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ABSTRACT 

This review is an introduction to the physics of the Skyrmion. The Skyrme 
model is described with emphasis on its most important qualitative aspects. The 
interpretation of Skyrme model as an effective theory related to QCD is discus
sed. The semi-classical quantization of the Skyraion is presented and justifica
tion is given for the interpretation of the winding number as the baryon number. 
It is shown that chiral Lagrangian may provide a unifying framework for baryon 
and meson phénoménologies. 
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INTRODUCTION 

The story of the Skyrmion began in the e a r l y s i x t i e s . At that t ime, Skyrme 

proposed a un i f i ed theory of mesons and baryons , in which the baryons were i n 

terpreted as sol itons of a meson f i e l d . Besides his concerns for unification, 
Skyrme was motivated by a desire to stay as close as possible to c lass ical con--
cepts. Thus, in hi -: mind, the fundamental f ie lds of a unified theory of elementa
ry part ic les were to be boson f i e l d s , and not fermion f i e lds , contrary to the most 
common bel ie f . Skyrme showed how to construct expl ic i te ly such a theory in a se -

1 2) ries of remarkably inventive papers ' . However, his work came presumably too 
early and was essent ial ly forgotten for twenty years, until some connection was 
discovered between Skyrme's model and today's theory of strong interactions, na-

3) 
mely Quantum Chromodynamics (QCD). In particular, i t was shown that, in the l i 
mit of a large number of colors (N -»«>), QCD becomes equivalent to an effective 
theory of weakly interacting mesons. The baryons of QCD emerge as solitons of this 

3 4) effect ive theory ' , in very much the same way as they do in Skyrme's model. This 
supports the idea that some of the basic physics at work in the Skyrme model may 
be relevant for understanding some aspects of QCD, eventhough the real effective 
meson theory deduced from large N QCD i s much more complicated than Skyrme's mo
del (and essential ly unknown). This connection with QCD (albeit tenuous), together 
with some recent developments in other models of hadron structure, has led to a 
revival of Skyrme's ideas and has motivated during the past few years a conside
rable amount of work. 

It i s out of question in such a short report to do just ice to a l l the in te 
resting developments of the subject which have taken place recently. This review 
should rather be considered as an introduction to the physics of the Skyrmion. 
The model will be described and i t s most salient features wil l be discussed. A 
few applications will be alluded to at the end. 

THE SKYRME LAGRANGIAN 

The Skyrme Lagrangian accounts for one aspect of QCD, namely ch i ra l symme

try , and reproduces in low energy a l l r e s u l t s of Current Algebra. As i s well 

known, ch ira l symmetry i s an exact symmetry of the QCD Lagrangian i f quark masses 

vanish . As i s a l l a l s o known, t h i s symmetry i s spontaneously broken : the QCD v a 

cuum i s not invariant under chira l transformations. As a consequence, the low 

energy dynamics i s dominated by Goldstone bosons. In the case of two f lavors 



(u,d), the group of chiral transformations is SU(2) x SU(2) and the Goldstone bo

sons are (massless) pions. It is convenient (when discussing non-linear realiza

tion of chiral symmetry) to write the dynamical variables (i.e. the pion fields) 

in the form of a 2 x 2 unitary matrix : 

U(r) - expji T - F

ï ï ( r ) | UU « 1 (1) 

where the three components of the (iso)vector ir(r> are the pion fields, T is a 

Pauli matrix and F is the pion decay constant. The dominant piece of the Lagran

gian is the non-linear sigma model Lagrangian : 

F2 + 

L 2 - -jjTrO UXa^U ) (2) 

(A possibly more familiar version of (2) is obtained by redefining the pion field 
-» -* -*-*-* 2 7 

so that U(r) - cr(r) + i T. ir(r) with a + IT" • i). The Lagrangian (2) may be 

viewed as the lowest order term in an expansion in powers of the derivatives of 

the field U(r). For the purpose of building solitons, it appears necessary (for 

reasons which will be given below) to add to L ? a term of degree four in 3 U. 

There are three such terms compatible with chiral symmetry and Lorentz invariance. 

They may be taken to be : 
TrtL y,L vJ

2 , TrJLu,LvJ , Tr(oU oU ) (3) 

f 
where L = O U)U . Skyrme chose the first of these three invariants,partly on 

the basis of the fact that it is the only one which is quadratic in the time de

rivatives. 

To summarize, Skyrme static Lagrangian, from which solitons will be construc

ted, may be written as follows : 
F + + 

L c - - 7* Tr(7U.VU ) • -L-j TrtV.U, 7 U ] 2 (4) 
st 16 3 2 eil l J 

2 
where e is the only free parameter of the model. 

THE SKVRMION 

What has become commonly referred to as a "Skyrmion" is a soliton of Skyr

me' s Lagrangian (4) (and its possible extentions). Such solitons represent finite 

energy, localized solutions of the classical field equations . These require

ments imply that the pion fields vanish at infinity, or in terms of U : 

0(r) — » 1 (5) 
lr|-~ 

Thî« bounHarv condition eives to coordinate space the toooloev of a 3-sphere. 



Thus, the matrix U(r) realizes a mapping of a 3-sphere (coordinate space) to ano

ther 3-sphere (the parameter space of SU(2)). Such mappings are characterized by 

an integer, the winding number, which counts how many times the parameter space 

of SU(2) is covered when r runs through all coordinate space. The winding number 

may be written explicitely in terms of U : 

1 

24ir 

3 
d r 6 Tr L L L (L 

ouvp p Hj p x v y 

3 UU +) 
y 

(6) 

The integer n which characterizes a geometrical property of the soliton is auto

matically conserved (3 nSO) independently of the underlying dynamics. It has been 

suggested by Skyrtne to identify this "topological quantum numuer" to the baryon 

number. We shall give below arguments which support this conjecture. 

An explicit realization of the mapping U(r) is provided by the "hedgedog" 

configuration : 

U(r) * exp |i T. r F(r)} (7) 

where the function F(r) is solution of the differential equation deduced from 

Fig. 1 

(4) and has the behaviour indicated on Flrl 

Fig. 1. Note that in order for the field 

U(r) to be continuous at the origin, 

F(r«0) has to be a multiple of Tr. A 

simple calculation shows that in fact 

F(r*0) » n ÏÏ'K n being the winding number. 

An important property of the field con

figuration (7) is the coupling it implies 

between isospace and coordinate space. 

Indeed from eq. (1), one sees that the 

pion field at point r, ft(r), which is a i 

vector in isospace, is parallel to the ^ V ^ " ^ v ^ 

vector r : ïï(r) ~ f sin F(r). This is / ^ 

illustrated on Fig. 2. V J 

Fig. 2. Hedgehog configuration with win

ding number n • 1. 

We close this section by considering the stability of the Skyrmion under 

dilatations. Under the scaling r •* r/A, the mass of the soliton transforms as : 

,0-4 
M 

f 3 
d r L 

st 
„2 ,D-2 b 

(8) 



where D is the number of space dimensions, a and b dimensionless integrals invol
ving the function F(r). Stability demands (at least) that 3M/3X * 0, or : 

X 2 = b 4-D 
2_2 D-2 ae F 

IT 

(9) 

which admits a solution for D » 3. Note that in the absence of the quartic term 
in Skyrme's Lagrangian, the soliton would collapse to a point singularity (X = 0). 
(An alternative to stabilize the soliton is to include vector mesons ). It will 
be useful for a forthcoming discussion to remember the dependence of the mass (M) 
and the size (R) of the Skyrmion on the parameters F and e. One has from (8) and 

ir 
(9) : F 

M ~ — 
e 

eF (10) 
•n 

Note that e i s dimensionless, while F has the dimension of an energy. 

SPIN-ISOSPIN OF THE SKYRMION 

The f ie ld configuration (7) , which we denote U (r) in this section, i s in
variant under combined rotations in isospace and coordinate space. However i t i s 
not invariant under separate iso-rotations or space-rotations. Effects of such 
rotations are i l lustrated in Fig. 3a and 3b. 

Fig. 3a. Effect of an iso-rotation on the Fig. 3b. Effect of a space-rotation on 
Skvrmion. the Skyrmion. 

Since the Skyroe Lagrangian i s invariant under any of the transformations mentio
ned above, i t follows that the c lass ical solutions are degenerate : 



M(U ) - M(A U A ) A € SU(2) (11) 
o o 

The semi-classical quantization makes use of this degeneracy to construct quan
tum states with good spin and isospin. The simplest way to proceed is to treat 
the matrix A which induces isorations of the Skyrmion as a dynamical variable , 
writting : 

U(r',t) - A(t) UQ(r) At(t) (12) 

If one wishes, one may parametrize the matrix A in terms of Euler angles which 
specify the orientation of the pion field in isospace with respect to the vector 
f. The time dependence of U implied by eq. (12) allows us to rewrite the full 
Skyrme Lagrangian as follows : 

L - L g t + j Ju) 2 (13) 

when L is the static Lagrangian given by eq. (4) and u) is defined by : 

i A+9 A » 3. I (14) 
o 2 

ai may be interpreted as a col lect ive angular velocity and J as a moment of inertia 
which i s a simple functional of U . The piece of the Lagrangian (13) which descri
bes the col lect ive iso-rotation of the Skyrmion i s that of a symmetric top and i t 
i s easi ly quantized. As i s well known, the rotation of a rigid body i s characteri
zed by two sets of mutually commuting angular momenta, refering respectively to 
laboratory and body-fixed frame axis . In the present case, the two sets of angu
lar momenta may be identified with the spin and the isospin of the Skyrmion, res 
pectively. The energy spectrum takes the form : 

« X - H - Î ^ U . 05, 

where I i s the spin, equal to the isospin, of the system. The wave function for a 
state of spin I is proportional to a rotation matrix Dutr(A) where M i s the pro
jection of the spin and -K the projection of the isospin (for a proper choice of 
the quantization a x i s ) . As an i l lus trat ion , we give in Fig. 4 the spectrum of the 
nucleon-delta system. The nucléon has spin-isospin 1/2 while the delta resonance 
has spin-isospin 3/2 . 

A 1=3/2 
/ 

N I»1/2 

SKYRMKW/ 

Fig. 4. Spectrum of the N-A system. 



It is worth-emphasizing that the semi-classical quantization we have just 

described says nothing about the statistics of the Skyrmion, that is I may be cho

sen to be integer or half-integer . Note also that the spectrum (15) extends to 

arbitrary large angular momenta, a somewhat unrealistic feature. In order to un

derstand these important qualitative aspects of the model, it helps to remember 

that we are dealing with an effective theory supposed to represent in some sense 

a fundamental theory involving fermions. Guidance about the proper way to quanti

ze may be obtained bv analyzing the correspondence between fundamental and effec

tive theories. This analysis will also provide justification for identifying the 

baryon number with the winding number of the soliton. 

THE LARGE N LIMIT OF QCD AND SKYRME MODEL 

In the limit of a large number of colors (N •+ <») QCD becomes equivalent to 
C 3) 

an effective theory of infinitely many, weakly interacting, mesons . The baryons 

become solitons of this effective theory. It is not our purpose to review the ar

guments leading to these conclusions, but we shall quickly indicate how one may 

understand the Skyrme model as an approximation to large N QCD. 

Let us first recall that in the limit N •+ «, the n-point functions are gi

ven by planar diagrams, an example of which is displayed in Fig. 5 for the two-

point function <0|J J |0>. The diagrams contributing to this 2-point function are 

all of order N (coming from the quark 

loop and taking into account that the quark-

gluon vertex is of order 1 //ÏT"). On the 
c 

other hand, <0|J J |0> may be calculated 

by inserting between the two current ope

rators a complete set of one meson states 

(only these contribute in the limit of 

large N ). It follows that the amplitude 

for creating a meson out of the vacuum is 

of order t/N~". In particular, we have F_~N . 
C IT C 

Fig. 5. Planar diagram contributing to 

the 2-point function. 

The baryons are bound states of N quarks. In the case of heavy quarks (of 
c 

mass m ) such bound states may be described by a non-relativistic Schrodinger equa-



2 tion with a two-body potential of strength g V. The mass of the baryon i s then g i - . 

ven by : 
N C(N C-D 2 , 

M = N m + - ^ r g V ~ N ~ ~ (16) 
c q 2 ° c 2 

g 
where we have used the fact that g ~ . Since N scales out of the hamiltonian, 

. ^ 3) 

the wave function "of the baryon is independent of N . As argued by Witten , the

se properties are expected to hold also for baryons made of light quarks. 

The essential observation we wish to make is that these features of QCD ba

ryons agree with Skyrme model predictions, as mav be seen from the relations (10), 
2 

assuming 1/e ~ N . We may view this as an indication that Skyrme's model does 
c 

approximate tt:e effective large N QCD theory. This interpretation is a fruit

ful one as it allows us to improve the model and eliminate some of its ambiguities. 

Following this line of thought, one finds that the Skyrme model has a symme-
4) try which is not a symmetry of OCD , and which for example forbids processes 

4) 
such as K K -» ir 7T IT. This difficulty is overcome by adding to the action of 
the Skyrme model the so-called Wess-Zumino action N T(U) where T(U) is given by 

the following integral 

T(U) i 
240ïï2 J 

d Eijklm T r ( L L L T L ) ( 1 7 ) 

0 l j k 1 m 

This complicated object accounts effectively for the processes alluded to before 

and, when properly gauged, reproduces the triangular anomaly of OCD responsible 

for example of the process TT -» 2y. Furthermore T(U) f in cases where it does not 

vanish, determines unambiguously the quantization of the Skyrmion. This comes 

from the fact that in an adiabatic rotation of the Skyrmion, the dominant contri

bution to the phase of the wave function is precisely N F(U). It turns out that 

in a 2TT rotation of an n • 1 soliton, T(U) changes by IT, so that the wave func

tion is multiplied by e 1 7 T c - (-) c . Thus the Skyrmion is a boson or a feraion 

depending on wether N is even or odd, respectively. Note that this argument 

strictly applies only to the SU(3) extension of the Skyrme model since the Wess-

Zumino action vanishes identically for SU(2). (See however ref. 8). 

THE BARYON NUMBER 

Further understanding of the Skyrme model may be gained by considering mo

dels in which quarks are explicitely coupled to a chiral soliton field U (r). The 

simplest of these models is described by the Lagrangian : 



L * \i> ( i % + U )ty (18) 

E* 
1 

F i g . 6a. 

(//////////////, 

A 

The spectrum of the corresponding Dirac equation has been thoroughly investivated. 
9) (This has led to elegant mathematical developments which cannot be discussed 

here). In Figs. 6a and 6b we have reproduced the main qualitative results of the 
numerical calculation of ref. 10. Let us 
consider first a soliton with winding num
ber n • 1 (Fig. 6a). For small soliton 
sizes (R -» 0), the Dirac spectrum is wea
kly perturbed. As the soliton size grows 
one orbital becomes more and more bound 
and eventually joins the negative energy 
continuum as R -* <*». Loosely speaking, one 
may say that the ground state of the fer-
mion system (the filled "Dirac sea") has 
gained one state in the process of increa
sing the soliton size, or equivalently 
that it has acquired one unit of baryon 
charge if one has started with the bound 
orbital occupied by one baryon. (This sta
tement can be made more precise by car
rying out properly the renormalization of 
the one-loop calculation). This connec
tion between baryon number and the win
ding number of (large enough)soliton is 
confirmed by looking at the case n-2(Fig. 6b) 
Here we see that two states cross zero 
energy as R increases. 

Ef 
1 

777777777777777 

F i g . 6b. 

I//////////////A 

-1 

Energy of the 
(important) 
bound orbital(s 
as a function 
of the soliton 
size R 
(fig. 6a. n - 1 
fig. 6b. n - 2) 
Borrowed from 
ref. 10. 

YTT7777777777777 

A more direct connection between the baryon number and the winding number 
can be obtained for large soliton sizes, using a perturbative expansion in powers 
of the derivative of the chiral field. The resulting expression for the baryon cur
rent, first derived by Goldstone and Wilczek , is : 

Ty _ i 6 y V ( X J T r L . L 
24-TT P L a (19) 

whose space integral is precisely the winding number (6). 

Another nice illustration of the phenomenon at work. i.e. the polarization 
12) of the Dirac sea, is provided by chiral bag models . Such a model consists of 



three valence quarks moving freely inside a cavity surrounded by a Skyrmion field 
configuration. The Skyrmion field and the quark wave functions "communicate" 
through a boundary condition at the bag surface, a condition which is chosen so as 
to preserve the conservation of the axial current. The Skyrmion field does not 
penetrate inside the cavity but does polarize the Dirac sea inside the bag. The 
effect of this polarization is to drain a fraction x of the baryon number out of 
the bag. As a detailed calculation shows , that fraction x of the baryoi. num
ber is precisely that carried by the Skyrmion field outside the bag. Note that x 
can be any number between zero and one, depending upon the size of the bag, with 
x going to one when the bag becomes very small. (For a study of this limit, see 
refs. 13). 

BARYON-MESON PHENOMENOLOGY 

Numerous phenomenological applications of the Skyrme model have been carried 
out in the last few years (see next section). As a last topic in this review, we 
briefly describe some recent attempts to unify baryon and meson phénoménologies in 
the framework of achiral Lagrangian. The idea is that the parameters of chiral La-
grangians:(of which Skyrme's Lagrangian is an example) may be determined from low 
energy meson dynamics . This may be seen by expanding the chiral tfielâO(r;)eq. (1) 
in powers of the pion field. The resulting Lagrangian displays IT-IT interactions 
of various types and one may use the TT-TT scattering data to fix the parameters of 
the Lagrangian. 

In the work of ref. 14 the following Lagrangian was used : 

L - -rj Tr(3 0) Q W U + ) + — U - Tr[L ,L ] 2 • - U - T I ( L ,L } (• - L y TroUoU+)(20) 
1 6 y 32e Z y V 32f Z I ̂  VJ \ Mg ' 

where the last term may be eliminated in a strict low energy approximation ' . 
2 2 The parameters e and f are chosen so as to reproduce D-wave TT-TT scattering 

lengths. Note that one meson loop effects, which are known to be important for me
son phenomenology, may be included. They induce a calculable dependence of the 

2 2 . 15) 
coupling constants e and f on an arbitrary substraction scale . Having de
termined the parameters of the Lagrangian using mesonic data it is possible to es* 
timate baryon properties by calculating the chiral sol .ton. One then finds a fair 
agreement with the data, although the fit is far from perfect (30 to 40 7. devia
tions sare be reached, depending upon the observables). Works of a similar nature 
are quoted in refs, 16 and 17. 



FINAL REMARKS 

As we mentioned in the introduction many interesting developments related 
18) more or less directly to the Skyrme model have taken place recently . One has 

started to explore more deeply the relation of the model with QCD (large N ex
pansion, low enerey effective Lagrangians....), and to compare systematically its 
predictions with those of other models of hadron structure (quark models, bag mo
dels...). The model has been extended to larger flavor symmetry, such as SU(3) x 
SU(3) which allows a description of strange baryons. Effects of vectors mesons, 
such as the u-meson, have also been investigated. The model provides new insight 
into problems related to the nucléon-nucléon interaction or the pion-nucleon in
teraction. And there are many other applications of the Skyrme model which for 
lack of space we can't even mention. 

It seems fair to conclude that this reasonably successful model has met with 
Skyrme1s original motivations, namelv simplicity (both conceptual and practical) 
and unifying power. 
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