curve. This departure is probably due to the fact that large plasma currents

are not present near the wall in actual experiments. Two models, the

truncated Bessel Function Model* (TBFM) • and the Modified Bessel Function**

Model (MBFM)5 have been developed to alleviate this situation by choosing a(r)

(and hence jz) to vanish at the wall radius. For the TBFM, a = aQ is constant

out to some cut-off radius rQ and is zero for r > rQ. In the MBFM, a(r) is

•I. H. Hutchinson, Nuclear Eng. Dept, MIT, Cambridge, MA.

**Not to be identified with the modified Bessel functions of the mathematics
1iterature.



constant out to rQ and then, in a continuous fashion, decreases linearly from

r = rn to r = a. Both models have two parameters a n, rQ describing a(r) and a

r the
3-6

scale factor B Q for the fields. Both of these models have been shown to give

good fits* to the measured F-f* diagrams."

The purpose of this report is to extend the above modeling a step further

by producing, with the same number of parameters, a model in which B z(r),

BtfC1")- a( r) and F ( e ) are analytic differentiable functions and allow ct(r) to

be essentially flat near the axis but fall smoothly to zero at r = a, i.e.,

the fields are Taylor-like inside with j vanishing as the wall is approached.

Such a model gives a smooth and more realistic behavior and is free from the

variations in accuracy introduced by numerical integration.

The two models used by Oshiyama and Umeda:7

(a) a = aQ [ 1 - r2/a2 ]
n , (4)

(b) a = «„ [ 1 - (r/a)m ] . (5)

while smooth, have a drawback that it is very difficult, if not impossible, to

obtain closed form solutions to Eq. (l), and hence solutions have to be solved

for numerically on the computer.

The closed form solutions to Eq. (1) presented in this report give

analytic expressions for a family of F-6 curves which can be used to fit

experimental F—6 curves of the various existing RFPs using easily obtainable

Bessel functions of the first kind with no numerical integration necessary.

In Sec. II, we present the analytic solutions and show their behavior. The

derivation of these solutions is given in Sec. III. In Sec. IV, we give a

summary of our model and show results of fitting the measured F—© curves on

ZT-40M. Finally, in Sec. V we consider some extensions of our model and

indicate how an extended ftuiuly of F—© curves with an arbitrary number of free

parameters can be obtained.

'I. H. Hutchinson, Nuclear Eng. Dept, MIT, Cambridge, MA.



II. ANALYTIC SOLUTIONS

For cylindrically symmetric geometry, the components of Eq. (1) in

cylindrical coordinates (r,i9,z) are

dB_

and Br - 0. Eliminating B^ , we get

Let

«(r) = a 0 g(r) . (8)

Then transforming from r to y where

y s o 0 r . (9)

we obtain from Eq. (7) the following equation :



We require g > 0 at r = 0 and g = 0 at r = a. We use the following g function

2\ 3
g(x) = [J,(x/b) + J,(l/b)x(l-2x ) - 4bpx (1-a

where

x = r/a (12a)

b = f/J0 j (12b)

Jo ̂  = 2.4048256 (12c)

and

2n= J1
2(x/b) + x4 j o ^ x

2n + J Q Bn(x) Jn(xA) • (13)

Here Jn is the Bessel function of the first kind of order n, f and p are

two parameters, JQ ^ is the first zero of JQ, and the coefficients A and

Bn(x) are given in Table I, where the constant C is defined by

C = Jx(b
 x)/b . (14)

Note that g at the wall and g at the origin are given by

g(D = 0 (15a)

and

g(0) = [1



Let

r 0 s (16a)

and

ro = Jo,i

Then

J0,l 1

and

y = aQ r = x/b . (16d)

For g given by Eq. (ll).the solution to Eq. (10) is

BZ(X) = JQ(X/b) - ^ ^ x2 (1-x2) + px 4(l- X
2) 2 . (17)

Then from Eq. (6a),

Note that for a pure BFM, f determines the reversal point of B, as a fraction

of r/a. The field reversal ratio F is given by



F = B,<1) /B,_ = J^b'1) / B 2 (19)

where B is B averaged over the cross-section and is given by

(20)

The pinch parameter © is given by

e = B^(I) / Bz = D(i)i/2 / B z (21)

where D(l) is

" 1 ) [ J ( b - 1 ) - 4ba(b"1- 4bJ1(b"1)[J2(b-1) - 4ba3(b"1)]
120b2

i i i p i n2 PM*5"1)
32bJpfJo(b -1) - 12bJjl(b~1) + 4Bb<!J(,(b~1)l + -^ — . (22)1 3 * 5 J 630 140b

If we vary i (and hence b since b=f/Jg .) and let p be fixed, we obtain a

curve on the F~Q diagram. If we vary p also, we obtain a family of curves.

In our notation, the F and © parameters for the BFM are

F°™" ̂ 7 (23a)

9BFM = ̂



In Eqs (17) and (18), the constant scale factor BQ has been left out.

The behavior of B (x) , Bg(x) and g(x) as a function of x (O^x^l) for various

values of f and p are given in Figs. l(a) to 3(a). For the currents, we plot

J^ and J^in Figs. l(b) to 3(b) where

= — U = g U ) B,(x) (24a)

and

= — 1+ = g(x) fy(x) . (24b)
a0

For a fixed value of f = 0.8, we plot Bz(x) and B^(x) for the BFM and for

three values of p (p = -3, 0, 3) in Figs. 4(a) and 4(b). In Fig. 5(a), -we

plot g(x) for three values of p (p = -3, 0, 3) with a fixed value of f = 0.8.

Finally, a family of F-0 curves together with that for the BFM is shown in

Fig. 5(b). From the behavior of our analytic model as shown in Figs. 1 to

5, it is interesting to point out that if internal magnetic measurements ever

become available, our results have enough built-in flexibility so that we can

expect to fit the experimental data well.
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III. DERIVATION

In Eq. (10), instead of specifying g(y) and then solving for Bz(y), we

let B_(y) have the form

Bz(y) = J0(y) + Ey
2b2(l-b2y2) + pb4y4(l-b2y2)2 (25)

where e, b, and p are parameters, and solve for g(y) :

g' + v(y)g = iKy)gn (26)

with

n = 3

•p(y) = -(i/y + B Z Y B Z ) (27)

V'(y) = Bz/Bz . (28)

Here the prime denotes d/dy. Eq. (26) is a Bernoulli equation, and the

transformation

w = g1 n (29)

turns it into

w1 + (l-n)<p(y)w = (l-n)iHy) • (30)

Equation (30) is a first-order linear ordinary differential equation which can

always be reduced to quadrature. For n = 3, the solution of Eq. (30) is



w(y) = " ^ { ^ + \ F t Bz
2(t) dt - Bz

2(y)) . (31)
B;2 y2 yd

Regularity of w at the origin requires that c = 0. Then from Eq. (29) with

n = 3, we have

w(y)l/2

Bz(y)

where

D(y) = -^ /y t B ^ t ) dt - Bz
2(y) . (33)

y

The integral in Eq. (33) can be evaluated in closed form for B_(y) given in

Eq. (25). Ixi Eq. (32), we have chosen the negative sign to ensure that

g(0)>0. The requirement that g = 0 at r = a determines the parameter e:

c = —
J^b"1)

2b (34)

From Eq. (6a), we obtain

B1,(y) = - Bz(y)/g(y)

( 3 5 )

10



Finally, Eq. (11). (13). (17), and (18) are obtained by making use of

Eqs.(16d) and (34) and changing variables from y to x.

IV. SUMMARY AND RESULTS

We have presented analytic parametric formulas for a family of F-8 curves

and the corresponding expressions for the smooth cylindrical!y symmetric

force-free currents and fields. The use of tho iormulas given by this model

can facilitate comparison between different existing RFP experiments. The use

of numerical integration and its associated variations in accuracy are thereby

eliminated. A smooth a(r) vanishing at the wall gives a more realistic model

and eliminates the discontinuity in the current density profiles. A

comparison of the various force-free RFP field models is shown in Table II.

The analytic formulas are used to fit the experimental F-6 curves on

ZT-40M by varying the parameter p. In Fig. 6(a), we plot the experimental

points together with the least-square fitted F-6 curve corresponding to

p = -0.3164 for Ramp Shot 17070 while in Fig. 6(b), the parameter p is .found

to be 0.4472 for Flat-Top Shot 10790. It can be seen that our model gives

good fits to the measured F-6 diagrams.

V. EXTENSIONS

In this section, we indicate some extensions of our model. Specifically,

we shall introduce two extra free parameters first and then generalize to the

case of an arbitrary number of free parameters.

In Eq. (17), Bz(x) is exactly the same as the BFM at the origin (x=0) and

at the wall (x=l). We can make Bz(x) differ from the BFM at every point by

letting Bz(x) have the following form :

Bz(x) = b Q + J0(x/b) + cx
2(l - x2) + px4(q - x 2 ) 2 . (36)

Then g(x) is given by

11



g(x) = [JjOc/b) " 2ebx(l - 2x2) - 4pbx3(q - X2)(q - 2x2)] / D(x)i'2 (37)

where

D(x) = J1
2(x/b) + x4 I V x 2 n + I tn(x) 3 (x/b) . (38)

1 n=-l " n=0 " "

The coefficients Vn aad Wn(x) are given in Table III. The requirement that

g(l) = 0 gives the value of e in terms of p :

J^b"1)
E = 2p(q - l)(q - 2) - - i — . (39)

2b

The expressions for B^x) and g(C) are

( 4 0 )

and

respectively. The pinch parameter 6 and the field reversal ratio F are

6 = D(1)1'2 / Bz (42)

F = l^o^"1) + b0 + P<^ ~ X)2] / K (43)

where

12



Bz = 2bJ10T1) + * + bQ + ^ ( l O q 2 - 15q + 6) (44)

and

- 4q)] + £ + ̂ (10 - 28q + 21q2)

n2 _ „
-*—(6615q - 1302 - 9720q*: + 6300qJ - 1890q4)1890 H H I M /

" 1 ) - J ( b - 1 ) ] [ b + p(q - I ) 2]2[2bJ1(b"1) - J 0 (b- 1 ) ] [b 0 + p(q - I ) 2]

3 J (b~ 1 ) [p (q 2
8b2J2(b~

1)[c - 2p(q - l)(q - 2)] + 32b3Jg(b~1)[p(q2 - 6q + 6) - e]

384pb4(q - 2)J4(b~
1) + 1536pb5Jg(b~1) . (45)

Note that if b Q = 0 and q = 1, we recover our earlier results. We have seen

from Figs. 1 to 5 that the parameters f and p give a wide range of

fields, currents and F—6 curves. We expect this range to become even larger

with the additional b Q and q parameters.lt is worth pointing out that although

the parameters f and bQ alone give simpler formulas, they dc not span ttie F-8

space as well as the parameters f and p.

So far we have introduced two additional free parameters b Q and q. In

principle, we can add in any number of free parameters and still have closed

form expressions for F, 8, B^(x), and g(x) if

Bz(x) = bQ + J0(x/b) + ex
2(l - x2) + px4(q - x 2 ) 2 + x8 J Pn x

2n (46)

where N is an arbitrary positive integer and P (n = 1 N) are free

parameters.

13
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TABLE I
EXPRESSIONS FOR An AND Bn(x)

n An Bn(x)

2
x2(l - x2)[C - 2px2(l - x2)]

| 2xb(l - x2)[2px2(l - x2) - C]

12pC + 4p2) 4b2(l - 2x2)[C - 4px2(l - x2)

§) 16b3x[C + 2p(l - 6x2 + 6x4)]

C) 384pb4x2(l - 2x2)

1536pb5x3

15



Field
Solutions

Continuity
of B

Continuity

TABLE II
COMPARISON OF FORCE-FREE RFP FIELD MODELS

TBFM

Yes

No

MBFM

Piecewise Analytic r<rQ Numerical
Analytic Numerical r>rn

Oshiyama-Umeda Present Model

Analytic

Yes

Yes

Yes

Yes

Yes

Yes

Continuity
of dj/dr

F-6 Curves

No No

Closed-Form Numerical
Formulas

Yes

Numerical

Yes

Closed-Form
Analytic Formulas
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TABLE III
EXPRESSIONS FOR Vn AND Wn(x)

Vx>

- f[e
2-Eb0(E-pq

2)] -2[CX
2<l-X

2)+bo+px
4(q-x2)2]

| (E2-Epq2+2pqb0 ; 4bx[E(l-x
2) + -£ + pX

2(q-X
2)2]

- ^[4E
2+8pbo-p

2(l-5q4)-8cpq(2+q)] -8b2[e(l-2X
2)+2px2(q-X

2)(q-2X
2)]

32xb3[p(q2-6qx2+6X
4)-c]

384pb4
X

2(q-2x2)

1536pb5x3
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Fig. 1 (a)Plots of g, Bz and B^ as a function of r/a for f = 1.35, 1.15. 0.95

and 0.75 with p = 2. (b)Plots of Jz and Ĵ  for the same values of f

and p.
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(b)Plots of B^ for BFM and for p = -3, 0, 3 with a fixed f = 0.8.

21



1.5

1.0

g

0.5

0.2 0.4 0.6

r/a
0.8 1.0

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
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